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Abstract

A newly developed method, named the quasi-dual function method (QDFM) is pro-
posed for extracting edge stress intensity functions (ESIFs) along circular crack fronts
from finite element solutions, in a general three-dimensional domain and boundary
conditions. The mathematical machinery developed in the framework of the Laplace
operator in [17] is extended here to the elasticity system and applied for the extraction
of ESIFs from high-order finite element solutions.

The QDFM has several important advantages: a) It allows to extract the ESIFs
away from the singular edge, thus avoiding the need for a refined FE mesh, b) The
ESIFs are obtained as a function along the edge and not as pointwise values, c) The
method is general in the sense that it is applicable to any circular edge (be it a penny
shaped crack, a cylindrical crack or a circular external crack). Numerical examples are
provided that demonstrate the efficiency, robustness and high accuracy of the proposed
QDFM.

Keywords: Quasi-dual function method, edge stress intensity functions,
penny-shaped crack, 3-D singularities

1. Introduction

Solutions of the elasticity system in two dimensional domains in the vicinity of
crack tips in isotropic materials have been investigated for over half a century. These
are described in terms of special singular functions depending on the geometry and the
boundary conditions on crack sides, and of unknown coefficients known as stress inten-
sity factors (SIFs) depending on the boundary conditions away from the singularities,
see e.g. [20].

Although being much more realistic, three dimensional singularities have been
scarcely addressed because of their complexity. In three dimensional domains like
polyhedra, both vertex and edge singularities exist, see [5, 19]. For cracks in 3-D do-
mains with a straight crack front explicit representation of the solution in the vicinity

Email address:zohary@bgu.ac.il (Zohar YOSIBASH and Samuel SHANNON)

Preprint submitted to EFM December 11, 2013



of edges is available as a series [8, 4, 15, 21]. The functional representation of the so-
lution was extended in [22] to circular singular edges (a “penny-shaped crack” being a
special renown case) in 3-D domains. Explicit singular series expansion was provided
for circular crack fronts, characterized by:

• anexponentαk which belongs to a discrete set0, 0, 0, 1/2, 1/2, 1/2, 1, 1, 1, 3/2...
which determine the level of non-smoothness of the singularity.

• eigenfunctionsand two families ofshadowsφℓ,k,i(ϕ) computed by solving a
set of 1-D problems.

• a functionalong the edge, denoted byAk(θ) ( θ is a coordinate along the crack
front) and called “Edge Stress Intensity Function” ESIF which determines the
“amount of energy” residing in each singularity.

Under axisymmetric boundary conditions and geometry we have shown that our solu-
tion reduces to the one presented in [12].

From the engineering perspective the ESIFsAk(θ) when αk < 1 are of major
importance because these are correlated to failure initiation. Having the explicit repre-
sentation of the singular solution in the vicinity of a circular edge we aim at computing
these ESIFs. To this end we extended the quasidual function method (QDFM) pre-
sented in the framework of 3-D straight edges in [4, 15] to circular edges in the frame-
work of the Laplace equation in [17]. This is because the Laplace equation is a simpler
elliptic operator that allows more transparent analytic computations and invokes all
necessary characteristics of the elasticity system. The QDFM was demonstrated to be
an accurate and efficient method that is capable of extracting a functional approxima-
tion of EFIFs (edge flux intensity functions) along the circular edge and whose accu-
racy could be adaptively improved. It may be implemented as apost-solution operation
in conjunction with thep -version of the finite element method. The mathematical ma-
chinery developed in the framework of the Laplace operator is extended here for the
elasticity system.

To the best of our knowledge no methods are available for extracting ESIFs as func-
tions along circular crack fronts in general domains under general loading conditions.
The only ones that are known to the authors are the one by Leblond&Torlai [11] that
provides the machinery for the pointwise derivation of the solution up to second order
for a general curved crack. Other pointwise methods rely on the 3-D J-integral and
connect its value to ESIFs using plane-strain assumptions (which are not in general
valid), see e.g. [14] and the references therein. The contour integral method has also
been used for the pointwise extraction of the ESIFs and is shown to predict accurate
values as the integration radius tends to zero [23]. Here, wepresent a different approach
enabling the computation of any ESIF for any circular edge beit in an axi-symmetric
or non-axisymmetric setting. Furthermore the ESIFs are provided as functions along
circular crack fronts, and not only as pointwise values along the edge.

The point of departure is the introduction of the QDFM for theelasticity system
in section 2 with a brief sketch of the mathematical analysison its theoretical perfor-
mance. The connection between the QDFM and the ESIFs for the axisymmetric case
is addressed in section 3. By analytical mathematical derivations we demonstrate the
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Figure 1: 3-D domain of interestΩ and the (ρ, ϕ, θ) coordinate system.

anticipated convergence rates of the ESIFs when extracted from analytical solutions
in axisymmetric cases. Numerical examples employing thep -version of the finite
element method are provided to demonstrate the efficiency ofthe QDFM in practical
applications. Penny-shaped, cylindrical shaped and outercircular cracks are addressed.
We then extend the QDFM to non-axisymmetric cases in section4. As shall be demon-
strated, the QDFM allows one to extract the ESIFs away from the singular edge, thus
enables the use of coarse meshes and alleviates the necessity of complex refined mesh
generation in the vicinity of 3-D singular edges. The obtained results are both accurate,
efficient and robust. We summarize our results in section 5.

2. The area integral on the surface of a torus along a circularedge in 3-D domains

Consider a three-dimensional domain made of an isotropic elastic material having
a circular singular edge (a penny-shaped crack front for example) of radiusR . The
domain may be subject to loads or displacements on its boundary away from the sin-
gular edge and free of body forces. We assign the coordinate system (ρ, ϕ, θ) along
the circular edge shown in Fig 1. The vectoru = (uρ, uϕ, uθ)

T denotes the three
displacements inρ, ϕ, θ coordinates, andλ, µ denote the two Lamé coefficients.

For sake of simplicity we restrict our attention to traction-free boundary conditions
on the faces intersecting at the singular edge. The displacements in the vicinity of
the singular circular edge are given as an asymptotic seriesof primal eigenfunctions
φ0,k,0 (which are the familiar 2-D eigenfunctions) and two families of shadow func-
tions φℓ,k,i (one family is associated with the indexℓ and the other with the index
i ), see details in [22]:

u =
∞
∑

ℓ=0

∑

k=0

∂ℓ
θAk(θ) ρ

αk

∞
∑

i=0

( ρ

R

)i+ℓ







φρ(ϕ)
φϕ(ϕ)

φθ(ϕ)







ℓ,k,i

=
∞
∑

ℓ=0

∑

k=0

∂ℓ
θAk(θ) ρ

αk

∞
∑

i=0

( ρ

R

)i+ℓ

φℓ,k,i (1)
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One may observe that for a straight crack frontR → ∞ , only the termi = 0 remains
in the summation oni in (1) that is equal to 1and θ becomes the coordinate along
the crack front. FurthermoreAk(θ) is constant in case of a 2-D assumption, thus the
sum on ℓ vanishes, and one obtains the 2-D well known series expansion:

(

uρ
uϕ

)

=
∑

k=0

Ak ρ
αk

{

φρ(ϕ)
φϕ(ϕ)

}

0,k,0

We concentrate our attention to the case of a crack (althoughthe analysis equally
holds for any other opening angle), so that the eigenvalues are α01 = 0, α02 =
0, α03 = 0, α1 = 1/2, α2 = 1/2, α3 = 1/2, · · · . In this case explicit expressions
for the eigenfunctionsφ0,k,0 and their shadowsφℓ,k,i for a penny-shaped, a cylin-
drical and an outer circular cracks are too lengthy to be provided in an appendix and
thus are provided in [16].

The stress tensor is easily obtained from (1) using the kinematic connections and
Hooke’s law. To relate the GESIFsAk s to the engineering common terminology of
edge stress intensity functions, we define:

A1(z) = −1

4

KI(z)

µ
√
2π
,A2(z) =

3

4

KII(z)

µ
√
2π

,A3(z) = 2
KIII(z)

µ
√
2π
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and with this terminology the stress vector is explicitly given in [22, equation (95)]:






























σρρ

σθθ

σϕϕ

σρθ

σρϕ

σθϕ































=
KI(θ)√
2πρ
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2

0
− sin ϕ
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− sin 3ϕ

2

0
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( ρ

R

)



















− 5λ+13µ
4(λ+µ)

cos ϕ
2
+ λ+9µ

4(λ+µ)
cos 3ϕ

2

− 2(2λ+µ)(λ+5µ)

(λ+µ)2
cos ϕ

2
+ 3λ+2µ

λ+µ
cos 3ϕ

2

− 3(λ+9µ)
4(λ+µ)

cos ϕ
2
− λ+9µ

4(λ+µ)
cos 3ϕ

2

0
λ−7µ
4(λ+µ)

sin ϕ
2
+ λ−7µ

4(λ+µ)
sin 3ϕ

2

0
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+
( ρ

R

)2























−−33λ2+430λµ+335µ2

96(λ+µ)2
cos ϕ

2
− 21λ2+154λµ+53µ2

36(λ+µ)2
cos 3ϕ

2
+ 311λ−5µ

32(λ+µ)
cos 5ϕ

2

µ(23λ+19µ)

2(λ+µ)2
cos ϕ

2
−

2(4λ+3µ)(−3λ2
−10λµ+µ2)

9(λ+µ)3
cos 3ϕ

2
− 3(5λ+4µ)

8(λ+µ)
cos 5ϕ

2
111λ2+142λµ−97µ2

96(λ+µ)2
cos ϕ

2
+ −3λ2+74λµ+61µ2

36(λ+µ)2
cos 3ϕ

2
− 3(3λ−13µ)

