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Abstract
The solution to the elasticity problem in three-dimensional polyhedral domains in the vicinity of an edge around which
the material properties depend on the angular angle is addressed. This asymptotic solution involves a family of eigenpairs
and their shadows which are being computed by means of p-finite element methods. In particular the examples we give
explicitly provide the asymptotic solution for cracks and V-notch edges and explore the eigenvalues as a function of
the change in material properties in the angular direction. We demonstrate that the singular exponents may change
considerably by changing the material properties variation in the angular direction. These eigenpairs are necessary to
allow the extraction of the edge stress intensity functions.
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1. Introduction
Solutions to linear elastic problems in three-dimensional (3-D) polygonal domains in the vicinity of reentrant
edges, when the material properties in the vicinity of the edges are constant or piecewise constant were studied
in the work by Omer and Yosibash [1–3]. These are described in terms of special singular functions (eigen-
functions) depending on the geometry and the boundary conditions in the vicinity of the edge on one hand,
and of the unknown function of the coordinate along the edge (edge stress intensity functions) depending on
the given body forces and tractions on the other hand. The eigenpairs (eigenvalues and eigenfunctions) may be
obtained by several techniques. An analytical method for computing eigenpairs in isotropic two-dimensional
(2-D) domains is provided in many prior publications [4–7]. A semi-analytic approach for the eigenpairs com-
putations was presented by Costabel et al. [8], applicable to anisotropic domains. Many numerical methods
were developed, as for example in the work by Leguillon and Sanches-Palencia, Szabó and Yosibash [9–12],
which are applicable also to anisotropic and multi-material interfaces. Many publications have focused in the
past few decades on the 3-D effects in cracks and notches. A review of the development in this field is presented
by Pook [13].

Corresponding author:
Netta Omer, Department of Mechanical Engineering, Afeka College of Engineering, Tel-Aviv, 6998812, Israel.
Email: NettaO@afeka.ac.il



2 Mathematics and Mechanics of Solids

Most of past studies on singularities address homogenous materials. However recent materials like func-
tional graded materials (FGM) are manufactured so that the material properties, although isotropic, change
continuously in the material (the elastic modulus, E, for example changes smoothly as a function of a coordi-
nate). For future application of the methods to determine the singular solution in the vicinity of a crack edge in
FGM materials, we started with a more simplified model in which the elastic modulus changes continuously as
a function of one coordinate (the angular axis, θ).

The smallest eigenvalues of the singular asymptotic solutions for 2-D cracked domains may even be as small
as (0 + ε) for specific mixed boundary conditions ([12, 14, 15]). The strain energy density (stress × strain) for
such cases behaves as r(−2+2ε) and involves an integral over an area which must include an integral over r, where
r ≥ 0; i.e. the integral is of the form: r(−2+2ε)rdrdθ and therefore the constrain in ε becomes ε > 0.

The aim of this paper is to investigate the asymptotic solution in the vicinity of singular edges at which
the material properties change continuously or piecewise continuously as a function of the angular axis θ . The
singularity exponents in the asymptotic solution are sensitive to the material properties variation, and may obtain
values considerably smaller than 1/2 (the crack exponent in homogeneous isotropic materials) depending on
the angular variation of Young’s modulus for example. We also demonstrate that the tangential variation of
the material properties result in a coupled mode situation, so that Mode I and Mode II edge stress intensity
functions become coupled, although the loading conditions are pure Mode I or pure Mode II .

We derive the weak formulation for the computation of the eigenpairs (that construct the asymptotic expan-
sion) and discretize this formulation so to allow the use the p-version of the finite element method (FEM)
[16]. Numerical examples are then considered that demonstrate the dependence of the eigenvalues (singularity
exponents) on the variation of the material properties.

The paper is organized as follows. We start with notations, defining the domain of interest and the linear elas-
tic problem in the vicinity of an edge, and it’s reduction to a 1-D problem for the computation of the eigenpairs.
A mathematical algorithm is then presented for computing the eigen-pairs and the associated eigenfunctions and
shadows. The p-finite element (FE) formulation is thereafter addressed, based on which numerical discretiza-
tion of the continuous problem is applied. Finally, several numerical tests are presented which demonstrate the
accuracy and efficiency of the presented methods. Specifically we compute the eigenpairs and eigenstresses
associated with traction free boundary conditions for a cracked and a V-notched domain with material proper-
ties which vary quadratically in θ . Both symmetric and anti-symmetric material properties in θ are considered.
We finish with a summary and conclusions section.

2. The elastic solution for an isotropic problem in the vicinity of an edge
In this section we derive the asymptotic solution in the neighborhood of an edge in an isotropic elastic domain
having material properties depending on the angular angle. The material properties are isotropic but inhomoge-
neous. This means that at each point in the domain the mechanical response in each direction is the same, but
in two different points in the domain the material properties differ. It is shown that the elastic solution can be
presented as an asymptotic series of eigenpairs (the well known eigen-pairs of the 2-D cross section), shadows
and the associated edge stress intensity functions. We follow the steps presented by Omer and Yosibash [1] and
expand it to θ dependent material properties.

2.1. Notations and the differential equations

Consider a domain � in which one straight edge E of interest is present. The domain is generated as the product
� = G× I where I is the interval [−1, 1] and G is a plane bounded sector of opening ω ∈ (0, 2π], for simplicity
let us assume it has a radius 1 (the case of a crack, ω = 2π , is included), as shown in Figure 1. Although any G
or I can be chosen, these simplified ones have been chosen for simplicity of presentation.

The variables in G and I are (x1, x2) and x3 respectively, and the coordinates (x1, x2, x3) are denoted by x.
Let (r, θ) be the polar coordinates centered at the vertex of G, so that G coincides with {(x1, x2) ∈ R

2 | r ∈
(0, 1), θ ∈ (0, ω)}. The edge E of interest is the set {x ∈ R

3 | r = 0, x3 ∈ I}. The two flat planes that intersect
at the edge E are denoted by �1 and �2.

