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A QUASI-DUAL FUNCTION METHOD FOR EXTRACTING
EDGE STRESS INTENSITY FUNCTIONS*

MARTIN COSTABEL', MONIQUE DAUGE', AND ZOHAR YOSIBASH?

Abstract. We present a method for the computation of the coefficients of singularities along
the edges of a polyhedron for second-order elliptic boundary value problems. The class of problems
considered includes problems of stress concentration along edges or crack fronts in general linear
three-dimensional elasticity. Our method uses an incomplete construction of three-dimensional dual
singular functions, based on explicitly known dual singular functions of two-dimensional problems
tensorized by test functions along the edge and combined with complementary terms improving their
orthogonality properties with respect to the edge singularities. Our method is aimed at the numerical
computation of the stress intensity functions. It is suitable for a postprocessing procedure in the
finite element approximation of the solution of the boundary value problem.
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1. Introduction.

1.1. The problem. The solutions of elliptic boundary problems, for example,
those arising from linear elasticity, when posed and solved in nonsmooth domains like
polygons and polyhedra, have nonsmooth parts. It is well known how to describe
these singularities in terms of special singular functions depending on the geometry
and the differential operators on one hand, and of unknown coefficients depending
on the given right-hand sides (for example, volume forces and surface tractions or
displacements) on the other hand.

Concerning the singular functions, they are extensively covered in the literature.
In many cases, like corners in two dimensions or edges in three dimensions, they can
be written analytically (see, for example, [18, 3, 29]) or semianalytically [12]. In other
cases, like polyhedral corners, there exist well-known numerical methods for their
computation (see, for example, [1, 35, 33, 36]).

Concerning the coefficients, there are two cases to distinguish: corners and edges.

1. In the case of a corner in two or three dimensions, i.e., the vertex of a cone,
the space of singular functions up to a given regularity is finite-dimensional. There-
fore only finitely many numbers have to be computed, and there exist several well-
established methods to do this. Let us mention some of them:

In the “singular function method,” also known as the Fix method in the finite
element literature, singular basis functions are added to the space of trial functions,
so that their coefficients are computed immediately as a part of the numerical solution
of the boundary value problem (see [4, 6, 8, 17, 28, 32]).

In the “dual singular function method,” one uses the fact that the coefficients
depend linearly on the solution and therefore also on the right-hand side; see [21, 23]
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where this was first developed. There exist several different ways to express these
linear functionals that extract the coefficients. One can use functionals acting on the
solution of the boundary value problem, and these can then have a simple explicit
form and can be localized. Or one can write them as functionals acting directly on
the right-hand side. These are the dual singular functions, properly speaking, and
they are solutions of a boundary value problem themselves (see [5, 15, 16, 7, 2, 34]).

2. In the case of an edge in three dimensions, the space of singular functions
is infinite-dimensional. Theoretical formulas for the extraction of coefficients then
involve an infinite number of dual singular functions in general; see [22, 26]. The
coefficients can be understood as functions defined on the edge, and their computation
now requires approximation of function spaces on the edge. There exist some papers
describing versions of the singular function method in this case. In [13], the case
of a half-space crack in three-dimensional elasticity is considered. An algorithm is
proposed and analyzed consisting of boundary elements on the crack surface combined
with singular elements that are parametrized by one-dimensional finite elements on
the crack front. This method and the corresponding error analysis are described
for smooth curved cracks in three dimensions in [31]. In [19], the simple case of a
circular edge is treated with Fourier expansion, error estimates are given, and results
of numerical computations are shown.

Every linear functional acting on the edge coefficient functions now gives rise to
a dual singular function. Such linear functionals can be the point evaluation at each
point of the edge or, more regularly, moments, i.e., scalar products with some poly-
nomial basis functions. Computing a finite number of such point values or moments,
one obtains an approximation of the coefficient function. Such a procedure has been
studied in [20] for the simple case of the Laplace equation at a flat crack. In [30]
the coefficients are given by convolution integrals which contain the dual singular
functions, and examples for the Lamé system are provided.

With the exception of the computations in the case of the simple geometries and
operators of [19] and [20], the formulas and theoretical algorithms for the extraction
of edge coefficients mentioned above have not lead to numerical implementations or
serious computational results. A first step towards an algorithm suitable for imple-
mentation in an engineering stress analysis code is described in [36], where point values
of edge coefficients are computed in the case of the Laplace equation near a straight
edge. Very special orthogonality conditions of the Laplace edge singular functions are
used to construct extraction formulas that are essentially two-dimensional.

Whereas this idea cannot be extended directly to more general geometrical and
physical situations like Lamé equations in a polyhedral domain, our paper is an exten-
sion of [36] to such situations in the practical sense of suitability for implementation
in engineering codes.

1.2. Outline. In the present paper we construct an algorithm for the approxi-
mate computation of moments of the edge coefficient functions. The algorithm has a
twofold purpose: It is sufficiently general to be applicable to real-life three-dimensional
boundary value problems and their singularities near polyhedral edges, and it is simple
enough to be implemented in the framework of professional finite element codes. In
a forthcoming paper we will show practical applications in the computation of stress
concentration coefficients in three-dimensional anisotropic elasticity.

Our paper is organized as follows:

After a more detailed description of the idea of our algorithm in this first section,
we recall in section 2 the structure of edge singularities for second-order linear Dirichlet
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boundary value problems in three dimensions. We describe how the leading term in
each singular function is obtained from a two-dimensional problem in a sector and
can be computed from the principal Mellin symbol of the partial differential operator.
For a complete description of the singular function one has to construct higher order
“shadow terms,” for which we also give formulas involving Mellin symbols of the
operator.

In section 3, the structure of dual singular functions is described first in two
dimensions and then for the case of the three-dimensional edge. The dual singular
functions have an asymptotic expansion in terms that have tensor product form in
cylindrical coordinates and are homogeneous with respect to the distance to the edge.
This form allows us to prove a certain approximate duality between finite partial sums
of these asymptotic expansions. These sums can be constructed explicitly from the
Mellin symbols of the operator, and the duality holds approximately on cylindrical
domains in the sense that the error is of the order of an arbitrarily high power of the
radius of the cylinder.

In section 4, we construct the extraction algorithm for moments of the coefficients
of the edge singularities. The algorithm requires the integration of the solution of the
boundary value problem against a smooth function on a cylindrical surface of distance
R to the edge, and it is exact modulo a given arbitrarily high power of R.

In section 5, we discuss generalizations to more general domains and boundary
conditions, and the special case of a crack.

In section 6, we compare our algorithm with possible alternatives based on other
formulas for the extraction of coefficients.

1.3. The main framework. Any three-dimensional elliptic boundary value
problem posed on a polyhedron defines infinite-dimensional singularity spaces cor-
responding to each of the edges. Each singularity along an edge F is characterized

e by an exponent o, which is a complex number depending only on the geometry
and the operator, and which determines the level of nonsmoothness of the singularity,
and

e by a coefficient a,, which is a function along the edge E.

Of great interest are the coefficients a, when Re« is less than 1, corresponding
to non-H? solutions. In many situations, Rea < 1 when the opening at the edge is
nonconvex. For example, o can be equal to % in elasticity problems in the presence
of cracks. Sometimes in such a situation the coefficients are called stress intensity
factors. Herein we propose a method for the computation of these coefficients, which
can be applied to any edge (including a crack front) of any polyhedron.

For the exposition of the method we use a model domain ) where only one edge F
is of interest (in particular, E will be the only possible nonconvex edge). Nevertheless
this method applies, almost without alteration, to any polyhedron; see section 5.

As model domain, we take the tensor product 2 = G x I, where I is an interval, let
us say [—1, 1], and G is a plane bounded sector of opening w € (0, 27] and radius 1 (the
case of a crack, w = 2, is included). See Figure 1. The variables are (z,y) in G and z
in I, and we denote the coordinates (z,y, z) by x. Let (r,8) be the polar coordinates
centered at the vertex of G so that G = {(z,y) € R? | r € (0,1), 8 € (0,w)}. The
domain  has an edge E which is the set {(z,y,2) € R3 |r =0, z € I}.

The operator L is a homogeneous second-order partial differential N x N system
with constant real coefficients, which means that

A _ 0 0 )
L:ZZLijaiaj with 81:%, 82:(97];7 03 = —

j=11i=1
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X

Fic. 1. The domain of interest .

with coefficient matrices L;; in RNVXN  We moreover assume that the matrices L;
are symmetric. Therefore L is formally self-adjoint.

