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Abstract Asymptotics of solutions to the Laplace
equation with Neumann or Dirichlet conditions in the
vicinity of a circular singular edge in a three-dimen-
sional domain are derived and provided in an explicit
form. These asymptotic solutions are represented by
a family of eigen-functions with their shadows, and
the associated edge flux intensity functions (EFIFs),
which are functions along the circular edge. We pro-
vide explicit formulas for a penny-shaped crack for an
axisymmetric case as well as a case in which the load-
ing is non-axisymmetric. Explicit formulas for other
singular circular edges such as a circumferential crack,
an external crack and a 37 /2 reentrant corner are also
derived. The mathematical machinery developed in
the framework of the Laplace operator is extended to
derive the asymptotic solution (three-component dis-
placement vector) for the elasticity system in the vicin-
ity of a circular edge in a three-dimensional domain.
As a particular case we present explicitly the series
expansion for a traction free or clamped penny-shaped
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crack in an axisymmetric or a non-axisymmetric situa-
tion. The precise representation of the asymptotic series
is required for constructing benchmark problems with
analytical solutions against which numerical methods
can be assessed, and to develop new extraction tech-
niques for the edge flux/intensity functions which are
of practical engineering importance in predicting crack
propagation.

Keywords Stress intensity functions -
Penny-shaped crack - 3-D singularities

1 Introduction

Solutions of elliptic boundary value problems over two
dimensional domains, for example those arising in heat
transfer and elasticity, when posed and solved in non-
smooth domains like polygons, have non-smooth parts.
These are described in terms of special singular func-
tions depending on the geometry and the differential
operators on one hand, and of unknown coefficients
depending on the given right hand side and boundary
conditions on the other hand, see e.g. Williams (1952).
In three dimensional domains as polyhedra both
vertex and edge singularities exist, see Dauge (1988),
von Petersdorff and Stephan (1990). For straight edges
we have provided explicit representation of the singu-
lar solutions (Costabel et al. 2004; Omer et al. 2004;
Yosibash et al. 2005) as a series characterized by:
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— an exponent o which belongs to a discrete set
{or, k € N} of eigen-values depending only on the
geometry and the operator, and which determines
the level of non-smoothness of the singularity. Any
eigen-value oy is computed by solving a 2-D prob-
lem.

— eigen-functions ¢y 0(¢) which depends on the
geometry of the domain and the operator. These
eigen-functions are computed by solving a set of
2-D problems.

— a function along the edge, denoted by Aj(s)
(s is a coordinate along the edge) and called “Edge
Flux/Stress Intensity Function” (EFIF/ESIF) which
determines the “amount of energy” residing in each
singularity.

Here we concentrate on circular edges (a “penny-
shaped crack” being a special renown case) in 3-D
domain, and derive explicitly singular series expan-
sion in the vicinity of such an edge first for the sim-
plest scalar elliptic operator, the Laplace operator, and
then for the elasticity system. We demonstrate that our
asymptotic solution for the elasticity system in the sim-
plified case of the penny-shaped crack under axi-sym-
metric boundary conditions and geometry reduces to
the one presented in Leung and Su (1998).

From the engineering perspective the edge flux/
stress intensity functions Ax(s) (EFIFs/ESIFs) when
o < (o = % for the penny-shaped crack) are of
major importance. These are used to predict failure ini-
tiation and propagation, and are an important ingredient
in any failure law for cracked and V-notched structures.
To efficiently and accurately compute them, the asymp-
totic solution has first to be explicitly derived.

In order to explain the ideas of the implementation
of the method and to test its efficiency, we consider the
Laplace operator first. This is a simpler elliptic opera-
tor that allows more transparent analytic computations
and invokes all necessary characteristics of the elastic-
ity system. Thus, the characteristics of the solution can
be more easily addressed.

The first three singular terms for the solution of the
Laplace equation in the vicinity of a circular edge with
homogeneous Dirichlet boundary conditions were ana-
lyzed from a theoretical viewpoint in von Petersdorff
and Stephan (1992). The first two terms in the Neumann
case are provided in Bach et al. (1998) when the edge
is the boundary of a smooth plane crack surface. For
the elasticity system, Leblond and Torlai (1992) pro-
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vided the machinery for the pointwise derivation of the
solution up to second order for a general curved crack,
whereas Leung and Su derived the asymptotic series for
the axi-symmetric case in Leung and Su (1998). Herein,
we present a different approach enabling the compu-
tation of the entire series solution up to an arbitrary
order for any circular edge be it in an axi-symmetric
or non-axisymmetric setting. This explicit representa-
tion illustrates the distinct two levels of complexity of
shadow terms associated with the curved singular edge.

The Laplace equation and the notation are intro-
duced in Sect. 2 and the systematic derivation of the
singular series expansion is presented for homogeneous
Dirichlet and Neumann boundary conditions. Both axi-
symmetric and non-axi-symmetric configurations are
addressed, and for a penny-shaped crack, a circumfer-
ential crack, an external crack and a 377 /2 reentrant cor-
ner we also present closed form explicit singular series
expansion. The asymptotic expansion is provided in
terms of eigen-functions, their shadows, the EFIFs and
their derivatives.

We then use the machinery developed in the frame-
work of the Laplace equation to provide explicit
representation of similar cases associated with the elas-
ticity system (with clamped or traction free boundary
conditions) in Sect. 3. The elasticity explicit asymp-
totic solution is mandatory for the computation of edge
stress intensity functions for cracks occurring usually
in pipes and pressure vessels.

2 Asymptotic solution for the Laplace equation

As a model, we choose a domain generated by rotat-
ing the 2-D plane £2 having a reentrant corner with an
opening w € (0, 2] (the case of a crack, w = 2m, is
included) along the axis x3 , as shown in Fig. 1. The
cylindrical coordinate system r, 6, x3 and the coordi-
nate system attached to the circular edge p, ¢, 6 are
shown in Fig. 1. It is important to emphasize that
domain’s geometry does not need to be axi-symmet-
ric, but only the generated circular singular edge. An
example of several different circular singular edges
to which the analysis in this manuscript is applicable
are shown in Fig. 2. For example, the lower singu-
lar edge in Fig. 2a is determined by ¢ € (—m, 7/2),
the outer circular crack in Fig. 2b is determined by
¢ € (0, 2) whereas the penny-shaped crack in Fig. 2c
is determined by ¢ € (—m, ). Finally the re-entrant
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Fig.1 Model domain of interest 2 and the coordinate systems

corner with the solid angle w in Fig. 2d is determined
by ¢ € (7 —w)/2, (1 + ®)/2).

For the Laplace operator, we are interested in
solutions 7 (x) of the equation:

1 1
AP (arr 0y + o + 833) =0, (1)

where 0, def %, 0pr def 38%899 def % and 033 def %22
Homogeneous Dirichlet or Neumann boundary con(fi-
tions are considered on I x [0, 2] and 1> x [0, 27].

The solution in the vicinity of the edge is of interest

so we perform a change of coordinates as follows:
r=pcosg+ R, x3=psing. 2)

The Laplace operator in the new coordinates is given
by:

1 1
3D
A =3pp+;8p+;8w

1 1 1
- 0, — — sin @9 — 0 3
+r [cosw o psmgo ¢]+r2 vo 3)

2.1 Axi-symmetric case, dggT = 0

For an axi-symmetric domain and boundary conditions
the solution is independent of 6. Then the last term in
(3) vanishes and the Laplace operator for p/R < 1
reads:

. 1 1
AN =3 4+ 8, + —3d
P 0 P p2 Yy

1 1
+- [cos 90, — —sin (p8¢:|. “4)
r P

Remark 1 Sincer — ooas R — 00, one may observe
- R—o00
that AA¥E 257 A2D,

Axisymmetric solutions t of (1) are equivalently the
solutions of K A4t =0, i.e.