Remark 1 The methods presented in this paper are restricted to geometries where the edges are straight lines
and the angle ω is fixed along x3.
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Figure 1. Domain of interest �.

Remark 2 In general the eigenpairs associated with the elasticity operator may be complex, but in most prac-
tical cases the eigenvalues smaller than 1 are of interest, and these are usually real. Herein we address real
eigenpairs only, whereas the general case will be addressed in a future publication.

The displacements vector in the polar coordinates is considered here, denoted ũ = {ur, uθ , ux3}T. With this
notation, the Navier-Lamé equations that describe the elastic isotropic problem in polar coordinates are

(λ + 2μ)(∂2
r ur + 1

r ∂rur − 1
r2 ur) + 1

r2 μ∂2
θ ur + 1

r2
dμ

dθ
∂θur + μ∂2

3 ur

− 1
r2 (λ + 3μ)∂θuθ + 1

r (λ + μ)∂r∂θuθ − 1
r2

dμ

dθ
uθ + 1

r
dμ

dθ
∂ruθ

+(λ + μ)∂r∂3u3 = 0, (1)

1
r (λ + μ)∂r∂θur + 1

r2 (λ + 3μ)∂θur + 1
r

dλ
dθ

∂rur + 1
r2 ( dλ

dθ
+ 2 dμ

dθ
)ur

+μ(∂2
r + 1

r ∂r − 1
r2 )uθ + 1

r2 (λ + 2μ)∂2
θ uθ + 1

r2 ( dλ
dθ

+ 2 dμ

dθ
)∂θuθ + μ∂2

3 uθ

1
r (λ + μ)∂θ∂3u3 + 1

r
dλ
dθ

∂3u3 = 0, (2)

(λ + μ)∂r∂3ur + 1
r (λ + μ)∂3ur + 1

r (λ + μ)∂θ∂3uθ + 1
r

dμ

dθ
∂3uθ

μ(∂2
r + 1

r ∂r + 1
r2 ∂

2
θ )u3 + (λ + 2μ)∂2

3 u3 + 1
r2

dμ

dθ
∂θu3 = 0. (3)

with λ = λ(θ), μ = μ(θ) being the Lamé functions associated with the engineering material E(θ), the Young’s
modulus and ν(θ) the Poisson ratio. For convenience of notation we define

βk(θ) = λ(θ) + kμ(θ).

We follow the same steps as in the article by Omer and Yosibash [1] to allow the consideration of a solution ũ
of the form

ũ =
∑
j≥0

∂
j
3A(x3)�j(r, θ). (4)

The 3-D problem given by equations (1) to (3) is reduced to a system of 2-D partial differential equations
(PDEs) on a 2-D domain G for the determination of the functions �j(r, θ)

⎧⎨
⎩

[M0]�0 = 0
[M0]�1 + [M1]�0 = 0
[M0]�j+2 + [M1]�j+1 + [M2]�j = 0, j ≥ 0

(r, θ) ∈ G, (5)
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where

[M0] =
⎛
⎝ β2K∂

r + 1
r2 μ∂2

θ + 1
r2

dμ

dθ
∂θ − 1

r2 β3∂θ + 1
r β1∂r∂θ − 1

r2
dμ

dθ
+ 1

r
dμ

dθ
∂r 0

1
r β1∂r∂θ + 1

r2 β3∂θ + 1
r

dλ
dθ

∂r + 1
r2 K∂

λ,μ μK∂
r + 1

r2 β2∂
2
θ + 1

r2 K∂
λ,μ∂θ 0

0 0 μK∂
r,θ + 1

r2
dμ

dθ

⎞
⎠ ,

[M1] =
⎛
⎝ 0 0 β1∂r

0 0 1
r β1∂θ + 1

r
dλ
dθ

β1∂r + 1
r β1

1
r β1∂θ + 1

r
dμ

dθ
0

⎞
⎠ , [M2] =

(
μ 0 0
0 μ 0
0 0 β2

)
, (6)

with

K∂
r = (∂2

r + 1
r ∂r − 1

r2 ), K∂
r,θ = (∂2

r + 1
r ∂r + 1

r2 ∂
2
θ ), K∂

λ,μ = ( dλ
dθ

+ 2 dμ

dθ
). (7)

accompanied by homogeneous boundary conditions on the two surfaces �1 and �2, discussed in the sequel.
By investigating the structure of the system of PDEs given by equation (5), we show in the next section

how to reduce these to a much simpler system of ordinary differential equations (ODEs) in one dimension. To
this end, we note that the first PDE in equation (5) generates the solution �0 associated with the eigenvalue α,
denoted primal singular function, which is the well known eigenfunction for a 2-D problem on the cross-section
G

�0 = rαϕ0(θ). (8)

All �j, j ≥ 1 are called shadow functions of the primal singular function �0:

�j = rα+jϕj(θ), (9)

where �1 is the solution of the second PDE in equation (5) and sequence �j (where j ≥ 2) are the solutions
of the third recursive equation given in equation (5). There exist an infinite number of shadow functions �j for
each eigenvalue αi (these are obtained by applying boundary conditions as will be discussed in Subsection 2.2)

�
(αi)
j = rαi+jϕ

(αi)
j (θ) j = 0, 1, . . . (10)

Thus, for each eigenvalue αi, the 3-D solution, in the vicinity of an edge is

ũ(αi) =
∑
j≥0

∂
j
3Ai(x3)rαi+jϕ

(αi)
j (θ) (11)

and the overall solution ũ is
ũ =

∑
i≥1

ũ(αi) =
∑
i≥1

∑
j≥0

∂
j
3Ai(x3)rαi+jϕ

(αi)
j (θ), (12)

where Ai(x3) is the edge stress intensity function (ESIF) of the ith eigenvalue.
Because the operator L is self-adjoint, for any real eigenvalue αi the number −αi is also an eigenvalue. It is

associated with an eigenfunction�(−αi)
0 and its shadows�(−αi)

j by similar formulas as in equation (10). Solutions

of equation (5) for the negative eigenvalues −αi are called the dual singular solutions, and are denoted by� (αi)
j .