We assume moreover that L is associated with an elliptic bilinear form B, i.e.,
that for any u and v in H%(Q)" and any subdomain €’ C Q there holds

/Lu-vdx = B(u,v)+/ Tru-vdo

(1.1)
/u-Lvdx+/ (Tp/u-v—u-Tp/v)da,

where Tr is the Neumann trace operator associated with L via B on the boundary
I of . Our aim is the determination of the edge structure of any solution u of the
problem

(1.2) u€ H}(Q) Yve HY} Q) Blu,v) = / fvdx,
Q

where f is a smooth vector function in C*°(Q)". Away from the end points of the
edge, the solution u can be expanded in edge singularities S[a; a,] associated with the
exponents « and the coefficients a,,. These singularities Sa; a,| are the sums of terms
in tensor product form dJa,(2) ®;[a](z,y), where only the generating coefficients a,
depend on the right-hand side f of problem (1.2).

1.4. The extraction method. In this paper, we construct for each exponent
a a set of quasi-dual singular functions K™ [« ; b], where m is a natural integer, which
is the order of the quasi-dual function, and b a test coefficient. We then extract not
the pointwise values of a,, but its scalar product versus b on E with the help of the
following antisymmetric internal boundary integrals J[R] over the surface

Fp:={xeR’|r=R, 0€(0,w), z€ 1},
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depending on the radius R:
(1.3) J[R](u,v) := / (Trpu-v—u-Tp,0) do.
T'r

Roughly, and with certain limitations (see Theorem 4.3 and its extensions in section 5),
we find that for the lowest values of Re a, there holds

(14)  J[R](uw, K™[a:b]) = /1 0a(2)B(z)dz + O (R™) as R0,

which allows a precise determination of f 7 aq b by extrapolation in R and a recon-
struction of a, by the choice of a suitable set of test coefficients b.

One of the fundamental tools for the proof of (1.4) consists of algebraic relations
based on integration by parts in the domains . r, where for any ¢ and R with
0 < e < R we denote by G, r the annulus

Geri={(z,y) eR*|r € (¢,R), 0 € (0,w)}
and by €. g the tensor domain G, r x I. We note that
8957}3 = Fa UFR U (GE,R X 8])

Finally we also denote by G, the infinite sector of opening w and by {2, the infinite
wedge G X 1.

2. Edge singularities. Edge singularities are investigated in several works. Let
us quote Maz’ya and Plamenevskii [24], Maz’ya and Rossmann [27], Dauge [14], and
Costabel and Dauge [9]. Here, as a model problem, we concentrate on the simplest
case of a homogeneous operator with constant coefficients.

The structure and the expansion of edge singularities rely on the splitting of the
operator L into three parts,

L = My(0y,0y) + M1(0y,0,) 0. + M2 92,

where My is an N x N matrix of second-order partial differential operators in (zx,y),
M is an N x N matrix of first-order partial differential operators in (z,y), and Ms
is a scalar N x N matrix.

We can check that for any smooth function a(z) in I and any sequence (®;),,
of functions of (x,y) satisfying the relations

My®y =0,
(21) My®, + M,1Py =0, in Goo,
Mo®; + M1 ®j_1 + Ma®; 2 =0, j=2

the series
U~ Z da(z) ®;(z,y)
j=0

formally satisfies the equation Lu ~ 0 in Q4. If, moreover, all derivatives of a are
zero in *1 and if the ®; satisfy the Dirichlet conditions on 0G «, then u ~ 0 on 9.
In order to provide a more precise meaning, we need a description of solutions of the
system of equations (2.1).
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2.1. Two-dimensional leading singularities. The first terms ®( are the so-
lutions of the Dirichlet problem in the infinite sector:

(2.2)

MO(I)O =0 in G007
(I)O =0 on 8Goo

From the general theory we know that the solutions of problem (2.2) are generated
by functions having the particular form in polar coordinates (r, 6)

(2.3) Dy =r(0), accC.

Since it is homogeneous of degree 2, the system Mj can be written in polar coordinates
in the form

Mo (9, 0y) = 172 Mo (0;70,, Op).
With the ansatz (2.3), the system (2.2) becomes

(2 4) MO(H;aaaa)QDO =0 in (O,Cd),
' wo =10 on 0 and w.

The operator ¢ — Mo(0;a, dp)p acting from HE(0,w) into H1(0,w) is the Mellin
symbol of My, and we denote it by Mp(a).

The system (2.4) has nonzero solutions, i.e., My(«) is not invertible, only for a
discrete subset A = (M) of C. We call the numbers a € A the edge exponents.

The ellipticity of L implies the ellipticity of My, and as a consequence, any strip
Rea € (£1,&2) contains at most a finite number of elements of 2A. As the coefficients
of My are real, if o belongs to 2, then & also belongs to 2. Moreover we have the
general property that

Mo(a)* = MG(—a),

where Mp(a)* is the adjoint of My(a) and M denotes the Mellin symbol of the
adjoint Mg of My. Now M is formally self-adjoint: Mg = My, and there holds

Mo(a)* = Mo(—a).

By the Fredholm alternative, this implies that if a belongs to 2, then —a& also belongs
to A.

The operator valued function o +— My(a) ™!

is meromorphic on C. If
(91) Va €9, «is a pole of degree 1 of My,

then any solution of (2.2) is a linear combination of solutions of type (2.3) with « € 2
and g a nonzero solution of (2.4). For simplicity we assume hypothesis (1) and will
explain in what follows the implications if it does not hold.

2.2. Further two-dimensional generators for singularities. The second
equation of system (2.1) with Dirichlet conditions reduces to finding ®; such that

(2.5)

Mo(I)l = —M1(I)() in GO07
P, 0 on 0G,
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where ®g = r*pp(0) as determined in the previous subsection. Since it is homogeneous
of degree 1, the system M; can be written in polar coordinates in the form

M; (9, 0y) = =" M1(0;70,, Op).
Therefore, M;®g = r*~*M;(0;a,09)po and an ansatz like (2.3) for the solution of
problem (2.5) is
(2.6) Dy = r*oy(0),
with ¢ solution of the Dirichlet problem

Mo(O;a+1,00)p1 = —M1(0; , 09) 00 in (0,w),
(2.7)
w1 =0 on 0 and w;

in other words, @1 solves My(a + 1)1 = —Mj(a)po. Therefore, if a + 1 does not
belong to 2, the previous problem has a unique solution. This is why we assume
hypothesis ($2):

($2) Vae, VjeN, j>1, a+j¢gL

If (92) holds, then for each solution &y = r*yg of problem (2.4), we obtain by
induction a unique sequence (®;),- solution of (2.1) with Dirichlet conditions in the
form -

(I)j = 7,04+j(pj (9)7
where ¢; solves
(2.8) Mo(a+j)p; = —Mi(a+j—1)pj—1 — Map;s.

We recall that Ms, being a scalar matrix, has the same expression in Cartesian coor-
dinates as in polar coordinates (viz. My = My).

2.3. Three-dimensional singularities. Assuming hypotheses (1) and (92),
for any a € 2 with Rea > 0, let p,, denote the dimension of the kernel of 9My(a) and
let ®glar,p], for p = 1,...,pq, be a basis of ker My(a). Moreover, for any j > 1, let
® [, p] be the solution of (2.7) or (2.8) (also called “shadow singularities”) generated
by (I)O[avp]'

For any integer n > 0 we call “singularity at the order n” any expression of the
form

(2.9) S™"a,p; a] =Y da(z) B5la, pl(x, y),
7=0

where a belongs to C"2(T).
By construction, there holds

(2.10) LS"[a,p; a] = 02 a (M@, + Ma®,,_1) + 0" 2a My,

whence we have the following lemma.

LEMMA 2.1. For any a € 2, Rea > 0, and a € C"T2(I) we have
(2.11) LS"a,p;al =0 (rReaJr"_l) ;

)

i.e., v ReaTntl 6o p: a) is bounded in Q. Moreover S™[a,p; al =0 on G x I.
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3. Dual singular functions. We first recall and reformulate well-known facts
about the dual singular functions for two-dimensional problems (cf. Maz’ya and
Plamenevskii [21, 23, 25], Babugka and Miller [2], Dauge et al. [15, 16]) and then
extend these notions in the framework of our edge problem, so that we obtain what
we call “quasi-dual singular functions” (compare with the extraction functions in
[1] by Andersson, Falk, and Babuska) as opposed to exact dual singular functions;
cf. Maz’ya and Plamenevskii [22], Maz’ya and Rossmann [26] (pointwise duality), and
Lenczner [20] (Sobolev duality).

3.1. Two-dimensional dual singular functions. The two-dimensional oper-
ator is the homogeneous second-order operator My with real coefficients. We develop
its symbol Mg(«) in powers of a (of degree 2):

(3.1) Mo (0; ar, 8p) = No(0;09) + aN1(0; 9g) + a* N (0).
Since My is self-adjoint, we can deduce that
(3.2) Ny and N, are self-adjoint and N is anti-self-adjoint.

