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Algebraic Effects

Roadmap to Contextual Equivalence via Denotational Semantics

Equational Theory UU-last Ux ,vUx ,uχ = Ux ,uχ

Monad States → X × States

Denotations [[x ∶= z?]] = L̃z(u. Ũx,u⋆̃) = λσ. ⟨⋆, (
x y z
σz σy σz )⟩

Adequacy

(WIP)

[[M]] = [[N]] Ô⇒ ∀C [ ]. C [M] ≅ C [N]

Research Question

How could this work with shared-state concurrency?
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Example – Global-state

Locs = {x,y,z} ; Vals = {0,1} (simplification for talk)

[[x ∶= y? ; x ∶= z?]] = L̃y(v . Ũx,v L̃z(u. Ũx,u⋆̃))
(LU-comm)Ð→ = L̃y(v . L̃z(u. Ũx,v Ũx,u⋆̃))

(UU-last)Ð→ = L̃y(v . L̃z(u. Ũx,u⋆̃))
(L-noop)Ð→ = L̃z(u. Ũx,u⋆̃) = [[x ∶= z?]]

Fact (Adequacy for global-state [Folklore?])

[[M]] = [[N]] Ô⇒ ∀C [ ]. C [M] ≅ C [N]

Consider context C [M]BM ; x?

( x y z
1 0 1 ), x ∶= y? ; x ∶= z? ; x? →∗ ( x y z

1 0 1 ), 1

( x y z
1 0 1 ), x ∶= z? ; x? →∗ ( x y z

1 0 1 ), 1
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Global-state – Equations

x , y , z – meta-variables for locations (note the font: x vs. x)

The equations come from the global-state theory [Plotkin & Power, 2002].
Axioms

LU-noop Lx(v . Ux ,vχ) = χ
UL-det Ux ,uLx(v . χv) = Ux ,uχu

UU-last Ux ,vUx ,uχ = Ux ,uχ

LU-comm Lx(v . Uy ,uχv) = Uy ,uLx(v . χv) (x ≠ y)

LL-comm UU-comm (Different locations commute)

Notable consequences

U-noop Lx(v . Ux ,vχv) = Lx(v . χv)
L-noop Lx(v . χ) = χ
LL-diag Lx(v . Lx(u. χv ,u)) = Lx(v . χv ,v) [Melliès, 2014]
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Global-state Monad

Global-state Normal Form

Lz(w . Ux,w⋆) = Lx(v . Ly(u. Lz(w . Ux,wUy,uUz,w⋆)))

Fact

Every equational theory induces a (bijectively)-unique monad over Set.

States B Locs → Vals

TX B States → X × States

L̃x(v . tv)B λσ. tσxσ

Ũx ,v t B λσ. t (σ [x ∶= v])

Theorem (Representation for global-state [Plotkin & Power, 2002])

The free global-state model on X is FX B ⟨TX , L̃, Ũ⟩ with

ret ∶ X → TX

ret ξ B λσ. ⟨ξ, σ⟩ (ξ̃ ∶= ret ξ)
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Shared-state – Intro

Desired (Adequacy for shared-state)

[[M]] = [[N]] Ô⇒ ∀C [ ]. C [M] ≅ C [N]

Consider context C [M] =M ∥ x?
( x y z
1 0 1 ), x ∶= y? ; x ∶= z? ∥ x? →∗ ( x y z

1 0 1 ), (⟨⟩,0)
( x y z
1 0 1 ), x ∶= z? ∥ x? /→∗ ( x y z

1 0 1 ), (⟨⟩,0)

Question

Should we invalidate equations or change the denotations?

Approach

[[x ∶= y? ; x ∶= z?]] ≠ L̃y(v . Ũx,v L̃z(u. Ũx,u⋆̃))
= L̃z(u. Ũx,u⋆̃) ≠ [[x ∶= z?]]
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Algebraic Effects

Roadmap to Contextual Equivalence via Denotational Semantics

Equational Theory

UU-last Ux ,vUx ,uχ = Ux ,uχ

Monad

States → X × States

Denotations

[[x ∶= z?]] = L̃z(u. Ũx,u⋆̃) = λσ. ⟨⋆, (
x y z
σz σy σz )⟩

Adequacy (WIP)

[[M]] = [[N]] Ô⇒ ∀C [ ]. C [M] ≅ C [N]

Research Question

How could this work with shared-state concurrency?
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Shared-state – Operations

New operators reflecting meaning of programs:

Expose Ex : another thread did Lx(v . . . . )
Interfere Ix ,v : another thread did Ux ,v

Choice Σ : non-deterministic choice

ĨEB ∑̃s∈({Ĩx,v ∣x∈Locs,v∈Vals}∪{Ẽx ∣x∈Locs})
∗s

[[x ∶= z?]] = ĨEL̃z(u. ĨEŨx,uĨE⋆̃)
[[x ∶= y? ; x ∶= z?]] = ĨEL̃y(v . ĨEŨx,v ĨEL̃z(u. ĨEŨx,uĨE⋆̃))

