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1. Introduction

My purpose in this survey is to describe the theoretical work on the determina-
tion of life cycle earnings. The common thread in this work is the notion that
workers can influence their earnings through various investment activities. A
person who spends time in school or in on-the-job training sacrifices current
earnings in the hope of increasing his future earning potential. Consequently, the
observed life cycle earnings profiles reflect individual economic choices as well as
purely technological or biological processes such as “depreciation” or * aging”.
Since the emergence of the influential work of Becker {1964), Mincer (1962,
1974), and Schultz (1963) this view has become widely accepted.

There is, however, considerable controversy on the market situation in which
investment choices are made. As noted by Arrow (1973) and Spence (1973) the
informational assumptions are particularly important. The welfare and policy
implications are very different if schooling enhances productivity or is merely
used as a mode of transferring income by signatling and screening. In this survey
I will adhere mostly to the “human capital” approach but focus on its testable
implications to individual earning profiles setting aside the aggregate and policy
implications. Within this framework the discussion narrows on investments on
the job.

The major stylized facts which the theory attempts to explain are: a life cycle
earnings profile which is increasing at early ages and is declining towards the end
of the working period. A wage profile which tends to increase over the life cycle
with a weak tendency for wage reduction towards the end of the working period.
An hours of work life cycle profile which is increasing at early ages and declining
at older ages, with the peak occurring earlier than in the earnings or wage profiles
[see Mincer (1974), Ghez and Becker (1975)]. In addition there are several

*Financial assistance from the Foerder Institute for Economic Research is gratefully acknowl-
edged.
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important interactions between experience related earnings growth and individ-
ual characteristics such as sex, age, level of schooling, and perhaps vintage.
Specifically, earnings growth (at a given level of experience) tends to be lower for
women, for older workers, for workers with more years of schooling, and for
workers of less recent vintages. These empirical regularities in the wage structure
have been observed repeatedly at different points in time and in various countries
and occupations. These findings are mostly from cross section data. However,
longitudinal data, when available, also yield similar results [see Weiss and Lillard
(1978), Lillard (1981)]. The observed stability of these broad patterns in the wage
structure is the starting point of the human capital approach as an organizing
framework. The theory attempts to explain Jointly all the stylized facts men-
tioned above.

Most of the reviewed material is not pew and was already covered in the
excellent surveys by Rosen (1977) and Killingsworth (1983). I therefore choose to
avoid both generalities and detailed enumeration of findings. Instead, my objec-
tive is to provide a relatively self-contained development of the main results in
the area. I try to be quite explicit about the methods of analysis. Hopefully this
will enable the readers, graduate students in particular, to reconstruct old results
and produce new ones.

2. The human capital framework

The human capital approach can be applied at two different levels: at the market
level it presents a set of restrictions on the equilibrium wage structure; at the
individual level it analyzes the actions which workers can take to affect their
current and future earnings taking market conditions as given. Most of the
literature surveyed here focuses its attention on the individual experiment. A key
element in the discussion is the assumed tradeoff between current and future
earnings. In a complete analysis one must verify that this tradeoff indeed satisfies
the restrictions imposed by market equilibrium. For this reason [ begin the
survey by describing the technology and the market structure in which individual
decisions are embedded.

Each person in the economy is assumed to possess a certain amount of
productive capacity or human capital. Human capital is not transferable but can
be augmented by learning or training. The process of training generally requires
individual inputs, mainly the worker's own time and knowledge and outside
resources consisting of the knowledge and time of other workers, Outside
resources can be obtained in two different ways, the worker may simply purchase
the services of other knowledgeable workers or he may gain access to a job in
which learning occurs jointly with work. The latter possibility arises because of
the difficultics in the effective exclusion of information. In most work situations
firms cannot prevent workers from learning on the job.
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Firms are endowed with the technology of converting workers’ time and
human capital into flows of goods and new productive capacity for each of the
workers. Thus, if a firm employs N workers, its inputs are specified as
K, Ky oy Ky, By, by, where K b, are, respectively, the human capital
endowment of worker / and the time which he spends at the firm, while its
outputs are specified as z, a composite good, and K, K,,..., K, where K, is the
rate of change of worker i’s human capital. The addition to the earning capacity
of each worker is treated as a different commodity since human capital is not
transferable,

Two important simplifying assumptions are common to most of the literature:!

