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Abstract

The solution to elasticity problems in three-dimensional (3-D) polyhedral domains in the vicinity of an edge is represented by a family
of eigen-functions (similar to 2-D domains) complemented by shadow-functions and their associated edge stress intensity functions
(ESIFs), which are functions along the edge. These are of major engineering importance because failure theories directly or indirectly
involve them.

In isotropic materials one may compute analytically the eigen-functions and their shadows [Z. Yosibash, N. Omer, M. Costabel, M.
Dauge, Edge stress intensity functions in polyhedral domains and their extraction by a quasi-dual function method, Int. J. Fract. 136
(2005) 37-73], used in conjunction with the quasi-dual function method [M. Costabel, M. Dauge, Z. Yosibash, A quasi-dual function
method for extracting edge stress intensity functions, SIAM J. Math. Anal. 35 (5) (2004) 1177-1202] for extracting ESIFs from finite
element solutions. However, in anisotropic materials and multi-material interfaces the analytical derivation becomes intractable and
numerical methods are mandatory. Herein we use p-finite element methods (p-FEM) for the computation of the eigen-pairs and shadow
functions (together with their duals). Having computed these, the p-FEM is used again to obtain a FE solution from which we extract
approximations of the ESIFs based on a family of adaptive hierarchical Jacobi polynomials of increasing order.

Numerical examples for 3-D isotropic and anisotropic materials are provided for which the eigen-pairs and shadow functions are
numerically computed and ESIFs extracted. These examples show the efficiency and high accuracy of the numerical approximations.
© 2007 Elsevier B.V. All rights reserved.

Keywords: Edge stress intensity functions; p-FEM; Fracture mechanics

1. Introduction

Mechanical failures in anisotropic laminated composites and electronic devices are usually observed along edges. There-
fore, an increasing interest in predicting and eventually preventing these failures leads to renewed interest in the solutions of
three-dimensional linear elastic problems at edges. Due to the complex treatment of the elasticity system in the vicinity of a
three-dimensional edge, most of the research in the past has focused on two-dimensional (2-D) domains under the assump-
tion of plane stress or plane strain. The 2-D elastic solution in polygonal domains in the vicinity of reentrant corners, and
especially crack tips, has been studied for over 50 years and known to be expressed as an asymptotic series. It is described in
terms of special singular functions (eigen-functions) depending on the geometry and the boundary conditions in the vicinity
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of the corner on one hand, and of unknown coefficients (stress intensity factors) depending on the given body forces and
tractions on the other hand. The eigen-pairs (eigen-values and eigen-functions) may be obtained by several techniques. An
analytical method for computing eigen-pairs in isotropic domains is provided in many prior publications [21,12,9,2]. A
semi-analytic approach for the eigen-pairs computations was presented in [6], applicable to anisotropic domains. Many
numerical methods were developed, as for example in [13,20,23] which are applicable also to anisotropic and multi-material
interfaces.

In daily basis applications of fracture mechanics, configurations which are inherently three-dimensional (3-D) are quite
frequently encountered. In 3-D polyhedral domains, the solution is represented by three different asymptotic expansions
based on its vicinity to either an edge, a vertex or a vertex-edge [8]. In the vicinity of edges the solution may be represented
by a series expansion characterized by exponents o; which belongs to a discrete set of eigen-values and that each eigen-
value has an associated eigen-function (pf)“)(H). These eigen-pairs depend only on the geometry, material properties and
boundary conditions in the vicinity of the edge and may be computed by solving a set of 2-D problems. The coefficients
of the series expansion are functions along the edge, denoted by A4;(x3) (x3 is a coordinate along the edge). 4;(x3) is asso-
ciated with the ith eigen-value and called “edge stress intensity function” (ESIF) which determines the “amount of energy”
residing in each singularity. From the engineering perspective 4;(x;) associated with o; < 1 are of major importance
because these are correlated to failure initiation. In addition to the eigen-pairs, “new functions’ appear in the series expan-
sion in 3-D domains, called “shadows”, that have no counterparts in 2-D domains, see [7]. The edge eigen-pairs and their
shadows in cracked or notched domains were first addressed by Hartranft and Sih in [10]. At the time however, these were
not presented explicitly and the general structure of the asymptotic expansion not observed. Based on the abstract formu-
lation in [7] we have expressed explicitly in [22] the series solution in the vicinity of an edge as a combination of eigen-
functions and their shadows for isotropic materials. We provided the mathematical algorithm for the construction of
the asymptotic elastic solution in the vicinity of an edge (which is an extension of the two-dimensional case), and a
new extraction method named quasi-dual function method, was applied to obtain the polynomial approximation of the
ESIFs. This method can be viewed as an extension of the dual function extraction method in 2-D [3,18] and its theoretical
details were firstly introduced in [7]. Application of the quasi-dual function method for the extraction of EFIFs from finite
element (FE) solution requires the dual eigen-functions and their dual shadows which may be computed analytically for
isotropic domains.

In anisotropic and multi-material interfaces, the eigen-functions, their shadows and the dual eigen-functions cannot be
computed analytically, and numerical methods are required. Because these functions are analytic and depend on one var-
iable, the use of p-FEMs for their computation possess the advantage of exponential convergence rates. Using the numer-
ically computed eigen-functions, their duals and shadows, the functional J[R]is used [7,22] which is a surface integral along
a cylindrical surface in order to compute the ESIF explicitly as a function of x3 (the coordinate along the edge). The J[R]
computation is a post-processing step in a p-version finite element code. To demonstrate the accuracy and efficiency of
ESIFs extraction two example problems are considered — a crack in an isotropic domain for which an analytical solution
exists, and a crack in an anisotropic domain. This method provides the functional representation of the ESIFs along x;, as
opposed to other methods providing point-wise values of the ESIFs along the edge as the J-integral [11] and the H-integral
[15]. Most importantly, the method is adaptive, providing a better polynomial representation of each of the ESIFs as the
special hierarchical family of extraction polynomials is increased.

This paper is organized as follows:

e We start with notations, the linear anisotropic elastic problem and asymptotic expansion of the solution in the neigh-
borhood of an edge in Section 2.

e The weak formulation for the computation of the primal eigen-pairs and their duals, followed by the p-FEM formula-
tion are provided in Section 3.

o Using the primal eigen-pairs, we proceed to the weak formulation required for the computation of the shadow functions
and their duals in Section 4.

e To demonstrate the accuracy and efficiency of the proposed numerical method for the computation of eigen-pairs, dual
and shadow functions, we consider an isotropic domain for which the analytical solution is available. In Section 5 a
cracked isotropic domain with traction free boundary conditions is considered. Comparison of the eigen-pairs, dual
and shadow functions computed by p-FEMs with the analytical values show an exponential convergence rate. For this
problem we provide in Appendix A the explicit analytic formulas for the eigen-functions, duals and shadows.

e The J[R] integral is then recalled and briefly explained in Section 6. It is being used in conjunction with the numerically
computed dual functions and their shadows to extract ESTFs from p-FE solutions. Two examples are provided — a crack
in an isotropic domain for which the analytical solution is known, and a crack in an anisotropic domain. The extracted
ESIFs are shown to be accurate and methods are efficient.

e We conclude by a summary in Section 7.
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2. Elastic solution in the vicinity of an edge
2.1. Notations and the differential equations

Consider a domain Q in which one straight edge & of interest is present. For simplicity of presentation let the domain be
generated as the product Q = G x I where [ is the interval [—1, 1], and G is a plane bounded sector of opening w € (0, 27x]
with a radius 1 (the case of a crack, w = 27, is included), as shown in Fig. 1. Of course any G or I can be chosen and these
simplified ones have been chosen for simplicity of presentation.