For normalization purposes, a real coefficient c(αi)
0 is chosen, linking �(−αi)

j with � (αi)
j :

�
(αi)
0 = r−αiψ

(αi)
0 (θ) = c(αi)

0 r−αiϕ
(−αi)
0 (θ) (13)

and
�

(αi)
j = r−αi+jψ

(αi)
j (θ) = c(αi)

0 r−αi+jϕ
(−αi)
j (θ). (14)

The eigenpairs and their shadows, as well as the dual functions and shadows for constant or piecewise constant
material properties, with rigorous mathematical formulations are provided in the work by Costabel et al. [17]
and engineering examples with a detailed explanation about the shadow functions, their computation and the
GESIFs are available in the work by Yosibash et al. [12, 18].
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2.2. Boundary condition for the primal and dual shadow functions

Traction free boundary conditions are considered on �1 and �2 surfaces

[T](ũ)|�1,�2 = ([T0(∂r, ∂θ )]ũ + [T1(∂r, ∂θ )]∂3ũ) |�1,�2 = 0. (15)

Inserting equation (4) in to equation (15) one obtains

A(x3)[T0]�0|�1,�2 +
∑
j≥0

∂
j+1
3 A(x3)

(
[T0]�j+1 + [T1]�j

) |�1,�2 = 0. (16)

Equation (16) has to hold for any smooth function A(x3) and therefore the boundary conditions for the
eigenfunctions are

{
[T0]�0 = 0
[T0]�j+1 + [T1]�j = 0, j ≥ 0

on �1, �2. (17)

The first part of equation (17) is the boundary condition for �0 which is identical to the 2-D boundary condi-
tions. The second part in equation (17) is the boundary condition for each�j where j ≥ 1. The operator-matrices
[T0] and [T1] are explicitly derived from

⎧⎨
⎩

(σrθ ) |θ=0,ω = 0
(σθθ ) |θ=0,ω = 0
(σθ3) |θ=0,ω = 0

⇒
⎧⎨
⎩
(
μ
(

1
r ∂θur + ∂ruθ − 1

r uθ

)) |θ=0,ω = 0(
β2

1
r ur + λ∂rur + β2

1
r ∂θuθ + λ∂3u3

) |θ=0,ω = 0(
μ
(
∂3uθ + 1

r ∂θu3

)) |θ=0,ω = 0

obtaining

[T0] =
⎛
⎝ μ 1

r ∂θ μ∂r − μ 1
r 0

β2
1
r + λ∂r β2

1
r ∂θ 0

0 0 μ 1
r ∂θ

⎞
⎠ , [T1] =

(
0 0 0
0 0 λ
0 μ 0

)
. (18)

3. The weak formulation for the computation of eigenpairs

3.1. The primal eigenpair α and �0

Any eigenvalue α and primal eigenfunction rαϕ
(α)
0 , (and dual eigenfunctions r−αψ

(α)
0 ) are the solution of the

first part in equation (5). One may notice that after substituting rαϕ
(α)
0 for �0 the dependency on r disappears,

and an ODE in θ has to be solved

[A0
1]ϕ′′

0 + (
α[A0

2] + [A0
3] + [D0

3]
)
ϕ′

0 + (
α2[A0

4] + α[D0
5] + [A0

6] + [D0
6]
)
ϕ0 = 0,

θ ∈ (0, ω), (19)

which is a quadratic eigenvalue problem. The matrices [A0
i ], [D0

i ] are composed of the material properties

[A0
1] =

(
μ 0 0
0 β2 0
0 0 −μ

)
, [A0

2] =
(

0 β1 0
β1 0 0
0 0 0

)
, [A0

3] =
(

0 −β3 0
β3 0 0
0 0 0

)
,

[A0
4] =

(
β2 0 0
0 μ 0
0 0 −μ

)
, [A0

6] =
(−β2 0 0

0 −μ 0
0 0 0

)
, (20)

[D0
3] =

⎛
⎝

dμ

dθ
0 0

0 ( dλ
dθ

+ 2 dμ

dθ
) 0

0 0 − dμ

dθ

⎞
⎠ , [D0

5] =
⎛
⎝ 0 dμ

dθ
0

dλ
dθ

0 0
0 0 0

⎞
⎠ , [D0

6] =
⎛
⎝ 0 − dμ

dθ
0

( dλ
dθ

+ 2 dμ

dθ
) 0 0

0 0 0

⎞
⎠ .
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The ODE (19) is complemented by traction free boundary conditions from equation (17)1{
[B0

1]ϕ′
0 + (

α[B0
2] + [B0

3]
)
ϕ0

}
θ=0,ω

= 0, (21)

where

[B0
1] = [A0

1], [B0
2] =

(
0 μ 0
λ 0 0
0 0 0

)
, [B0

3] =
(

0 −μ 0
β2 0 0
0 0 0

)
. (22)

To obtain a weak formulation that may be solved by the FE method we multiply equation (19) by a test function
v, integrate over 0 ≤ θ ≤ ω and use integration by parts for the second derivative term to obtain{{

[A0
1]ϕ′

0

}T
v
}

θ=0,ω
− ∫ ω

0

{
[A0

1]ϕ′
0

}T
v′dθ − ∫ ω

0

{
d[A0

1]
dθ
ϕ′

0

}T
v′dθ

+ ∫ ω

0

{(
α[A0

2] + [A0
3] + [D0

3]
)
ϕ′

0

}T
vdθ + ∫ ω

0

{(
α2[A0

4] + α[D0
5] + [A0

6] + [D0
6]
)
ϕ0

}T
vdθ = 0.