Al

Workers with different skills are perfect substitutes in the production of the
composite good z, i.e. z = _l WHFNL.N

A2,

The amount of new earning capacity accruing to each worker depends only on
his own inputs, i.e. K, =G(K,, h,).

With this technology the market for work and training can be described very
stmply. To begin, assume that all firms are identical. Firms compete for workers
by offering job opportunities. A job opportunity specifies both the wage and the
time spent on the job. The worker needs to know both dimensions since the
amount of human capital X which accrues to him depends on 4. Since workers
are distinguishable by their human capital endowment the Job offer and the
payment for it will depend on K. Given the terms of the contract each firm is free
1o select the number of workers of each type s0 as to maximize profits. Therefore
the marginal product of a worker of type K must equal his cost, i.e. 2(K)w(K)
= F'(:)hK, where F'(-) is common to all workers and can be defined as the
rental rate of human capital, commonly denoted by R. With this payment
structure the worker effectively faces an infinitely elastic demand for hours on the
job. The firm can delegate the selection of hours to the worker at the equilibrium

'A notable exception is Mincer (1974, ch. 1). His exposition of the schooling model assumes,
contrary to assumption Al in the text that workers with different levels of schooling are essential in
the production process. If (presumably) identical workers appear in the market with different levels of
schooling aff ebserved investment options must be equally attractive. The wage structure is then
immediately determined, at the market level, by this indifference requirement. The individual
investment pattern at this compensating wages equilibrium is indeterminate [see Rosen 1977)].

*The production function F (*) includes implicitly fixed factors such as capital. Assuming constant
returns to scale we can interpret the short-term profits of the firm as normal profits required to
compensate the fixed factors. The model outlined below therefore assumes zero profits and is thus
consistent with free entry and exit of firms.
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wage. The model can now be closed by determining the choice of hours by the

workers given R. Workers' choices between leisure and work will fully determine

the accumulation of human capital and development of wages over the life cycle.
Full equilibrium is attained when R adjusts so as to make the aggregaie
accumulation consistent with F'(:)=R.

The case just outlined describes the class of models which deal only with
learning by doing. The distinguishing aspect is that on-the-job knowledge is
provided freely. This does not mean that training is acquired costlessly since
workers have opportunity costs to time spent on the job (i.e. the value of leisure).
There is, however, an important generalization of the learning-by-doing idea
which incorporates opportunity COsts in the job market. According to this
approach the worker can invest at a varying intensity on the job [sce Becker
(1975), Mincer (1974) and Killingsworth (1982)1. Such options arise either
because firms differ in their capacity to provide training or because they can vary
the proportions of 2 and K, by shifting resources from production to training.

Similar to the ranking of workers by their human capital, K, we may introduce
an index 0 £ x =1 which rapks firms, or jobs within a firm, by the proportion of
goods and training which they produce. Specifically, employing N workers with
inputs K, Kgooos Ko i oo hy in job x yields (1= <) F(LY K;h,) units of
; and G(K,, h,,x) units of K, for i=12,...,N. It is assumed that for given
inputs, jobs with higher x produce relatively more knowledge (8G/3x > 0) and
less goods. The loss of cutput reflects the real costs of providing training due to
the involvement of the various productive inputs in the training process [see
Rosen (1972)]. A special case of the above technology is one in which the costs

are associated solely with the shift of the trainee’s own time from work to
training. In this case one may write 2 = EMMLN..C — x)h;)and K, =G(K,h; x)
and interpret (1 — x)h as {me on the job spent in work and hx as tume on the
job spent in training [see Ben-Porath (1967)).
A contract offered to a worker type K will now specify, 1o addition to the wage
and the duration of work, the training content of the job x. (All the variables
which determine K must be included.) For any given contract the firm can decide
how many workers to employ. If 2 positive number of workers are employed
under a particular contract their marginal cost 10 the firm must be equal t0 their
marginal product. Hence a worker type K employed k& hours at 2 job type x will
earn (1— x) RKh. Under this payment scheme the firm can delegate to the worker
the choice of both x and h. From the point of view of the worker we may

ret G(K, h,x)as the production function of human capital on the job and

interp
the costs depend on

xRKh as the (opportunity) costs for acquiring training, Only
market conditions as represented by R.