The variables in G and I are (x;,x;) and x3 respectively, and the coordinates (x|, x,,x3) are denoted by x. Let (r, 0) be the
polar coordinates centered at the vertex of G so that G coincides with {(x;,x;) € R*|r € (0,1),0 € (0,)}. The edge & of
interest is the set {x € R* | » = 0,x3 € I'}. The two flat planes that intersect at the edge & are denoted by I'; and I'. For any
R, 0 < R < 1, the cylindrical surface I'k is defined as follows:

Ip:={xeR|r=R,0€ (0,w),x €l}. v

Remark 1. The methods presented in the paper are restricted to geometries where the edges are straight lines and the angle
o is fixed along x3. For a non-fixed w along x3, the eigen-values are also x3; dependent and therefore the theorem presented
herein (see Theorem 1 in the sequel) is not applicable.

Remark 2. In general the eigen-pairs associated with the elasticity operator may be complex which add another level of
technical complexity. Herein, for simplicity of presentation, we concentrate our attention on cases for which the eigen-val-
ues smaller than 1 are real. Nevertheless, the application of the method for complex eigen-values is conceptually the same
and will be addressed in a future publication.

To distinguish between the displacement vector in Cartesian or Polar coordinates, we denote these by
u= {ul,uz,m}T,iJ = {ur,u(),ux3}T, respectively and use either of them when convenient. The strains and stresses are
denoted by &= {e11, 62,653, 723, 13 P12} +E = {6 €005 €33, 703, Vo3 Vot aNd @ = {011,003, 023, 613,012}, & = {0, 640,
0—3370—03a0—r370—r0}T~

For a general anisotropic domain Hooke’s law is given by

Cui Cp Ci3 Cu Cis5 Cis
C22 C23 C24 C25 C26
Cyz Cy G35 Cye

6=Ci C= : (2)
Cu Cys Cye
Css  Css
Ces

where C;; are the material properties of the anisotropic domain. The Navier-Lamé (N-L) equations for an elastic aniso-
tropic domain without body forces in cylindrical coordinates are

s~ The Edge &

X3

Fig. 1. Domain of interest Q.
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1 1
(sz - + C1505 4 Cs5703 + 2Cs560903 + Ce ;aé + C110, + 2Cy5r0,03 4 2C160,09 + Cllraf) u,
1 5 1 1,
+ C26; + (Crq — Cag — Cs6)03 + Cy510; — (C2 + Cee) ;60 + (Cays + Cu6)090; + C26;a() — Cy0,
1
+ (C14 + Cs6)r0,05 + (C12 + Ce6)0,00 + C167’63> ug + ((Cw — Cx)03 + C35r6§ - C24;60

1
+ (C36 + Cus)040; + C46;a§ + (Ci5s — C35)0, + (C13 + Cs5)r0,03 + (C14 + Cs6)0,09 + Clsraf) uz = 0. (3)

1 1 1
(Czér + (Caq + 2C56)0;3 + Cys5rds 4 (Co + Ces) ~0 + (Cas + Cae)303 + Cag ;65 + (2C16 + C)0,
1
+ (Cis + Cs6)r0,03 + (C12 + Ce6)0,0p + C16F63> u, + (_C66r + Cy603 + C44r6§ + 2C240903
1 1
+ C22 ;63 + C666, + 2C46r6,.63 + 2C266,.60 + Cé()}"af) Uup + (2C3663 + C34r6§ + C46 ;60

1
+ (Ca3 + C44)0905 + Cz4;5(2) +2Cs60, + (C36 + C4s)r0,03 + (Cas + Cu)0,09 + C561’65> uz = 0. 4)

1 1
((C23 + Css5)03 + C35r8§ + C24;ae + (C36 + Cus5)090;3 + C46;65 + (Cis5 + C35)0, + (Ci3 + Cs5)ro,0;
1
+ (C14 + C56)6r69 + C157’6,2,) u, + ((C45 — C36)63 + C34I”a§ — C46;69 + (C23 + C44)6963
1
+ C24;63 + (C36 + Cas)r0,03 + (Cas + Ca6)0,0p + CSGraf) ug + (C3505 + Cs3r0;

1
+2C340003 + c44;a§ + Cs50, + 2C3510,03 + 2C450,0p + Cssraf) uy = 0. (5)

The system (3)—(5) can be split into three operators, each being a function of r, 6 alone (see [14,8,4]):

(i) = [Mo(9,,0)]a + [M1(3,,)]0sit + [M(0,, 09)] 350 = (6)

2.2. The series expansion of the primal and dual solutions

The splitting (6) allows an expression of the solution # as a series:

=Y Y i) @ (r,0), ©F(r,0) = e (0), (7)
i>1 j>0
where A;(x;? is the edge stress intensity function (ESIF) associated with the ith eigen-pair, the primal singular function
(I)(()“’) = r“'<p0“’)(9) being the well known two-dimensional eigen-function, whereas (I)f"), j = 1 are the shadow functions
of the primal singular function and are determined by the following recursive relations (see [7,22]):

[Mo]q’(()[xi) =0
(M@ + [M]®5" =0 (r,0)€G (8)
(M@ + MO + My]® =0, j =0

accompanied by homogeneous boundary conditions on the two surfaces I'y and I'».

For an isotropic domain, the material matrix C is determined by two material properties £, v, and system (3)—(5) is con-
siderably simplified. For this case the eigen-values o, eigen-functions ®, and their shadows @, ®,,... can be computed
analytically as provided in [22]. However, in general these have to be computed by numerical methods discussed herein.

Because the N-L operator is self—adjoint, for any real eigen-value «; also —o; is an eigen-value with an associated eigen-
function (I) %) and its shadows @', Solutions of (8) for the negative ezgen values —o; are called the dual singular solutions,

J
and are denoted by ‘l’ . For normalization purpose a real coefficient cf) is chosen, linking G)J(.“") with ‘l’;"‘”:

‘P(()oc,) _ }"7“'1//(()&‘)(0) _ ch[)rfoci(pé*“f)(g) (9)
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and
‘Pﬁ-ai) _ rﬂﬁjl//lg-w)(e) _ r—oc,»+j(p§_foci)(0). (10)

Theoretical details and rigorous mathematical formulation are provided in [7]. Detailed explanation about the shadow
functions for isotropic domains is presented in [22].