(23)

Noticing that
d[A0

1]
dθ

= [D0
3] and [A0

1] = [B0
1] we obtain

−α
{{

[B0
2]ϕ0

}T
v
}

|θ=0,ω −
{{

[B0
3]ϕ0

}T
v
}

|θ=0,ω − ∫ ω

0

{
[A0

1]ϕ′
0

}T
v′dθ

+ ∫ ω

0

{(
α[A0

2] + [A0
3]
)
ϕ′

0

}T
vdθ + ∫ ω

0

{(
α2[A0

4] + α[D0
5] + [A0

6] + [D0
6]
)
ϕ0

}T
vdθ = 0.

(24)

The weak eigen-formulation for the primal and dual eigenpairs is therefore

Seek α ∈ C, 0 �= ϕ0 ∈ H1(0, ω), s.t. ∀v ∈ H1(0, ω)

B0
0(ϕ0, v) + αB0

1(ϕ0, v) + α2B0
2(ϕ0, v) = 0 (25)

where H1 is the Sobolev space and

B0
0(ϕ0, v) = −

{{
[B0

3]ϕ0

}T
v
}

|θ=0,ω −
∫ ω

0

{
[A0

1]ϕ′
0

}T
v′dθ +

∫ ω

0

{
[A0

3]ϕ′
0

}T
vdθ

+
∫ ω

0

{
[A0

6]ϕ0

}T
vdθ +

∫ ω

0

{
[D0

6]ϕ0

}T
vdθ

B0
1(ϕ0, v) = −

{{
[B0

2]ϕ0

}T
v
}

|θ=0,ω +
∫ ω

0

{
[A0

2]ϕ′
0

}T
vdθ +

∫ ω

0

{
[D0

5]ϕ0

}T
vdθ

B0
2(ϕ0, v) =

∫ ω

0

{
[A0

4]ϕ0

}T
vdθ . (26)

3.1.1. p-FEMs for the primal eigenpair α and ϕ0 We apply p-FEMs for the solution of equation (25). To this end

ϕ0 = (
u0 v0 w0

)T
is expressed in terms of the basis functions Nk(ξ ) (integrals of Legendre polynomials) in

the standard element

u0(ξ ) =
p+1∑
k=1

akNk(ξ ), v0(ξ ) =
p+1∑
k=1

ap+1+kNk(ξ ), w0(ξ ) =
p+1∑
k=1

a2p+2+kNk(ξ ) (27)

or

ϕ0 =
(

N1(ξ ) · · · Np+1(ξ ) 0 · · · 0 0 · · · 0
0 · · · 0 N1(ξ ) · · · Np+1(ξ ) 0 · · · 0
0 · · · 0 0 · · · 0 N1(ξ ) · · · Np+1(ξ )

)⎛⎝ a1
...

a3(p+1)

⎞
⎠ def= [N]a0.

(28)
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Similarly v
def= [N]b0, and dθ = ω

2 dξ . Substituting equation (28) in to equation (25) one obtains the FE
formulation of the weak eigen-form

aT
0

(
α2[K0

2 ] + α[K0
1 ] + [K0

0 ]
) = 	0, (29)

where

[K0
2 ] = ω

2

∫ 1
−1[N]T[A0

4]T[N]dξ

[K0
1 ] = − {[N]T[B0

2]T[N]
}

θ=0,ω
+ ∫ 1

−1[N ′]T[A0
2]T[N]dξ + ω

2

∫ 1
−1[N]T[D0

5]T[N]dξ

[K0
0 ] = − {[N]T[B0

3]T[N]
}

θ=0,ω
− 2

ω

∫ 1
−1[N ′]T[A0

1]T[N ′]dξ + ∫ 1
−1[N ′]T[A0

3]T[N]dξ

+ω
2

∫ 1
−1[N]T[A0

6]T[N]dξ + ω
2

∫ 1
−1[N]T[D0

6]T[N]dξ . (30)

The quadratic matrix eigen-problem given by equation (29) is solved by a proper linearization process, see the
following reference [19]. Setting d0 = αa0, the (3p + 3) × (3p + 3) quadratic eigen-problem is transformed into
a linear (6p + 6) × (6p + 6) “standard matrix eigen-problem”:

(
a0
d0

)T (
0 [K0

0 ]
I [K0

1 ]

)
= α

(
a0
d0

)T (
I 0
0 −[K0

2 ]

)
. (31)

Remark 3 The method presented in this section addresses ϕ0 as well as ψ0. The positive values of the eigen-
value α obtained from equation (29) are associated with the eigenfunction ϕ0, whereas the negative values of α
are associated with the dual eigenfunction ψ0.

3.2. The first shadow function, ϕ1

The shadow functions ϕ1, presented in equation (12), as well as the dual shadow function ψ1 are the solution
of the second differential equation in equation (5).

Remark 4 Although it seems that the method presented herein addresses ϕ1, it is equally applicable to ψ1 by
replacing ϕ1, ϕ0 and α by ψ1, ψ0 and −α. Notice that the eigenvalue α is known so the unknown functions ϕ1
and ψ1 are obtained by solving equation (5)2.