0 1 1
(1+—cosg0)|:8 + —3d, + —=90 i|1:
R pp 00 T2 %

1 1
+§ [COS Yo, — ; sin <pa¢] T =0. ®)
Multiplying by p2, we find another equivalent equation
P
[(,08,))2 + GW] T+ z [cos @ (pdp)

—sing dy + cos @ ((,08,0)2 + SW)] t=0. (6)

The solution in the vicinity of the singular point in
the 2-D cross-section §2 can be obtained in a simple
form as an asymptotic series defined by eigen-pairs
of a one-dimensional boundary value problem on the
interval ¢ € (¢1,¢1 + w). If we denote one such
eigen-pair by o and ¢o(¢), then it is conceivable (as
to be shown in the sequel) that for the axi-symmetric
case a solution is formed as an asymptotic series of the
form:

=103 (2) 00 ™
i=0

Boundary Conditions: To satisfy the homogeneous
boundary conditions, the series representation has to
satisfy the following constraints on ¢ = ¢1 and ¢ =
Y2 =@+ w:

¢i(¢ = ¢1, ¢2) = 0 in Dirichlet case (8)
0yPi (¢ = 91, ¢2) = 0 in Neumann case ©))

Substitute (7) in (6) to obtain:
A { (o200 + 94
—i—% [((a + 1)2¢1 + qbi/) + o cos gy — sin g

+cos @ <a2¢o + ¢8)]
+§_z [((@+2%2 +85) + (@ + D cos ¢

—sin g} +cosg (@ + 1701 + 9] )]
3
X [((a +3)%p3 + ¢§’) + (a +2) cos g

— sin @) + cos ¢ ((a +2)%¢ +¢§/)] e ] =0
(10)
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To satisfy the above equation for any A and (%), the
following relationships must hold:

@*do+ ) =0 (11)
(@ + 1)%¢1 + @] = — (a cos pgo — sin g

—cos @ <a2¢0 + 458) (12)
(@+2)°¢s+ ¢) = — (( + 1) cos pp1 — sin pep})

—cosg ((@+ ¢ +¢7) (13)
(@ +3)%¢3 + ¢5 = — ((@ +2) cos pps — sin p¢p})

—cosg (@ +2%¢: +¢}) (14)

Substituting the RHS of Egs. (11) in (12) one obtains:

Ppo+¢p =0, o1 <9 <@ (15)
(@ + 1)°¢1 + o]
= — (@ cospgo —singpgy), @1 <@ <@ (16)
(@ +i)pi + ¢ = —[(@+i)a+i—1)cos p;_
—singg;_; +cospp!_ | (A7)
i>2, gr<@<@

These equations have to be completed by the boundary
conditions (8) or (9).
Note the following:

— The Eq. (15) with BCs (8) or (9) is the one dimen-
sional eigenvalue problem corresponding to the
2-D problem over 2, with eigen-value o and ei-
gen-function ¢g. Traditionally ¢y is called primal
eigen-function.

— A recursive system of ordinary differential
equations is obtained—once ¢q is computed from
(15) it can be inserted in (16) to obtain ¢; then these
both can be inserted in (17) to obtain ¢, etc.

— Only particular solutions in (16) and (17) are
required.

Because (7) corresponds only to one representative
eigen-pair, the complete solution should be a sum over
all eigen-pairs o, ¢k ;, thus is a double sum series:

00
=0

r= Y a Y (B auito) (18)
k i

Remark 2 For each eigen-function and shadow ¢ ; (¢)
the first index k represents the eigen-value oy to which
this eigen-function is associated, whereas the second
index i > 1 represents the rank of the shadow terms.
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Here oy = %”,Wherek =0,1,2,...forhomogeneous
Neumann BCs, and k = 1, 2, 3, ... for homogeneous
Dirichlet BCs.

Remark 3 If a + 1 is not an eigenvalue of Eq. (15)
with BCs (8) or (9), there exists a unique solution @
to Eq. (16). On the other hand, if o + 1 is itself an
eigenvalue, then it can either happen that (16) has no
solution (then the ansatz (7) has to be completed with
logarithmic terms), or (16) has infinitely many solu-
tions. The same situation holds for Eq. (17), depending
on whether o + i is an eigenvalue or not.

In the special case of a crack, we have oy = %
therefore resonances (i.e. « +1 is an eigenvalue) always
occur. Nevertheless, as proved in Costabel et al. (2003),
logarithmic terms never appear: Egs. (16) and (17) with
Dirichlet or Neumann BCs are always solvable. An
orthogonality condition against the eigenvector makes
the solution unique, see (20).

2.1.1 A specific example problem: penny-shaped
crack with axisymmetric loading
and homogeneous Neumann BCs

As an example problem, consider a penny-shaped crack
(Fig. 2¢), o1 = —m, w = 27(¢p = m) in an axisym-
metric domain. For the crack in a 2-D cross-section
with homogeneous Neumann BCs the following 2-D
eigen-pairs are known—they are obtained by solving
(15) complemented by BCs (9), (Table 1):

Note that the angular part of the first singular function is
sin £ instead of the “usual” formula cos £: This is due
to the choice of the angular coordinate ¢ € (—m, )
instead of ¢ € (0, 27).

Equations (15)—(17) can be solved (cf. Remark 3)
foray =0,1/2,1,3/2, obtaining ¢ ;, d1.i, $2.i, D3.i-
They yield the following series solution for a penny-
shaped crack with homogeneous Neumann BCs:

Table 1 First four eigen-pairs for a crack with homogeneous
Neumann BCs

k o k0

0 0 1

1 % sin £
2 1 cos ¢
3 % sin 37“’
4 2 cos2¢
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Fig. 2 Different types of
singular circular edges (only
a sector is plotted so the
circular edge is clearly
visible. The domain in (¢)
includes the renown
“penny-shaped” crack

(a)

. e
T = Ap+A1p?2 smz
1 271 3 3
+(£) —sin£+ (B) —sinf——sm—w
R/ 4 2 R 12 2 32 2
+ ('0)3 ! sin(p ! sin3(p
R 16 2 30 2
5 S5¢
—i-ﬁsm?)—{—]
1 23
+Azp |:cos ©0— (ﬁ) -+ (ﬁ) — Cos @

R/ 4 R/ 16

_ (%)3 (%8+65_4 005290) +- ]

3l 3¢ o1 ¢
+Aj3p2 [sm > (E) - smE
3

) by )

+ (%)3 (_430 §+15785n7¢

oo (19)
It is worthwhile to notice that we enforced the follow-
ing orthogonality conditions on the shadow terms
=
Gr,i (@) Pk+io(@) dp =0, k=0,1,2,3 and
p1=-—m
i=1,2,3. (20)
making them unique.
One may notice that for R — oo (the crack edge
curvature tends to zero) only the first terms are non-
zero so the solution (19) reduces to the 2-D solution:

(b) () (d)

rRigvo + Al,ol/2 sin% + Apypcosg
3
+A3p%? sin%p + -

Remark 4 The eigen-functions and shadows associ-
ated with Ag and A, above are polynomials in local
Cartesian variables z; := pcosg and zo = psing.
This can be predicted by the general theory (Kondratiev
1967; Dauge 1988).

To verify the correctness of the solution (19) we con-
sider a torus with an inner radius r; = 1.5 and an outer
radius rp = 2.5 having a circular crack with the tip at
R =2, see Fig. 3.