2.3. Boundary conditions for the primal and dual shadow functions

Either traction free or clamped boundary conditions are considered on I'; and I',.

2.3.1. Traction free boundary conditions
Traction free boundary conditions on I'y, I"; are

(1)@, r, = ([To(3r, 8)]a + [T1(3,, 8)]0s)| , p, = 0. (11)

Inserting (7) in (11) one obtains the following conditions for the eigen-functions:

{ [To]®p = 0

on I'y, ;. 12
[To]®1 + [T]®; =0, ;>0 b 12)

Explicit expressions for [T] and [T] for an anisotropic material are
{60} -0 = {(Ca6 + Cs6r03 + C600 + C1670, )1ty + (—Cos + CasrO3 + Ca600 + Co6r0, )ty
+ (C36703 + Ca609 + Cs670, )3 } g = 0,
{000} g0 = {(Co2 + Casrd3 + Ca609 + Cr2r0,)ut, + (—Cag + Caards3 + C22y + Ca6r0, g
+ (Cp3r03 + C240p + Casr0.)uz }g—g,, = 0,
{003} 9—0. = {(Cas + Cus703 4 Cys0p 4 C1470, )t + (—Ciag 4 Casr03 + C2409 + Cy6r0, )utg
+ (C34703 + Caq0g + Cus70, )uz t|y_y,, = 0. (13)

2.3.2. Clamped boundary conditions
Clamped boundary conditions on I'y, I'; are

q)j(l”,O):O on F],Fz. (14)
For anisotropic materials, analytical expressions for the eigen-pairs (which are smooth functions in 0) are unavailable due

to the untractable mathematical problem, therefore numerical methods are sought. The p-version of the finite element
method (FEM) is applied because of the proven exponential convergence rates for smooth solutions [19].

3. Computation of eigen-pairs
3.1. Weak formulation for computing the primal eigen-pair & and @
Any eigen-value o and primal eigen-functions r“(p((f‘) (and dual eigen-functions r*“tﬁf)“)) are the solution of the first equa-

tion in (8). One may notice that after substituting r“(pé“) for @, the dependency on r disappears, and an ODE in 6 has to be
solved:

[ gg + (] + [A5])@fy + (o2[A3] + alAS] + [Ag)ey = 0, 0 € (0,0), (15)

which is a quadratic eigen-value problem. The matrices [A?] are generated by the material properties:
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Coes Ca Cug 2Ci Cnn+Ce Cua+Css
A= | Cx Cn Cu |, [A=| Cio+ Ces 2C Cys+ Cy |,
Cs Cu Cuy Ciy +Css Cos + Cyg 2C4s
0 —Cpn—Cg —Cn Ci Cis Cis
[49] = | Ca + Ces 0 Cu |, [AY=]Ci Cs Cs |,
Co —Cys 0 Cis Csg Css
0 —Cig—Cy  —Css —Cn Cy O
(A% = | Ci6+ Cx 0 Css |, A= Cx —Cs O] (16)
Cas —Cs6 0 0 0 0

For traction free boundary conditions, the first equation in (12) is

{[BY1¢) + (2[B] + [BI) @0} 9—0., = O, (17)
where
Cis Ce Csg Cyx —Ces O
Bl =4]], B)=|Cn Cx C» |, BY=]Cn —Cx 0]. (18)
Cuu Cyu Cys Cu —C4 0

For homogeneous Dirichlet boundary conditions one has
{(PO}|9:O,(/) =0. (19)

To obtain the weak form we multiply (15) by a test function v, integrate over a circular path I'g, and using an integration
by parts for the second derivative term one obtains:

(o}, = [ty a0+ [ ol + gr} a0+ [ (G + ol + (40} w0 = 0.

If traction free boundary conditions are prescribed then

{edloy™} = {(Ben ™) = {8+ Blen) "] | . (20)

0=0,0 0=0,0

otherwise, if homogeneous Dirichlet boundary conditions are applied then

{000 = oo = 0= {{I4let} v} =0 (1)

0=0,m»

and we restrict the space in which the solution is sought. Therefore the weak eigen-formulation for the primal and dual
eigen-pairs is

Seek o € C,0 # @, € H'(0,w), s.t. Vv € H'(0, w)
(B3(9,v) + By (@4, 7)) + (B} (99, v) + B (94, v)) + 2B (5, ¥) = 0, (22)
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where H' is the Sobolev space and

Sonr) == [y Va0 [ (g Tedo+ [ {ialon)Tvao,
By, / ([A%)g}} o + / {[4%)g,} v,
Ay, / (4%} v do,

B ) —{{[Bg]qoo}Tv}b:Ow Traction free B.C.,
0 Clamped B.C,,

,%’?(BC)((pO, ) = _{{[Bg]‘Po}T"}|9:o,w Traction free B.C.,
0 Clamped B.C.

For clamped boundary conditions the Sobolev space H' is replaced by H' = ve H' v(0=0,0) = 6}

3.2. p-FEMs for the solution of the weak eigen-formulation

We apply p-FEMs for the solution of (22). To thisend @, = (uy vy Wy )T is expressed in terms of the basis functions
Ni(¢) (integrals of Legendre polynomials) in the standard element:

ptl p+l p+1
= Zaka(f), vo(&) = Zap+1+ka(f); wo(&) = Zazp+2+ka(f) (24)
k=1 k=1 k=1
or
Nl(é)"'Nerl(é) 0---0 0---0 ai
®, = 0---0 Ni(&) -+ Npr (&) 0---0 : def [Nap. (25)
0---0 0---0 Nl(é)"'Np-H(é) as(p+1)

milarly v = 0, an = % d¢. Substituting n one obtains the ormulation of the weak eigen-form:
Similarly v % [N]by, and df = 2 d¢. Substituting (25) in (22) btains the FE formulation of the weak eigen-f

—

ay (o [K3] + «[KY] + [Kg]) = 0, (26)

where

Ky=% [ e,

[K?]:*{[N]T[BQ]T[N}}OZOJL [ wramae+ 2 [ v,

k9 =B}, -2 [ e viee + / VTV de

(27)

L2 / N[V de.