LEMMA 3.1. Let a, B be in A and let @, 1 be in the kernels of My(ar), Mo (5),
respectively. Then there holds the identity

(3.3) (a+ ) /Ow (M + (= B)N2) ¢ - db = 0.

Proof. We start with the duality relation:

0= /Owcp Mo (B)y / Mo (B /szmo(ﬁ)cp

Then we use the identity

<

Mo (—f5) = Mo(@) — (B + N1 + (57 — a®)\o.

From ()¢ = 0, we obtain

/93?0 (—B)p - = / = (B+ )Ny + (8% — &®)N2)p - ¢

——(a+6)/0 (M + (a— BMN2)g-B. O

LEMMA 3.2. Let a, B, v, and v be as in Lemma 3.1.
(i) If = # «, then

(3.4) [ @t o= pa)e- v -0
0
(ii) If =B = a, then the left-hand side of (3.4) becomes

(35) [ ar2ane 5= [ (S ma@) e 5

0
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and, if we moreover assume hypothesis (1), then for any basis (cp[a,p])p of ker My ()
there exists a unique dual basis (w[a,p])p of ker My(—a) such that

(3.6) / " (M + 200) gl p] - Blad] = 6y

Proof. (i) is a straightforward consequence of Lemma 3.1.

(ii) Identity (3.5) is clear. Concerning (3.6), we first note that since Mip(a)* =
Mo(—a), the dimension of the kernel of My(a) is equal to the codimension of the
closure of the range of My(—a). On the other hand, as for any o/ € C\ A, My(a’)
is invertible, and since My (o) — My (') is a compact operator, My () is a Fredholm
operator of index 0. As a consequence,

dim ker My (o) = dim ker Mo (—a).

In order to obtain (3.6) it suffices now to prove that if ¢ € ker My («) satisfies

Vip € ker Mo(—a), /w (M1 +2aN2) @ -9 =0,

0
then ¢ = 0. If this does not hold, thanks to (3.5) there exists ¢ € ker My(a) such
that

_ “(d
Vep € ker My (—a), —Mo(a) | w1 =0.
o \da

By the Fredholm alternative, there exists ¢’ such that

d
Mo (a)y’ + o Mo(a)p = 0.

As a consequence the function
o — (@ —a) P M) (p+ (o' —a)y)

has an analytic extension in «. This contradicts hypothesis ($)1) according to which
M, " has a pole of order 1 in a. a

We end this subsection with a relation between the expression in the left-hand
sides of (3.4) and (3.6) and a trace obtained by integration by parts.

Considering the Green formula (1.1) in the domain 2. g for functions v and v,
which are zero on the two faces # = 0 and 8 = w of (), we have contributions on the
parts I'r and I'. of the boundary of Q. g, where » = R and r = ¢, respectively. We
denote by T'(r) the Neumann trace operator on I',.. It has the form

(3.7) T(r) =T(r,0;0,,09,0.) = To(0;70,,0) + T1(0) 0. .

We also have contributions of the lateral sides G. r x 0I. Denoting by Ty; the
Neumann trace on these sides, we have the Green formula

/ Lu-v—u-Lvdx = // T(R)u-v—u-T(R)v Rd0dz
Qon 1Jo
(3.8) // TE)u-v—u-T(e)vedfdz
1Jo

—|—/ Toru-v—u-Tyrvdo.
GEYRX(?I
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Applying the above identity to functions u and v independent of z (and zero on the two
sides § = 0 and # = w), we note that the contributions on the two sides G. g x {£1}
cancel out because the two Neumann operators T4; which compose Ty; are opposite
to each other. Thus we obtain

/ Mou-v—u-Myvdedy = / To(R)u-v—u-Ty(R)v d

(3.9) Ge.m * .

—/ To(e)u-v—u-To(e)v db,
0

where Ty(R) denotes To(0; ROy, 0p).
LEMMA 3.3. Let o and 3 be complex numbers and let ¢ and 1 belong to H} (0, w)™.
Set ® := rp(0) and ¥ := r=P(#). For any R > 0 there holds

(3.10) /Ow To(R)® - T — ® - Ty(R)¥ df = R /Ow (VN1 + (a+B)N2)p - df .

Proof. Formula (3.9) and the splitting (3.1) of Mgy = r?M, yield for any ¢ < R
/G (Mo + 70N + (10,)2N5) @ T = @+ (No + 10, Ny + (r0,)2Na) T ) L dr g
oR
- /Ow To(R)® - T — & - Ty(R)T df
— /Ow To(e)® - ¥ — @ - Tp(e) W db.
Since N is self-adjoint, integration by parts gives

/ R((No + 0N+ (10, 2N2) 8T — @ (N + 10N + (r9,)2N) T ) Ly
E = M@ T+ (r9,)No® - T — & - (r0, )N U]
We have
Ni@ T + (10, )N2® - T — No® - (19,)T = r* P (N - + aNop - + ¢ - BN1D),
and as N3 is self-adjoint (cf. (3.2)), we finally obtain
(Mg -+ (a4 B)No - ) (ROF —go=B) = /Ow To(R)® - T — & - To(R)T do

— /w To(g)(I) V- To({:‘)E de.
0

Now the right-hand side of the above equality also has the form c(a, 3)(R*™# —e*=#),
and we deduce (3.10) for any « # 3. Since, for fixed 3, ¢, 1, and R, both members
of (3.10) depend continuously on «, we deduce (3.10) for o = 8 by continuity. |

3.2. Three-dimensional dual singular functions. We assume hypotheses
(1) and ($2), and for any o € A, Rea > 0, we choose a basis ¢[a,pl, p=1,...,Da,
of ker Mp(c). Then we denote by ¥[a,p], p=1,...,pa, the corresponding dual basis
according to Lemma 3.2. We recall that we have denoted r“p[a, p] by ®o|c, p] and
that associated singularities at the order n are defined in (2.9).
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Following the same lines, we set
\IJO[Q7P] = Tﬁdw[oﬁp]a
and for any integer n > 0, we define the “quasi-dual singular function at the order n”
by
(3.11) Ko, p; b =Y 0lb(2) ¥; e, pl(z, y),
§=0

where b belongs to C"™%(I) and the sequence (¥;) j>o0 Is defined by induction as
solution of (2.1) in the form B

\I’j = T_(H_jwj (9)7
where ; solves
(3.12) Mo(—a +j)vy = —Mi(—a+j — 1)hj—1 — Mahj—o.

Of course, K"[a,p; b] is but S"[~a&,p; b] (generated by Wy). Therefore by (2.11)
there holds, for any a € 2, Rea > 0, and b € C"T2(1),

(3.13) LK"[a,p; b] = O (r~ Reatn=1),

In the next proposition we state that the singularities S™[a, p; a] and the quasi-dual
singular functions K"[3, q; b] are in duality with each other (modulo a remainder) if
linked by the following antisymmetric sesquilinear form:

(3.14) J[R](u,v) ::/

T'r

(Tu~ﬁ—u-ﬁ)daz/l/o (Tu-ﬁ—u~Tﬁ)|T:RRd@dz7

where T' = T'(R) is the radial Neumann trace operator (3.7).

PROPOSITION 3.4. Let o, 3 € A with Rea,, Re 8 > 0. We assume that hypotheses
(91) and (H2) hold. For an integer n > 0, let the coefficients a and b be in C"T2(I).
We assume moreover that 3ib =0 for j = 0,...,n — 1 on dI. Then for any R > 0
there holds

J[R] (S"[a,p; a} ,K”[ﬂ7q; b}) = 6a,5 §p7q/1a(z) 6(2) dz+ 0O (RRca—Rcﬁ+n+1) )
(3.15)

Proof. We use the Green formula (3.8) on G¢ g for
u=S"[a,p; a] and v=K"[a,q;].