Substituting rαϕ
(α)
0 for �0 and rα+1ϕ

(α)
1 for �1 in equation (5)2, the dependency on r disappears, and an

ODE in θ is to be solved:

[A0
1]ϕ′′

1 + (
α[A0

2] + [A1
3] + [D0

3]
)
ϕ′

1 + (
α2[A0

4] + α([A1
5] + [D0

5]) + [A1
6] + [D 1

6]
)
ϕ1

+[A1
7]ϕ′

0 + (
α[A1

8] + [A1
9] + [D1

9]
)
ϕ0 = 	0. (32)

The matrices [A1
i ] depend on the material constants

[A1
3] = [A0

3] + [A0
2], [A1

5] = 2[A0
4], [A1

6] = [A0
6] + [A0

4], [D 1
6] = [D 0

6] + [D0
5]

[A1
7] =

(
0 0 0
0 0 β1
0 −β1 0

)
, [A1

8] =
(

0 0 β1
0 0 0

−β1 0 0

)

[A1
9] =

(
0 0 0
0 0 0

−β1 0 0

)
, [D1

9] =
⎛
⎝0 0 0

0 0 dλ
dθ

0 − dμ

dθ
0

⎞
⎠ . (33)

The ODE given by equation (32) is complemented by traction free boundary conditions in equation (17)2:{
[B0

1]ϕ′
1 + (

α[B0
2] + [B1

3]
)
ϕ1 + [B1

4]ϕ0

} |θ=0,ω = 	0, (34)
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with

[B1
3] = [B0

3] + [B0
2], [B1

4] =
⎛
⎝0 0 0

0 0 λ

0 1
2μ 0

⎞
⎠ . (35)

The weak form is obtained by multiplying equation (32) by a test function v and integrating over 0 ≤ θ ≤ ω, then
integrating by parts the second derivative term and substituting equation (34) to apply traction free boundary
conditions

−
{{

(α[B0
2] + [B1

3])ϕ1

}T
v
}

|θ=0,ω −
{{

[B1
4]ϕ0

}T
v
}

|θ=0,ω − ∫ ω

0

(
[A0

1]ϕ′
1

)T
v′dθ

+ ∫ ω

0

[(
α[A0

2] + [A1
3]
)
ϕ′

1

]T
vdθ + ∫ ω

0

[(
α2[A0

4] + α
(
[A1

5] + [D0
5]
)+ [A1

6] + [D 1
6]
)
ϕ1

]T
vdθ

+ ∫ ω

0

(
[A1

7]ϕ′
0

)T
vdθ + ∫ ω

0

[(
α[A1

8] + [A1
9] + [D1

9]
)
ϕ0

]T
vdθ = 0.

The weak formulation for the computation of ϕ1 is

Seek ϕ1 ∈ H1(0, ω), s.t.

B1(ϕ1, v) = F1(v), ∀v ∈ H1(0, ω) (36)

where H1 is the Sobolev space

B1(ϕ1, v) = −α
{{

[B0
2]ϕ1

}T
v
}

|θ=0,ω −
{{

[B1
3]ϕ1

}T
v
}

|θ=0,ω

−
∫ ω

0

(
[A0

1]ϕ′
1

)T
v′dθ +

∫ ω

0

[(
α[A0

2] + [A1
3]
)
ϕ′

1

]T
vdθ

+
∫ ω

0

[(
α2[A0

4] + α
(
[A1

5] + [D0
5]
)+ [A1

6] + [D 1
6]
)
ϕ1

]T
vdθ

F1(v) =
{{

[B1
4]ϕ0

}T
v
}

|θ=0,ω −
∫ ω

0

(
[A1

7]ϕ′
0

)T
vdθ

−
∫ ω

0

[(
α[A1

8] + [A1
9] + [D1

9]
)
ϕ0

]T
vdθ .

(37)

3.2.1. p-FEMs for the first shadow function, ϕ1 We apply p-FEMs for the solution of equation (36) similarly to

Subsection 3.1.1. To this end, ϕ1 = (
u1 v1 w1

)T = [N]a1 and v
def= [N]b1. The resulting FE formulation is

aT
1 [K1] = F1, (38)

where

[K1] = − {[N]T
(
α[B0

2]T + [B1
3]T
)

[N]
} |θ=0,ω

− 2

ω

∫ 1

−1
[N ′]T[A0

1]T[N ′]dξ +
∫ 1

−1
[N ′]T

(
α[A0

2]T + [A1
3]T
)

[N]dξ

+ω

2

∫ 1

−1
[N]T

(
α2[A0

4]T + α([A1
5]T + [D0

5]T) + [A1
6]T + [D 1

6]T
)

[N]dξ

F1 = {
aT

0 [N]T[B1
4]T[N]

} |θ=0,ω −
∫ 1

−1
aT

0 [N ′]T[A1
7]T[N]dξ

−ω

2

∫ 1

−1
aT

0 [N]T
(
α[A1

8]T + [A1
9]T + [D1

9]T
)

[N]dξ . (39)
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3.3. The jth shadow function, ϕj, j ≥ 2. Any shadow and dual functions ϕj and ψ j for j ≥ 2 can be computed
recursively once the shadows j − 1 and j − 2 are available by equation (5)3.

Remark 5 Here we address ϕj, however ψ j is computed identically by replacing ϕj, ϕj−1, ϕj−2 and α by ψ j,
ψ j−1, ψ j−2 and −α.