1

For clamped boundary conditions [BY] = [BY] = [0]. The quadratic matrix eigen-problem (26) is solved by a proper linear-
ization process, see [1]. Setting dy = oay the (3p+ 3) x (3p + 3) quadratic eigen-problem is transformed into a linear
(6p + 6) x (6p + 6) “standard matrix eigen-problem”:

(@) (7 1) =(2) (6 i) o
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3.3. The normalization factor ¢,
The dual eigen-functions ¥, are obtained by solving (28) — these are associated with the negative eigen-values. The nor-

malization factor cf)“) is determined so that the primal and dual eigen-functions satisfy an orthonormal condition (see [7,22])
under the integration along a circular curve with the edge being its center:

/ {T*@ - ¥ — @ . T"*¥}RdO = 1, (29)
0

where T'* is Neumann trace operator (related with %) on a circular surface around the edge:

Oy %C12+C1563 +%C1660+C116r —%C16+C14a3 +%C1260+C16ar C1305 +1C140 + C)50, U,
T"a | 6,4 | = LCy64 Cs603 +1Ce609 + C160, —1Co6+ Cas03 +1C600 + Co60,  C3603 +LCu609 + Cs60; | | uo
013 LCy54 Cs503 +1Cs09 + C150, —1Cs6+ Cys03 +1Ca509 + Cs60,  C3505 +1Cy50y + Css0, u3

(30)

We split the operator T'*:
T"* = T;*(3,,09) + T|*(d,,0)03 (31)
such that

750,000, = (1T 00+ 10, + (7. 473D )@,

(32)
T1*(0,,00)®; = [T4|®;
Cis Cin Cu Ci Cis Cis C, —Ci O Cis Cis Cis
[T =1 Css C Cas |, [T]=]Cis Ces Css |, [TeJ=1]Cwx —Ces 0|, [Ta]=] Css Cis Cs
Css Cys Cys Cis Css Css Cys —Css 0 Css Css Css
(33)
Because the eigen-pairs and their duals are independent of x3 one obtains:
T @) = T @ = R'{[T.]g}, + o[T]py + [T oo},
Ty = T = RH(TW — ol Tolwo + [Tl }- (34)
Inserting (9) into (29), and using (34) one obtain the expression for the normalization factor co:
0} -1
ey’ = [/0 (T + aToleg + [Tel@o) - Yo — o - ([Tt — 2Tolthy + [Telthy) 1 dO| (35)

4. Computation of the primal and dual shadow functions
4.1. Weak formulation for computing the primal and dual first shadow functions, ®; and ¥,

The primal shadow functions ¢4, presented in (7), as well as the dual shadow function ¥, are the solution of the second
differential equation in (8).

Remark 3. The method presented herein addresses ¢;. The method is applicable to ¥, by replacing ¢, ¢, and o with v, ¥,
and —o. Notice that the eigen-value o is known, obtained by solving the eigen-value problem in the previous chapter. The
unknown functions ¢; and ¥ are obtained by solving the second differential equation in (8).

After substituting r"(pé‘” for @, and r““(p(l”') for @, in the second equation of (8), the dependency on r disappears, and an
ODE in 0 has to be solved:

[} + (2l43] + [A3]) @ + (o [45) + alds] + (U] py + [A5]0f + (al4i] + [45]e) = O. (36)
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The matrices [4;] depend on the material constants:

2Cs (Cia—Cp) (Cig— Cy+ Cs)
[A)] = | (Cra+ Can +2Ces) 2Cx (Cas +2Ci) |,
(Cis + Cos + Cse) Cs 2Cys
2Cyy (Ci6 — C) (2C15 — Cas) (Ci—Cxn) 0 (Ci5—Cx)
[4}] = | (3Cis+ Ca) 2C¢ 3Css . [4g) =] 32(Cis+ Cx) O 2Cs :
(2C15 + C»s) Css 2Css (Cis+Cxs) O Css
2Cs6 (Cys + Cus)  (C36+ Cus) 2Cys (Cia+Css) (Ci3+Css)
[A;] = | (Cas + Cup) 2Cx (Cys +Cu) | [Aé] = | (Cis+ Cs) 2C4 (C36+ Css) |,
(C36 + Cuss) (Ca3 + Cyy) 2C34 (C134 Css)  (Cz6+ Cas) 2Css
Cis (Cia = C —Cs5) (Ci3 — Cn3)
[A5] = | (Caa +2Cs6) Cus 2C3 : (37)
(C23 + Css) —(C36 — Cus) Css

The boundary conditions applied on the two surfaces I'y and I';, may be either traction free on homogeneous Dirichlet.
In the case of traction free boundary conditions, the second equation in (12) results in

{[BY)¢) + ([BS] + [BY) @y + [Bi)ey}H g, = O (38)
with
(Cis+Cyx) 0 Cs Css Ca Csg
B =| (C+Cn) 0 Cos |, [B=|Cos Cau Cas|. (39)
(Cla+Cu) 0 Cius Css Cy Cy

If homogeneous Dirichlet boundary conditions are applied on the two surfaces I'y and I'», then the condition on ¢, is

{o1} ‘0:0,(0 =0. (40)

To obtain the weak form associated with the second differential equation in (8) we multiply (36) by a test function v and
integrate over a circular path I'g, and using an integration by parts for the second derivative term one obtains:

{40 ™ oo — / (AT 0 + / [l + 4]} v 0 + / (@14 + ofAl) + (4g])p T
n / (Al Trdo + / " [(@l4Y) + [41) gy Tvd0 = 0. (41)

If traction free boundary conditions are prescribed then the first term in (41) is

{([A0) ¥}z = (BN W omo,, = —{1@IB3] + B ¥}oo. — {([Bi100) ¥} 0.0 (42)

otherwise, if homogeneous Dirichlet boundary conditions are applied then

{(pl}O:O,m - {V}H:O,w =0= {([A(l)](pll )Tv}(?:(),m =0 (43)
and we restrict the space in which the solution is sought. Therefore the weak formulation for the computation of ¢, is
Seek ¢, € H'(0,w), s.t. B'(p,,v) + B (@,,v) = F'(v) + F'EV(»), Wve H(0,w), (44)

where H' is the Sobolev space,

w

A= [ (4% do + / (6142 + 1o va0+ [ (1A% + aldl] + (4] do,

T .
,@1<BC>(¢1,V) _ _{[(“[Bg} + [B;])‘Pl] v}, Traction free B.C., (45)
0 Clamped B.C.
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and

o= " (A Tvdo - / " [(aldl] + 4] o] o,

971(30)(,,) _ { {([lex]‘Po)T"Hﬁ:o,w Traction free B.C,,
0 Clamped B.C.

For clamped boundary conditions the Sobolev space H' is replaced by H' = {v|v € H',»(0 = 0,w) = 0}.
4.2. p-FEMs for the solution of the weak formulation (44)

We apply p-FEMs for the solution of (44) similarly to Section 3.2. To this end ¢, = (u; v, w;)' = [N]a; and
def
v = [N]b;. The resulting FE formulation is

af[K') = F', (47)
where

1

1

P = (VB o~ [ VAT INIGE - [l ) ) (49)

1

For clamped boundary conditions [B)] = [B}] = [B}] = [0].

4.3. The non-uniqueness of @, W, and the #; condition

The differential equation for ¢; and the differential equation for y; are both non-homogeneous equations, so the solu-
tion is a combination of a particular solution and homogeneous solution, i.e.:

0,(0) = 0" (0) + 0" (0), ¥,(0) = ¥\"(0) + 4" (0). (49)
The homogeneous solution (ng)(r, 0) and q/zi’” (r,0) are of the form:
o"(0) = C*0y(0), 9" (0) = CPyy (0), (50)

where C?', C"' € R. Because C*' and C”' are undefined, we may choose any value of C?' and C"', including C** = C¥' =0,
and therefore there are an infinite number of ¢; and y; functions for which the differential equation hold. However, the
shadow function ¢; and y; have to satisfy another condition, denoted by s (for further details see [7]):

,}’fl:/ {Tgkmo-\vl—wo-Tgk\Pl}de—/ {Tgkol-\vo—ml-Tg“llo}de—/ {T1*"®, - Wy — @ - T*W,}do =0,
0 0 0
(51)

where T,* and T}* are given in (32).
Once the functions ¢, and ¥ are computed, #, can be evaluated. In case #| # 0, /| is recomputed using

TV =+ C, (52)
The constant C¥' is chosen such that #, = 0.