Since v = O (rf¢®) and v = O (r~R°F), (2.11) and (3.13) imply

R
/ Lu-v—u-Lv de(/ rReaReﬁJ“”lrdr) .
Qa,R 1>

With formula (2.10), we even obtain the more precise expression

2n R
/ Lu-v—u-Lvdx = Z Wk/ re=BAE pdr
Qe,R €

k=n—1
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with coefficients 74 independent of R and €. As a consequence of hypothesis (2) we
know that a — 8 + k is different from —1 for k =n,...,2n + 1. Thus

2n+2
/ Lu-v—u-Lvdx = Z /\k(Ra75+k—aa7’8+k),
Qe,r k=n+1

with coefficients A; independent of R and e. For the boundary integral J[r](u,v)
(3.14), we omit the mention of (u,v). Thus the Green formula (3.8) gives

2n+2

J[R] — J[¢] —|—/ Toru-v—u-Torvrdrdf = Z A (RO™PTE — ga=Fth),
GE,RXQI k:nJrl

As Ty is of the form r=1Tp; 0(0;70,,0p) + Tor1(0) 0, (cf. (3.7)), and as the ends O
are zeros of order n of b, we are left with

Toru-v—u-Tyrv = Toru-02b W, —u-07b (r ' Tor0Wn+Tor 1 Vn_1)—uw 00 Thr 1V,
Integrating on G¢ g x 01 and using the structure of ¥;, we obtain as before

2n—+2
Toru-v—u-Tyv = Z )\QC(RO‘_'B'HC — 50‘_5+k).
k=n+1

From the last three equalities we obtain

2n+2
(3.16) JR —Jle] = S N{(RoOk — comith),
k=n+1

It remains to expand J[r| in homogeneous parts: we have

2n+1
(3.17) I =Y Jpre At
k=0

with (cf. (3.7))

Te=>_ // aga8§E<TO(9;a+j,8g)goj~%—g0j~T0(9;—6+€,8g)@>d9dz
(3.18) =Rl

+ > /1 /O (ag+1aaﬁET1(9)soj.m—agaagﬂl—,w.Tl(g)@dgdz.

jHl=k—1

Combining (3.16) with (3.17) we obtain

2n+1 2n+2
Z Jk(Ra—ﬁ-‘rk} _ Ea—ﬁ+k) _ Z )\% (Ra—ﬂ-‘rk _ Ea—ﬁ-i—k).
k=0 k=n+1

By identification of terms, we immediately deduce that

Vk <n, Jp(RYPHE _ga=Btky —
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Therefore
Vk <n suchthat a —(+k#0, J,=0.
By hypothesis ($)2), the number o — 5 + k can be 0 only if k = 0. Therefore
Vk, 1<k<n, Jy=0 and Va,0€UA a#3, Jy=0.

In order to obtain (3.15), it remains to study Jy when oo = 3. Formula (3.18) yields,
for Jo,

Jo= [ [ ab(To:0.0p0la ) Tolard) — e ) To(6: 5. 00) ol ] ) A6
1Jo
Applying Lemma 3.3 for o = 3 we have
Jo = (/az} dz) (/ (N1 + 2003 ¢l ) - D, g de),
I 0
and with the orthogonality relation (3.6) we deduce that
Jo = 6p7q/al; dz. O
I

Note that in formula (3.18), we can integrate by parts in z without any boundary
contribution for k < n, because 82b =0 for j =0,...,n — 1 on 1. Therefore

I
where
Hufops Sl = Y [ (17 (Tolbi+ 5,905 B~ Tol65 5+ £, 00),) o
(3.20) e
Z / 0)pj - e+ ;- Ta (6 )E@)de
jHl=k—1

As a consequence of the proof of Proposition 3.4 we have
(3.21) Va, e, Vp, q, Vk€eN, Hilo,p; 8,4) = 6k,0 6,8 Op.q-

Later on, we will use formula (3.21), and not Proposition 3.4, to extract the singularity
coefficients of a true solution of problem (1.2).

4. Extraction of singularity coeflicients. In this section, we first describe
asymptotic expansions of the solution u of problem (1.2). The right-hand side f is
C>*(Q), and we suppose in a preliminary step that f = 0 in a neighborhood of the
edge E. The expansions of u show edge singularity coefficients a,,, along the edge
E. We propose a method based on the duality formula (3.15) to determine these
coefficients.
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4.1. Expansion of the solution along the edge. The edge expansions are
valid only away from the sides G x 9I. This is the reason why we introduce for any
6 € (0,1) the subinterval

Is = (=14 6,1-6)

and consider the subdomains G x Is. We need the introduction of weighted spaces to
describe the remainders in the expansions. For £ € R, let

V(G x Is) == {v € C®(G x I) | Ym € N3, p=nHmlgmy € 1°°(G x I;) ).

Then the following theorem holds; cf. [27].

THEOREM 4.1. Let 6 € (0,1) and n > 0 be given. Then for any a € A such
that Re o € (0,m) and for any p € {1,...,pa}, there exists a unique coefficient aq,p €
C>(Is) such that

(4.1) u— Z ZS” [, p; Gap] € Vy(G x 1),

a, 0<Rea<n p

where n = n(«a) is the smallest integer such that Rea +n > 1.

Letting ¢ tend to 0, this clearly defines unique coefficients aq,p in C>°(I) such
that for any ¢ (4.1) holds with aa»P|15' But this does not imply that (4.1) holds
in €, because in general the remainders on G x Is depend on ¢ and their norms
blow up as § — 0. This is due to the presence of corner singularities at the corners
ct := (0,0,%1). We have to analyze these corner singularities in order to obtain
uniform estimates in €.

4.2. Corner exponents. We describe the situation in a neighborhood of the
corner ¢t and particularize the notation by the superscript . A similar situation
holds for the other corner ¢~. Let K be the infinite cone coinciding with Q in
a neighborhood of ¢*. Let ST denote the sphere of radius 1 centered at ct, pT the
distance to ¢*, and 97 the coordinates on ST. Thus (p™,9T) are spherical coordinates
centered at ct. Finally, let ST denote the intersection St N K+. The operator L can
be written in these spherical coordinates as

L= (p")2LY (975 pT 0pr, 0p+),

which defines the Mellin symbol v — £ () of L at c¢T, where £ (v) is the operator
¢ — LT(9T;7,09+)¢ acting from HJ(ST) into H~1(ST). We denote by & the set
of v € C such that £ () is not invertible. We call these «y the corner ezponents. We
introduce the analogue of hypothesis (£);) for £T:

(93) Vy € 1, s a pole of degree 1 of (£+)71.

For each v € &1, we denote by ¢[v,q], ¢ =1,..., ¢y, a basis of ker £+ ().

We need a new family of weighted spaces: Let us introduce r* on ST as the
distance to the corner (r = 0,z = 0) of ST corresponding to the edge E and extend
it by homogeneity: 7 (x) = 7T (97 (x)). Note that we have the equivalence

(4.2) (%) = r(x)/p* ().

In the same way we define 7 on S* as the distance to the two other corners of S,
(r=1,0=0,2=1)and (r =1,0 = w,z = 1), and extend 7+ by homogeneity. We
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define for £ > —= and n>0

Ve (@) = fo € C(07) |
Vi € N2, (pt)~Eiml ()il (e lmlgmy ¢ Loo(0)),

with Q% = G x (0,1). There holds the corner expansion for any fixed £ > —3:

(4.3) u— ST D g (0 g (W) € Ve o(QF),

v, —1/2<Re~vy<€& 4

where the coefficients ¢, , are complex numbers. Note that the remainder in (4.3)
is flat with respect to the “distance” pT to the corner ¢t and not with respect to
the edge E. Thus, the expansions (4.1) and (4.3) give complementary and seemingly
independent information about the structure of w.

In fact, we will use this result only to obtain the optimal corner regularity of u
without splitting u into regular and singular parts at this corner. We define the set

of exponents &~ attached to the corner ¢~ in a similar way as 8. We define flt as
(4.4) ¢ =min{Rev|ye®" and Rey> —1}.

The choice & = £ is the best possible so that the corner expansion in (4.3) is empty.
There holds

(4.5) u€ VE;O(Q“L) and u€ V£1_7O(Q_).

4.3. Edge expansion up to the corner. Relying on [14, Chap. 17] we can
expand u along the edge E while taking its corner regularity into account. Near c*
the edge coefficients will themselves belong to weighted spaces of the type Ve (0,1) on
the half-edge {z € (0,1)} (here p* coincides with 1 — z),

Ve(0,1) :={aeC®(0,1)| YmeN, (p") ¢ 0aeL>(0,1)},

and near ¢~ the coefficients will belong to a space V¢(—1,0) where the weight function
is p~(2) =1 + 2 instead of pT.

THEOREM 4.2. Let n > 0 be given. Then for any o € A such that Rea € (0,7)
and any p = 1,...,pa, the coefficient a, , appearing in the splitting (4.1) belongs to
Vet_Rea(0:1) and there holds

(4.6) u— Z ZX ) S [,p; Gap] =t uky, 0 € Vet y b,

a, 0<Rea<n p

where x is a smooth cut-off function which is 1 in a neighborhood of 0, r* = r*(x)
is defined in (4.2), and n = n(a) is the smallest integer such that Rea +n > n.
Similarly, aqp ’(_1 0) belongs to Ve—_g, ,(—1,0) and there holds

(4.7) u— Z ZX [P Gap] = Uregy € Ver o (Q7)-

a, 0<Rea<n p
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4.4. Extraction of edge coefficients. Our main goal is the determination
and the computation of the edge coefficients a, ,—at least those corresponding to the
smallest values of Rea. These coefficients are defined via the expansion (4.1), and
a sharp estimate of both the coefficients and the remainder is given in Theorem 4.2.
The method for extracting them is based on the use of the antisymmetric bilinear
form J[R](u,v) defined in (3.14), where v is chosen as K™ [3,p; b] for a certain range
of B € A and of test edge coefficients b. The choice of the order n will determine
the order of the error, which is a positive power of R. We introduce a last technical
hypothesis

(94) Va e, Rea >0, & —Rea¢gN, ¢ —Read¢N.