32(λ+µ)
cos 5ϕ

2

0
105λ2+322λµ+89µ2

96(λ+µ)2
sin ϕ

2
+ 3λ2+38λµ+19µ2

12(λ+µ)2
sin 3ϕ

2
+ 3(−9λ+7µ)

32(λ+µ)
sin 5ϕ

2

0
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K′

I(θ)√
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0
0
0

2(λ−µ)
λ+µ

cos ϕ
2
− 2(λ+3µ)

λ+µ
cos 3ϕ

2

0
2(λ+3µ)

λ+µ
sin ϕ

2
+ 2(λ+3µ)

λ+µ
sin 3ϕ

2



















+
( ρ

R

)



















0
0
0

9λ2+96λµ+71µ2

6(λ+µ)2
cos ϕ

2
− 3(3λ+µ)

2(λ+µ)
cos 3ϕ

2
+ 9λ2+24λµ+7µ2

3(λ+µ)2
cos 5ϕ

2

0
(9λ+µ)(3λ+5µ)

6(λ+µ)2
sin ϕ
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+ 3(λ−µ)

2(λ+µ)
sin 3ϕ

2
− 9λ2+24λµ+7µ2

3(λ+µ)2
sin 5ϕ
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K′′

I (θ)√
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( ρ
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−3λ+5µ
6(λ+µ)

cos ϕ
2
+ 21λ+61µ

18(λ+µ)
cos 3ϕ

2
2(3λ+2µ)

λ+µ
cos ϕ

2
− 4(4λ+3µ)(3λ+7µ)

9(λ+µ)2
cos 3ϕ

2
3λ−5µ
6(λ+µ)

cos ϕ
2
+ 3λ−5µ

18(λ+µ)
cos 3ϕ

2

0

− 3λ+11µ
6(λ+µ)

sin ϕ
2
− 3λ+11µ

6(λ+µ)
sin 3ϕ

2

0



















+ · · ·

+
KII(θ)√

2πρ





































− 5
3
sin ϕ

2
+ sin 3ϕ

2

− 4λ
3(λ+µ)

sin ϕ
2

− sin ϕ
2
− sin 3ϕ

2

0
1
3

(

cos ϕ
2
+ 3 cos 3ϕ

2

)

0

















+
( ρ

R

)





















− 51λ+107µ
60(λ+µ)

sin ϕ
2
+ λ+9µ

12(λ+µ)
sin 3ϕ

2
2(34λ2+83λµ+45µ2)

15(λ+µ)2
sin ϕ

2
+ 3λ+2µ

3(λ+µ)
sin 3ϕ

2

− λ+9µ
12(λ+µ)

sin ϕ
2
− λ+9µ

12(λ+µ)
sin 3ϕ

2

0

− 23λ+31µ
60(λ+µ)

cosϕ
2
+ −λ+7µ

12(λ+µ)
cos 3ϕ

2

0





















+
( ρ

R

)2



















− 1983λ2+6126λµ+4015µ2

1440(λ+µ)2
sin ϕ

2
+ 2121λ2+5490λµ+3161µ2

1260(λ+µ)2
sin 3ϕ

2
+ 11λ−5µ

32(λ+µ)
sin 5ϕ

2

72λ2+207λµ+131µ2

30(λ+µ)2
sin ϕ

2
−

2(420λ3+1413λ2µ+1482λµ2+497µ3)
315(λ+µ)3

sin 3ϕ
2

− 5λ+4µ
8(λ+µ)

sin 5ϕ
2

− 177λ2+1074λµ+1025µ2

1440(λ+µ)2
sin ϕ

2
− 39λ2+78λµ+55µ2

180(λ+µ)2
sin 3ϕ

2
− 3λ−13µ

32(λ+µ)
sin 5ϕ

2

0

− 777λ2+2178λµ+1273µ2

1440(λ+µ)2
cos ϕ

2
+ 399λ2+1006λµ+591µ2

420(λ+µ)2
cos 3ϕ

2
+ 9λ−7µ

32(λ+µ)
cos 5ϕ

2
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K′

II(θ)√
2πρ
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0
0
0
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3(λ+µ)

sin ϕ
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+ sin 3ϕ

2

0

− 2(λ+3µ)
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2
+ cos 3ϕ

2



















+
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0
0
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180(λ+µ)2
sin ϕ
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− 3λ+µ
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sin 3ϕ
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− 1

2
sin 5ϕ

2

0
−3λ2+34λµ+5µ2

180(λ+µ)2
cos ϕ

2
+ −λ+µ

2(λ+µ)
cos 3ϕ

2
− 1

2
cos 5ϕ

2



















+ · · ·



















+
K′′

II(θ)√
2πρ

( ρ

R
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−3λ+5µ
18(λ+µ)

sin ϕ
2

69λ+77µ
126(λ+µ)

sin 3ϕ
2

2(3λ+2µ)
3(λ+µ)

sin ϕ
2
− 4λ(3λ+7µ)

63(λ+µ)2
sin 3ϕ

2
3λ−5µ
18(λ+µ)

sin ϕ
2
+ 3λ−5µ

18(λ+µ)
sin 3ϕ

2

0
3λ+11µ
18(λ+µ)

cos ϕ
2
− 15λ+7µ

42(λ+µ)
cos 3ϕ

2

0



















+ · · ·

+
KIII(θ)√

2πρ

































0
0
0

1
2
sin ϕ

2

0
1
2
cos ϕ

2
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( ρ

R
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0
0
0

7
8
sin ϕ

2
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2
sin 3ϕ

2

0
5
8
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2
− 1

2
cos 3ϕ

2

















+
( ρ
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)2
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0
0

5
4
sin ϕ
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− 39
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2
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4
sin 5ϕ

2

0
1
4
cos ϕ
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− 33

64
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2
+ 1

4
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sin ϕ
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− 5λ+2µ

5µ
sin ϕ
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−λ(5λ+µ)
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sin ϕ

2

0
0

− 1
5
cos ϕ

2

0

















+
( ρ
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− 39λ+35µ
30(λ+µ)

sin ϕ
2
+ 2(66λ+53µ)

105(λ+µ)
sin 3ϕ

2
21λ+19µ
10(λ+µ)

sin ϕ
2
− (11λ+7µ)(15λ+13µ)

105(λ+µ)2
sin 3ϕ

2

− 3λ+5µ
15(λ+µ)

sin ϕ
2
− 3λ+5µ

15(λ+µ)
sin 3ϕ

2

0

− 27λ+19µ
60(λ+µ)

cos ϕ
2
+ 51λ+47µ

70(λ+µ)
cos 3ϕ

2

0



















+ · · ·



















+
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III(θ)√
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( ρ
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0

− 69λ+53µ
60(λ+µ)

sin ϕ
2

0

− 9λ+25µ
60(λ+µ)
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2

















+ · · ·

Of particularly interest are the edge stress intensity functions (ESIFs)KI(θ),KII(θ),KIII(θ) .
To extract them we extend the QDFM derived for the Laplace equation in [17] to the
elasticity system.

The mathematical derivation of the QDFM is sketched as follows. We multiply the
equilibrium equations by a test functionK(ρ, ϕ, θ) , (this is an arbitrary function that
will have to satisfy the equilibrium equation) then integrate the equations within the
torus denoted byΩ∗ in Fig 1 (note thatΩ∗ is a 3-D domain whose cross section is
shown in the figure). Finally weapply Green’stheorem to obtain:

0 =

∫

∂Ω∗

(K · ([T ]u)− ([T ]K) · u) dΓ+
∫

Ω∗✘
✘
✘
✘
✘
✘✘✿

0
K · (div σ

≈

(u))dΩ∗−
∫

Ω∗

(

div σ
≈

(K)
)

·udΩ
(3)
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where ∂Ω∗ is thetorus’s 2-D surface,[T ]u and [T ]K are the tractions onΓ asso-
ciated withu and the test vectorK :

[T ]u =
(

σ(u)
ρρ , σ

(u)
ρϕ , σ

(u)
ρθ

)T

, [T ]K =
(

σ(K)
ρρ , σ(K)

ρϕ , σ
(K)
ρθ

)T

(4)

and σ(u) and σ(K) denote the stresses associated with either the displacement field
u or K using (B.1).

Formally, the expansion (1) is the solution to the elasticity system whetherαk is
positive or negative. However, the negative eigenvalues (and the corresponding dual
eigenfunctions and shadows) result in an infinite displacement at the crack edge, so
are inadmissible from the “physical” viewpoint (and from the mathematical viewpoint
because the solution should lie in thespaceH1 ). Nevertheless, we may construct us-
ing these negative eigenvalues and the corresponding dual eigenfunctions and shadows
a test functionK . This way, K also satisfies identically the equilibrium equation
which is written in a condensed manner divσ

≈

(K) = 0 . Of course we cannot construct

K by a dual eigenpair and its infinite number of shadows, so we define thequasi-dual
function K(αj)

n,m (ρ, ϕ, θ) that is based on one dual eigenfunctionψ0,j,0(ϕ) and a
finite series of dual shadowsψh,j,f (ϕ) :

K(αj)
n,m

def
=

m
∑

h=0,1,2,···

∂hθBj(θ)ρ
−αj

n
∑

f=0

( ρ

R

)h+f

ψh,j,f(ϕ) (5)

Bj(θ) in an arbitrarily chosen function to be specified in the sequel. The explicit
recursive equations for the determination ofψh,j,f (ϕ) are provided in Appendix A.