Taking A} = 1 and Ay = 0, k # 1, (notice that the
outer boundary of the torus is p,,; = 1/2 and p/R =
1/4 in the considered example) we prescribed on the
outer surface of the torus Dirichlet boundary conditions
according to (19):

If. e
T=,/=|sin=
2 2

1\ 1 1\*(1 3.3

+ - —sing—i— - —sinf——sin—(p

4) 4 2 4) \12 2 32 2

N (1 ¢ 1 . 3¢ 5 . 5¢
+(Z) (Emni—%mn?—i—ﬁsm?)

with homogeneous Neumann boundary conditions on
the crack face. Because the problem is axi-symmetric
we construct a two-dimensional axi-symmetric finite
element (FE) model and solve the Laplace equation
over the axi-symmetric cross section using a high-order
FE analysis. In Fig. 4 left the finite element solution
(rFE) at polynomial level p = 8 is shown whereas in
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Fig. 3 The axi-symmetric domain of interest (torus)

Fig. 4 right the difference between the analytical and FE
solution is shown 7 —7 £ As may be noticed t —t 7 £ is
three and a half orders of magnitude smaller compared
to 7, indicating on the correctness of the derived ana-
lytical solution. If only terms up to (p/R)? are applied
on the boundary of the domain, then the error 7 — t7'£
increases by one order of magnitude as expected.

2.1.2 A specific example problem: penny-shaped
crack with axisymmetric loading
and homogeneous Dirichlet BCs

Similarly to Sect. 2.1.1 we present here the first terms
in the asymptotic series solution for a penny-shaped
crack, 1 = —m, @ = 27 in an axisymmetric domain
with homogeneous Dirichlet BCs (8). Now the eigen-
pairs are given by Table 2

‘We obtain the following expression for the first terms
in the asymptotic series solution:

pN\2 (1 1) 3 3¢
+(E) (Ecos§+50057

+ ('0)3 ! cosw ! cos 3¢
R 16 2 30 2

5 %) n 4 Aypsi
——— COS — <. Sin
128°°72 205Ie
3 3¢ AN
+Azp2 [cos > (;) 7 cos —

2
203 13
@) (et ey

0\3 3 @ 3¢
+(R)(4OC082 128 2
3 5
—%cos%p)—i--'}-l—
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Here we still enforce the orthogonality conditions (20)
in order to have uniqueness.

The first terms in the asymptotic solution for the
same specific problem are provided in von Petersdorff
and Stephan (1992), p. 293, where the angular coor-
dinate is measured from the crack face, denoted by
¢ € (0,27),and R = 1:

2

If we replace ¢ by ¢ + 7 and ¢; by — A1, one obtains:

whereas our formula is (with R = 1)

r:Alp% [cosg——cosf
1 3 3
+p2(—cosg+—cos—¢)+~--:| (23)

So we note a discrepancy between (22) and (23) at the
level of the third term in the asymptotics. The source
of this error in von Petersdorff and Stephan (1992) is
a typo in Proposition 1 where instead of 3% the term
31—2 appears. In the proof of this proposition, the right
expression is given in Eq. (32) in von Petersdorff and
Stephan (1992), however again in the example at the
end of that paper the term % sin % was forgotten. To
verify numerically the formulas, we considered a cir-
cular crack in the same torus as in example problem in
Sect. 2.1.1 with R = 1, poys = 1/2 and constructed
an axisymmetric FE model. Taking A = 1 and A; =
0,i = 2,3,..., we prescribed on the outer domain
boundary condition either according to (22) or (23) with
one term (up to p%), two terms (up two ,03/ 2) or three
terms (up two p>/2). We then computed the discrete L2
norm of the relative difference between the FE solution
and the anticipated “exact solution”. Of course that both
(22) and (23) provide the same results if up to two terms
in the expansion are considered (which are the same),
and the relative difference with three terms is different.
The relative difference is defined as:
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Fig. 4 Solution (/eff) and
error (right) for the
axi-symmetric Laplacian
with homogeneous
Neumann BCs with

Pour = 1/2, p/R = 1/4 and
A| = 1—Series up to
(p/R)>. The axis of
symmetry is right to the
shown domain with the
crack from the center of the
circle to the right

‘E

Table 2 First three eigen-pairs for a crack with homogeneous
Dirichlet BCs

k o Dr.0
1 cos £
2 2
2 1 sin ¢
3 3p
3 5 cos -
T Pout
2 2
llell;. = | 2n It — tFEl
-7 0

xp(R + pcosg)dody /IITIIiz

with

T Pout
llzll7, = 27 |71 x p(R + p cos ¢) dpdy
20

The FE solution converged to an estimated 0.2% rel-
ative error in energy norm, the and integration was per-
formed numerically using 90 Gauss point. The obtained
relative errors are shown in Table 3.

Inspecting the values in Table 3 one may notice that
the relative error of our solution decreases by a factor
of ~ 4 when adding the third term, compared to a fac-
tor of less than 1.2 for the solution in von Petersdorff
and Stephan (1992), indicating that (23) is the right
solution.

2.1.3 A specific example problem: circumferential
crack with axisymmetric loading
and homogeneous Neumann BCs

Similarly to Sect. 2.1.1 we present herein the first terms
in the asymptotic series solution for a circumferential

LIMEAR [D-500L1
Furell , DOF=TAD
Fre.t fL=Crt.1}
Haxe 7.6D8e-101
Mire-7 B080-301
T5050-001
BAB5e-001
448640001
30420-001

1.5 e-004
12008004
0.00te-005
5.000e-005
30008005
| -1810e-012
<3.000e-005
=6.000e-005
-G.000e- 005
-1.200e-004
15000~ 004

15210001
~2.980e-048
-15218-001
~3042e-001
~4.5840-001
~6.088e-001
-7 606a-001

crack, (see Fig. 2d) 91 = —%,w = 2m in an axi-

symmetric domain with homogeneous Neumann BCs
(9), still taking the orthogonality condition (20) into

account.
%

1 . @
T=A A1p?2 sin — — cos —
o+ Aip [( ) 2)

1
+ (%) (Z (sin % + cos g)

1 3 3
+E (sin%p—cos 7('0)) +i| 24)

Note that using the modified angular variable ¢ :=
©— % € (—m, w) we obtain the expression

T =A0+Am%

-f(ﬁ)l TR DA
X |:s1n 2+ R (4 CcoS 2+12<:os 5 +

(25)
which can be compared with (19).

More generally, if @ = 27, using the angular vari-
able ¢ := ¢ — ¢; — 7 € (—m, ) we obtain

1. @
T=Ap+ Ap2 sz

_ (ﬁ) lcosg)l Sing —+ lsingol COSg
274 2

R/ \4
1 3¢
+ Esin(plcos%l))—l-“} (26)
As particular cases (91 = —m and ¢1 = 0) we find the

penny-shaped and the outer circular crack, for which
formula (26) coincides with the formula given in Bach
et al. (1998):

1o (sin? 4 Lepsin? 27)
s sin = + —k(s)psin = + - - -

1(8)p 72 P )

since in the first case k (s) = % and in the second case

Kk(s) = —%.
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Table 3 L2 relative

2 2 112 =112
error—uverification of our Number of terms ||e||L2 lIzll72 Ile ||L2 Iz HL2
solution compared to von
Petersdorff and Stephan 1.2 x 1073 1.554 x 107! 1.2x1073 1.554 x 107!
(1992) 2 9.5 x 1075 1.274 x 107! 9.5 % 105 1.274 x 107!

1.77 x 1073 1.317 x 107! 7.74 x 1073 1.277 x 107!

2.2 General case

If no axi-symmetric assumption is imposed on the data
(only the edge is circular) then the full Laplace operator
A3P in (3) has to be considered. Like for (5)—(6), we
find that solutions t of (1) are equivalently the solutions
of (5)*p? AP =0, ie.

1+ % cos @)> [(pap)2 + aw] z
+%(1 + %cos @) [cos p(pd)) — sinpd, | T

+ (%)2 9T = 0. 28)

To condense formulas, let us introduce the operators
mo(pdp; ) = (p0p)* + gy,

mo1(p0dp; dp) = coS@(pady) — Sin @ayy. 29)
Then Eq. (28) is equivalent to

motT + % [2cospmo + mo1] T

2
+ (%) [coszw mo + cos ¢ mo1 + 899] T =0. (30)

In the general case for a circular edge the following
form of expansion series is appropriate:

= Y Tuno e (®) 2 e

1=0,2.4,... k=0 i=0
(31)

Remark 5 Notice that ¢ox; = ¢, (associated with
the curvature for an axisymmetric case), so these are
known for the axi-symmetric analysis.