The main result of our work is the following.

THEOREM 4.3. Let u be the solution of problem (1.2) with a smooth right-hand
side f, which is zero in a mneighborhood of the edge E. We assume the hypotheses
($1)-(94). The function u admits the edge expansion (4.1) for all 6 > 0. Let € A
with Re 8 > 0. We fiz an integer n > 0 such that

(4.8) n>ReB—& —1 with & =min{¢, €67},

where we recall that & defined in (4.4) is attached to the corner ¢t and & is its
analogue for the corner ¢~. Let m be an integer m > n and finally let b € C™(I) be
such that 3b(£1) =0 for all j=0,...,n—1. Then there holds

(1.9) JR)(u. K™(8.p: H) = [ asylz)b(a)dz + O (Rminirtesmimd-Resit)
I
as R — 0, where

(4.10) m =min{Rea|a €A and Rea > 0}.

Before starting the proof, we give a corollary of identity (3.21). For this, we first
introduce the decomposition of the bilinear form J[R] according to the splitting (3.7)
of the radial traction 7"

JO[R](u,v) :z/ (Tou~ﬁ—u~Toi)R_1dU:/I/0 (Tou-i—u-Toﬁ) ’T:R dfdz

Tr
and
JR](u,v) :z/ (T1u~ﬁ—u~Tﬁ)do:// (Tlu-ﬁ—u-Tﬁ)‘T:RRdez.
Tr 1Jo
LEMMA 4.4. Let o, B € 2. LetmGNandmteger50<n<m 0<k<m.
Let b € C™(I) such thatagb(i'l)—Ofor allj=0,...,n—1. Let a € Ve(—1,1). If
E+n—k+1>0, then
> JOR)(Ola®;laq) 02b Ve[S, p])
jHi=k
+ > JHR|(0a®jlanq] 0Lb (B, p]) = bk ba ,55,,q/ b(z)dz.
JHl=k—1

This lemma is merely a consequence of identity (3.21). Indeed, the assumptions
about a and b ensure that (i) all integrals in z are convergent, and (ii) integrations by
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parts in z (to have all derivatives on b) do not produce any boundary contribution.
Therefore we can separate the integrals over I and (0,w) as in (3.19). The integrals
over (0,w) are zero (or 1) thanks to (3.21), which correspondingly yields the lemma.

Proof of Theorem 4.3. Relying on the decompositions (4.6)—(4.7) of u, we split
the integral J[R](u, K™[3,p; b]) into several pieces, Io+ 17 + I + 17 +I; + I3, and
estimate each of them.

o We first assume that m >n + & —n;.

(A) We define Iy as

Iy = > ( > TR aa,q jleq) 00T, [B,p])

a,q, k JjtHi=k
¢1—Rea+n—k+1>0

+ Y JR|(Daa,® [ﬂ]ﬁfb‘lfz[ﬁ,p])),

JjHl=k—1

where the coefficients a, 4 are those of expansion (4.6). The assumptions of Lemma 4.4
are fulfilled because of the following;:
(a) The inequality & —Rea+n —k+ 1> 0 implies that k < & —Rea+n+1,
which is < n + & — n; since we have assumed that m > n 4+ & — 11, then
k <m.
(b) By Theorem 4.2, a, 4 belongs to the weighted space V§IrfRe ,(0,1) in the part
of the edge which belongs to 27, and similarly in Q7 ; therefore the inequality
& —Rea+n—k+1>0is the assumption n+n —k+1 > 0 of Lemma 4.4.
Moreover, the assumption n > Re §—&; —1 implies that the triple (a« = 8, = p,k = 0)
belongs to the sum defining Iy. Therefore

Iy = /Ia@p(Z) b(z)dz.

(B) We define I;" as

IlJr = Z < Z JO[R]((X(T+) - 1)8;.0’06,!1 (bj[aaq] 7agb\115[/8up])

a,q,k jHi=k
& —Reatn—k+1>0

+ Y Jl[R]((x(r+)—1)3§aa,q<1>j[a,Q]ﬁﬁbklfe[ﬂ,p]))

jH=k—1

Let us define z* as 1 — z. The domain of integration of the terms in I3 is T N
supp(x(r*) — 1) and is contained in a set of the form

{x eR}|r=R, 0c(0,w), 27 ¢ (O,CR)},

where c is a positive constant.
Each term in ;" can be estimated by a product of three terms:
(i) an integral in 2T over (0,cR) of a function depending on z* but not on R or
0;
(ii) an integral in € over (0,w) of a function depending on 6 but not on R or z*;
(iii) a power of R corresponding to the restriction on I'p of a power of r.
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We observe the following:

(i) The integral over (0, cR) is fOCR(z+)51+_R° atn—k qz+ which is (’)(R&‘RC atn—k+l)
since & —Rea+n—k+1>0.

(ii) The integral over (0,w) does not depend on R.

(iii) The power of R is RRea—Ref+k,

Therefore

If = 0 (Re-HnRestn),

The corresponding part I; in the neighborhood of ¢~ has a similar bound.
(C) We define I as

I = > ( S URI(X() Bl ®5loq] 050 ¥[8, p])
a,q,j,¢ Jjt+i=k
& —Reatn—j—£+1<0
£<m, Rcoz+j<n+§;r+l

+ 0y Ji[R](x(r*)azaa,q@j[a,q],aﬁwe[ﬂ,p]))

jHe=k—1

where J9 and J} are the contributions over Q* of J and J*'.

As for I;f, each term of I} can be estimated by the product of three terms
(i)—(iii). The only difference is that the integral (i) in z* is over (cR,1) instead of
(0,cR) and is equal to fclR(z"’)&_Rea“L_k dzT, which is still O(Rfi_Rea"’"_kH)
since fi —Rea+n—k+1is <0. The power (iii) of R is the same; thus we obtain,

as above, that
If = O (RebrnResin),
(D) We set 1 :=n + & + 1. We check that

I+If +I7 + 13 +1; = > JIR|(x(rT) 0laa,q ©jle,q) , K™([B,p; b]).

a,q,j
Rea+j<n

But according to Theorem 4.2

u;zg’n =y — Z X(rT) lag,, ®j[a, g € Vq’n(Q*'),
Rea&-?-iij<17

and similarly for the other corner. Therefore it remains to estimate
I3 := J[R] (u;t:gm S K™B,p; b])
and, more precisely, each contribution J[R)] (uj‘eg,n,aﬁb \I/g) for £ = 0,...,m. Since
Ueg, Delongs to Ve (QF),
Uy =0 ((p+)£ff (,ﬁ)n) -0 ((er)g,n Tn) and  Vug,, =0 ((p+)51+,77 ,mfl) '

For the bounding of J[R](u;, , ,0tb W), we split the integral over I'r into (a) the

contribution on z* € (0, R), and (b) the contribution on 2+ € (R, 1), and we estimate
each piece by a product of three terms as we did before.
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(a) When z* € (0, R), the distance pT is equivalent to R on I'g. Therefore the
weight over u,f, , is equivalent to R in that region. Part (i) is the integral
fOR(er)”’Z dzt = O(R"**1), and the power (iii) of R is RE ~ReBHL Their
product is Rn+& —ReB+1,
(b) When 2T € (R, 1), the distance p™ is equivalent to 2™ on I'g. Therefore the
weight over uf, , is equivalent to (z1)& =77 in that region. Part (i) is the
integral fé(z"‘)ffﬂﬁn_e dzt = (’)(Rif—n-ﬁ-n—fﬂ) (since & —n+n—0+1 < 0),
and the power (iii) of R is R"7~R¢#+¢_ The product of both is R& +n+1-Res
Gathering all the previous results of parts (A)—(D), we obtain formula (4.9) in
the case m > n 4+ & —m.

e When m < n+&; —mn;, we follow the same lines with the corresponding changes:
For Iy we reduce the sum by the extra condition that k¥ < m, and the same for I ;: . The
conclusions are still the same. For I the sum is augmented by the set of («,q, j, ¢)
such that ¢ —Rea+n—j—£+1>0and j+¢ > m. The new terms do not satisfy

the same estimates as the old ones since the corresponding contribution (i) in z* is
now O (1). As the power (iii) of R is still RR¢@~ReB+i+¢ we obtain that

Ier = min {O(Rﬁr-’_n_ReB—H)’O (RRea—Reﬁ+j+€) }’

where the min is taken over (a,7,/) such that & — Rea+n —j — £+ 1 > 0 and
7+ € > m. The minimum of Rea + j + ¢ is attained for « = 8; and j+ £ =m+ 1,
whence

Igr =0 (Rnl—Reﬂ+m+1) .