Remark 1. Because the Navier-Laḿe system (the elasticity system) without body forces

is nothing more than divσ
≈

(u) = 0 , then divσ
≈

(

K
(αj)
n,m

)

is zero only forn,m → ∞ .

For finite n and m , divσ
≈

(

K
(αj )
n,m

)

6= 0 , thus the last term in(3) is not zero.

On the two flat surfacesΓ1 and Γ2 (faces that intersect at the crack edge) traction
free boundary conditions are considered, i.e.σ

(u)
ρρ = σ

(u)
ρϕ = σ

(u)
ρθ = 0 and σ(K)

ρρ =

σ
(K)
ρϕ = σ

(K)
ρθ = 0 , thus (3) reduces to (note that on the crack surfaces either[T ]u = 0

because of the traction-free condition on crack surfaces, or [T ]K = 0 since theK
is constructed using the dual solutions):

∫ 2π

0

∫ ϕ2

ϕ1

(K(αj)
n,m · [T ]u− [T ]K(αj)

n,m · u)
∣

∣

ρ0
(R+ ρ0 cosϕ)ρ0dϕdθ (6)

=

∫ 2π

0

∫ ϕ2

ϕ1

(K(αj)
n,m [T ] · u− [T ]K(αj)

n,m · u)
∣

∣

ρ1
(R+ ρ1 cosϕ)ρ1dϕdθ +

∫

Ω∗

div σ
≈

K
(αj )
n,m · u dΩ .

Definition 1. We define the surface-integralQρ[u,K
(αj)
n,m ] over the torus of minor
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radius ρ and major radiusR that surrounds the circular edge:

Qρ

[

u,K(αj)
n,m

]

def
=

∫ 2π

0

∫ ϕ2

ϕ1

(

K(αj)
n,m · [T ]u− [T ]K(αj)

n,m · u
)

ρ
(R+ ρ cosϕ)ρ dϕdθ.

(7)

Remark 2. In our previous publications we used the notation ofJρ , however this no-
tation is easily confused with the J-integral which is completely different so we changed
the notation toQρ to reduce any confusion.

With this notation, (6) may be restated as:

Qρ0

[

u,K(αj)
n,m

]

= Qρ1

[

u,K(αj)
n,m

]

+

∫

Ω∗

div σ
≈

K
(αj )
n,m · u dΩ. (8)

By substituting (5) in the equilibrium equation one obtains:

divσ
≈

K
(αj )
n,m = O

{

ρ−αj−2

[

Bj(θ)
( ρ

R

)n+1

+ ∂m+1
θ Bj(θ)

( ρ

R

)m+1
]}

(9)

= O
{

ρ−αj−2
( ρ

R

)1+min(n,m)
}

Multiplying (9) by (1) and integrating overΩ∗ with dΩ = Rρ
(

1 + ρ
R cosϕ

)

dρdϕdθ :

∫

Ω∗

div σ
≈

K
(αj )
n,m · udΩ = O

{

ρα0−αj

( ρ

R

)1+min(n,m)
}∣

∣

∣

∣

ρ0

ρ1

(10)

Substituting (10) in (8) one observes that in contrast to the2-D case,Qρ
[

u,K(αj)
n,m

]

is surface-dependent:

Qρ0

[

u,K(αj)
n,m

]

= Qρ1

[

u,K(αj)
n,m

]

+O
{

ρα0−αj

( ρ

R

)1+min(n,m)
}

∣

∣

∣

ρ0

ρ1
(11)

Remark 3. The choicem = n optimizes the number of shadow functions with respect
to m and n , and furthermore we take the limit asρ1 → 0 then(11)becomes

Qρ0

[

u,K(αj)
n,n

]

= Qρ1

[

u,K(αj)
n,n

]

+O
(

ρ
α0−αj

0

(ρ0
R

)1+n
)

(12)

Evaluating Qρ1
[

u,K(αj)
n,n

]

as ρ1 → 0 one notices that[T ]K(αj)
n,n and [T ]u

tend to infinity whereasu and ρ1 tend to zero. Since the left hand side of (12) is

evaluated at a finiteρ0 thenQρ1
[

u,K(αj)
n,n

]

has to go at the limitρ1 → 0 to a given

limit which is a constant. This implies that:

Qρ0

[

u,K(αj)
n,n

]

= Const+O
(

ρ
α0−αj

0

(ρ0
R

)1+n
)

(13)
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Finally we conclude thatQρ
[

u,K(αj)
n,n

]

is pseudo-path-independent, i.e. the dif-

ference in the integral value between two paths tends to zeroas the number of shadow
functionsn is increased, or the ratioρ/R decreases.

One notices that the integralQρ0 [u,K
(αj)
n,m ] over a torus of minor radiusρ0 and

major radiusR that surrounds the circular edge is mildly path dependent, with such a
dependency vanishing asρ0 → 0 and n→ ∞ .

3. Connecting the path integralQρ
[

u,K(αj)
n,n

]

and an ESIF - The axisymmetric
case

Consider first for simplicity theaxisymmetric case (Ak s areθ independent), for
which the solutionu in (1) is simplified to (ℓ = 0) :

u(ρ, ϕ) =
∑

k=0

Akρ
αk

∞
∑

i=0

( ρ

R

)i

φ0,k,i(ϕ) (14)

In this caseK(αj)
n,0 coincides withK(αj)

n,n for any n . For extractingAj we

computeQρ[u,K
(αj)
n,0 ] by (5), and then takeρ→ 0 , with Bj being θ independent,

and we chose the QDFK(αj)
n,0 in (7) for the axisymmetric case (m = 0 ):

K
(αj)
n,0 (ρ, ϕ)

∆
= Bjρ

−αj

n
∑

i=0

( ρ

R

)i

ψ0,j,i(ϕ) (15)

Because there is noθ -dependency, the integration overθ results in 2π and
Qρ[u,K

(αj)
n,0 ] reduces to:

Qρ

[

u,K
(αj)
n,0

]

def
= 2π

∫ ϕ2

ϕ1

{

K
(αj)
n,0 · [T ]u− [T ]K

(αj)
n,0 · u

}

ρ
R
(

1 +
ρ

R
cosϕ

)

ρdϕ

(16)
Inserting (14) in (16) one obtains

Qρ

[

u,K
(αj)
n,0

]

ρ→0
=







32π2αjµ(λ+2µ)R

(α2
j−1)(λ+µ)

AjBj j = 1, 2, 7, 8, 13, 14 · · ·
4π2αjµRAjBj j = 3, 9, 15

(17)

Remark 4. The ESIFs associated with the integer eigenvalues are not addressed here.

Thus we choose:

Bj =
(α2

j−1)(λ+µ)
32π2αjµ(λ+2µ)R , j = 1, 2, 7, 8, 13, 14 · · · (18)

Bj =
1

4π2αjµR
, j = 3, 9, 15 · · · (19)

Remark 5. To extract the ESIFs associated with mode I and mode II(i.e.A1, A2, A7, A8, A13, A14 · · · ) ,
we chooseBj according to(18), whereas for the ESIFs associated with mode III
(i.e.A3, A9, A15 · · · ) , we chooseBj according to(19).
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Remark 6. For example, for a circular crack with traction-free BCs,B1 is:

B1 = − 3(λ+ µ)

64π2µR(λ+ 2µ)
(20)

In conclusion, usingQρ0
[

u,K
(αj)
n,0

]

with theextraction constantgiven by either

(18) or (19) one obtains the required ESIF:

Qρ0

[

u,K
(αj)
n,0

]

= Aj +O
(

ρ
α0−αj

0

(

ρo
R

)n+1
)

(21)

3.1. A penny-shaped crack with traction-free BCs

For a penny-shaped crack with homogenous Neumann BCs,ω = 2π, (ϕ1 =
−π, ϕ2 = π) the eigenvalues areαj = 0, 0, 0, 12 ,

1
2 ,

1
2 , 1, 1, 1,

3
2 ,

3
2 ,

3
2 , 2, 2, 2, · · · .

The solution u in the vicinity of the crack front is (see [22] with the explicit
expressions forφ0,k,i provided in [16]):

u = A01

5
∑

i=0

( ρ

R

)i

φ0,01,i +A02φ0,02,0 +A03

1
∑

i=0

( ρ

R

)i

φ0,03,i (22)

+A1ρ
1/2

4
∑

i=0

( ρ

R

)i

φ0,1,i +A2ρ
1/2

4
∑

i=0

( ρ

R

)i

φ0,2,i +A3ρ
1/2

4
∑

i=0

( ρ

R

)i

φ0,3,i

+A4ρ

4
∑

i=0

( ρ

R

)i

φ0,4,i +A5ρ

4
∑

i=0

( ρ

R

)i

φ0,5,i +A6ρ

4
∑

i=0

( ρ

R

)i

φ0,6,i

+A7ρ
3/2

3
∑

i=0

( ρ

R

)i

φ0,7,i +A8ρ
3/2

3
∑

i=0

( ρ

R

)i

φ0,8,i +A9ρ
3/2

3
∑

i=0

( ρ

R

)i

φ0,9,i + · · ·

Extracting A1

To extractA1 , the extraction functionB1 in (20) is used and we construct the
QDF K(α1=1/2)

0,0 , . . . ,K
(1/2)
3,0 . For example the QDFK(1/2)

3,0 is:

K
(1/2)
3,0 = B1ρ

−1/2

























cos ϕ
2 −

(3λ+7µ)
3(λ+µ)

cos 3ϕ
2

− sin ϕ
2 + (λ+5µ)

3(λ+µ)
sin 3ϕ

2

0






+

(

ρ

R

)











−

(

λ2
−14λµ−47µ2

)