4.4. Weak formulation for computing the primal and dual second shadow functions, @, and ¥,

The primal shadow functions ¢, and the dual shadow function y, are the solutions of the third differential equation in
(8).
Remark 4. The method presented herein addresses the computation of ¢,. The method is applicable to ¥, computation by
replacing @,, ¢, @, and o with ¥, ¥, ¥, and —o.
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After substituting er(p;“) for @,, the dependency on r disappears, and an ODE in 0 has to be solved:
[40)¢5 + (3] + [43]) @ + (P [A3]) + o A3]) + [45])ps + [43]e0) + (alA5] + [45]) gy + [A7)epy = 0. (53)

The matrices [Alz] generated by the material properties are

4C6 (2C12 — Cyn + Cos)  (2C14 — Coy + 2C56)
[43] = | (2C12 + Cas + 3Ces) 4C (2C25 4+ 3Cy4) ;
(2C14 + Cyy + 2Cs6) (2Cys + Cug) 4Cys
4Cy (3C15 — Cy6) (4Cy15 — Cys) (4C11 — Cyp)  (2C16 — Co) 2(2C15 — Cs)
[Aﬁ] = | (5Ci + Cx) 4Ce6 5Cs6 ; [Aé] = | 3(2Cs + Ca) 3Css 6Cse ,
(4Cy5 4 Cys) 3Cs 4Css 2(2C5 + C»s) 2Cse 4Css
3Cys (2C14 — Cy) (2C13 — Cy3 + Css) Css Cys Css
[45] = | (Cia+ Cas + 3Cse) 3Cqs (3C36 + Cus) , A= Cis Cu Cu . (54)
(Ci3+ Cys +2Css) 2Cys 3Css Cys Cu Csy

In the case where traction free boundary conditions are applied, the second equation in (12) provides the conditions for
(@)

¢y
{(BY]@ + (a(BY] + [B3) 9 + [BA)9) }oo, = O (55)
with

(2C16+ Cx) Cg 2Cs6
[Bg] =| 2C+Cn) Cx 2Cxs |. (56)
(2C14 + C24> C46 2C45

Thus

{([49105) oo, = {([BY10) ¥} oo,

= _{[(“[Bg] + [Bg])‘Pz]T"He:o,w - {([Bi]‘Pl)T"HH:()@‘ (57)

If homogeneous Dirichlet boundary conditions are applied on the two surfaces I'y and I'», then the condition on ¢, is

{92} op-0.,, = 0. (58)
Thus

{02} 000 = ("} 0w = 0= {([A?]‘P/z)TV}o:o,w =0. (59)
Following the steps in Section 4.1, and using (57) or (59) we obtain the weak form for the function ¢»:

Seek ¢, € H'(0,w), s.t. B(p,,v) + B (@, v) = F2(v) + 72E(v) Wy € H'(0, ), (60)
where

B (o) = / (A% do + / " [(@14Y + [42) )@ vd0 + / (@AY + old2] + [42) @] w0,

0 2 T .
B (¢, v) = —{[(«[B3] + [B3])@2] v}o—o,, Traction free B.C., (61)
0 Clamped B.C.

and
70 =- [ (Al Tvdo — / " [(aldl] + [42) @y v dO / (142, )py) T,

B! T, Traction free B.C.,
70 ={ e &

For clamped boundary conditions the Sobolev space H' is replaced by H' = ve H' v(0=0,0) = 6}
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4.5. p-FEMs for the solution of the weak eigen-formulation

We apply p-FEMs for the solution of (60), similar to Section 3.2, where @, = (s v w»)' = [N]a, and v &f [N]b,. The
resulting FE formulation is
o, [K?] = F?, (63)

where
K = ~{IN 0B + BN o — / VLAYV e + / N (@A) + (42 [V] dé

+5 [ TG+ o + L),

P = (T B WD o, — [ al VAT INIGE = [ T i) + L) V)02
-5 [ amri e (64)

For clamped boundary conditions [B)] = [B3] = [B}] = [0].
4.6. The non-uniqueness of ¢@,, ¥, and the # , condition

Similar to the ¢; solution, the differential equation describing ¢, and the differential equation describing ¥, are both
non-homogeneous. Thus

0,(0) = 957 (0) + 957 (0),  ¥,(0) = Y57 (0) + 93" (0) (65)

Table 1
Numerical results of first three eigen-values and their relative error (%) for an isotropic (4 = 0.5769, u = 0.3846) cracked domain with traction free
boundary conditions

p-level DOF of* = 0.5 t* =0.5 ut* =0.5

ofE % Error ofE % Error ofE % Error
p=2 18 - - - - 0.551329 10.265780
p=3 24 - - - - 0.500139 0.027824
p=4 30 0.577106 15.421192 0.899122 79.824361 0.500139 0.027824
p=>5 36 0.521094 4.218802 0.622920 24.584006 0.500000 0.000014
p=06 42 0.507963 1.592520 0.517027 3.405338 0.500000 0.000014
p=1 48 0.500843 0.168622 0.504260 0.851932 0.500000 0
p=28 54 0.500162 0.032352 0.500281 0.056244 - -
p=9 60 0.500008 0.001532 0.500041 0.008206 - -
p=10 66 0.500001 0.000178 0.500001 0.000292 - -
p=11 72 0.500000 0.000004 0.500000 0.000028 - -

10 T —
%
v— 0
10" —a— 0y {4
€0
]
1
o
2
5 107t
]
o
107}
10*3 i i i i i i i
10 20 30 40 50 60 70 80 90100

DOF

Fig. 2. Relative error of the eigen-values ot ofF, ofE, for isotropic cracked domain with traction free boundary conditions (4 = 0.5769, u = 0.3846).
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with
0y (0) = C%q,(0), Y5 (0) = C¥2yy (0). (66)

Again C? and C> are undefined, so any value of C?> and C?, including C*> = C¥> = 0 can be chosen. However, the
shadow function ¢, and y, have to satisfy another condition, denoted by s, (for further details see [7]):

%2:/ {TOFRcl)z-‘PO—cl)z-Tg“l'O}d9+/ {TgR(I)0~‘P2—(I)0~TOFR‘P2}d0—/ (T @, - ¥, — @, - T)"W,}d0
0 0 0

w w
I'r I'r I'r I'r _
—/ {Tl (I)()"Ill—q)()'Tl ‘Pl}dg—‘r/ {Tl (Dl"llo—(bl'Tl ‘I’o}dQ—O, (67)
0 0
0.25 T T T T T T
‘—v— p=5
=k =p=7
A p=9
02t FT 1 -a- p=t1 ]
_ Iv/ VV“ v ' - exact -
- ! Yy - -
e y vy v =°
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w 1 w
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02 ¥ - % -p=7 | - % —p=7
v A p=9 -0.05 | : : S|oap=9
015 —m= p=11 | ‘—m— p=11
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Fig. 3. Eigen-Functions uf)“’) and vg‘“’) fori=1,2and wff”, for isotropic cracked domain with traction free boundary conditions (4 = 0.5769, u = 0.3846).
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where T;* and T{* are given in (32). Once the functions ¢, and y, are computed, #, condition is computed. In the case
Hr # 0, H, 1s recomputed using

2N =+ CPY, (68)
The constant C* is chosen such that #, = 0.