Substituting rα+jϕ
(α)
j for �j in equation (5)3 ( j ≥ 2), the dependency on r disappears, and an ODE in θ is

obtained

[A0
1]ϕ′′

2 +
(
α[A0

2] + [Aj
3] + [D0

3]
)
ϕ′

2 +
(
α2[A0

4] + α([Aj
5] + [D0

5]) + [Aj
6] + [D j

6]
)
ϕj

+[A1
7]ϕ′

1 +
(
α[A1

8] + [Aj
9] + [D1

9]
)
ϕj−1 + [A2

10]ϕj−2 = 0. (40)

The matrices [Aj
i] depend on material properties

[Aj
3] = [Aj−1

3 ] + [A0
2], [Aj

5] = [Aj−1
5 ] + 2[A0

4], [Aj
6] = [Aj−1

6 ] + [Aj−1
5 ] + [A0

4],

[D j
6] = [D j−1

6 ] + [D0
5], [Aj

9] = [Aj−1
9 ] + [A1

8],

[A2
10] =

⎛
⎝μ 0 0

0 μ 0
0 0 1

2β2

⎞
⎠ . (41)

The ODE given by equation (40) is complemented by traction free boundary conditions in equation (17)2{
[B0

1]ϕ′
j +

(
α[B0

2] + [Bj
3]
)
ϕj + [B1

4]ϕj−1

}
|θ=0,ω = 	0 (42)

with

[Bj
3] = [Bj−1

3 ] + [B0
2]. (43)

Following the same steps as in Section 3.2, we obtain the weak form for the function ϕj

Seek ϕj ∈ H1(0, ω), s.t.

Bj(ϕj, v) = F j(v), ∀v ∈ H1(0, ω) (44)

where

Bj(ϕj, v) = −α
{{

[B0
2]ϕj

}T
v
}

|θ=0,ω −
{{

[Bj
3]ϕj

}T
v

}
|θ=0,ω

−
∫ ω

0

(
[A0

1]ϕ′
j

)T
v′dθ +

∫ ω

0

[(
α[A0

2] + [Aj
3] + [D0

3]
)
ϕ′

j

]T
vdθ

+
∫ ω

0

[(
α2[A0

4] + α
(

[Aj
5] + [D0

5]
)

+ [Aj
6] + [D j

6]
)
ϕj

]T
vdθ

F j(v) =
{{

[B1
4]ϕj−1

}T
v
}

|θ=0,ω −
∫ ω

0

(
[A1

7]ϕ′
j−1

)T
vdθ

−
∫ ω

0

[(
α[A1

8] + [Aj
9] + [D1

9]
)
ϕj−1

]T
vdθ −

∫ ω

0

(
[A2

10]ϕj−2

)T
vdθ .

(45)

3.3.1 p-FEMs for the jth shadow function, ϕj. p-FEMs for the solution of equation (44) are similar to Subsection

3.2.1. To this end ϕj = (
uj vj wj

)T = [N]aj and v
def= [N]bj. The resulting FE formulation is

aT
j [Kj] = Fj, (46)
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where

[Kj] = − {[N]T
(
α[B0

2]T + [B2
3]T
)

[N]
} |θ=0,ω

− 2

ω

∫ 1

−1
[N ′]T[A0

1]T[N ′]dξ +
∫ 1

−1
[N ′]T

(
α[A0

2]T + [Aj
3]T + [D0

3]T
)

[N]dξ

+ω

2

∫ 1

−1
[N]T

(
α2[A0

4]T + α([Aj
5]T + [D0

5]T) + [Aj
6]T + [D j

6]T
)

[N]dξ

Fj =
{

aT
j−1[N]T[B1

4]T[N]
}

|θ=0,ω −
∫ 1

−1
aT

j−1[N ′]T[A1
7]T[N]dξ

−ω

2

∫ 1

−1
aT

j−1[N]T
(
α[A1

8]T + [Aj
9]T + [D1

9]T
)

[N]dξ − ω

2

∫ 1

−1
aT

j−2[N]T[A2
10]T[N]dξ .

4. Numerical example
Four example problems, for which the eigenpairs, shadows and duals are computed by applying p-FEMs, are
presented. The relative error in percentage of the computed eigenvalues αi is defined by

%error(α(p)
i ) = 100

∣∣∣∣∣α
(p)
i − α

(pmax)
i

α
(pmax)
i

∣∣∣∣∣ , (47)

where p refers to the p-level of the FE solution.

Remark 6 The eigen-pairs in the examples presented herein are numbered according to their affiliation to
fracture mechanics classic Modes (Mode I, Mode II, Mode III) and not enumerated by increasing order.

4.1. A cracked domain with symmetric material properties E(θ) = 1
π2 (3π 2 − 2πθ + θ2)

We consider a 3-D domain having a crack (ω = 2π) with its tip along the x3 axis. We select a constant Poisson
ratio ν = 0.3 and a Young’s modulus that is a symmetric function of θ :

E(θ) = 1

π2
(3π2 − 2πθ + θ2), (48)

as shown in Figure 2. The Lamè functions of θ are

λ(θ) = 15

26π2
(3π2 − 2πθ + θ2), μ(θ) = 5

13π2
(3π2 − 2πθ + θ2). (49)

We use two equal finite elements and 54 Gauss integration points to compute the first three eigenpairs,
obtaining at p = 16 (204 degrees of freedom (DOFs))

α
(16)
1 = 0.45628417, α

(16)
2 = 0.48058596, α

(16)
3 = 0.45796492. (50)

We demonstrate the convergence of the results by plotting the relative error as a function of the number of
degrees of freedom in the FE analysis for α1, α2, α3 in Figure 3. An exponential convergence rate is noticed
as expected. Of course that for constant material properties the three eigenvalues were α1 = α2 = α3 = 1

2 .
One thus observes that the eigenvalues obtained are smaller than 1

2 and the solution is therefore more singular
compared to the “usual crack”. This is because the Young’s modulus is larger at the crack edges (θ = 0, 2π)
and smaller at the middle (at θ = π).

The eigenfunctions and first two shadows associated with the first three eigenvalues are presented in Figures
4 to 6. The first two eigenvalues are associated with the in-plane displacements where w0 ≡ 0 and the third
eigenvalue is associated with the perpendicular displacement, where u0 and v0 are identically zero.
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Figure 2. Left: The considered cracked domain. Right: Symmetric Young’s modulus as a function of θ .