We have proved formula (4.9) in the case m < n+& — . O

Remark 4.5. (i) Formula (4.9) is, of course, still valid if hypotheses (91)—($4)
are only assumed to hold for the exponents which are used in the proof, namely,
Ref <n=mn+¢& +1for (91),(9H2), and ($H4) and Rey = & for (93).

(ii) If we discard hypotheses (93) and (£4), we can still prove a formula like (4.9),
up to the possible multiplication of the remainder by |logM R| for some integer M.

(iii) We still obtain formula (4.9) if we relax the assumption on the right-hand
side so that f is no longer supposed to be zero in the neighborhood of the edge, but
only flat up to a specified order, in relation to what is needed in the proof of (4.9):
it suffices that f belongs to the weighted spaces Ve, —o ,—2(27) and Ve, o ,—2(27),
with &; defined in (4.8) and n = n+&; + 1. Then the edge expansion up to the corner
(4.6) still holds with such a right-hand side, which makes part (D) of the proof of
(4.9) still valid.

Remark 4.6. The assumptions about the test edge coefficients b can be slightly
relaxed.

(i) Instead of the boundary conditions 8Jb(+1) = 0 for any j = 0,...,n — 1, we
may assume that (1 — 2)7"* (2 + 1)+ 9Jb € L>°(I) for j < m, and the statement
of Theorem 4.3 can be extended to noninteger n.

(i) We may assume that b is only C"™~1(T) globally and piecewise C™ on a finite
partition of 1.

5. A wider range of applications for quasi-dual methods. We extend the
results of Theorem 4.3 to any edge of a general polyhedron and discuss the case of
cracks (where w = 27). We also evaluate the limitation of the convergence rate in R
when the right-hand side is not flat along the edge.
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5.1. The domain. By a slight modification we can adapt our method to the
determination of edge singularities along any edge of a three-dimensional polyhedron,
that is, a domain  with plane faces and, therefore, straight edges.

Let E be an edge of . E is an open segment whose end points ¢t and ¢~ are
corners of . We choose cylindrical coordinates (r, 6, z) adapted to Q around E:

E={x~(r0,2)| r=0,z€ (-4 5},
where h is the length of E. There exists a conical neighborhood! © of E such that
QNO={x~(r6z)]| r=(01),we 0w, z€ (-2 4)}ne6,

where w is the opening of ) along the edge E.
We still define, for any R < 1, the internal cylinder ' as

FR = {XN (7'79,2) | r = R, w € (O,w)’ = (_gvg)}

But it may happen that even for small R, I'g is not included in Q. Then we define
the reduced internal cylinder I'p as

I'p = {XN(T,9,2)| r=R, we (0w), z€ (—%—}—kR,%—kR)}

where k£ > 0 defines the conical neighborhood ©. In other words, for any R < Ry,
I'r=TrNO.
On the same model as (3.14), we define

L_kR

(5.1) J[R](u,v) := /F (Tu-v—u-Tv) do = /Ow(TumwTv) |T:R Rdfd=.

—L4kR

Then defining the sets &= of corner exponents at ¢ as before, but now on the polyhe-

dral cones K* coinciding with € in neighborhoods of ¢*, and defining 5% in the same
way, we have expansions? (4.6)—(4.7), and there holds, with the same assumptions as
in Theorem 4.3,

(5.2) J[R](u, K™[3,p; b)) :/5 agp(2)b(z)dz 4+ O (Rmin{msl 7m+m}*Reﬂ+1) .

h
2

The proof follows exactly the same steps as the proof of (4.9). The parts Iy, I;: ,

and I;: are still defined by integrals over I'r. We modify only part (D), noting that,
thanks to the condition on the support of x, the expansion (4.6) now gives

v

J[R](u, K™[B3,p;b]) = J[R](uf, ,, K™[B,p;b]) + To + I}t + IT + I} + 1.

reg,n’

The conclusion follows by the same arguments as before.

n cylindrical coordinates, © has the form
o= {x ~ (r,0,2) | »=(0,Rp), we€ (0,w), z € (—% + kr, % —k'r)},

with a k£ > 0 and Rg > 0.

2With the cut-off function x chosen so that in the cylinder r < Ry, the support of x — X(ri)
is contained in the conical neighborhood ©. The subdomains Q1 and Q= correspond to the regions
z > 0 and z < 0, respectively.
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5.2. In the presence of cracks. We now consider the case where the opening
w is equal to 2w. This means that the model domain €2 is the cylinder of radius 1
with an internal boundary formed by the plane rectangle

Y={xcR¥|zc(0,1),y=0, z€I}.

This case is in principle included in our analysis. But the special situation of the
singularity exponents prevents hypothesis (£)3) from being satisfied: By the result
of [10], the set A of singular exponents is included in the set of half-integers and,
moreover,

(5.3) VieN, dimkerdMy(: +j) =N,

where we recall that N is the size of the system L. But our method can still be applied
in this case! We are going to explain why.

The first place where we use (£)2) is for the definition of the shadow singularities
® [, p]. The general theory gives that @;[a,p] can be found in the form of a finite
sum of the form 777 3" log?r ¢, ,(#). But in this situation of cracks, it is proved in
[11] that the logarithmic terms are absent. But still, the solution of (2.8), though
existing, is not unique. This circumstance will help in the second place where we use
(92)-

We used ($)2) to prove (3.21), in particular that Hy[o,p; 3, q] = 0 for all « and 8
in 2l when k # 0.

LEMMA 5.1. Forallj €N, p=1,...,N, and j > 1 let the singularities @0[% +
J,p| and their shadows @j[% + 7,p|] be fived. The dual singularities \IIO[% +£,q] are
still determined according to Lemma 3.2, and there exists a choice of the shadows
W[5 + L, q] such that there holds (cf. (3.20) and (3.21))

(5.4) Vj, LEN, Vp,g< N, Vk>0, Hy[t+jp;2+0q =0

Proof. By the proof of Proposition 3.4, we know that for any choice of the ¥[8, g],
the identity Hy[o,p; 3, q] = 0 holds as soon as a — 3+ k # 0, i.e., in our case, when
14j—31—0+k+#0. Thus it remains to prove (5.4) when j — £+ k = 0.

Let £ and ¢ be fixed. The proof uses induction over k. For k=1, j = ¢ — 1. Let
us fix a particular solution 1[}1[% + £, q] of (3.12). Any solution of (3.12) is the sum of
1[)1[% + £, q] and of an element of ker Mo(—3 — £+ 1) = ker My(—1 — j). A basis of
this kernel is the set of 1o[3 4+ j,p'], P’ =1,..., N. Therefore H1[1 4+ j,p; 3 + {,q] is
the sum of a fixed contribution and of a linear combination of the contributions of the
Yol3 +J,P'], i-e., of Ho[3+j,p; 5 +J,p]. By Lemma 3.2, we can determine elements
of the kernel ker Mo(—3 — j) so that Hi[2 + j,p; 3+l q=0forallp=1,...,N.

For a general k, we assume that the \I’g[% + £, q] are determined for ¢ < k and
have to prove (5.4) for j = ¢ — k. We isolate the contribution j = 0, ¢/ = k in Hy, and
the proof is similar to the case k = 1. 1]

5.3. The right-hand side. Let us consider now a standard smooth right-hand
side f € C>=(€). Then f belongs to the weighted spaces Vy o(Q7) and Vo 0(27). With

(5.5) & =min{¢1, 2} and & =min{¢, 2},
there holds, for n = 2,

(5.6) fe V§O+_27n_2(Q+) and feV 07_2777_2(9_).
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Thus a general smooth interior right-hand side alters the asymptotics of the solution
only in the region of exponents Rea > 2 and Rey > 2. The corresponding parts in
the asymptotics of u (either polynomial or singular) are no longer orthogonal in the
sense of the bilinear form J[R] versus the standard singularities associated with a zero
(or flat) right-hand side.

In connection with Remark 4.5(iii), we see that in order to take (5.6) into account,
we first have to replace &; by & := min{¢;, &, } in the statement of Theorem 4.3 and
investigate the consequences on the estimates of the limitation n = 2.

We assume that m > n 4+ { — n1. We make changes in the general proof of
Theorem 4.3 in the same spirit as at the end of this proof: For Iy we reduce the sum
by the extra condition that Re 8 + k < 2, and the same for I f . Thus we require that
Rea < 2 so that the triple (8 = «, ¢ = p, k = 0) belongs to the sum defining Iy. The
conclusions are still the same.