Comparing this asymptotic expansion to the case of
a straight edge (Costabel et al. 2004), one notices one
extra sum, implying that for each primal eigen-func-
tion there are two levels of shadow-functions—one set
is associated with the derivatives of Ay (the index £),
and the other set associated with the “curvature terms”,
i.e. the powers p/R (index i).

The splitting in (30) provides an elegant and con-
venient way to the formulation of the series expansion
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of the solution. Introducing the definition for a general
term in the expansion (31):

def p L+i
o L o™ (%) berie) (32)

we observe that

o (P C+i
mo(pdp; 9p) Reki(p, @) = p* (ﬁ)

mo (o + € 45 39) e ki (),
P )K—H

mo1(pdp; 3,) Pe i (p, ) = p™ (E

mot1 (g + £+ 05 3p)Pe ki (@),
(33)

Substituting (31) into (30) one deduces:

0= Ag(0) x {mo(ak)¢>o,k,o+ (%) [mo(ox+1)o k1
+ (2 cos ¢ mo(ax)+mo1 () $ox.0]
+ (%)2 [mo(otk+2)¢o,k,2+ (2 cos p mo(ax+1)
+moi (ax+1)) ¢o.k,1

+ (COSpr mo(ax)+ cos ¢ moy (Otk)) ¢o,k,o] +-- }
2
+ A{(0) x l(%) [m0(ax+2)$2.x.0+ B0 k0]

3
+ (%) [mo(ax+3)da.x,1+ (2 cos ¢ mo(ax+2)

+mo1 (e +2)) ¢2.1.0+P0.k.1]
4
+ (%) [mo@t)g2 o+ @eospmoten+3)

o1 (@+3)) 2.1+ (05> mo(ai+2)

+ cos @ moy (ax+2)) ¢,k 0+Pok2] +- - ] (34)

Equation (34) has to hold true for any (p/ R)', and for
any 8(§Ak, resulting in the following recursive set of
ordinary differential equations for the determination of
the eigen-functions and shadows ¢y x ; (¢):
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mo(ox + €+ i) Pe ki
=—Qcospmp(o +€+i—1)
+mor(ok + €+ — 1)) e k,i—1
— (cos2<p mo(ax +€+1 —2)
+cospmoi(ax + €+ i —2)) rri—2
—¢¢—2ki, for £=0,2,4,6,..., and
i >0. (35)
Here, by convention, ¢’s with negative indices are zero.
Equations (35) for ¢ = 0 are equivalentto Egs. (15)-
(17) associated with the axi-symmetric case, and for

¢ = 2,4,6,... results in (36) associated with the
non-axi-symmetric case.

=0

Equations (15)—(17) for the axi-symmetric case hold.

(=2,4,6..., i>0
(ax +i40¢pori + By i
——(U+ita—1)

X [2(€ +1 + ax) — 1] cos ¢ dg k. i—1)

+sing ¢y i1 —2€080 P4 iy
—UHap+i—2)E+ap+i—1)

X Co8%Q i k. (i—2)

+Cos @ Sin@ @) 4 ;_a) — OSSP B 1 i)
—u-2) ki (36)

Equations (36) are complemented by the homoge-
neous Dirichlet or Neumann boundary conditions:

deki(@) =0, (9 =091, p1+tw)

in case of Drichlet BCs 37
0pPex,i(@) =0, (¢ =91, 01+w)

in case of Neumann BCs (38)

2.2.1 A specific example problem: penny-shaped
crack for a non-axisymmetric loading
and homogeneous Neumann BCs

Again we consider as an example problem a penny-
shaped crack ¢ = —m, w = 2w, however, the load-
ing may by non-axisymmetric, as well as the outer
boundary of the 3-D domain of interest. The eigen-
functions and a part of the shadow-functions, ¢  ; (¢)
have been provided by (19). As an example, the solu-
tionof ¢2.1,0(¢)(€ =2,k = 1,i = 0) may be obtained

from (36), fork = lay = 1/2andi =0, £ = 2. All
¢s with negative indices in the RHS vanish except one:

1 2
(5 +0+ 2) $2.1.0 + 9310 = —0.1.0- (39)
and the homogeneous Neumann BCs read:

¢ 1.0(p =£m) =0.

From (19), ¢o,1,0 = sin %, thus the solution of (39) can
be taken as the particular solution alone:

L in? 40
¢2’]’0__6 SIHE (40)
Once ¢ 1o is available one may proceed to the com-
putation of ¢ 1,1(9)(¢ = 2,k = 1,i = 1) obtained

from (36), fork = lay = 1/2andi =1, £ =2:

| 2
(5 +14 2) b2.1.1+ b5

i) oerd)

X €08 ¢, 1,0+ sin (ﬂd’é,l,o—z cos §0¢(/)/,1,0—¢0,1,1
(41)

Substituting ¢ 1o from (40) and ¢pp. 1,1 = 4—11 sin % from
(19), the particular solution to (41) that satisfies the
homogeneous Neumann BCs is:

1. ¢ T . 3¢
——sin = + — sin — 42
8sm2 6Osm2 42)
This procedure may be continued, to finally obtain

the terms in the series expansion:

d21,1 =

T = Ao(®) + AL(©®) (%)2 [—% + (%) 1i6cos<p

219 11
(£ 7 4 cos?
(R) (128+64COS L R

I AN N
+A1(0)p2 |:sm 5 + (E) —sin —

PN2(1 . ¢ 3 . 3¢
—|—(—) — 8In — — — SIn
R 12 2 32

oN3 (1 o 1 .3
+(E) (ESIHE—%SIH

[ |

1
+AlO)p? (%) [_6 sm%
¢

(43)
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Again, the factors corresponding to Ag (and all terms
of even order) and their derivatives are polynomial in

(z1, 22)-

Remark 6 In the vicinity of a crack with a straight edge
along the axis z3 the solution admits the expansion:

T = Ag(z3) + Ag(13)r2 (—%) + .-

1
+A1 ) sin g + A{G)rd (—g sin g) b

(44)

One may notice that (44) is composed of the same lead-
ing terms associated with i = 0 as in the expansion
(43), as expected.

To assess the correctness of the solution (43) we
consider a torus with an inner radius r; = 9 and an
outer radius 7, = 11 having a circular crack with the
tip at R = 10 shown in Fig. 3. This time we apply
non-axisymmetric boundary conditions, so a fully 3-D
FE model is constructed as presented in Fig. 5. Tak-
ing A1 = 10cos@ and Ay = 0,k # 1, (notice that
p/R = 1/10in the considered example) we prescribed
on the outer surface of the torus Dirichlet boundary
conditions according to (43):

[ . /e 1 o/[(1
T = 10cosf E|:sm(§)+zsm§(ﬁ)
1 ¢ 3 . 3¢ 1\?
+ | — sin ————sin — —
12 2 32 2 10
I 9 1 39 5 5¢\ (1Y
+(16sm2 3051n2+12851n2)(10)
1 1 (1)
—10cosO,/ — | —=sin = | —
10 6 2 \ 10
1 .o 7 . 39 1\?
—gsSm - 4 —sin— | { — 45
+( 8s1n2—i-6osm 2)(10) (45)

with homogeneous Neumann boundary conditions on
the crack face. In Fig. 6 left the finite element solution
(r¥E) at polynomial level p = 8 is shown whereas in
the right the difference between the analytical and FE
solution is shown. As may be noticed  — t7F is three
orders of magnitude smaller compared to t, assuring
the correctness of the derived analytical solution.
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Fig. 5 The 3-D FE for the torus with a circular crack

2.2.2 A specific example problem: penny-shaped
crack for a non-axisymmetric loading
and homogeneous Dirichlet BCs

As an example problem the first terms of the asymp-
totic solution for a penny-shaped crack ¢; = —7m, w =
2m with homogeneous Dirichlet boundary conditions
is provided:

1 ¢ 1L ¢ /p
! i~ et ()
T 10)p |:cos2 40052 R

1 ¢ 3 3¢\ (P2

+ (E cos 5 + 3—2003 7) (E)
% 3p 5 S¢
+|—7>C0S— — ——~COS— — ——COS —
16 2 30 2 128 2

x (3)3 +- } + A’{(e)p%

R

PNEl L e 1 9
X(R) |:—6c052+(8€os2

7 39\ (P

2.2.3 A specific example problem: hollow cylinder
with non-axisymmetric loading
and homogeneous Neumann BCs

Consider the circular edge having a solid angle of
37 /2 as the upper corner in Fig. 2a with homogeneous
Neumann BCs. In this case ¢ € (=%, ), ag = 0 and
o) = 2/3,a4 = a5 = ag = 1 ..., and the first few
terms in the asymptotic solution are given by:
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Flg' 6 The SOluthFl TFE On u_-t‘uw-sm I;:n‘t—;-ln'-s'mu' :
a typical cross-section R i
(8 = 0) of the 3-D torus ity ottt

(Left) and the difference
between the analytical and
FE solution on same
cross-section (Right). The
axis of symmetry is right to
the shown domain with the
crack from the center of the
circle to the right

+A1p*? |:sm— — %cos%ﬂ

+ (%) % <5x/§cos§ - 3cos5T(p

+15 sin% + 3sin 5%0)

+ (%)2 % (12 sin 2?") — 43 cos 2?"’

—15 sin%ﬂ — 53 cos ?)] + A/lfpz/s (%)2

X[% (x/gcosz?w—?}sin%p)]-}—n- 47)

2.2.4 A specific example problem: exterior circular
crack with non-axisymmetric loading
and homogeneous Neumann BCs

Consider the circular external crack as in Fig. 2b with
homogeneous Neumann BCs. In this case ¢ € (0, 27)
and the first few terms in the asymptotic solution are
given by:

2 1
T = Ao+ Ap (ﬁ) (——) +A1,01/2 |:cos2

R 4 2
oy 1 0] oN2 (] o 3 3¢
(R g s+ (5) (Geohrgeny)]
2 1
o (P e
a2 () [ 6cos2]+ 48)

3 Asymptotic solution for the elasticity system

The point of departure for the elasticity system is the
three equilibrium equations given in a Cartesian sys-
tem by:

1.154a+001
9.230e+000
6.0220+000
X 4.51%a+000
1 2.30Te000

A 1 4.T68a-007

\ 230Tee 00

| 4515000

| ~E5E2er MY \
-0.230e M0

} RT—

R Z.0be-002
\ 1.6 0e-102
12000402

B.b0be-403

4.0b0e-103

2313010

=-4.000e-003

~-8.000e-003

12000002

=1.600a-002

| 20006002

3

ZerFj:O,

i =1,2,3,
3)6,' J

i=
where o;; are the components of the Cartesian stress
tensor, and F; are the body forces. For vanishing
body forces in the vicinity of the singular edge, i.e.
F1 = F, = F3 = 0 we reformulate the equilib-
rium equations to be expressed in the coordinate system
P, ¢, 6 shown in Fig. 1:

x1 = (R4 pcosg)cost, x3 = (R+ pcose)sinb,
X3 = psing (49)
The Cartesian components of the displacements (i1,
us, u3) " are connected to the local coordinate system
displacements (u,, Uy, u@)—r by:
uy = (1p cos @ — uy sing) cos — ug sin
Uy = (up COS ¢ — Uy Sin (p) sinf + ug cosH (50)
U3 = U, sing + uy Cos @

The kinematic connection between displacements
and strains in the coordinate system p, ¢, 6 can be
derived using the metric tensor (Sokolnikoff 1956):

Eppzaaﬂ’ Sww:l% u_p’

P p oy  p
1 3149 .

oo = - (8_9 +Uupcosp —uy sm<p),
1[10uy, 10ug 1 .

8¢9=§ _;% ;7+;ugsmgo:|,
1[10u, odug 1

Epp = 3 _;w + 7 — ;ugcosw}

These connections are identical to Leung and Su
(1998), Eq. (3). In the new curvilinear coordinate
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system the equilibrium equations in p, ¢, € directions
read (Sokolnikoff 1956):

0= d0pp l d0pp | Opp — Opg
ap p ¢ p
1 30p9 .
—}—; W + (0pp — 09p) COS @ — Opyp SIN @
(52)
1 doyy 00,y 2
= T T —0pg
p d¢ p p
1 (00yp .
+— | —— + (009 — Typ) sin @ + 0,y COS @
r 00
(53)
Bl 1 10
0 — Uﬂ@ —O—IOQ 4+ = U‘P@
o p p g
1 (d0se .
+-— 20 + 20,9 COS @ — 2049 sing . 54)
r

We consider an isotropic elastic homogeneous mate-
rial with Lamé constants A and u (kinematic equations
and Hooke’s law given by:

3

ojj ZMUZSkk +2usij, i, j=p,0,0 (55)
k=1

The stresses in terms of displacements are given by:

A%+(x+2u)8p A%% 0
e (5 -+, Ly 0
J60 P | n P (pl
Opp | _ | B 205 +23, (A+21)59, O
00 0 0 149,
w) | me e
o 0 0 nta,
Up
x| uy
ug
Acos g —Xsing 0
(A+2u)cosgp —(A+2u)sing 0
+1 ACOS @ —Asing 0
r 0 0 —|LCcos @
0 0 0
0 0 M sin g
00 A
0 0 A+2u
e 00 & e
x| up | +- L0 0 3 | ugp (56)
"o 00 0 "o
0 u 0

Inserting (56) into (52)—(54) and multiplying by

2
r(p/R)?* = p*(1+ % cosgp)
Navier-Lamé system:

one obtains the

@ Springer

2
0= (1 + %cosw) {(x +2u) [(pap)2 - 1} ",
1 gty — (h + 3Bty + (A + WBpyity }
+ (1 + %cosga) % [ +2uw) cos @ p d,u,
—(A 4+ p)sing p dpuy
+u sin @ (uw - Bwup) + A4+ wp apgug]
% ;
+ (E) [()» +2u) cos (ug sing — u, cos @)
+udggup — (A +3p) cos @ dgug | (57
P 2
0= (1 + Ecosw) {u [(pap)2 - 1] 1y
+ (O 4 21) gty + (A4 3081y + (A + ) dppitp }
P o
+ (1 + R cos <p) z [(A + @) cos ¢ (8¢,up - ”w)
+cos g popig — (h+2u) sing (dpug + 1))
P2 .
+(A+ u)awgug] + (E) [(A +2u) sing(u, cos @
—(uy sin @) + (wdgotty + (A + 3u) sin <p39u9] (58)
p 2 )
0= (1 + " cos (p) % I:(,oap)2 + 0(,)(/,] Uup
+ (l + %cos <p) % [14 (cos @ pd,us — sin @ dyug)
+(+ ) (39“/1 + 0gguty + pape”p)]
P 2
+ (&) [=ptg + G+ 2000010

R
+(n 4 3u) (cos ¢ dgut, — sing dguy) | (59)

The Navier-Lamé equations are complemented by
homogeneous boundary conditions on the faces inter-
secting at the singular edge:

Uy =ty =1ug =0 onlj Ul
Clamped BCs (60)
tgp=t,=1t9=0 onliUI>

Traction Free BCs, 61)

where ¢ is the traction vector on the boundary. On the
boundaries I, I, i.e. for ¢ = ¢y, @2, the traction free
BCs (61) are expressed in terms of the stresses using
Cauchy’s law:

Opp = Opp = Ofp = 0, o=91,¢m

Denoting the displacement vector by u=(u,, uy,
ug) ", the Navier-Lamé (57)—(59) system is split as
follows:

[(1 + %cosw)2 [Mo] + (1 + % Cosgp) (%) [Mo1]

+ (%)2 [Mo] + (1 + %cosq)) (%) [M10]09

+(8) o + () kg [ =0, 62
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with derivatives of Ay, and the other set associated with the
“curvature terms”, i.e. the powers p/R.
O+21) ((03)2 = 1) + 1dpy  —(+3w)3p + (L + 1) pdpy 0
[Mol=| (+ M)Pap(p + A +3w3, (A +2)0gp + 1 ((p0)* — 1) 0 (63)
0 1 ((09p)* + )

(A +2u)cos pd, — wsin@dy, sin ¢ [ A+ w)pd, + /L] 0
[Moi]l=| O+ w)cosed, —()\+2/L)Slng0 cosg [~ + ) + updy] — (h 4 2u) sin d, 0 . (64)
0 nw (cos @ pd, — sin <p3¢)
—(A+2u)cos’g  (A+2u)singcosg 0
(Mol = | (A+2w) sm pcosp —(A+2u)sin2p 0 (65)
0 —u
0 A+ w)pdy Inserting (68) in (62) so to gather terms of same
[M1o] = 0 @+ 1y order of derivatives of Ay, and same order of powers
(A 4w pa +1) v+ ), 0 . . .
(M1 p/ R, we obtain the following recursive formula for the
0 0 (4 3 cos g computation of the primal and shadow functions:
= 0 0 (A +3p)sing [molde ki
A+3up) —(A+3p)si 0
(- dcosy (A Ssing ) — (2cos glmol + [mor]) b i1
- (0082 @lmo] + cos plmo1 1+ [moz]) borio
uw 0 0 —[m10ldy_; 1; — (cos@lmiol + [mi D) by 41
Ml=[0 pn 0 ) (67) —[m21y_s ks £=0,i=0 (69)
0 0 (A+2w where ¢’s with negative indices are set to zero, and
(+2) (B2 = 1) 4 1dgy (A + ) — (A +3u)) 3, 0
[molper; = [ (O+mwB+A+3w)dy (B> —1)+ (4 21)y 0 Do (70)
0 0 1 (B + 3yp)
(A +2) cos @B — pusin g, sing (u — (A +p)pB) 0
[moilger; = | —(A +2p)sing + (A + p) cosdy cosg (n (B —1) — 1) — (A + 2u) sinpd, 0 b (71)
0 0 % (ﬂcosw —Sin(pa((,)
[mo21de ki

Following same asymptotic series expansion shown
to be appropriate for the Laplace operator, we assume
herein an expansion for the displacements of the form:

e ; Do (p)
=D D 9A0) p D (%) " ¢:(<p)
£=0 k=0 i=0 bo(@) )4

i+t
=3 > 5 Ac) o™ Z (8) bes @
£=0 k=0
Comparing this asymptotic expansion to the case of
a straight edge, one notices one extra sum, implying
that for each primal eigen-function there are two sets
of shadow-functions—one set is associated with the

—(A+2wsinfg 0

—(A+2p) cos? @
(A4 2p) sin @ cos ¢

(A+2u)cospsing 0 )

0 0 —
Xp ki (72)
0 0 A+wnp
[miolee i = 0 0 A+ w)dy
O+mwB G+mwd, 0
Xy ki (73)
[mll]d’(‘k,i
0 0 —(A+3pr)cos
= 0 0 (A +3wp)sing
(A +3u)cosg —(A+3u)sing 0
X@p ki (74)
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(m2ley i i
u 0 0
=10 n 0 Dok (75)
0 0 (A+2uw

where

B=(ax+L+10).

3.1 Homogeneous boundary conditions

The system of ODEs (69) is complemented by either
clamped (homogenous Dirichlet) boundary conditions
or traction free (homogeneous Neumann) boundary
conditions on ¢ = ¢ and ¢ = ¢» = ¢ + w. The
clamped boundary conditions u(¢1) = 0, u(¢p2) = 0
imply:

Gori(01) =@pri(@2) =0, VL ay,i (76)
The traction free boundary conditions imply:
T

(G(p¢, Opp, U@(p) =0, 9=91,m (77)
Multiplying (77) by r % yields:

[(1+ % cose) U701 + 2 Tor) + £ (71136 ] u = 0.
Q=019 (78)
where,

(A+2u) +21pd, (A+2m)d, O

[To] = 1y —u(l—pd,) 0 |
0 0 13y
(79)
Acos@ —Asing 0
[To1] = 0 0 0 ;
0 0 usin g
00 A
[T1]=1(10 0 O (80)
0 u O

Inserting (68) in (78) we obtain the following bound-
ary conditions on the primal and shadow functions
Ve, o, i:

[0019¢ x.i = — (coslto] + [to1]) Pe k. i—1
=111 ki- 0 = 01,92 81)

again ¢’s with negative indices are set to zero, and

[0l 1 ;
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2u+r(B+1D (A +2wd, O

= Wy wpB—-1 0
0 0 1,
Dok (82)
Acosg —Asing 0
[to11de ki = 0 0 0 Dokis
0 0 psing
0 0 A
(1o ri =10 0 O |dys; (83)
0 u O

3.2 Axi-symmetric case

For an axi-symmetric domain and boundary conditions
all derivatives with respect to 6 vanish so (62) is sim-
plified to:

|:(1 + %cos (p)2 [Mo] + (1 + %cos (p) (%) [Mo1]

R
Notice that third equation in the set (84) is in terms
of uy alone and decoupled from the first two equations,
thus the solution to the displacement uy is decoupled
from u,, and u,, for the axi-symmetric case.

(L) [Mozl] u=0,

Remark 7 The equation for determining ug is very sim-
ilar (but not identical) to the Laplace equation (compare
to (4). The difference is the last term rlzug. This term
results in a slightly different solution of uy compared
to the Laplace solution only when inspecting higher
shadows (i > 2).

The asymptotic series expansion in case of an axi-
symmetric solution is obtained by taking £ = 0in (68):

W= 4"y (L) i (84)
S S el
In the axi-symmetric case, £ = 0, therefore the
recursive formulas (69) and (81) are simplified to:
[molo r.; = — (2cosp[mo] + [mo1]) bo ki1
— (cos? plimol + cos glmor] + [mo21)
XPo i =0 (85)
and
[t0]lpo i = — (cosglto] + [101]) Pok,i—1-
Y =¢1,92 (86)
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3.2.1 A specific example problem: penny-shaped
crack with axisymmetric loading
and traction free BCs

The solution to the system (85) with traction free
BCs (86) for a penny shaped crack (w = 27) is:

Up
Uy
ug
cos @ )
= A | —sing 1—(£)cos<p+(£) cos2(p+-~-
0 R R
sin ¢ 0
+Ay | cosgp | + A3 | O [1—1—( )cosw]
0 1
2 2
A5 3¢ 30" +22a1—131 ) (§ A ) 3¢
(G cos & +C°S32 0 20 cosy +\7— 5z )cos2
L Aup? TR +(7) 92— 14apu=551% . ¢ (.5, & 3¢
4p pesT) sin 5 — sin >- R Wsm7+ Z+m sin 3§
0 0
32134672 cos & 45A3+255A2u+199ku2+53u3 3p 4 36A—w) o
P\2 96(A+p)? 2 180(A+1)3 2 T RO 2
+ (7) 6OZHTO+3TY? g | —ISAHISSIPua 3T+ 13T G 3p _ 30=3w) o Se | 4 -
R 96(+1)> 2 1800 +11)? 2 T R0+w
0
B T R ) 1233242620 +107u2 . @ A=3u 3(p
! W2 g P 18002 2T a0 o
+Asp? | |~ AT o094 cos 3 | + (7) _ISR46uA 79 9 L Gt el
Sy 0 7 R 1800+ )2 T+ 1300 €8
483324135001 4-803 > 2625A*+8779A2u+9251w +3161u° ¢ 5¢
p)2 | 2(k+u)2 sm 16 : 325(A+ ME sin +45 ()Hr,u) sin -
BNV | L 35M2410020u+581u2 @ | 1365134527132 46719402 +27493 37<p A—3u sw +.
(R 1440 | —16 Ot cos 5 + 330000 + 455 o8
0
0 0
1 P 0\?2
+Agp2 0 +(—) 0 +(—) 0 R T
sin £ R Lgin® R Lin2 — 3 sin 3¢
2 ) gSmy — 3385
One may notice that the solutions of ¢, and ¢, are
In the case of a penny shaped crack @ = 27, ) = Y o P

oy =a3=0and oy = a5 = ag = %, the expressions
for the traction free boundary condition (86) are further
simplified:

[10]1Pe ki
Ay +L+i+1)  (+2wd, 0
= Wy wg+L€+i—1) 0
0 0 113,
XPp k. is (87)
-2 00
to11Pexi=| O O O] ek,is
0 00
00 A
[11Peki =10 0 0 ) er,i (88)
0 u O

decoupled from the solution of ¢. The eigen-func-
tions ¢y are not identical to the ones obtained by the
Laplace equation—if one observes the last line in (89)
in comparison with (19), then the coefficient of the term
pl/? (%)2 sin & is }‘ instead of 11—2 in (19). More differ-
ences would appear if inspecting terms of higher orders
of &.

Remark 8 The second and third terms corresponding
to zero eigen-values are associated with rigid body
motions: The term A (sin ¢, cos ¢, 0T expressed in
Cartesian components becomes (u1, uz, 143)2T = A
0,0, 1)T, which is clearly a translation along z3. Like-
wise, the factor term of A3 becomes (u1, u», 143)3T =
A3%(— sin®, cos 6, 0) ', which is proportional to the
rotation (—xp, X1, O)—r around the axis of symmetry.
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Note finally that for p/R < 1 —5cos & + cos 32("
4t @
1 ) - —m COS b3 \
_ 1——c0s<p+(—cos<p) - I —3cos £ — cos ¢
1+ &cosg [ R R +— 2 2
4 2mp 0
P 3 [ 3¢
_(Ecos(p) 4 —sin 5 — sin =
0
therefore the factor of A is not linear in Cartesian coor- + (ﬁ)
dinates: (u1, u, u3)1 = A]R( , %, 0)T". Details on R
the derivation of thfe seliles soluthn associated with CSEYI (p TR ) 3(/) -
A1, Az, Az are provided in Appendix 6. 5 2A4(k+ /\) s 4(1-15;/1\) ) 5
— 225 :;fi),(;)Jr 1 cos £+ Aiu“ cos =5
Remark 9 The solution for the circular singular crack « _% cos g XE/‘{EZ) cos X 3‘/’ n
with traction free boundary condition was presented
also by Leung and Su (1998), and is almost identical 4 2Tl Gn 2 + 4?» Tit_ in 3¢ 3<ﬂ
to (89). One difference is the factor 1/1440 in the term (i) 0 (Aw)
1 -
associated with A,p?2 (%)2 whereas in Leung and Su
(1998) the factor is 1/1400. The solution herein is the r/ _s S sin € + sin 39
correct one because it satisfies (85), whereas Leung 45 sin ¢,2
and Su’s solution does not. The second difference is in ?(’\(‘;M) ' % p
the shadow terms associated with @; = 0 and a3 = 0 +§ K1 — Sy — sy
for A1 and A3 which are missing in Leung and Su’s 4 2mp 1 0 3
solution. 3 (COS % + 3cos 2(/])
0
Defining: -
def 1\ K, def + (ﬁ)
K1 = Aip, (7) 7= = A, R
el (“)m (89)
(2) K Asu 2K111 det A _
3) r Nz — 25T sin §+ Pty sin
with K, Kj7, K7 the renown stress intensity factors mt?ﬂ n¥ 2 ;(A)Cfﬂ) sin 32 3(p
in fracture mechanics, and using (51)—(55), the stress ( & si n A9 Sﬁl _<£
tensor associated with an axisymmetric traction free x 12(““) 1204w o
problem is: B 09y ST o B0
500+ €05 2 T 2040 €05 2
Opp 0 i
700 ) Kiin
Opp Dp
T
Opg 0 0
6e 0 0
—1 —cos2¢ 0 (ﬁ ) 0 .
) x sin% & %sm%—%sm%‘p +
_ —1 4 cos2¢ P o 0 0
= K, 0 (E) 1_2C0S¢(E) %cos% %cos%—%cosT‘p
sin 2¢ (90)
0

Remark 10 For R — oo the stresses state should
tend to a plane-strain state. Indeed, by computing

2 3
+3cos2<p(%) —4cos3(p(%) +]
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V(0 +0gg) from (90), one obtains v | \/12(’7 cos & —

2 leTlp sin ] that equals oyp. This is exactly the con-

nection: 033 = v (o011 +022) according to a plane-strain
situation.

Remark 11 The primal eigen-stresses 0, and oy, do
not depend on the material properties for traction free
boundary conditions on crack faces. However, their
shadows do depend on the material properties.

Here we define:

def 3)»+7,u Ky
1 =

=4 Vo
def A +Su Ky
4p «/271
def  Ki11
Ay BT (92)
V2

then the corresponding stress tensor is:

S+ 30
. Opp 3+ €08 % +cos 3
3.2.2 A specific example problem: penny-shaped s 2 cos
. . . . M
crack with axisymmetric loading Oy 3 +7u K 32(;:#) cos £ — cos 370)
= 3 m
and clamped BCs Opo —4u  2mp 0
it in —sinp
. . O
For the clamped BCs (Dirichlet BCs) and a penny oo 0
shaped crack (w = 2m) the series expansion of the
solution is:
AFSp 3¢
Up : ey cos2 =+ cos 5
up = A1p? —sm%—smg‘J
Up 0
4102+ 154ap+12942 zga
o TSI cos 2 "‘ _4m+m) cos 5
— _ATOH _‘E
+ ( R) i SN S+ gGag sin
0
DA Q6T (o9 | 25924980t 89u> 39 | 3CIhtn) (oo S0
P2 32(3A+7,u)(5)»+9u) S3 4(3)»+7,1L)(5)\.+9/L) 32(3A+T7w) el
+ (_) _(7A+11u)(17k+37/4) sin @ — 132245804612 o 30 4+ 303w Se sw + ...
R 32A+T)(5A+9w) 2 ACA+T)(SA+91) 2 32(3A+7w)
0
sin & + sin 32“’
3a+T1 zp 3<p
+App2 735 €08 3 + cos
O
_A=3p 3<p
oy [ Foym S 2 5+ Srs Sin ¥
+(= — AT 65 Leog 3‘”
R To45m) €087 — 3008 -
0
3r—u —3A+0 s 3_(/) 3(=31+up)
o\2 [ TG sin 5 + a5 Shr 2050 S“;
= 092+137p ¢ 1 3o o 33w ¢ ..
+ (R) 96055 COS7 T 13S0 3 + — 3G sy 05y | T
0
0 o 0
+asr |0 )+ (%) o
cos £ R7\ Z1cose
2 7 2
A% 0
n (_) 0 + ©1)
R 1
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o 3.3.1 A specific example problem: penny-shaped
+ (E) crack with non-axisymmetric loading
and traction free BCs
3(1722+98ap+129u2) @ Ao o3 3(p
4(GA+T1) GA+97) 2 7 AGA TR :
234131t 11702) o _ idu. 3 3(p For th; tr;lCtIOIl flreedBEs (81) and( 2 g)em:)y s.he.1ped crack
(3)»+7M)(5)~+9M) 7 M 2 w = 21 ) we solved the system , obtaining:
(5224106242131 ) A+9u 3<p u cos
x | Taiszrerean?) 08 S+ a0 o8 T P 5¢ 0
0 uy b = A1(0) [ —sing 1—(5)
52241064 +2131% . g _ =n 3(/) ug 0
4GA 70 (Ao SN 4(3,\+7,L) sin > )
P 2
X COS ¢ + (E) Ccos <p+--~]
A+5u Kpy
w2 +410) (%) o | (%)+
[/ 204 i @ 4 gjn 3¢ —cos? ¢
A5u " 2 v il o
o §+5 sin 5 \ o2 [~ 12(A+IL> cosg
+u <ﬂ ” 3AF2U
% Asp S g —sin7 + (%) +A1(0) (E) 12(A+Z:) sing | +
0
At 3¢ —
— 333 08 § +cos F sin ¢ 0
_ 0 +A2(0) s + Az(e) 0
- —sing
SA4H9u @ A+9u 3¢
~a0gs0 SN2 T 3G SN T
2Qr 1) i@ 3a42u 3¢ 0
~ o 3 7 = Sgsy SNy Jo
—3hti + Ao 30 3<p + 0 m +
X 4(A+51) 2 40 +51) + .. 1 sin 2'(0
0 2
A Su AT 3¢ A
2045w €08 2 £+ 2045m) OS2 , 2 [ 30D sm ¢
| +A5(0) ( ) — 300 Cose | +
0 0
0
0
o Ko 0 +450) | 0 [1 n ( )cos (p]
V27Tp 5 COS 5 1 R
0
1 . [ _ A
—5sin % Ao P 20410
+40 (%)
0 3(0) R
0 0
P 0 922+16A -+ 8112
+(R) —%COS%—icos%‘p 4. (93) 2006+0? cos<p )
" pL — ...
0 + | bt G ( )
3 24(h+p)? R
% sin & + % sin 5 0
0
. . +A%(0) (3)2 0 |+
3.3 Non axi-symmetric case R
2
The set of equations corresponding to £ = 0 is _ASU o sfi 4+ cos _<£
exactly the axisymmertric set of equations presented in +A4(0) ,0% 3?1-/; sin 7 _sin 32¢
Sect. 3.2. Herein we present the entire solution includ- " 0