Schooling activities can be treated in precisely the same manner. Each student
(worker) obtains a certain amount of additional knowledge and the costs depend

on the total number of students (workers). The only difference is that a negative
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(1) Weizsacker (1967}, Sheshinski (1968), Oniki (1968):

¥ = R[hK — Key(K) = 8ey(K)],

o, oK) =1/8(K),

g(K)>0, g((K)<0, £(0)=0, &(K)>0,
n.MANv = WNTNV\W%NV.
(11 Ben-Porath (1967):
K = g{ Khx)— 8K, Y=R{Kh-c(K+8K)),
g(0)=0, g(-)>0, g7()<0 ()= g ')
(1ID) Blinder and Weiss {1976), Rosen (1976):

K+ 8K
Kh

K = Khg(x)—8K, Y=RKh

(0)=0, g(-)>0, g7<0, e()=1-g"().
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with respect to K are assumed. In specification (I), on the other hand, it is
assumed that a large stock hinders further accumulation of earning capacity. This
is in addition to the natural “depreciation of human capital” (reflected in &)
common to all models. The marginal costs for acquiring additions to the stock of
human capital, in terms of forgone current earnings, are increasing in K for
specification (I), unaffected by K for specification (II) and diminishing in X for
specification (1II).

Notice that in ail the above specifications, joint concavity in K, x, and 4 is nor
assumed. This is due to the appearance of the products such as xkiK, indicating
that with higher level of K each hour of work becomes more productive (in both
training and earnings). This may be interpreted as dynamic increasing returns to
scale, essential to models of human capital, where an increase in current effort
either reduces the costs of, or increases the benefits from, future effort.

Since neither K nor K is observable, one cannot test these different specifica-
tions directly. It is only by the implications for the observed patterns of earnings
and market time that one can, perhaps, separate such alternatives. Indeed, most
of the research effort, at the theoretical level, was directed to yvield such testabie
implications. I now turn to survey these attempts.

3. The wealth maximizing model

The focus of this class of models is on the allocation of time in the market, taking
the total amount of non-leisure time as predetermined. The worker is assumed to
have a fixed lifetime of length T and to operate in a static economy with a perfect
capital market facing a fixed rate of interest, . The labor and training market is
summarized by the tradeoff function (1). The worker’s problem, then, is the
choice of an optimal path of accumulation for human capital under the above
conditions. Formally, the problem is stated as®

.N:
ENX NENHJHGIQQ__.
e [, RAK (1)

s.t. (2
K=G(K,kh,x), K(0)=K,,

0<xx1,

where ¢ is the worker's age, 4 is a predetermined function of ¢ and the function
x(#) is the object of choice. This control problem is solved by maximizing the full

®The function G(K,k,x) should be interpreted here as the envelope of all possible modes of
generating knowledge (including investment in schooling activities). As such it may be non-differen-
tiable with respect to x. This possibility is ignored in what follows, assuming essentially that the
schooling option is identical to on the job training with x =1
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(discounted) earnings of the worker at each age. The full earning of the worker
consists of his current earnings and the value of the additional knowledge
obtained on the job. One can write full earning (the Hamiltonian function) as:

H(K, b, x, ¥, 1) =[RRK(1—x)+ VG(K, h,x}e ", (3)

where W is the marginal value to the worker of an additional unit of human
capital. That is

w(1) = \ﬂo;%-;xiT )+ ¢ (1) G (K, b, x*)d7, (4)

where x*(¢) denotes an optimal choice for x(¢). By maximizing H(-) with
respect to the control variable x, the worker takes into account the effects of
investment on both current and future earnings. The optimal choice of x, if it is
interior, equates the marginal cost from choosing a job with more intense
training, RAK, to the marginai benefit $G (K, x, h). The change in x over time
is thus related to the time patterns of the endogenous variables K and ¢ and to
the predetermined profile of h. An increase in ¢ will encourage the choice of jobs
with higher training content. An increase in K will reduce the training intensity,
provided that the degree of complementarity G, is not too large. {In the analysis
which follows I impose KGg, < G, to ensure that x is non-increasing in K, this
requirement is met by the three specifications mentioned in Section 2.)