12(λ+µ)2
cos ϕ

2 + λ+5µ
12(λ+µ)

cos 5ϕ
2

−

(

5λ2+42λµ+69µ2
)

12(λ+µ)2
sin ϕ

2 −
−λ+3µ
12(λ+µ)

sin 5ϕ
2

0











(23)

+

(

ρ

R

)2









−
4(3λ−µ)µ(λ+2µ)

9(λ+µ)3
cos ϕ

2 −
(λ+9µ)(3λ+11µ)

96(λ+µ)2
cos 3ϕ

2 + (λ−3µ)
32(λ+µ)

cos 7ϕ
2

4µ(λ+2µ)(3λ+7µ)

9(λ+µ)3
sin ϕ

2 +

(

21λ2+106λµ+149µ2
)

96(λ+µ)2
sin 3ϕ

2 + (−3λ+µ)
32(λ+µ)

sin 7ϕ
2

0









+

(

ρ

R

)3











µ(λ+2µ)(9λ+5µ)

9(λ+µ)3
cos ϕ

2 +
2µ(λ+2µ)

(

45λ2+42λµ+13µ2
)

135(λ+µ)4
cos 3ϕ

2 + 5λ2+26λµ+53µ2

128(λ+µ)2
cos 5ϕ

2 −
5(3λ−µ)
384(λ+µ) cos 9ϕ

2

−
(3λ−µ)µ(λ+2µ)

9(λ+µ)3
sin ϕ

2 −

2µ(λ+2µ)
(

45λ2+98λµ+37µ2
)

135(λ+µ)4
sin 3ϕ

2 + −15λ2
−62λµ−79µ2

128(λ+µ)2
sin 5ϕ

2 + 5(5λ+µ)
384(λ+µ)

sin 9ϕ
2

0
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We substitute (22) andK(1/2)
0,0 , . . . ,K

(1/2)
3,0 in (16) with λ = 15/26, µ = 5/13, (E =

1, ν = 0.3) to obtain:

Qρ

[

u,K
(1/2)
0,0

]

=

(

1− 5ρ

64R
+ · · ·

)

A1 +

(

− 43ρ3/2

900πR
+ · · ·

)

A4 +

(

− 5ρ2

32R
+ · · ·

)

A7

+

( √
ρ

84πR
+ · · ·

)

A01 = A1 +O
(

ρ1/2

R

)

A01 (24)

Qρ

[

u,K
(1/2)
1,0

]

=

(

1− 547ρ2

1280R2
+ · · ·

)

A1 +

(

− 2363ρ5/2

462000πR2
+ · · ·

)

A4 +

(

− ρ3

4R2
+ · · ·

)

A7

+

(

7ρ3/2

16πR2
+ · · ·

)

A01 = A1 +O
(

ρ3/2

R2

)

A01 (25)

Qρ

[

u,K
(1/2)
2,0

]

=

(

1 +
3889ρ3

6000R3
+ · · ·

)

A1 +

(

− 505523ρ7/2

1456000πR3
+ · · ·

)

A4 +

(

12219ρ4

51200R3
+ · · ·

)

A7

+

(

− 2904791ρ5/2

3696000πR3
+ · · ·

)

A01 = A1 +O
(

ρ5/2

R3

)

A01 (26)

Qρ

[

u,K
(1/2)
3,0

]

=

(

1− 91241ρ4

144000R4
+ · · ·

)

A1 +

(

1488670331ρ9/2

1995840000πR4
+ · · ·

)

A4 (27)

+

(

74453573ρ5

230400000R4
+ · · ·

)

A7 +

(

27209149ρ7/2

22464000πR4
+ · · ·

)

A01 = A1 +O
(

ρ7/2

R4

)

A01

Observing (24)-(27) one notices that:

Qρ

[

u,K
(α1=1/2)
n,0

]

= A1 +O
(

ρ−1/2
( ρ

R

)n+1
)

(28)

This is exactly the expected result sinceα0 − α1 = −1/2 .

Extracting A2

We computeQρ0 [u,K
(α2=1/2)
n,0 ] , for α2 = 1/2 , with B2 = B1 = − 3(λ+µ)

64π2Rµ(λ+2µ) .

For example, forn = 3 the QDFK(1/2)
3,0 is:
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K
(1/2)
3,0 = B2ρ

−1/2















sin ϕ
2 −

(3λ+7µ)
λ+µ sin 3ϕ

2

cos ϕ
2 −

(λ+5µ)
λ+µ cos 3ϕ

2

0






+

(

ρ

R

)









25λ2+34λµ−23µ2

12(λ+µ)2
sin ϕ

2 + (λ+5µ)
4(λ+µ)

sin 5ϕ
2

3λ2
−26λµ−61µ2

12(λ+µ)2
cos ϕ

2 −
(λ−3µ)
4(λ+µ) cos 5ϕ

2

0









+

(

ρ

R

)2











4(λ+2µ)
(

15λ2+19λµ+8µ2
)

45(λ+µ)3
sin ϕ

2 −
205λ2+506λµ+237µ2

96(λ+µ)2
sin 3ϕ

2 + 3(λ−3µ)
32(λ+µ)

sin 7ϕ
2

4
(

15λ3+65λ2µ+86λµ2+32µ3
)

45(λ+µ)3
cos ϕ

2 −
155λ2+374λµ+155µ2

96(λ+µ)2
cos 3ϕ

2 + 3(3λ−µ)
32(λ+µ)

cos 7ϕ
2

0











+

(

ρ

R

)3











(λ+2µ)
(

75λ2+117λµ+46µ2
)

45(λ+µ)3
sin ϕ

2 −
2(λ+2µ)

(

525λ3+1070λ2µ+709λµ2+148µ3
)

1575(λ+µ)4
sin 3ϕ

2

−

(λ+2µ)
(

15λ2+57λµ+38µ2
)

45(λ+µ)3
cos ϕ

2 −

2λ+2µ)
(

525λ3+1470λ2µ+1261λµ2+332µ3
)

1575(λ+µ)4
cos 3ϕ

2

0

+ 179λ2+470λµ+259µ2

128(λ+µ)2
sin 5ϕ

2 −
5(3λ−µ)
128(λ+µ)

sin 9ϕ
2

+ 153λ2+402λµ+217µ2

128(λ+µ)2
cos 5ϕ

2 −
5(5λ+µ)
128(λ+µ)

cos 9ϕ
2

0

















(29)

A2 is computed by substituting (22) andK(1/2)
0,0 , . . . ,K

(1/2)
3,0 in (16) with λ =

15/26, µ = 5/13, (E = 1, ν = 0.3) :

Qρ

[

u,K
(1/2)
0,0

]

=

(

1 +
15ρ

64R
+ · · ·

)

A2 +

(

−14ρ3/2

13πR
+ · · ·

)

A5 +

(

33ρ2

160R
+ · · ·

)

A8

−11
√
ρ

14πR
A02 = A2 +O

(

ρ1/2

R

)

A02 (30)

Qρ

[

u,K
(1/2)
1,0

]

=

(

1 +
1763ρ2

1280R2
+ · · ·

)

A2 +

(

− 913ρ5/2

390πR2
+ · · ·

)

A5 +

(

7ρ3

40R2
+ · · ·

)

A8

+
61ρ3/2

120πR2
A02 = A2 +O

(

ρ3/2

R2

)

A02 (31)

Qρ

[

u,K
(1/2)
2,0

]

=

(

1 +
230167ρ3

180000R3
+ · · ·

)

A2 +

(

− 19807ρ7/2

15600πR3
+ · · ·

)

A5 (32)

+

(

− 666699ρ4

1280000R3
+ · · ·

)

A8 −
19527433ρ5/2

9240000πR3
A02 = A2 +O

(

ρ5/2

R3

)

A02

Qρ

[

u,K
(1/2)
3,0

]

=

(

1 +
4071269ρ4

1440000R4
+ · · ·

)

A2 +

(

− 521137547ρ9/2

154440000πR4
+ · · ·

)

A5 (33)

+

(

220603473ρ5

640000000R4
+ · · ·

)

A8 +
233573881ρ7/2

655200000πR4
A02 = A2 +O

(

ρ7/2

R4

)

A02

Again, one notices that:

Qρ

[

u,K
(1/2)
n,0

]

= A2 +O
(

ρ−1/2
( ρ

R

)n+1
)

(34)
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Extracting A3

For α3 = 1/2 , B3 = 1
2π2Rµ (see (19)). For example, forn = 3 the QDF

K
(α3=1/2)
3,0 is:

K
(α3=1/2)
3,0 = B3ρ

−1/2





0
0

sin ϕ
2



 +B3ρ
−1/2

(

ρ

R

)





0
0

−
1
4 sin 3ϕ

2



 (35)

+B3ρ
−1/2

(

ρ

R

)2





0
0

1
2 sin ϕ

2 + 3
32 sin 5ϕ

2



 +B3ρ
−1/2

(

ρ

R

)3





0
0

1
4 sin ϕ

2 −
3
8 sin 3ϕ

2 + −
5

128 sin 7ϕ
2





Substituting (22) andK(1/2)
0,0 , . . . ,K

(1/2)
3,0 in (16) with λ = 15/26, µ = 5/13, (E =

1, ν = 0.3) one obtains:

Qρ

[

u,K
1/2
0,0

]

=

(

1 +
ρ2

2R2
+ · · ·

)

A3 +

(

ρ2

4R
+ · · ·

)

A9 = A3 +O
(

ρ2

R2

)

A3, (36)

Qρ

[

u,K
1/2
1,0

]

=

(

1 +
ρ2

2R2
+ · · ·

)

A3 +

(

− ρ4

4R3
+ · · ·

)

A9 = A3 +O
(

ρ2

R2

)

A3, (37)

Qρ

[

u,K
1/2
2,0

]

=

(

1 +
ρ3

2R3
+ · · ·

)

A3 +

(

− 3ρ4

8R3
+ · · ·

)

A9 = A3 +O
(

ρ3

R3

)

A3, (38)

Qρ

[

u,K
1/2
3,0

]

=

(

1 +
15ρ4

16R4
+ · · ·

)

A3 +

(

5ρ5

16R4
+ · · ·

)

A9 = A3 +O
(

ρ4

R4

)

A3 (39)

Following (36)-(39):

Qρ

[

u,K
(α3=1/2)
n,0

]

= A3 +O
( ρ

R

)n+1

(40)

Remark 7. In the case of mode III the remainder ofQρ
[

u,K
(α3=1/2)
n,0

]

is
(

ρ
R

)n+1

instead ofρ−1/2
(

ρ
R

)n+1
as for mode I & II.