5. Numerical example: Eigen-pairs and shadow function computation for cracked domain (w = 2x) with traction free boundary
conditions

5.1. Primal eigen-pairs and duals, o, @,, ¥,

In order to examine the method and its performance we first select an isotropic material for which we can compute ¢, ana-
lytically. The numerical results are compared with the analytical ones to assess the accuracy and efficiency of present methods.

We select Young modulus to be 1 and Poisson ration to be 0.3, so Lamé constants are 2 = 0.5769 and u = 0.3846. The
first three eigen-pairs are associated in fracture mechanics with Mode I, Mode II and Mode 111 deformations. The first
three eigen-values for the case of cracked domain (computed analytically) are

all:‘x _ oé?x — al}?x — % (69)

The eigen-functions (p(()“") associated with these three eigen-values and the duals z//((f‘“) are given in [22] and Appendix A.

Using a single finite element and increasing the order of shape functions, we summarize the eigen-values, relative error,
p-level and the number of degrees of freedom in Table 1. The exponential rate of convergence of the eigen-values as
expected for p-extensions is clearly visible when plotted on a log-log scale in Fig. 2.

The eigen-functions uy, vy associated with oy, o, and wq for a3 are presented in Fig. 3. The function w, associated with oy
and o, is zero and therefore not plotted herein as well as ©y and v for os.

Defining the relative error in L? norm for uq, for example, by

" (ub® — ug")zd@

e(up)l|,» = =2 , 70
lle(uo)ll, © () do (70)

we plot the relative errors for uff”)7 vg“‘), ué‘“), vf)”) and wé“") in Fig. 4. As expected, exponential convergence rate is noticed.

The dual eigen-functions u, vy associated with —a;, —o, and wq for —a3 are presented in Fig. 5. The functions wy asso-
ciated with —a; and —o, is zero and therefore not plotted herein as well as uy and v,y associated with —a;.
We plot the relative errors for the duals u ™, v\ 4\~ 1" and w{ ™ in Fig. 6. The duals show also an exponential

convergence rate.

5.2. Computation of the first primal and dual shadow functions, ¢; and Y,

There are many valid ¢, and ¥, functions (see Section 4.3) so that we cannot compare them with the analytical solution.
In Fig. 7 the first shadow functions and the first dual shadow functions associated with oy, oy, 3 computed by (47) with
p =11 are shown.

10
ey
—— V)
o 0
10" ule,)
Y%
)
Z 0 — W)
L1107 wo's' |
£
§
w —4
2107
k]
°
o
10°H
1078 ; ; ; L
20 30 40 50 60 70 80 90 100
DOF
Fig. 4. Relative error in L* norm for the eigen-functions u(()“’) and vé"’) fori=1,2 and wé}“"), for isotropic cracked domain with traction free boundary

conditions (4 = 0.5769, u = 0.3846).
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5.3. Computation of the second primal and dual shadow functions, @, and r,
There are many valid ¢, and y, functions and therefore we cannot compare them with the analytical solution. The sec-

ond shadow functions and the second dual shadow functions associated with oy, a, and a3 computed by (63) with p = 11
are shown in Fig. 8. These will be used in the sequel for the extraction of the edge stress intensity functions.
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Fig. 5. Dual eigen-Functions #™* and o0™* for i=1,2 and w(ﬂ"), for isotropic cracked domain with traction free boundary conditions
g g 0 0 ) 0 P y

(4 = 0.5769, 1 = 0.3846).
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Fig. 6. Relative error in L norm for the dual eigen-functions uS™) and v((;“’) for i =1,2 and w((f“"), for isotropic cracked domain with traction free

boundary conditions (4 = 0.5769, u = 0.3846).

6. Extracting edge stress intensity function by the quasi-dual function method

Following the computation of the asymptotic series representing the elastic solution in the vicinity of an edge, we pro-
ceed to extraction of edge stress intensity functions by using the quasi-dual function method [7]. This extraction method has
been presented for scalar elliptic problems in [16] and for elastic isotropic problems in [22]. Herein we demonstrate its effi-
ciency when the eigen-pairs and the shadow functions are computed numerically for a general anisotropic domain. We
briefly describe herein the quasi-dual function method, whereas full details are given in [7,16,22].

Assume that the edge stress intensity function (ESIF) 4;(x;) is of interest. For its extraction a quasi-dual-singular func-
tion Kf:")[B] is constructed where m is a natural integer called the order of the quasi-dual function, and B(x3) is a function,
provided in the sequel, called extraction polynomial. Kfj"')[B] is characterized by the number of dual singular functions m
needed to construct it and the extraction polynomial B:

KCO[B] =S 4B (xs) ¥, (71)
j=0

A scalar product of 4;(x;) with B(x3) on & can be extracted with the help of the anti-symmetric boundary integral J{R], over
the cylindrical surface I'g (1).

J[R]<f,v)d§// (T'*f .y —f - T'*v)| _,RdOdx;, (72)
1 0

where I = & (the edge) along x5 axis (Fig. 1) and T'* is the radial Neumann trace operator presented in (30). Note that J[R]
in (72) is unrelated with the classical J-integral [17], but rather an extension of the dual singular function method [3] to 3-D
domains. With the above definitions we have the following theorem [7]:

Theorem 1. Take B(x3) such that

O,B(x3) =0 for j=0,...,m—1 on (73)

then, if the ESIFs A; in the expansion (7) are smooth enough:

JIR) (i, K [B]) = / A(x3)B(xs) dos + OR*"41), as R — 0, (74)

1

Here oy is the smallest of the positive real eigen-values o;,i € N, and we assume that any other complex eigen-value o with
positive real part satisfies Ro = oy, as mentioned in Remark 2.

Choosing m = 2 we have in (74) O(R*~*"). Theorem 1 allows a precise determination of J; Ai(x3)B(x3) dx3 by computing
(74) for two or three R values as R — 0. We construct an adaptive class of orthonormal polynomials (Jacobi) with a given
weight w(x;) = (1 —x3)" so to represent B(x3). In this way, if 4,(x3) is a polynomial of degree N, it is expanded as a linear
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Fig. 7. First shadow function ¢, (left) and dual shadow function ¥ (right) associated with o; (Mode I) first row, o, (Mode II) second row, and o3 (Mode
III) third row, for isotropic cracked domain with traction free boundary conditions (4 = 0.5769, 4 = 0.3846) using p = 11.

combination of Jacobi polynomials. By selecting im = m = 2, (73) is satisfied, however the derivatives of these Jacobi poly-
nomials are significantly large which effect the result of the extracted ESIF at the two ends of the edge (see [22]). Therefore
we choose m = 4 which satisfy (73) up to m = 4. The family of extraction polynomials is

I (x3) 2(k +4)(k + 4)!
BO(x) = (1 -3 2200y = :

(o) = (=) == =59 e+ 9!