We will see: [[x ∶= y? ; x ∶= z?]] ≠ [[x ∶= z?]]
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Shared-state – Equations

Axioms

Global-state

IL-det Ix ,uLx(v . χv) = Ix ,uχu

II-last Ix ,v Ix ,uχ = Ix ,uχ

EE-idem ExExχ = Exχ

Different locations commute

L,E commute even in same location

Standard ND-theory

ND and other operators commute

Notable consequences

IU-redr Ix ,vUx ,vχ = Ix ,vχ

UEU-redr Ux ,vExUx ,vχ = Ux ,vExχ
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Shared-state – Equations (cont.)

Notable non-consequences

UI-redl Ux ,v Ix ,vχ = Ix ,vχ

Similar to IU-redr Ix,vUx,vχ = Ix,vχ
Implies out-of-thin-air behaviour Ix,0Ux,0⋆ ∥ Ux,0Ix,0⋆⇒ Ux,0Ux,0 ⟨⋆,⋆⟩

( x y z
1 0 1 ), ⟨⟩ ∥ ⟨⟩ /→∗ ( x y z

0 0 1 ), (⟨⟩, ⟨⟩)

LI-noop Lx(v . Ix ,vχ) = χ
Analogous to LU-noop Lx(v . Ux,vχ) = χ
The only U vs. I global-state analogue not included
Perhaps worrying that I can appear from nothing
Work-in-Progress

UI-gobr Ix ,vUx ,uχ = Ix ,uχ
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Shared-state Monad – Carrier

TX B States → PCountable (X ×Histories)
PCountable for ND
Histories instead of States for intervening effects

Histories B Locs → Chronicles

Chronicles – certain sequences of Uv , Iv ,E

No adjacent same-type operators UU-last II-last EE-idem
Start with U U-noop
U after every I and every E UEU-redr IU-redr
No IvUv Iu IU-redr II-last
No UvEUvE UEU-redr EE-idem

Example
U0EU1 ∈ Chronicles
U0I0EU1 ∉ Chronicles

( x y z
U0EU1 U0 U1

) ∈ Histories

λσ. {⟨⋆, ( x y z
UσyEUσz Uσy Uσz )⟩} ∈ T {⋆}
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Shared-state Monad – Algebraic Operations

L̃x(v . tv)B λσ. tσxσ

Ũx ,v t B λσ. t (σ [x ∶= v])
Ẽx t B λσ. mapx UσxE (tσ)
Ĩx ,v t B λσ. mapx UσxIv (t (σ [x ∶= v]))
∑̃i<αti B λσ. ⋃i<α tiσ

Example

L̃y(v . Ũx,v Ẽx L̃z(u. Ũx,u⋆̃))(
x y z
1 0 1 )

= ẼxL̃z(u. Ũx,u⋆̃)(
x y z
0 0 1 )

= mapx U0E (L̃z(u. Ũx,u⋆̃)(
x y z
0 0 1 ))

= mapx U0E{⟨⋆, ( x y z
U1 U0 U1

)⟩}
= {⟨⋆, ( x y z

U0EU1 U0 U1
)⟩}
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Shared-state Monad – Representation Theorem

Theorem (Representation for shared-state)

The free shared-state model on X is FX B ⟨TX , L̃, Ũ, Ẽ , Ĩ , Σ̃⟩ with

ret ∶ X → TX

ret ξ B λσ. {⟨ξ, ( ... x ...
... Uσx ... )⟩} (ξ̃ ∶= ret ξ)

⟫= f ∶ TX → A

t ⟫= f B
Ð→̃
LA(v⃗ . ∑̃

A

⟨ξ,η⟩∈tv⃗ ⌈η⌉
A (f ξ))

A is a shared-state model

f ∶ X → A
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Shared-state – Denotational Semantics

Γ ⊢M ∶ A Ô⇒ [[M]] ∶ [[Γ]]→ T [[A]] (in our examples Γ = ∅)

Standard sequential semantics [Moggi, 1991], e.g.

[[⟨⟩]]γ B ⋆̃
[[M ; N]]γ B [[M]]γ ⟫= λ . [[N]]γ

State effects including interference

[[M?]]γ B [[M]]γ ⟫= λx . ĨEL̃x(v . ĨEṽ)
[[M ∶=N]]γ B [[M]]γ ⟫= λx . [[N]]γ ⟫= λv . ĨEŨx ,v ĨE⋆̃
[[M ∥ N]]γ B . . .? . . .

Example

[[x ∶= z?]]γ = [[x]]γ ⟫= λx . [[z?]]γ ⟫= λv . Ũx ,v ĨE⋆̃ = ĨEL̃z(v . ĨEŨx,v ĨE⋆̃)
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Shared-state – Back to the Example

Let’s show: [[x ∶= y? ; x ∶= z?]] ≠ [[x ∶= z?]]