Remark 8. If a rigid body motion of the crack edge is absent (the coefficient A0i = 0 )

then the remainder when extractingA1 and A2 is of order O
(

(

ρ
R

)n+1
)

. This is

ρ1/2 faster compared to the case when there are rigid body motion of the crack edge
present. In [17] the same is true for the Laplace equation, although this observation
was not highlighted in that paper.

As an example we consider (22) withA01 = A02 = A03 = A1 = A2 = .... = 1
and extractA1 by the QDFM with QDFs of ordersn = 0, 1, 2, 3 and for different
ρ0 s for a penny-shaped crack of radiusR = 1 . The relative error as percentage of the
“extractedA1 ” is defined as:

eA1% = 100×
∣

∣

∣

∣

A1 −AExact
1

AExact
1

∣

∣

∣

∣

(41)
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Figure 2: Convergence of the extractedA1 with different QDFs. The numbers above the lines are the
asymptotic rates of convergence that are very close to the theoretical estimates.

In Figure 2 we present the relative error of the extracted ESIF as a function ofρ0 and
n and the asymptotic rate of convergence (these are the numbers close to the left axis).
Figure 2 demonstrates that the theoretical asymptotic rateof convergence is attained as
ρ0 → 0 , and asn increases.

3.2. Extracting ESIFs from p-FE solutions

In general the exact solutionu is unknown but only a numerical approximation
uFE is available. Thus we apply the QDFM in conjunction with the p-version of the FE
method. Several 3-D FE models with a circular crack are considered. Here the finite
element solutionuFE and σFE are extracted on a torus surface which surrounds the
circular singular edge (see Figure 3), andQρ0 [uFE,K

(αj)
n,0 ] is computed numerically.

K
(αj)
n,0 is computed analytically.

3.2.1. A torus with a circular crack and traction-free BCs.
The efficiency and accuracy of the QDFM is first checked by extracting the ES-

IFs for a simple problem of a torus with an inner crack. Consider a torus with an
axis (which is a circle) of a radiusR = 1 , and a small radius of1/2 , i.e. Ω =
{(ρ, ϕ, θ) | 0 < ρ < 1/2, −π < ϕ < π, 0 ≤ θ < 2π } . The radial coordinater is
bounded by1/2 = r1 < r < r2 < 3/2 . A crack is inserted in the torus defined by
r < R = 1, x3 = 0 (see Figure 4, Left).

On the crack surfaces traction free boundary conditions areprescribed, whereas on
the outer surface of the torus,ρ = 1/2, 0 ≤ θ < 2π the trace of the exact solution
(22) up to O(ρ4) is prescribed as Dirichlet BCs, withA01 = A02 = A03 = A4 =

14



Figure 3: Domain with a circular singular edge and the integral surface.

Figure 4: A torus with a circular crack and the axisymmetric finite element model.

A5 = A6 = A7 = · · · = 0 , and A1 = A2 = A3 = 1 . The analytic formula for the
boundary conditions coincides with the exact solution up toan order of(ρ/R)4 due
to the truncation of the series with respect to the indexi .

Qρ0 is computed using a quadrature of order90(= nGP) and uFE is extracted
from a FE solution atp = 8 having an error of0.32% in energy norm. The first three
ESIFs A1, A2, A3 are computed for different values ofρ0 and different number of
dual shadow functionsn of QDF K(αj)

n,0 . These relative errors forA1, A2, A3 in %
are summarized in Tables 1-3.

One notices the excellent results obtained asn increases orρ0/R tends to zero.
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Table 1: % Relative error inA1 for different numbers of shadow functions and different values of ρ0/R
for a circular crack with traction-free BCs.

ρ0/R = 0.4 ρ0/R = 0.3 ρ0/R = 0.2

n = 0 3.861 2.682 1.600

n = 1 4.763 2.868 1.276

n = 2 3.540 1.641 0.645

n = 3 1.238 0.310 0.085

Table 2: % Relative error inA2 for different numbers of shadow functions and different values of ρ0/R
for a circular crack with traction-free BCs.

ρ0/R = 0.4 ρ0/R = 0.3 ρ0/R = 0.2

n = 0 30.970 17.545 8.338

n = 1 26.559 13.184 4.827

n = 2 11.806 3.600 0.102

n = 3 7.914 1.460 0.665

3.2.2. A penny shaped crack in an infinite domain under an axial uniform stress
Sneddon was the first to analyze a penny shaped crack of a radius R under an axial

uniform stressσ0 in aninfinitedomain [18]. For this case the stress intensity function
is constant along the crack edge

KI = 2σ0

√

R

π
(42)

Remark 9. In engineering terminology the stress intensity function is defined as:

lim
ρ→0

σϕϕ
ρ1/2

√
2π

KI
= 1 (43)

Therefore, the connection betweenKI and A1 is obtained by inserting(43) into
(B.1): KI = −4µ

√
2πA1

We construct a FE model of a cylinder with a radiusb and heightH = 2b contain-
ing a penny-shaped crack of a radiusR = 1/2 at its mid-height. An illustration of the
problem is shown in Fig. 5 and the FE mesh in Fig. 6. The cylinder is loaded by an axial
uniform stressσ0 = 1 MPa,with the material propertiesE = 20000 MPa, ν = 0.3
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Table 3: % Relative error inA3 for different numbers of shadow functions and different values of ρ0/R
for a circular crack with traction-free BCs.

ρ0/R = 0.4 ρ0/R = 0.3 ρ0/R = 0.2

n = 0 9.646 4.726 1.633

n = 1 9.878 4.792 1.643

n = 2 3.996 1.123 0.122

n = 3 2.401 0.266 0.427

R

x
3

H

b=D/2

s
0

s
0

q

Figure 5: A cylinder with a penny-shaped crack under an axialuniform tension.

( µ = 7692.31 MPa, λ = 11538.46 MPa). In all example problems in this section
same material properties will be used and the integralQρ0 is computed by using a

quadrature of order90(= nGP) . KIFE is extracted byQρ0=0.1[uFE ,K
(α1=1/2)
4,0 ]

for different radii b of the cylinder. The FE solution atp = 8 has an error of0.04%
in energy norm. In Table 4 we compare the extractedKIFE by Qρ0=0.1[u,K

(1/2)
4,0 ]

to the exact SIF. Forb → ∞, H → ∞ , the SIF should tend to the value computed by
SneddonKISneddon

= 0.797885 .
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 R 

 R 

0.15 R

0.152 R

Figure 6: The FE model and mesh for a cylinder with a penny-shaped crack.

Table 4: The extractedKIFE
by Qρ0=0.1[uFE ,K

(1/2)
4,0 ]

b = 2.5 b = 5 b = 10 b = 15 b = 20 b = 25

KIFE 0.804678 0.798714 0.797928 0.797786 0.797574 0.797204

% relative error 0.851319 0.103892 0.005331 0.012452 0.039020 0.085314

3.2.3. A finite cylinder with a penny-shaped crack under an axial uniform stress.
Benthem and Koiter analyzed a penny shaped crack in a finite long cylinder using

an asymptotic method (see [2]). The stress intensityfactoris given by:

KI = σ0
√
πR

[

b2

b2 −R2

√

b−R

b

(

2

π
+
R

πb
− 5R2

4πb2
+ 0.268

R3

b3

)

]

(44)

For cylinder of finite radius no analytic results are available. Several FE and bound-
ary element methods were used to extract the ESIFs for such a configuration, for ex-
ample by [3, 12, 10, 6]. We solvethesame problem for a cylinder of radiusb = 1 and
heightH = 2.8 loaded by an axial uniform stressσ0 = 1 containing a penny-shaped
crack of a radiusR = 1/2 at the mid-height (FE mesh as in Figs. 6 is used).

KIFE is computed byQρ0=0.1[uFE ,K
(α1=1/2)
n,0 ] from a FE solution atp = 8

having an error of0.24% in energy norm. Because an exact ESIF is unavailable
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we compute a ”benchmarkKI ” using the Qρ0=0.001[uFE ,K
(α1=1/2)
4,0 ] , obtaining

KI = 0.861594 . The relative error between theKIFE and the benchmark value

is reported in Table 5. TheKIFE computed byQρ[uFE ,K
(1/2)
n,0 ] is compared to

Table 5: KIFE
computed byQρ0=0.1[uFE ,K

(1/2)
n,0 ] and the % of estimated relative error

n = 0 n = 1 n = 2 n = 3 n = 4

KIFE 0.857349 0.864749 0.859087 0.863598 0.861725

% estimatedrelative error in KIFE 0.492647 0.366198 0.290935 0.232632 0.015219

[2, 3, 10, 12, 6], and to the value computed by a pointwise version of the contour
integral method in StressCheck1 in Table 6. The ESIF may be extracted accurately by

Table 6: KI according to past publications

Benthem Chen et al. Kuo Leung&Su De Lacerda StressCheck Q0.1[uFE,K
(1/2)
4,0 ]

&Koiter [2] [3] [10] [12] &Wrobel [6] atρ = 0.001

KI 0.8624 0.8773 0.8557 0.8585 0.8598 0.8657 0.8617

the QDFM away from the singularities, without the need of a major mesh refinement.