If 4;(x;) is represented by a polynomial of Nth order as linear combination of Jacobi polynomials,

Ai(x3) = apd Y + @V (x3) + -+ and Y (x3), (76)
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where Jf(‘) is the Jacobi polynomial of degree k& and order 4 then

/

Ai(X3)B<k)(X3)dX3 :ak kZO,l,...7N.

(77)

Thus, in the view of (74), the J[R] integral evaluated for the quasi-dual functions K E,j"') [B®],k=0,1,...,N provides approx-
imations of the coefficients ;. Note that the polynomial degree is the superscript k. Of course, in general 4;(x3) is an
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unknown function and we wish to find a projection of it into spaces of polynomials. It is expected that as we increase the
polynomial space, the approximation is better.

If we want to increase the space in which 4;(x;3) is projected, all which is needed is the computation of (74) for k = N + 1.
This way: 4™ (x3) = APV°% (x3) + @y 141 (x3).

In a cracked domain subject to boundary conditions the exact solution # is in general unknown, so we have to use finite
element methods and obtain #rg instead, to be used in (72), and computed using a Gaussian quadrature of order ng:

JIR) (i, KB ZZ 5w (T it - K{V[BY] — ity - TRV B, (78)

where wy, are the weights and &, and 5, are the abscissas of the Gaussian quadrature. The Neumann trace operator, T'*,
operates on both urg and Kgm [B“‘)]. For g and T'*ipg we use the numerical approximations computed by finite elements
(notlce that such extractlons are easily computed by the p- Version of the FEM at any point within an element), whereas
Kg”’)[ )Jand T" RK &) [B¥] are computed numerically using ", y}" and y5" in Sections 3 and 4.

6.1. Numerical example: ESIFs extraction for an isotropic cracked domain (w = 27) with traction free boundary conditions

The extraction method of the ESIFs for isotropic domains was presented in [22]. It was shown to be accurate and effi-
cient, however, the available dual eigen-pairs and shadow functions were all analytical. In this subsection we examine the
extraction method using ‘l’FE ‘I’FE ‘I‘FE computed numerically. We choose the Young modulus to be 1 and Poisson ratio
0.3, (A=10.5769 and p = 0. 3846) o)

1.346153  0.576923 0.576923 0 0 0
1.346153 0.576923 0 0 0
1346153 0 0 0
C= (79)
0384615 0 0
0384615 0
0.384615

Having the exact solution to a crack in a 3-D isotropic domain with traction free boundary conditions we can consider the
first three eigen-values only, and chose the ESIFs to be, for example, a polynomial of order 3. Thus an exact solution is

it = A, (x3)r @ (0) + 0341 (x3)r 1 ™) (0) + 8241 (x3)r S (0) + Aa(x3)r2 @) (8) + D3 (33)r 0 (6)
+ 8345 (x3) 2 205 (0) + A3 (x3)r ) (0) + 0343 (x3)r T @) (0) + 8343 (x3)r 25 (0), (80)

where all eigen-pairs and shadows in (80) are given analytically in Appendix A. For example, consider the following exact
ESIFs (polynomials of order 3):

AF(x) =3+ 4y +5x3, AN (x3) =24 3x; + 403, A4S (x3) = 5+ 4o + 243 (81)

If we prescribe on a traction free cracked domain Dirichlet boundary conditions according to (80) and (81), the exact solu-
tion at each r, 0, x5 is as (80) and (81). Consider a 3-D domain as shown in Fig. 1 with w = 2. The domain is discretized by
using a p-FEM mesh, with geometrical progression towards the singular edge with a factor of 0.15, having four layers of
elements. In the x3 direction, a uniform discretization using five elements has been adopted. In Fig. 9 we present the mesh
used for the cracked domain.

~ e -

Fig. 9. The p-FEM model of the cracked domain.
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We specify on the entire boundary 0Q Dirichlet boundary conditions according to the exact solution # (80). This way,
the exact solution at any point x = (r, 0, x;) is (80).

When J[R] is computed with the quasi-dual function K(Z“") and B% (x;) we expect to obtain, according to (74), the coef-
ficient Zzﬁ“"). The ESIF is then easily represented by a linear combination of the Jacobi polynomials in (76): We extract the
ESIFs at R = 0.05 by using the numerically computed dual eigen-pairs and their shadows for construction of Kg”’) [BW].

We compute the relative error of the extracted 4;" (x3), 455 (x3), 45%(x3) of order 3,4,5 in Fig. 10. We compare these
results with the extracted polynomial representation obtained using analytical formulas of the duals and shadows (see

[22] for further details).
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Notice that the relative error of both ESIFs computed using either analytical or numerical dual and shadows functions
are similar and in all cases lower than 0.1%. The results are accurate and efficient.

The same test was performed for a clamped V-notched domain (w = 3). The ESIFs were extracted using numerically
computed duals and shadows and the results compared to the ESIFs extracted using analytic computations of these func-
tions. The results obtained were accurate, showing that both cases provide relative errors of less than 0.1%.

6.2. Numerical example: ESIFs extraction for an anisotropic cracked domain (v = 2m) with traction free boundary conditions

In this section we present the solution of the displacements in the vicinity of an edge for a traction free cracked aniso-
tropic domain. The computation of the eigen-pairs, duals and shadows for anisotropic domain is not documented in the
literature (to the best of our knowledge). We generate the solution in the vicinity of the edge using the numerically com-
puted eigen-pairs and shadows and test the ESIF extraction method for the anisotropic domain.

We select the material anisotropic matrix to be (notice that Co; = Cy; # Cy3)

1.346153 0576923 1.153846 0 0 0
1.346153 0576923 0 0 0
1346153 0 0 0
C= (82)
0384615 0 0
0384615 0
0.384615

Herein, we use the C matrix in a Cartesian Hooke’s Law: ¢ = Ce.

Remark 5. Computation of eigen-pairs and shadows in the case of a Cartesian Hook’s law is similar to the method
presented in Sections 3 and 4. By transferring the stresses ¢ and strains & to Polar coordinate system (&,&) the material
matrix C becomes 0 dependent and therefore the [4/] and [B/] matrices are also 0 dependent, however the method remains
the same.