ing the terms for £ > 1 for a non axi-symmetric case.
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2 _ 2
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The stresses in this case with the definition of SIFs
as in (89) are:

Opp —1 —cos2¢
099 2
ol | e | (2)
00 0 R
Opy sin 2¢
Oby 0
0
0
0
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4
0
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0 0
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in ¢ in 3¢
—sin ¥ —sin 5
0
SA+13u <p A+9u 3¢
TN W
n n T
_W cos 5 + 9)\+/l. cgs 5
(A+91) A9 (ﬂ
+ (ﬁ) 3010 05 5 = F0og €08 +--
R 0
-7 3¢
a0 Sin § + gy sin F
0
0
0
+(_1)K;(9)(p) 20— 02@3) +
— - — @ +3u 3¢
4 ) 2xp \R At cos 3 Atp €os 7~
0
2(A+3u) 2(A+3u)
ey sin 2 =+ e sin 2
—% sin £ + sin 3;
2 ¢
~ 30w SN 3
3K;1(0) —sin £ —sin 32‘p
4 [2mp 0
1 (cos £ +3cos %‘p)
0
S1IA+107p A9 3¢
( ~ 600-+) sin ) 5+ T Sin
2(341 +83A#+45p, @ | 32 . 3¢
15()»+¢L sin EA+93()L+IL) ;m 2
P w _ A9 ﬁ
+ (E) TG0 Sin 20+ S0 +
_ 23A+31p —2+7u 3<p

60G+11) cos§ + 20+1)
0

@ Springer

0
0
3K}1(0) ( ) 0
20—p) +oe
4 /2mp 3G Sin 5 + sin %
0
— 23(();\13[1‘)) cos & + cos 3%”
0 0
0 0
2K111(9) 0 N (7) 0
NezTd %sion% R %sm%—o%sin%*"

2

—7811’12
2 TA+5n 7
K o 55 sin 5
ey (P 0 95
o1+ «/%(R) 0 + (95)
%COS%
0

Remark 12 Comparing the terms associated with the
first derivatives of the SIFs (K} ), K 1), K”I(Q))
in Leblond and Torlai (1992) with (95), one notices that
these are identical for K;(0) and K, ,(6). The term
that multiplies K } ;(0) in Leblond and Torlai (1992)
appears in (95), but in our expression there are another
two expressions proportional to cos %2 and sin 32 that
are absent in Leblond and Torlai (1992).

4 Summary and conclusions

We have formulated the set of recursive ODEs required
for the representation of the asymptotic solution in the
vicinity of a circular V-notch for the Laplace equation
and the elasticity system in a 3-D setting. The asymp-
totic solution is constructed from 2-D eigen-pairs
(a V-notch in a 2-D domain) complemented by two
families of shadow functions. Both homogeneous Di-
richlet (clamped) or homogeneous Neumann (traction
free) boundary conditions were reformulated in terms
of eigen-pairs and their shadows, and explicit represen-
tation of the series was computed for a penny shaped
crack, a circumferential crack and an external crack as
well as a 377/2 reentrant corner.

Having the eigen-pairs and their shadows avail-
able, one may construct bench-mark problems for
the verification of various numerical schemes. In
a future publication the quasidual-singular-function
method (Costabel et al. 2004) for the computation of
the Edge-Flux/Stress-Intensity-Functions Ay (6) will
be extended to circular singular edges using the series
expansion presented herein.
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Appendix: A Derivation of the shadow terms
associated with o = 0 for the traction free,
axi-symmetric penny-shaped crack

The series expansion (shadows) in (89) for the first three
terms associated with o1 = oy = a3 = 0 is explicitly
derived herein.

For oy =0:
cos ¢ cos ¢
¢0,1,0=| —sing |, ¢o,1,1 =—cosg | —sing |,
0 0
cos @
$o12=cos’ g | —sing |,
0
Forar, =0:
sin ¢
$o20=|cose |, ¢o2;=0, i>1
0
[molg 2,0 = 0, (96)
(701020 = 0. O7)

Furthermore (2 cos ¢[mg] + [mo1]) ¢ .0 = 0 and
(cos @[to] + [t01]) @o.2.0 = 0. Therefore ¢, | = O is
an admissible solution. Finally, since

(cos® glmol + cos glmor] + [mozl) @20 = 0, the
next term ¢ , , can be chosen as zero. Hence we have
a solution without any shadow similar to the case of the
Laplace operator.

Foraz =0:
0 0
$030=10], ¢o31=cosp| 0],
1 1
¢$03; =0, i>2.
‘We have
[moléo 3,0 =0, (98)
[t0]¢0 3,0 = 0. (99)

Next, notice the disturbing fact is that

(2cos p[mo] + [mo1]) ¢ 30 = 0 and
(cos @[to] + [to1]) ¢ 3.0 = 0,

letting the possibility of choosing ¢ 5 ; = 0. But, with
such a choice, since

(0052 @[mo] + cos [mo1] + [MOzl) $030 70

we would be obliged to calculate a non-zero @ 3 .
Most presumably resulting in an infinite series of shad-
ows.

The special circumstance is that there exists a partic-
ular solution with one shadow only if, instead of choos-
ing ¢ 31 = 0, we take

0
¢0,3,1 =cose | 0
1
We have
[moleg 3.1 = — (2cos plmol + [mo1]) g 3.0 =0

(100)
[20]1¢0.3.1 = — (cosp[to] + [f01]) o300 =0, (101)

and the new fact is that
— (2cos p[mo] + [mo1]) ¢o.3.1
- (0052 @lmo] + cos p[mo1] + [moz]) $030=0

allowing the possibility to choose ¢ 3 , = 0. Since

— (0052 @[mg] + cos [mo1] + [moz]) $031=0

we see that the series of shadows can be stopped there.
In this way we find a global rigid body motion as spec-
ified in Remark 8.
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