3.2.4. ComputingKIII : A finite cylinder with a penny shaped crack under torsion.
In the previous examples we only addressedKI . Here we consider a penny-shaped

crack in a finite long cylinder under torsion for which Benthem and Koiter have an
approximate ESIF computed by asymptotic methods [2]):

KIII = σ0
√
πR

4b3R

3π (b4 −R4)

√

b−R

b

(

1 +
1

2

R

b
+

3

8

R2

b2
+

5

16

R3

b3
− 93

128

R4

b4
+ 0.0038

R5

b5

)

(45)
For the same problem Kuo used theJk integral combined with the finite element
method [10] obtaining

KIII = 0.3763
√

σ0R (46)

Consider a cylinder of radiusb = 1 and heightH = 2.8 containing a penny-
shaped crack at the mid-height. The cylinder is loaded by torsion T = (σ0πb

3)/2 =
π/2, (σ0 = 1) . The problem of interest and the BCs are shown in Fig.7 and theFE
mesh is shown in Fig. 6.

1StressCheck is a trademark of ESRD, St. Louis, USA
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Figure 7: A cylinder with a penny-shaped crack under torsion.

KIIIFE is computed byQρ0 [uFE ,K
(α3=1/2)
n,0 ] (KIIIFE = µ

√

π/2A3FE ) us-
ing a FE solution atp = 8 having an error of0.11% in energy norm. The “benchmark
KIIIFE ” is computed byQρ0=0.001[uFE ,K

(α3=1/2)
4,0 ] obtainingKIII = 0.268159 .

Table 7: ExtractedKIIIFE
by Qρ0=0.1[u,K

(1/2)
n,0 ] and the % estimated relative error

n = 0 n = 1 n = 2 n = 3 n = 4 Benthem Kuo

&Koiter [2] [10]

KIIIFE 0.278360 0.274324 0.269480 0.268880 0.268540 0.268488 0.268276

% estimated rel. error 3.714362 2.210723 0.405942 0.182345 0.055586

3.2.5. A cylinder with a cylindrical crack
Here we address a cylindrical crack in a cylinder of radiusb = 10 and height

H = 20 under radial uniform pressureP = 1 that invokes mixed mode I and II
ESIFs. The geometry and FE mesh are presented in Figures 9 and8. The circular
crack inclination in this case−π/2 < φ < 3π/2 requires dual and shadow functions
that are different compared to the penny shaped crack. Theseare provided in [16].

KIFE and KIIFE are computed by byQρ0 [uFE ,K
(α1,2=1/2)
4,0 ] using KIFE =

−4µ
√
2πA1FE and KIIFE = 4

3µ
√
2πA2FE and the FE solution atp = 8 having an

error of 0.15% in energy norm. In Table 8, we compareKIFE ,KIIFE to [7] and [3]
and to the values computed by StressCheck.
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Figure 8: A cylinder with a cylindrical crack under radial uniform pressure.
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Figure 9: The FE mesh for a cylinder with a cylindrical crack.

3.2.6. A cylinder with an external circular crack
The determination of the angle interval in this case is0 < ϕ < 2π and the crack

faces areϕ1 = 0 , ϕ2 = 2π . Therefore, the primal, dual and shadow functions are
different compared to the cracks considered herein and are provided in [16].

Consider a cylinder of a radiusb = 1 and hightH = 2.8 with an external circular
crack. The domain geometry and the mesh for this example problem are shown in Fig.
10. The cylinder is loaded by an axial uniform stressσ0 = 1 and we extractKIFE

by the QDFM using a FE solution atp = 8 having an error of0.71% in energy
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Table 8: ExtractedKIFE
& KIIFE

by Qρ0 [u,K
(1/2)
4,0 ] and the references values.

ρ0/R = Demir et al. Chen& Farris StressCheck

1/2 1/4 1/10 1/20 1/40 [7] [3] atρ = 0.0125

KI 0.8723 0.9568 0.9609 0.9606 0.9605 0.95 0.95 0.9391

KII 0.1397 0.1484 0.1489 0.1489 0.1489 0.15 0.15 0.1486

norm. We summarize in Table 9KIFE extracted byQρ0=0.1[u,K
(1/2)
n,0 ] for different

Figure 10: Domain and FE mesh for a cylinder with an external circular crack.

values of n . The estimated relative error is computed using the benchmark estimate
KIFE = 2.438603 extracted byQρ0=0.001[u,K

(1/2)
4,0 ] .

Note that KIFE in Table 9 is computed at a radius ofρ0 = 0.1 . The value
extracted byn = 4 is compared to reference values presented in [2, 13, 9, 1, 12]and
to the values computed by a pointwise algorithm atρ = 0.001 in an axisymmetric FE
model with a0.3% error in energy norm in Table 10.

3.2.7. Influence of rigid body motion
We have noticed that the eigenfunctions associated with theinteger eigenvalues are

no longer orthogonal to the dual eigenfunctions associatedwith the halves eigenvalues
(see Appendix C). This is especially important due to the rigid bodydisplacements and
rotations (associated withα0, α1, α2 = 0 and some ofα6, α7, α8 = 1 eigenvalues
that the crack edge almost always experiences). To demonstrate the influence of a rigid
body motion on the ESIFs extracted by the QDFM we consider twocases that differ
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Table 9: The extractedKIFE
by Qρ0=0.1[u,K

(1/2)
n,0 ] and the% estimated relative error.

n = 0 n = 1 n = 2 n = 3 n = 4

KIFE 2.4755 2.4263 2.4367 2.4394 2.4387

% estimated rel. error 1.51388 0.50436 0.07809 0.03292 0.00263

Table 10: KIFE
extracted byQρ0=0.1[u,K

(1/2)
4,0 ] compared to reference values.

Benthem& Koiter Oglesby& Lomacky Hellen Bakr Leung& Su StressCheck Q0.1[u,K
(1/2)
4,0 ]

[2] [13] [9] [1] [12] atρ0 = 0.001

KI 2.382 2.352 2.433 2.423 2.383 2.439 2.439

only by a single rigid body motion, see Fig. 11. On the cylinder in the left of Fig. 11
the BCs are such that the penny-shaped crack does not undergoa rigid body motion,
whereas the right cylinder is identical to the left one, but includes a rigid body motion
in the z direction. The FE meshes for this example problem are as in Fig. 6.

R=1/2

x
3

H
=
2
.8

b=1

uz=1

ux=uy=0

uz=-1

ux=uy=0

R=1/2

x
3

H
=
2
.8

b=1

uz=11

ux=-r Sin(q)-5 

uy=r Cos(q)+5

uz=9

ux=-r Sin(q)-5 

uy=r Cos(q)+5

a b

Figure 11: A cylinder with a penny shaped crack and the BCs: (a) Without a rigid body motion, (b) with a
rigid body motion.

KIFE ,KIIFE and KIIIFE extracted byQρ0 [uFE ,K
(α1,2,3=1/2)
n,0 ] for the two

cases compared to the benchmark values computed byQ0.001[uFE ,K
(α1,2,3)
4,0 ] are

summarized in Table 11.
The example demonstrates that the rigid body motion inz direction and rotation

along thex − y plane has only an influence on the computation ofKII but as the
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Table 11: KIFE
, KIIFE

&KIIIFE
and the reference values

without a rigid body motion

n = 0 n = 1 n = 2 n = 3 n = 4 benchmark value

KIFE 12002.38 12106.93 12024.88 12089.18 12062.61 12060.83

KIIFE 0.32 0.37 0.54 0.56 0.57 1.27

KIIIFE -0.01 -0.01 -0.01 -0.01 -0.01 1.54

with a rigid body motion

n = 0 n = 1 n = 2 n = 3 n = 4 benchmark values

KIFE 12002.38 12106.93 12024.88 12089.18 12062.61 12060.83

KIIFE -40665.55 5262.29 -4374.66 148.17 -150.25 1.27

KIIIFE -0.01 -0.01 -0.01 -0.01 -0.01 1.54

order of the QDF increases, the influence decreases. Forn = 4 one notices that the
value of KII (although not zero) is 2 orders of magnitude smaller compared to KI .
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4. Non-axisymmetric case

For a general non-axisymmetric case, the solutionu is given by (1), and the QDF
depends onθ through the extraction functionsBj(θ) :

K(αj)
n,m (ρ, ϕ, θ)

def
=

m
∑

h=0,2,4···

∂hθBj(θ)ρ
−αj

n
∑

f=0

( ρ

R

)h+f

ψhjf (ϕ) (47)

For a circularclosededge (θ ∈ [0, 2π]) the ESIFAk(θ) and their derivatives are
continuous along the edge so they may be expandedasa Fourier series

ÃkP (θ) = ak0 +

P
∑

p=1

ak2p−1 cos(pθ) +

P
∑

p=1

ak2p sin(pθ). (48)

In analogy to [21], for extracting each of the coefficientsajq , we need to choose a
specificBjq (θ) such that:

Qρ0 [u,K
(αj)
n,m (Bjq )] = ajq +O

(ρ0
R

)s(n,m)

. (49)

Therefore it is desired that an orthogonality relation be imposed betweenBjq (θ)
and sin(pθ) or cos(pθ) . These are chosen as

Bj2q−1 (θ) = bj2q−1 cos(qθ) or Bj2q (θ) = bj2q sin(qθ). (50)

To obtain preciselyajq alone, one must choosebjq such thatlimρ0/R→0

{

Qρ0

[

u,K
(αj)
0,0 (Bjq )

]}

=

ajq . This bjq is be obtained by evaluatinglimρ0/R→0

{

Qρ0

[

u,K(αj)
n,m

]}

= limρ0/R→0

{

Qρ0

[

u,K
(αj)
0,0

]}

.