For anisotropic materials @y, @, ®, as well as ¥y, ¥, ¥,, are unknown, but the first three eigen-values for a cracked
domain (w = 27) are of* = a* = o4* =1 (for general elliptic systems with the same boundary conditions on both sides of
crack faces, the first three singularity exponents are 1, see [5]).
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We first compute numerically the first three eigen-values as in Section 3. The eigen-values, relative error, p-level and the
number of degrees of freedom are identical to these presented in Table 1 and therefore are not repeated. Although the
eigen-values for the anisotropic case are identical to these of the isotropic case, the shadow functions of the two cases
are different.

The primal, dual and shadow functions related with oy, o, and o5 are presented in Figs. 11-13, respectively. All functions
presented herein were computed numerically at p = 11.
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Similar to Section 6.1, we generate a solution to a crack in a three-dimensional anisotropic domain with traction free
boundary conditions by applying the primal and shadow eigen-functions ®", ®/F ®5F (we refer to the first three
eigen-values only) computed at p = 11. We select the ESIF 4,(x3) to be polynomials of order 2 as presented in (81), such
that the solution (7) contains nine terms in the sum: three eigen-functions and six shadow functions, as in (80). Because an
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analytical solution is unavailable we have to subscribe @, ®F and ®F instead as boundary conditions.

The domain has been discretized by using p-FEM mesh, as presented in Fig. 9. We specify on the entire boundary 0Q2

Dirichlet boundary conditions. This way, the solution at any point x = (r,0,x;) is as in (80).

We compute the polynomial that approximates the ESIFs using the J[R] integrals with K(;‘") at R = 0.05, and Jacobi

polynomials of order 3,4 and 5, and plot 4} "(x3), 45" (x3), 45" (x3) and their relative errors in Fig. 14.
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The relative error (as can be observed in Fig. 14) is lower than 0.5%. The results indicate that the eigen-functions, duals
and shadows computed for the anisotropic domain are accurate and the ESIF extraction method performs well for aniso-
tropic materials.

The results indicate that the solution in the vicinity of an edge for anisotropic domain may be computed numerically
using the p-FEM method and the J[R] integral, and obtain accurate and efficient results.

7. Summary and conclusions

The displacements in the vicinity of an edge for a 3-D elastic domain is described by a family of eigen-functions, shadow
functions and their associated edge stress intensity functions.

In the case of anisotropic materials, there is no analytic solution to the eigen-pairs and shadows. Herein we presented a
numerical method, based on the p-version of the finite element method for their computation. In isotropic domain the ana-
lytic solution is provided so the relative error of both primal eigen-functions and their shadows was shown to converge
exponentially to less than 1%.

Next, the quasi-dual function method for ESIFs extraction was recalled. The implementation of the method was pre-
sented in [16] for scalar problems and in [22] for 3-D elastic isotropic problems. The results presented in this paper examine
the accuracy of the method in the case of anisotropic domains for which the eigen-pairs, shadows and duals are computed
numerically.

As a test case the ESIF was extracted for an isotropic domain for which the exact solution is known, using either ana-
lytical or numerical solution of the duals and their shadows. The results show that in both cases the relative error of the
extracted ESIF was less than 1%. This indicates that the method is accurate and efficient.

Finally, ESIF extraction was performed for an anisotropic domain. Because the exact solution is unknown, the numer-
ical computation of the eigen-pairs and shadows was considered instead. The relative error of the extracted ESIFs for the
anisotropic problem was less than 0.5%.

The presented methods for the computation of eigen-pairs, shadow functions and the functional representation of ESIFs
in the vicinity of edges are shown to apply to isotropic as well as anisotropic domains, are accurate and efficient. These
methods are being extended to address problems having complex eigen-pairs and multi-material interfaces and will be
reported in future publications.
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Appendix A. Analytic solution of the eigen-pairs, duals and shadows for cracked domain (w = 2x) with traction free boundary
conditions

For an isotropic domain with a crack gco = 2m) with traction free boundary conditions, the functions (Dé“"), (I)ﬁ“’), (Dg“”

and the dual functions ¥, ¥{") and ¥’ may be computed analytically (see [22]).
(D((f‘) in the case of a crack is known as Mode I solution. The eigen-value in the case is o, = 1 and the primal and shadow
functions for 4 = 0.5769 and u = 0.3846 are

2.6sin (10) +sin (30)
" (r,0) = 0.084042/3 | 4.6cos (16) +cos (20) |,
0
0
" (r,0) = 0.084042,3 0
—25sin (16) — 3.06667 sin (20)
0.23333sin (30) + 0.65644 sin (3 0)
@Y (1, 0) = 0.084042/3 | —0.76667 cos (1 6) + 0.03244cos (36) |, (A1)
0




3648 Z. Yosibash, N. Omer | Comput. Methods Appl. Mech. Engrg. 196 (2007) 3624-3649
sin (16) + 1.53333sin (20)

W, (r,0) = 0.659433r 7| cos (L0) +0.86667 cos (30) |,

0

0
W (1 0) = 0.6594331 0 ,

—1.73333sin (10) — 2 sin (20)
0.23778sin (10) — 0.1 sin (30)
W, (r, 0) = 0.65943373 | 0.495556 cos (16) — 0.43333cos (26) |. (A2)
0

Multiplying (I)ff‘)(r, 0), (A.1), by 0.32408, we obtain the classical Mode I solution. Comparing the 3-D solution presented
herein with the 3-D test problem for Mode I presented by Meda et al. in [15] shows that both solutions are identical up to a

constant.
q)é“” in the case of a crack is known as Mode II solution. The second eigen-value is o, = 4 and the primal and shadow

functions (4 = 0.5769, u = 0.3846) are

0.86667 cos (30) + cos (30)
@ (r, 0) = 0.123947/2 | —1.53333sin (10) — sin (36) |.

0
0
@\ (r,0) = 0.123947/3 0 ,
—0.66667 cos (1 0)
0.07778 cos (10) — 0.07956 cos (3 0)
@) (r,0) = 0.1239473 | 0.25556sin (10) +0.10775sin (20) | (A.3)
0

cos (10) +4.6cos (20)
W) (r,0) = 0447126 | —sin (10) — 2.6sin (30) |,

0
0
w2 (1 0) = 0.4471261 0 ,
—2cos(30)
—0.27067 cos (10) — 0.3 cos (30)
W) (r,0) = 0.447126r | —0.31067sin (10) + 1.3sin (36) |- (A4)
0

Multiplying (I)(()“Z)(r7 0), (A.3), by —0.17796, we obtain the classical Mode II solution for a crack.
<D((f‘3) in the case of a crack is known as Mode III solution. The third eigen-value is o3 = 1 and the primal and shadow

functions (4 = 0.5769, u = 0.3846) are
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0
O (r,0) = 0.569394,2 0 ,
cos (10)
—0.29333 cos (10)
@ (r,0) = 0.5693947 [ 0.10667sin (10) |,
0
0
O (r,0) = 0.569394,3 0 7 (A.5)
—0.3cos (10)
0
W) (r, 0) = 1.4534757 72 0 ,
cos (10)

—0.13333cos (10)
¥ (r, 0) = 14534754 | —0.53333sin (16) |,
0
0

W) (r, 0) = 1453475/ 0 . (A.6)
—1.16667 cos (1 0)
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