⟨⋆, ( x y z
U0EU1 U0 U1

)⟩ ∈ ĨEL̃y(v . ĨEŨx,v ĨEL̃z(u. ĨEŨx,uĨE⋆̃))(
x y z
1 0 1 )

= [[x ∶= y? ; x ∶= z?]]( x y z
1 0 1 )

⟨⋆, ( x y z
U0EU1 U0 U1

)⟩ ∉ ĨEL̃z(u. ĨEŨx,uĨE⋆̃)(
x y z
1 0 1 ) = [[x ∶= z?]]( x y z

1 0 1 )

Can’t take Ĩx, in any of the ĨE’s – get stuck with it

Essentially 8 options remain (where to take Ẽx) – easy to check
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Sync

Example

L̃y(u. Ũx,uẼx L̃z(w . Ũx,w ⋆̃)) ( x y z
1 0 1 )⊆ ĨE[[x ∶= y? ; x ∶= z?]] ( x y z

1 0 1 )
Ẽy Ĩx,0L̃x(v . Ẽz Ĩx,1 ṽ) ( x y z

1 0 1 )⊆ ĨE[[x?]] ( x y z
1 0 1 )

L̃y(u. Ũx,uL̃x(v . L̃z(w . Ũx,w
˜⟨⋆, v⟩)))( x y z

1 0 1 )⊆[[x ∶= y? ; x ∶= z? ∥ x?]]( x y z
1 0 1 )

y = 0 Ly Ey ( x y z
1 0 1 ) Ly

Ux,0 Ix,0 ( x y z
1 0 1 ) Ux,0

x = 0 Ex Lx ( x y z
0 0 1 ) Lx

z = 1 Lz Ez ( x y z
0 0 1 ) Lz

Ux,1 Ix,1 ( x y z
0 0 1 ) Ux,1

⋆ 0 ( x y z
1 0 1 ) ⟨⋆,0⟩

[[M ∥ N]]γ B λσ. ⋃

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
r̃σ

RRRRRRRRRRRRRRRR

∃t, s. t ∥ s σÔ⇒ r

∧ t̃σ ⊆ ĨE[[M]]γσ
∧ s̃σ ⊆ ĨE[[N]]γσ

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
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Shared-state Monad – Soundness Theorem

Theorem (Soundness for shared-state)

Assuming ⊢M ∶ A,

σ,M → σ′,M ′ Ô⇒ [[M]]σ ⊇ [[M ′]]σ′
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Conclusion

Summary

Definition of algebraic theory for shared-state

Representation theorem: free model defined explicitly

Soundness theorem: assuming ⊢M ∶ A,

σ,M → σ′,M ′ Ô⇒ [[M]]σ ⊇ [[M ′]]σ′

Future Prospects

Prove Adequacy: [[M]] = [[N]] Ô⇒ ∀C [ ]. C [M] ≅ C [N]
Type-and-effect systems (modular effects)

Weak-memory models
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Syntactic Sync Rules

t ∣∣ s
σ[x∶=v]
ÔÔÔ⇒ r

Ix,v t ∣∣Ux,v s
σÔ⇒ Ux,v r

U-right
t ∣∣ sσx

σÔ⇒ rσx

Ext ∣∣ Lx(v . sv)
σÔ⇒ Lx(v . rv)

L-right

t ∣∣ s
σ[x∶=v]
ÔÔÔ⇒ r

Ux,v t ∣∣ Ix,v s
σÔ⇒ Ux,v r

U-left
tσx ∣∣ s

σÔ⇒ rσx

Lx(v . tv) ∣∣ Exs
σÔ⇒ Lx(v . rv)

L-left

t ∣∣ s
σ[x∶=v]
ÔÔÔ⇒ r

Ix,v t ∣∣ Ix,v s
σÔ⇒ Ix,v r

I
t ∣∣ s σÔ⇒ r

Ext ∣∣ Exs
σÔ⇒ Exr

E

ξ ∣∣ ζ σÔ⇒ ⟨ξ, ζ⟩
Var
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Shared-state Monad – Representation Theorem

Theorem (Representation for shared-state)

The free shared-state model on X is FX B ⟨TX , L̃, Ũ, Ẽ , Ĩ , Σ̃⟩ with

ret ∶ X → TX

ret ξ B λσ. {⟨ξ, ( ... x ...
... Uσx ... )⟩} (ξ̃ ∶= ret ξ)

⟫= f ∶ TX → A

t ⟫= f B
Ð→̃
LA(v⃗ . ∑̃

A

⟨ξ,η⟩∈tv⃗ ⌈η⌉
A (f ξ))

A is a shared-state model

f ∶ X → A
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