Inserting (1) and (47) withAk(θ) represented by (48) andBjq (θ) in (50) to (7),
one obtains the following expressions forbjq . For ESIFs associated with mode I and
mode II (i.e. A1, A2, A7, A8, A13, A14 · · · ), bjq is:

bj0 =

(

α2
j − 1

)

(λ+ µ)

32π2αjµ(λ+ 2µ)R
, q = 0 (51)

bjq =

(

α2
j − 1

)

(λ+ µ)

16π2αjµ(λ + 2µ)R
, q 6= 0 (52)

For ESIFs associated with mode III (i.e.A3, A9, A15 · · · ), bjq is:

bj0 =
1

4π2αjµR
, q = 0 (53)

bjq =
1

2π2αjµR
, q 6= 0 (54)
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For a penny-shaped crack, for example, with homogenous Neumann BCs, ω =
2π, (ϕ1 = −π, ϕ2 = π) we computeQρ0 [u,K

(αj)
n,m (Bjq )] analytically for different

n and m . We representu up to order ofρ9/2 (the explicit expressions forφℓ,k,i
and ψℓ,k,i are provided in [16]). The Fourier coefficientsajq are obtained by (13) as
follows:

Qρ0 [u,K
(αj)
n,m (Bjq )] = ajq +O

{

ρα0−α1
0

[

(ρ0
R

)n+1

+
(ρ0
R

)m+1
]}

(55)

4.1. Numerical examples

4.1.1. A cylinder with a penny-shaped crack in bending
Benthem and Koiter analyzed a penny shaped crack in a long cylinder under bend-

ing using an asymptotic method [2]. They report the maximum stress intensity factor

KI =
4σ0
3
√
π

b2R

b4 −R4

√

(b −R)R

b

(

1 +
1

2

R

b
+

3

8

(

R

b

)2

+
5

16

(

R

b

)3

− 93

128

(

R

b

)4

+ 0.483

(

R

b

)5
)

(56)
Kuo used theJk integral in combination with the finite element method to extract

the stress intensity function for a penny-shaped crack in a finite cylinder under bending
(see [10]):

KI(θ) =
(

0.3762
√

σ0R
)

sin θ (57)

We consider a cylinder with a radiusb = 1 and heightH = 2.8 containing a
penny-shaped crack of radiusR = 1/2 at the mid-height loaded by a bending moment
M = σ0πb

2/4 = π/4 as shown in Fig. 12. The FE mesh is the same one presented in
Fig 6.

5.40 H=2.8 

0.97 0.5 

0.97R=1/2

0.140.085

0.030.01445

M=s0pb4/4=p/4

b=1

M=s0pb4/4=p/4

Figure 12: A cylinder with a penny-shaped crack under bending BCs.

We extractK̃IFE (θ) by Qρ0 [uFE ,K
(α1=1/2)
n,m (Bjq )] with KIFE (θ) = −4µ

√
2πA1FE (θ)

and the FE solution atp = 8 having an error of0.15% in energy norm.
The amplitude ofKIFE (θ) computed byQρ0=0.1[uFE ,K

(α1=1/2)
n,m (B1q )] is com-

pared to the reference values in [2, 10] in Table 12.
We also obtain thata1p ≈ 0 for all p 6= 2 , demonstrating the the ESIF functional

representation issin(θ) as expected. The ESIF̃KI(θ) for the differentn s are shown
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Table 12: Maximum value ofKI (the sin θ coefficient) computed byQ0.1[uFE ,K
(1/2)
n,n (B12 )]

n = 0 n = 1 n = 2 n = 3 Benthem&Koiter [2] Kuo [10]

0.296589 0.274168 0.266477 0.271342 0.271317 0.266013
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I

× StressCheck atΡ=0.001

n=m=3

n=m=2

n=m=1
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Figure 13: ExtractedK̃I(θ) by Qρ0=0.1[u,K
(1/2)
n,m=n[B1q ]] at ρ0 = 0.1 and the pointwise values at

ρ0 = 0.001 .

in Fig. 13 compared to the point-wise values computed atρ0 = 0.001 . This example
demonstrates that a very accurate functional representation of the ESIF can be obtained
as n increases using an extraction radius which is 20% of the crack radius - therefore,
the FE mesh does not need to be refined considerably towards the singular edge.
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4.1.2. An inclined penny-shaped crack in a cube under a general load
The last example is an inclined penny-shaped crack in a cube,that excites all ESIFs.

Consider a
√
12.5×

√
12.5×

√
12.5 cube with a penny-shaped crack of radiusR =

1/2 at its center inclined at an angle of45o with respect to they axis (the normal to
the crack plane is alongz direction), see Fig. 14. The left upper face of the cube is
loaded by a unit traction in thex and y directions and three other faces are subject to
symmetric BCs.

Figure 14: FE model of the cube with an inclined penny-shapedcrack including the loading BCs.

We extract K̃IFE (θ), K̃IIFE (θ), K̃IIIFE (θ) by Qρ0 [uFE ,K
(α1,2,3=1/2)
n,n (Bjq )] .

The integralQ0.1 is computed by using a quadrature of order90(= nGP) and uFE

is extracted from a FE solution atp = 8 having an error of1.34% in energy norm.
The FE model contains 720 elements and 181000 degrees of freedom with three layers
around the circular crack of dimensions0.25, 0.25 ∗ 0.15, 0.25 ∗ 0.152 . We used nine
extraction functionsBjq to compute the nineaj1 , · · · , aj9 (their values are provided
in Appendix D). To estimate the relative error, the extracted ESIFs atρ = 0.001 and
n = 3 were used as benchmarks. We also used the pointwise extraction method avail-
able in the FE code StressCheck to compute at specific points along the edgeKI and
KII (the algorithm in StressCheck cannot computeKIII ) at ρ = 0.001 to double
verify the benchmark data. In Figures 15-17 we present the functional representation
of the first three stress intensity functions along the crackfront (computed using the
extractedajq ) and the estimated relative error in percentage asn increases. The
convergence of the extracted ESIFs to the benchmark functions is clearly visible asn
increases, although the extraction radius is relatively large.
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Figure 15: The extractedKI and the % relative error inKI .
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5. Summary and Conclusions

The QDFM introduced in [17] for circular singular edges in the framework of the
Laplace equation has been extended to the elasticity system. We demonstrated that
one may compute the edge stress intensity functions with high accuracy from p-FE
models for axisymmetric as well as non axisymmetric cases. One of the most important
advantages of the present method is that the required data from a FE model can be
retrieved away from the singular edge therefore one does notneed to considerably
refine the mesh in the vicinity of the crack front. Any ESIF canbe extracted having
a functional representation (and not only pointwise valuesalong the edge). Although
we considered in this paper only circular cracks, the methodis equally applicable to
any singular circular edge (V-notches for example), and we restricted our attention to
cracks due to their special engineering importance.

For the extraction of ESIFs of higher indexesAj , Aj+1... , with j ≤ 7 , associated
with eigenvalues for whichαj = αi + q, q ∈ N , the case of resonance illustrated
in [17] may occur. For these situations one needs to modify the QDF so to include
another shadow functionψ0,j,1 . This case is not addressed here due to being only a
technical procedure.

Several numerical example problems have been presented which demonstrate the
robustness, accuracy and efficiency of the QDFM when appliedin conjunction with the
p-version of the FE method.

One of the topics which is still under investigation is the computation of dual eigen-
functions associated with the integer eigenvalues(αj ∈ N) . The algorithm in Ap-
pendix A is inappropriate for the integer eigenvalues and further research is neces-
sary for their determination. Also, the new QDFM may be used for extracting ESIFs
for more realistic and intrigue problems of planar cracks ofvarious shapes (elliptical
cracks for example, and cracks that terminate at the free surface). These topics are
under research and will be reported in future publications.
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Appendix A. The dual-eigenfunctionsψh,j,f

Eigenfunctions and their shadows are obtained by a recursive set of equations given

in [22]. The dual eigenfunctions and their shadowsψh,j,f(ϕ) =
(

ψρh,j,f , ψ
ϕ
h,j,f , ψ

θ
h,j,f

)T

are obtained by the same recursive set of equations as for theprimal eigenfunctions and
shadows with−αj instead ofαj :

[m0]ψh,j,f = − (2 cosϕ[m0] + [m01])ψh,j,f−1 −
(

cos2 ϕ[m0] + cosϕ[m01] + [m02]
)

ψh,j,f−2

−[m10]ψh−1,j,f − (cosϕ[m10] + [m11])ψh−1,j,f−1 − [m2]ψh−2,j,f , h ≥ 0, f ≥ 0
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ψ s having negative indices are set to zero. The[m] s are differential operators given
by (we denoteβ = −αj + h+ f ):

[m0]ψh,j,f =





(λ + 2µ)
(

β2
− 1

)

+ µ∂ϕϕ ((λ + µ)β − (λ+ 3µ)) ∂ϕ 0
((λ + µ)β + (λ+ 3µ)) ∂ϕ µ

(

β2
− 1

)