Figure 3. Relative error of eigenvalues α1, α2, α3, for a cracked domain with traction free boundary conditions. E(θ ) = 1
π2

(3π2 − 2πθ + θ2), ν = 0.3.

4.2. A V-Notched domain (ω = 3π

2 ) with E(θ) = 3 − 4
π
θ + 16

3π2 θ
2 − 64

27π3 θ
3

Similar to the previous subsection, we consider a traction-free domain having a V-notch (ω = 3π
2 ) with the edge

along the x3 axis (see Figure 7). We select the Young’s modulus to be a asymmetric function along θ and Poisson
Ratio to be ν = 0.3 (see Figure 7)

E(θ) = 3 − 4
π
θ + 16

3π2 θ
2 − 64

27π3 θ
3, ν = 0.3. (51)

The Lamè functions are

λ(θ) = 15
26

(
3 − 4

π
θ + 16

3π2 θ
2 − 64

27π3 θ
3
)

, μ(θ) = 15
13

(
3 − 4

π
θ + 16

3π2 θ
2 − 64

27π3 θ
3
)

.

(52)

Using two equal finite elements and 54 Gauss integration points, we compte the first three eigenpairs at
p = 16 (204 DOFs)

α
(16)
1 = 0.55293099, α

(16)
2 = 0.92779656, α

(16)
3 = 0.67494905 (53)

The relative errors for α1, α2, α3 as a function of the number of degrees of freedom in the FE analysis are plotted
in Figure 8. As expected, exponential convergence rate is noticed.

The eigenfunctions and first two shadows related with the first three eigenvalues are shown in Figures 9 to
11. Similar to the example presented in Subsection 4.1, the first two eigenvalues are associated with the in-plane
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Figure 4. The eigenfunctions u, v, w associated with ϕ0, ϕ1, ϕ2 of the first eigenvalue, α1 = 0.456284, for cracked domain with
traction free boundary conditions. (E(θ ) = 1

π2 (3π2 − 2πθ + θ2), ν = 0.3). Top Left: the eigenfunction ϕ0. Top Right: the first
shadow function ϕ1. Bottom: the second shadow function ϕ2.

displacements and the third eigenvalue is associated with the perpendicular displacement. It may be observed
that the eigenfunctions, as well as the shadow functions, are neither symmetric nor asymmetric function, due to
the asymmetric material properties in the presented example and therefore the two in-plane solutions (related
with α1, α2) may not be separated in to Mode I and Mode II as is customarily performed in fracture mechanics.

4.3. A cracked domain with E(θ) = 1
π2 (1 − 2πθ + 3π 2θ2)

Consider a 3-D domain having a crack (ω = 2π) with its tip along the x3 axis. Consider a constant Poisson ratio
ν = 0.3 and a Young’s modulus that is a non-symmetric function of θ :

E(θ) = 1

π2
(1 − 2πθ + 3π2θ2), (54)

as shown in Figure 12. The Lamè functions are

λ(θ) = 15

26π2
(1 − 2πθ + 3π2θ2), μ(θ) = 5

13π2
(1 − 2πθ + 3π2θ2). (55)

We use two equal finite elements and 54 Gauss integration points to compute the first three eigenpairs,
obtaining at p = 16 (204 DOFs)

α
(16)
1 = 0.64685702, α

(16)
2 = 0.77802188, α

(16)
3 = 0.72514129. (56)
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Figure 5. The eigenfunctions u, v, w associated with ϕ0, ϕ1, ϕ2 of the second eigenvalue, α2 = 0.480586, for cracked domain with
traction free boundary conditions. (E(θ ) = 1

π2 (3π2 − 2πθ + θ2), ν = 0.3). Top Left: the eigenfunction ϕ0. Top Right: the first
shadow function ϕ1. Bottom: the second shadow function ϕ2.

The convergence of the eigenvalues α1, α2, α3 is shown in Figure 13.
Comparing the obtained eigenvalues to the first three eigenvalues for an isotropic domain, which are α1 =

α2 = α3 = 1
2 , we may conclude that the chosen θ-varying Young’s modulus considerably increases the values

of these eigenvalues, thus the solution is considerably less singular.
The eigenfunctions and first two shadows associated with the first three eigenvalues are shown in Figures 14

to 16.
The Top left graphs of Figures 14 to 16 show the eigenfunction ϕ0 associated with the eigenvalues α1 −

α3. One may notice that the first two eigenvalues are associated with the in-plane displacements where w0
is identically zero. The third eigenvalue is associated with the perpendicular displacement where u0 and v0
are identically zero. Furthermore, these eigenvalues are no longer identical to 1/2 as expected when constant
material properties are addressed. One may not anymore separate the two in-plane modes into opening and
shearing classical modes.

4.4. Sensitivity analysis – difference between a constant E and a varying E(θ)

To investigate the sensitivity of the eigenvalues to the material properties, we consider a 3-D domain having a
crack (ω = 2π) with its tip along the x3 axis. The material properties selected are

E = S − 2

π
(S − 2)θ + 1

π2
(S − 2)θ2, ν = 0.3, (57)
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Figure 6. The eigenfunctions u, v, w associated with ϕ0, ϕ1, ϕ2 of the third eigenvalue, α3 = 0.457965, for cracked domain with
traction free boundary conditions. (E(θ ) = 1

π2 (3π2 − 2πθ + θ2), ν = 0.3). Top Left: the eigenfunction ϕ0. Top Right: the first
shadow function ϕ1. Bottom: the second shadow function ϕ2.