For I the sum is augmented by the set of (3, ¢, j,¢) such that & — Re+n —
j—€+1>0and Ref+j+¢>2. The new terms do not satisfy the same estimates
as the old ones since the corresponding contribution (i) in 2" is now O (1). As the
power (iii) of R is still RReA—Reati+t e obtain

I = min{o(RE}r—&-n—Rea—&-l)’ o (RReﬂ—Rea+j+€) },

where the min is taken over (3,7, /) such that & —Ref +n—j — £+ 1 > 0 and
RefB+j+¢2>2.

We have also to consider I3 anew with the constraint that n = 2. Part (a) of the
estimate is the same, but concerning part (b), we now have to deal with the possibility
that & —n+n+1=¢ —2+n+1may be > 0. In this case, the contribution (i) is
O (1) and the contribution (iii) is R7~Re® = R2-Rea,

Let Q[R](u, K™ o, p; b]) be the remainder J[R](u, K™ [, p; b)) — [} aa,p(2) b(2) dz.

THEOREM 5.2. Let u be the solution of problem (1.2) with a smooth right-hand
side f € C*(). We assume the hypotheses (91)—(94). Let a € A with Rea € (0,2).
We fix an integer n > 0 such that

(5.7) n>Rea—§& — 1.

Let m be an integer m > n and let b € C™(I) be such that 9Jb(+1) = 0 for all
7=0,...,n—1. Then there holds

(5:8) Q[R] (Uva[OéaPQ b]) =0 (Rmin{lm"‘fl vm+ﬂ1}—Rea+1> _

Remark 5.3. If f is zero on the edge E, then f belongs to V171(QJ—') and the above
statement can be improved by replacing everywhere 2 by 3, including in the definition

(5.5) of 53 , and we obtain the following estimate for the remainder:
(5.9) QUR)(u, K™ [o,ps b)) = O (Rn(2ombs mim)-Reast)

5.4. Other boundary conditions. In a way similar to that described in detail
for Dirichlet boundary conditions, we can treat other self-adjoint boundary conditions
such as Neumann conditions or mixed conditions in several forms, i.e., Dirichlet on
certain faces and Neumann on the others, or of mixed type for systems, where, for
example, in elasticity some components of the displacement are prescribed to 0 and
the complementing components of the traction are also prescribed.
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We may also consider transmission conditions based on a coercive bilinear form
B with piecewise constant coefficients.

Once the correct Mellin symbols 9y and £* are defined, we consider their re-
spective spectra 2 and &* and everything works in the same way, mutatis mutandis.
But we have to emphasize that the sets of exponents 2 and &= may systematically
contain (small) integers. For example, if we consider a Neumann problem, 0 always
belongs to A and &=, which implies that o; = 0 (and, in general, & = 0), though
this zero exponent corresponds to a “singular function” ®, which is constant.

Also the consideration of nonzero boundary data in the neighborhood of the
edge would introduce more perturbation in the orthogonality relations between the
asymptotics of the solution and the standard singularities associated with a zero right-
hand side.

6. Other methods and formulas: A comparison. Inspired by [26] and [20]
we can provide other families of formulas for the determination of the edge coefficients.
We present them and then compare them with each other. All of them are valid in
the extended framework of polyhedral domains as in section 5.1.

6.1. Pointwise dual formulas. Adapting [26] we find the formula, valid for
any solution u of (1.2) with smooth Lu = f, sufficiently flat near the edge E: For
each fixed 2y € I,

(6.1) Qap(20) = / Lu- K [, p] dz dy dz.
Q

The three-dimensional dual function (z,y, z) — K, [, p](z,y, z) is defined as
Kaolo,p] o= Wi o, p] — X[, p,

where the following hold:
1. U3P[a, p] is a dual three-dimensional “corner” singularity at (0,0, z9) consid-
ered the vertex of a cone: With pg the distance to the point (0,0, 2zp), and
the corresponding spherical coordinates, \Ilg(]? [, p] has the form

3P, pl(po, Po) = py '~ ¥le, pl(Yo)

and satisfies on the infinite wedge W7 coinciding with 2 in the conical neigh-
borhood ©

LU3P[a,p] = 0 in Wi,
U3Pa, p] = 0 on JOWj.

It does not belong to H' in any neighborhood of zy due to its strong singu-
larity in py 1=& The spherical pattern ¢ depends only on the wedge W; and
the operator L, but not on the particular point zy since we have supposed
that the operator has constant coefficients.

2. X, [a,p] is the correction in H*(G), solution of

{ LX, [o,p] =0 in €,

6.2 ,
(6.2) Xzo[Oé,P]:\Ifﬁt?[oz,pHaQ on O9.

Note that X, strongly depends on zg, because the trace of W3P[a, p] on 9Q
depends on zg.
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6.2. Global dual formulas. In the same spirit as formulas (6.1)—(6.2), we can
also obtain exact formulas for moments of the coefficients: For test functions b €
C§°(I) (or, more generally, b as in Theorem 4.3 with n large enough)

(6.3) /_1 Ao,p(2)b(2) dz = /QLu - Kypla, p] dzdy dz.

Here Kp[a,p] := K™[a,p;b] — Xp[a, p], where K™[a, p;b] is defined in (3.11) with
m > Rea — 1 (i.e., so that LK™[a, p; b] belongs to H~1(Q); see (3.13)) and Xp[c, p]
is the correction in H!(G), solution of

(6.4) {LXb[aaPFLK’"[a,p;b] im0

Xb[a7p]:Km[a7p;bHBQ on ON.

Compare with [20], where the case L = A with m = 0 is considered.
An alternative to (6.3) in the spirit of [15] is the following mixed formula:

(6.5) /_1 Qap(2)b(z) dz = /QLu xK™[a,p;b] —u - L(xK™[a, p; b)) dz dy dz.

Here the cut-off y can be taken as in the expansions (4.6)—(4.7), i.e., x(x) = x(r™")
in QT and x(x) = x(r~) in Q7. Simpler cut-off can be used if  contains a cylinder
of the form {x, r <rg, 0 <0 <w, z € I}: then x = x(r) with x(r) =1 for r < ro/2
and = 0 for r > rg.

6.3. Comparison. Formula (6.1) yields exact pointwise values for the edge co-
efficient, provided the right-hand side is smooth enough to ensure the continuity of
the coefficient and flat enough to cancel any Taylor part of degree < Re« in the
solution w. This formula makes use of the right-hand side only and does not need the
computation of u. But its main drawback is its own computation. The determination
of the dual spherical pattern t[a, p| is seldom explicit and difficult in general: In ad-
dition to the Laplace operator, this is done only for the Lamé system under Neumann
boundary conditions for a crack situation (w = 27); see [30]. Moreover the solution of
the three-dimensional problem (6.2) is necessary for each value of 2y where we want to
have the value of the coefficient a,, . Finally, the application of formula (6.1) requires
the computation of a volume integral.

Formula (6.3) yields exact evaluation of the moment of the coefficient against
the test function. It has the following advantages over (6.1): the continuity of the
coefficients is no longer necessary; the basic function K™[a,p;b] is easier to deter-
mine (one-dimensional problems on (0,w)) and less singular than \Pg? But it is
still necessary to solve as many three-dimensional problems (6.4) as values of test
functions b.

Formula (6.5) is closer to the idea of the quasi-dual formulas, since it is no longer
necessary to solve three-dimensional problems for the determination of the dual func-
tionals, but it does require the knowledge of the solution u. Still (6.5) is a volume
integral, and the determination of the cut-off terms YK ™[a, p; b] and L(xK™[c,p; b))
is not obvious.

The quasi-dual formulas (4.9) and (5.2) need the determination of the same basic
functions K™[«, p; b] and the computation of the solution u itself, but no other three-
dimensional solution. It requires only one (or a few) surface integrals, away from the
edge where the functions K™[a, p;b] are the most singular. Each determination of
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J[R](u, K™[,p; b]) does not provide the exact value of the moment of a,,, against b
but its value modulo a (known) power of R, which allows a Richardson extrapolation
of the limit from the computation of J[R](u, K™[3,p; b]) for 3 values of R.

The works [34] in two dimensions and [36] in three dimensions also introduce an
extraction method based on integration over a circular arc of radius R, followed by
Richardson extrapolation in R. They are successfully implemented in an engineering
stress analysis code. In a certain sense, they are precursory to our present method,
with the following important distinction: In these two references the antisymmetric
duality pairing J[R] is replaced by a simple scalar product involving only the angular
part of the singular functions. This possibility exists only for the Laplace operator
due to its natural separation of variables (see [36]) and for the Lamé equations in two
dimensions (see [34]). In order to reach a wide generality, we are led to deal with
the universal duality pairing J[R]. On the other hand, the extraction done in [36]
yields pointwise values of the coefficients. Extracting moments is more suitable to the
regularity properties of the edge coefficients near corners and to the approximation
by finite elements.