+ (λ+ 2µ)∂ϕϕ 0
0 0 µ

(

β2 + ∂ϕϕ

)



ψh,j,f

[m01]ψh,j,f =





(λ+ 2µ) cosϕβ − µ sinϕ∂ϕ sinϕ (µ− (λ+ µ)β) 0
−(λ+ 2µ) sinϕ + (λ+ µ) cosϕ∂ϕ cosϕ (µ (β − 1) − λ) − (λ+ 2µ) sinϕ∂ϕ 0

0 0 µ (β cosϕ− sinϕ∂ϕ)



ψh,j,f

[m02]ψh,j,f =





−(λ+ 2µ) cos2 ϕ (λ+ 2µ) cosϕ sinϕ 0
(λ+ 2µ) sinϕ cosϕ −(λ + 2µ) sin2 ϕ 0

0 0 −µ



ψh,j,f

[m10]ψh,j,f =





0 0 (λ+ µ)β
0 0 (λ+ µ)∂ϕ

(λ+ µ)(β + 1) (λ + µ)∂ϕ 0



ψh,j,f

[m11]ψh,j,f =





0 0 −(λ + 3µ) cosϕ
0 0 (λ+ 3µ) sinϕ

(λ+ 3µ) cosϕ −(λ + 3µ) sinϕ 0



ψh,j,f

[m2]ψh,j,f =





µ 0 0
0 µ 0
0 0 (λ + 2µ)



ψh,j,f

For clamped or traction-free BCs:

ψρ
h,j,f = ψϕ

h,j,f = ψθ
h,j,f = 0 onΓ1 ∪ Γ2 Clamped BCs.

[t0]ψh,j,f = − ([t1] + cosϕ [t0])ψh,j,f−1 − [t2]ψh−1,j,f onΓ1 ∪ Γ2 Traction-free BCs.

ψh,j,f s with negative index are zero, and

[t0]ψh,j,f =





µ∂ϕ µ (β − 1) 0
2µ + λ (β + 1) (λ + 2µ)∂ϕ 0

0 0 µ∂ϕ



ψh,j,f

[t1]ψh,j,f =





0 0 0
λ cosϕ −λ sinϕ 0

0 0 µ sinϕ



ψh,j,f

[t2]ψh,j,f =





0 0 0
0 0 λ
0 µ 0



ψh,j,f
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Appendix B. The stress-displacements connections inρ, ϕ, z coordinates

Having the displacement vector inρ, ϕ, z coordinates, then the corresponding
stress vector (under the assumption of an isotropic material) is given by:

















σρρ
σθθ
σϕϕ
σρθ
σρϕ
σθϕ

















=





















λ 1
ρ + (λ+ 2µ)∂ρ λ 1

ρ∂ϕ 0

λ
(

1
ρ + ∂ρ) λ 1

ρ∂ϕ 0

(λ+ 2µ) 1ρ + λ∂ρ (λ+ 2µ) 1ρ∂ϕ 0

0 0 µ∂ρ

µ 1
ρ∂ϕ µ

(

− 1
ρ + ∂ρ

)

0

0 0 µ 1
ρ∂ϕ

























uρ
uϕ
uθ



 (B.1)

+
1

R

1

1 + ρ
R cosϕ

















λ cosϕ −λ sinϕ 0
(λ+ 2µ) cosϕ −(λ+ 2µ) sinϕ 0

λ cosϕ −λ sinϕ 0
0 0 −µ cosϕ
0 0 0
0 0 µ sinϕ





















uρ
uϕ
uθ





+
1

R

1

1 + ρ
R cosϕ

















0 0 λ
0 0 λ+ 2µ
0 0 λ
µ 0 0
0 0 0
0 µ 0

















∂θ





uρ
uϕ
uθ





Appendix C. The non-orthogonality between the primal eigenfunctions φ0,0,0

and the primal dual eigenfunctions ψ0,1,0

We demonstrate that no orthogonality exists between the primal eigenfunctions
that correspond to the zero eigenvalueφ0,0,0 and the primal dual eigenfunctions that
correspond toαj = 1/2 : ψ0,1,0 , ψ0,2,0 , ψ0,3,0 .

For a penny-shaped crack with traction-free BCs, the first primal eigenfunctions
φ0,01,0,φ0,02,0,φ0,03,0 associated with the eigenvaluesα01 = α02 = α03 = 0 are

φ0,01,0 =





cosϕ
− sinϕ

0



 , φ0,02,0 =





sinϕ
cosϕ
0



 , φ0,03,0 =





0
0
1



 .

(C.1)
The first singular dual eigenfunctions which belong to the dual eigenvaluesα1 =

α2 = α3 = −1/2 are

ψ0,1,0 =







cos ϕ2 − 3λ+7µ
3(λ+µ) cos

3ϕ
2

− sin ϕ
2 + λ+5µ

3(λ+µ) sin
3ϕ
2

0






, ψ0,2,0 =







sin ϕ
2 − 3λ+7µ

λ+µ sin 3ϕ
2

cos ϕ2 − λ+5µ
λ+µ cos 3ϕ

2

0






,

(C.2)
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ψ0,3,0 =





0
0

sin ϕ
2



 .

Therefore the QDFsK(αj=1/2)
0,0 are:

K
(αj)
0,0 = Bjρ

−1/2ψ0,j,0, j = 1, 2, 3. (C.3)

Taking
u = A01ρ

0φ0,01,0 +A02ρ
0φ0,02,0 +A03ρ

0φ0,03,0 (C.4)

Substituting (C.4) and (C.3) inQρ0
[

u,K
(α1,2,3=1/2)
0,0

]

with B1 = B2 = − 3(λ+µ)
64π2Rµ(λ+2µ)

and B3 = 1
2π2Rµ one obtains

Qρ0

[

u,K
(α1=1/2)
0,0

]

= −A01

(9λ+ 2µ)

42π2µ

√
ρ

R
= O

(√
ρ

R

)

Qρ0

[

u,K
(α2=1/2)
0,0

]

= −A02

5λ− 2µ

14π2µ

√
ρ

R
= O

(√
ρ

R

)

Qρ0

[

u,K
(α3=1/2)
0,0

]

= 0

Appendix D. The values of the extractedajq for the inclined penny-shaped crack
in a cube

Table D.13: The extracted coefficients ofKI , KII ,KIII by Qρ0=0.1[u,K
(1/2)
0,0 ]

const cos θ sin θ cos 2θ sin 2θ cos 3θ sin 3θ cos 4θ sin 4θ

KI 4.2663E-01 -2.3802E-01 8.8985E-02 -3.8707E-02 2.8649E-02 6.2349E-03 5.7747E-03 9.2071E-04 2.9970E-03

KII -2.7674E-01 3.7675E-01 -6.5232E-02 -2.0040E-02 1.0162E-02 6.7109E-04 -5.8252E-03 -2.0649E-04 -1.0945E-03

KIII -4.1192E-02 1.1710E-01 -2.0549E-01 3.2200E-02 3.2410E-02 -4.0250E-03 -1.6510E-03 -9.6340E-04 2.1308E-04

Table D.14: The extracted coefficients ofKI , KII ,KIII by Qρ0=0.1[u,K
(1/2)
1,1 ]

const cos θ sin θ cos 2θ sin 2θ cos 3θ sin 3θ cos 4θ sin 4θ

KI 4.2737E-01 -1.1500E-01 8.1358E-02 -1.7252E-02 1.1115E-02 5.0005E-03 4.5736E-03 1.1285E-03 4.1211E-03

KII 5.7558E-03 3.6916E-01 7.5537E-03 -2.0185E-02 1.0635E-02 3.2045E-04 -5.1922E-03 -1.4654E-04 -7.1171E-04

KIII -4.0593E-02 2.0074E-02 -2.5049E-01 1.3255E-02 2.0369E-02 -5.1733E-03 -7.8239E-04 -8.7454E-04 1.9579E-04
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Table D.15: The extracted coefficients ofKI , KII ,KIII by Qρ0=0.1[u,K
(1/2)
2,2 ]

const cos θ sin θ cos 2θ sin 2θ cos 3θ sin 3θ cos 4θ sin 4θ

KI 4.3633E-01 -2.5474E-02 7.8526E-02 -1.0070E-02 3.7861E-03 4.5394E-03 4.0790E-03 1.1749E-03 4.3054E-03

KII -5.3593E-02 3.5138E-01 9.8270E-03 -2.3582E-02 1.6069E-02 7.4543E-04 -5.0210E-03 -1.6173E-04 -8.8043E-04

KIII -3.9880E-02 1.9934E-02 -2.3347E-01 1.8186E-02 2.1701E-02 -3.2168E-03 -1.3137E-03 -7.9688E-04 1.0223E-04

Table D.16: The extracted coefficients ofKI , KII ,KIII by Qρ0=0.1[u,K
(1/2)
3,3 ]

const cos θ sin θ cos 2θ sin 2θ cos 3θ sin 3θ cos 4θ sin 4θ

KI 4.3358E-01 -4.9469E-02 7.8258E-02 -3.8914E-03 -2.1030E-03 8.7098E-04 3.5500E-04 5.6592E-04 1.2567E-03

KII -2.5526E-02 3.4930E-01 1.8877E-02 -2.3950E-02 1.6576E-02 7.0836E-04 -4.9799E-03 -1.5220E-04 -8.1467E-04

KIII -3.9792E-02 1.1110E-02 -2.3896E-01 1.1571E-02 1.7480E-02 -3.8102E-03 -6.7686E-04 -6.4577E-04 9.1637E-05
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