Figure 7. Left: The considered V-noched domain. Right: Young’s modulus as a function of θ .

where the Young’s modulus is a symmetric function and S ≥ 2. By selecting S = 2 a constant Young’s modulus
is obtained and by selecting S = 3 the example presented herein is reduced to the example presented in Section
4.1. The domain and the Young’s modulus are presented in Figure 17 for selected values of S.
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Figure 8. Relative error of eigenvalues α1, α2, α3, for a V-notched domain with traction free boundary conditions. E(θ ) = 3− 4
π θ +

16
3π2 θ2 − 64

27π3 θ3, ν = 0.3.

Figure 9. The eigenfunctions u, v, w associated with ϕ0, ϕ1, ϕ2 of the first eigenvalue, α1 = 0.552931, for v-notched domain with
traction free boundary conditions. (E(θ ) = 3 − 4

π θ + 16
3π2 θ2 − 64

27π3 θ3, ν = 0.3). Top Left: The eigenfunction ϕ0. Top Right: The
first shadow function ϕ1. Bottom: The second shadow function ϕ2.

We plotted the first three eigenvalues computed using increasing values of S as shown in Figure 18. As S
increases, the values of the Young’s modulus located at the crack edges (θ = 0, 2π) increases and the solution
becomes highly singular (lower values of the eigenvalues are obtained).
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Figure 10. The eigenfunctions u, v, w associated with ϕ0, ϕ1, ϕ2 of the second eigenvalue, α2 = 0.927797, for v-notched domain
with traction free boundary conditions. (E(θ ) = 3 − 4

π θ + 16
3π2 θ2 − 64

27π3 θ3, ν = 0.3). Top Left: The eigenfunction ϕ0. Top Right:
The first shadow function ϕ1. Bottom: The second shadow function ϕ2.

5. Summary and conclusions
The asymptotic expansion of the displacements for an isotropic 3-D elastic domain in the vicinity of an edge
has been extended to the case where the material properties depend on the angular axis, θ . We derived the
weak formulation for the computation of the eigenvalues, eigenfunctions and shadow functions and discretized
it using high-order FE methods. The numerical examples are shown to converge exponentially up to less than
10−8% relative error.

In the case of a single material domain, having constant material properties, the eigenvalues are independent
of the selection of material constants. However herein, the numerical examples demonstrate that the eigen-
pairs depend on angular variation of the material properties. For different choices of angular variations of the
Young’s modulus the singularity of the solution may be either more or less severe compared to constant material
properties.

For the important cracked-domain having α = 1
2 for constant material properties, we observed that varying

the Young’s modulus in the angular direction results in different eigenvalues. Although the first two eigenpairs
are associated with the in-plane displacements and the third is associated with the perpendicular displacement,
the eigenfunctions as well as the shadow functions are no longer symmetric nor asymmetric functions and
therefore Mode I and Mode II may no longer be separated, as customary in conventional fracture mechanics.

The methods presented were shown to be accurate and efficient.
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Figure 11. The eigenfunctions u, v, w associated with ϕ0, ϕ1, ϕ2 of the third eigenvalue, α3 = 0.674949, for v-notched domain with
traction free boundary conditions. (E(θ ) = 3 − 4

π θ + 16
3π2 θ2 − 64

27π3 θ3, ν = 0.3). Top Left: The eigenfunction ϕ0. Top Right: The
first shadow function ϕ1. Bottom: The second shadow function ϕ2.

Figure 12. Left: The considered cracked domain. Right: Young’s modulus as a function of θ .

The edge stress intensity functions (ESIF) may be extracted using the quasi dual function method (QDFM).
The method can be interpreted as an extension of the dual function extraction method in 2-D and its theoret-
ical details were first introduced by Costabel et al. [17]. The method involves the computation of a surface
integral J [R] along a cylindrical surface of radius R away from the edge. The J [R] integral utilizes special
constructed extraction polynomials together with the dual eigenfunctions for the extraction of the ESIF. The
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Figure 13. Relative error of eigenvalues α1, α2, α3, for a cracked domain with traction free boundary conditions. E(θ ) = 1
π2

(1 − 2πθ + 3π2θ2), ν = 0.3.

Figure 14. The eigenfunctions u, v, w associated with ϕ0,ϕ1,ϕ2 of the first eigenvalue α1 = 0.646856, for cracked domain with
traction free boundary conditions. (E(θ ) = 1

π2 (1 − 2πθ + 3π2θ2), ν = 0.3). Top Left: The eigenfunction ϕ0. Top Right: The first
shadow function ϕ1. Bottom: The second shadow function ϕ2.

method has been shown to produce accurate results for homogeneous isotropic domains and for homogeneous
anisotropic domains by Yosibash et al. [3, 18]. The extension of the QDFM to θ dependent inhomogeneous
material properties will be reported in a forthcoming publication.



Omer and Yosibash 19

Figure 15. The eigenfunctions u, v, w associated with ϕ0,ϕ1,ϕ2 of the second eigenvalue α2 = 0.77803, for cracked domain with
traction free boundary conditions. (E(θ ) = 1

π2 (1 − 2πθ + 3π2θ2), ν = 0.3). Top Left: The eigenfunction ϕ0. Top Right: The first
shadow function ϕ1. Bottom: The second shadow function ϕ2.

Figure 16. The eigenfunctions u, v, w associated with �0, �1, �2 of the third eigenvalue α3 = 0.725142, for cracked domain with
traction free boundary conditions. (E(θ ) = 1

π2 (1 − 2πθ + 3π2θ2), ν = 0.3). Top Left: The eigenfunction ϕ0. Top Right: The first
shadow function ϕ1. Bottom: The second shadow function ϕ2.
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Figure 17. Left: The considered cracked domain. Right: Symmetric Young’s modulus as a function of θ presented for selected values
of S.

Figure 18. The eigenvalues α1, α2, α3 as a function of S for a cracked domain with traction free boundary conditions.
E = S − 2

π (S − 2)θ + 1
π2 (S − 2)θ2, ν = 0.3.
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