REFERENCES

[1] B. ANDERssON, U. FALK, AND I. BABUSKA, Reliable determination of edge and vertex stress
intensity factors in three-dimensional elastomechanics, in Proceedings of the 17th Congress
of the International Council of the Aeronautical Sciences, Stockholm, 1990, ICAS-90-4.9.2,
ATAA, Washington, D.C., 1990, pp. 1730-1746.

[2] 1. BABUSKA AND A. MILLER, The post-processing approach in the finite element method. Part
II: The calculation of the stress intensity factors, Internat. J. Numer. Methods Engrg., 20
(1984), pp. 1111-1129.

[3] A. BEAGLES AND A.-M. SANDIG, Singularities of rotationally symmetric solutions of boundary
value problems for the Lamé equations, ZAMM Z. Angew. Math. Mech., 71 (1991), pp. 423~
431.

[4] H. BLuM, On the approzimation of linear elliptic systems on polygonal domains, in Singularities
and Constructive Methods for Their Treatment (Oberwolfach, 1983), Lecture Notes in
Math. 1121, Springer-Verlag, Berlin, pp. 28—-37.

[5] H. BLuM, Numerical treatment of corner and crack singularities, in Finite Element and Bound-
ary Element Techniques from Mathematical and Engineering Point of View, CISM Courses
and Lectures 301, Springer-Verlag, Vienna, 1988, pp. 171-212.

[6] H. BLuM AND M. DOBROWOLSKI, On finite element methods for elliptic equations on domains
with corners, Computing, 28 (1982), pp. 53-63.

[7] M. BOURLARD, M. DAUGE, M.-S. LUBUMA, AND S. NICAISE, Coefficients of the singularities
for elliptic boundary value problems on domains with conical points. 111. Finite element
methods on polygonal domains, STAM J. Numer. Anal., 29 (1992), pp. 136-155.

[8] M. BOURLARD, M. DAUGE, AND S. NICAISE, Error estimates on the coefficients obtained by the
singular function method, Numer. Funct. Anal. Optim., 10 (1989), pp. 1077-1113.

[9] M. CosSTABEL AND M. DAUGE, General edge asymptotics of solutions of second order elliptic
boundary value problems. I and 11, Proc. Roy. Soc. Edinburgh Sect. A, 123 (1993), pp. 109-
184.

[10] M. COSTABEL AND M. DAUGE, Crack singularities for general elliptic systems, Math. Nachr.,
235 (2002), pp. 29-49.

[11] M. CosTABEL, M. DAUGE, AND R. DUDUCHAVA, Asymptotics without logarithmic terms for
crack problems, Comm. Partial Differential Equations, 28 (2003), pp. 869-926.

[12] M. COSTABEL, M. DAUGE, AND Y. LAFRANCHE, Fast semi-analytic computation of elastic edge
stngularities, Comput. Methods Appl. Mech. Engrg., 190 (2001), pp. 2111-2134.

[13] M. COSTABEL AND E. P. STEPHAN, An improved boundary element Galerkin method for three-

dimensional crack problems, Integral Equations Operator Theory, 10 (1987), pp. 467-504.

DAUGE, Elliptic Boundary Value Problems in Corner Domains. Smoothness and Asymp-

totics of Solutions, Lecture Notes in Math. 1341, Springer-Verlag, Berlin, 1988.

[15] M. DAUGE, S. NICAISE, M. BOURLARD, AND J. M.-S. LuBuMA, Coefficients des singularités
pour des problémes aux limites elliptiques sur un domaine a points coniques. 1. Résultats

[14] M.

=



1202

MARTIN COSTABEL, MONIQUE DAUGE, AND ZOHAR YOSIBASH

généraux pour le probléme de Dirichlet, RAIRO Modél. Math. Anal. Numér., 24 (1990),
pp. 27-52.

M. DAUGE, S. NICAISE, M. BOURLARD, AND J. M.-S. LuBuMA, Coefficients des singularités
pour des problémes aux limites elliptiques sur un domaine a points coniques. I1. Quelques
opérateurs particuliers, RAIRO Modél. Math. Anal. Numér., 24 (1990), pp. 343-367.

P. DESTUYNDER AND M. DJjAouUA, Estimation de ’erreur sur le coefficient de la singularité
de la solution d’un probléme elliptique sur un ouvert avec coin, RAIRO Anal. Numér., 14
(1980), pp. 239-248.

P. GRISVARD, Singularités en élasticité, Arch. Ration. Mech. Anal., 107 (2) (1989), pp. 157-180.

B. HEINRICH, S. NICAISE, AND B. WEBER, Elliptic interface problems in axisymmetric domains.
II. The Fourier-finite-element approximation of mon-tensorial singularities, Adv. Math.
Sci. Appl., 10 (2000), pp. 571-600.

M. LENCZNER, Méthode de calcul du coefficient de singularité pour la solution du probléme
de Laplace dans un domaine diédral, RAIRO Modél. Math. Anal. Numér., 27 (1993),
pp. 395-420.

V. MAZ’YA AND B. PLAMENEVSKII, On the coefficients in the asymptotics of solutions of elliptic
boundary-value problems near conical points, Soviet Math. Dokl., 15 (1974), pp. 1570-1575.

V. MAZ’YA AND B. PLAMENEVSKII, On the coefficients in the asymptotics of solutions of elliptic
boundary value problems near the edge, Soviet Math. Dokl., 17 (1976), pp. 970-974.

V. G. Maz’ya AND B. A. PLAMENEVSKII, Coefficients in the asymptotics of the solutions of an
elliptic boundary value problem in a cone, J. Soviet Math., 9 (1978), pp. 750-764.

V. G. Maz’yA AND B. A. PLAMENEVSKII, LP estimates of solutions of elliptic boundary value
problems in a domain with edges, Trans. Moscow Math. Soc., 1 (1980), pp. 49-97.

V. G. MAZ’YA AND B. A. PLAMENEVSKII, On the coefficients in the asymptotic of solutions of
the elliptic boundary problem in domains with conical points, Amer. Math. Soc. Transl.
(2), 123 (1984), pp. 57-88. )

V. G. Maz’yA AND J. ROSSMANN, Uber die Lésbarkeit und die Asymptotik der Lésungen el-
liptischer Randwertaufgaben in Gebieten mit Kanten. 111, preprint P-MATH-31/84, Akad.
Wiss. DDR, Inst. Math., Berlin, 1984.

V. G. MAZ’YA AND J. ROSSMANN, Uber die Asymptotik der Losungen elliptischer Randwert-
aufgaben in der Umgebung von Kanten, Math. Nachr., 138 (1988), pp. 27-53.

M.-A. MoussAoUl, Sur ’approximation des solutions du probléme de Dirichlet dans un ouvert
avec coins, in Singularities and Constructive Methods for Their Treatment (Oberwolfach,
1983), Springer-Verlag, Berlin, pp. 199-206.

A. ROSSLE, Corner singularities and regularity of weak solutions for the two-dimensional Lamé
equations on domains with angular corners, J. Elasticity, 60 (2000), pp. 57-75.

J. ROSSMANN AND A.-M. SANDIG, Formulas for the coefficients in the asymptotics of solutions
of boundary value problems for second order systems near edges, ZAMM Z. Angew. Math.
Mech., 76 (1996), pp. 181-184.

E. P. STEPHAN AND M. COSTABEL, A boundary element method for three-dimensional crack
problems, in Innovative Numerical Methods in Engineering (Atlanta, GA, 1986), Compu-
tational Mechanics, Southampton, 1986, pp. 351-360.

G. STRANG AND G. J. FixX, An Analysis of the Finite Element Method, Prentice-Hall, Engle-
wood Cliffs, NJ, 1973.

B. A. SzABO AND Z. YOSIBASH, Numerical analysis of singularities in two dimensions. 1.
Computation of eigenpairs, Internat. J. Numer. Methods Engrg., 38 (1995), pp. 2055-2082.

B. A. SzABO AND Z. YOSIBASH, Numerical analysis of singularities in two dimensions. II. Com-

putation of generalized fluz/stress intensity factors, Internat. J. Numer. Methods Engrg.,
39 (1996), pp. 409-434.
. YOsiBASH, Computing singular solutions of elliptic boundary value problems in polyhedral
domains using the p-FEM, Appl. Numer. Math. 33 (2000), pp. 71-93.
Z. YOSIBASH, R. AcTIS, AND B. SzABO, Extracting edge fluz intensity functions for the Lapla-
cian, Internat. J. Numer. Methods Engrg., 53 (2002), pp. 225-242.

N