For the special case in which A{r) is a constant, say 1, one can use a phase
diagram (see Figure 11.1) to describe some basic qualitative aspects of the
solution. The line ¥ = 0 in Figure 11.1 can be interpreted as the long-run {(stock)
demand for human capital. The line K =0 is the long-run (stock) supply for
human capital. A worker with infinite life may eventually reach the long-run Tevel
of capital which equates the stock demand and supply. But life is finite and the
programs which are actually followed are dominated by this constraint. Since
human capital cannot be transferred the marginal value of human capital
becomes zero at the end of the worker’s life. This fact provides the economic
incentive for an eventual reduction in the investment in human capital. o

A general saddlepoint property can be noted in Figure 11.1. The system (X, §)
is partially unstable with respect to  (if ¥ is above the ¥ =0 line, y is positive
and vice versa) and partially stable with respect to K (if X is to the right of the
K =0 line, K is negative and vice versa). This, together with the transversality
condition ¢(T) = 0, severely limits the admissible time patterns of ¢ and K. In
particular no trajectory can pass through the shaded area in the figure. It follows
that whenever the worker increases his earnings capacity, K >0, the shadow
price of human capital must decrease, % <0, and hence on such intervals,
observed earnings must increase (unless x =1). The phase diagram also reveals
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In the Weizsacker -Sheshinski-Oniki model the region in which 0 <x <1
degenerates into a single line.” The control variable x can therefore obtain only
three values, the two exiremes, zero and one, and a steady state rate of
investment corresponding to maintenance of a fixed stock for some period of
time. Assuming that the initial stock is zero, the pattern of investment depends
entirely on the length of the working period T. If T is short, the worker will not
invest at all and his stock of human capital (and earnings) will decay throughout
the worker’s life. As the horizon extends it becomes profitable to invest at the
maximal rate for some period then to reduce investment to the steady state level,
and finally reduce it again to zefo sometime before the end of life. The optimal
pattern of earning therefore contains an initial increasing segment, a flat middle
segment and a final decreasing segment. Sheshinski (1968) notes a turnpike
property: as the duration of the horizon extends the time spent at the steady state
increases, and the duration of the flat segment in earnings will be relatively
longer. This simple model illustrates very ciearly the role of the finite life
constraint in the accumulation process.

Under the Ben-Porath and the Blinder-Weiss—Rosen specifications, the long-
run {stock) demand for human capital is perfectly elastic (i.e. the § = 0 line is
horizontal). The shadow price of human capital depends only on the remaining
work horizon and not on the accumulated stock.'® We can, therefore, partition
the dynamic system and analyze the time patiern of ¢ separately. In these cases,
as the worker approaches the end of his working life, the demand price of human
capital must decline monotonically, reflecting the fact that human capital will be
used over a shorter period. Therefore, {gross) investment also declines monotoni-
cally (see Figure 11.2). The only difference between the models is that gross
investment is measured in absolute terms, K + 3K, for the Ben-Porath specifica-
tion and in proportional terms, K/K + 8, for the Blinder—Weiss—Rosen specifl-
cation. As investment declines the amount (proportion) of earning capacity which
is sacrificed declines. As long as net investment is positive, carnings capacity
increases. These two forces combine to induce an increase in observed earnings.
When net investment becomes sufficiently negative, observed earning declines.
Since investment declines smoothly (and not in jumps as in the Weizsacker—

Sheshinski—Oniki specification) there is no flat segment in the earning profile.

. 9as the boundary lines of the region 0 < x <1 in Figure 11.1 approach each other, the = ¢ and
K = 0 locus in this model becomes disconnected. (Each includes a line and a disconnected point.) See
Sheshinski (1968).

10 These statements are correct for the Ben-Porath specification only in the regions where 0 < x 1.
For the Blinder-Weiss—Rosen specification the long-run supply of human capital is also horizontal.
The same holds for the Ben-Porath specification if § = 0. There is no long-run equilibrium stock (for
the infinite horizon problem) in these cases.
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as a result of the departure from the labor force. Thus, if a woman accumulates
several such episodes, an increasing gap between male and female earmungs is
created. To the extent that the interruption is expected it will also affect
investment prior to the withdrawal from the labor force. It is convenient to apply
in this case either the Ben-Porath specification [see Polachek (1975)] or the
Blinder-Weiss—Rosen specification [see Weiss and Gronau (1981)], since, for
these specifications, expectations are fully captured in the shadow price function
Y (2). Figure 11.3 depicts the behavior of shadow price of human capital for two
workers, one who participates continuously, and one who expects to withdraw
during the period {1,, {,]. The two profiles ¥ (1) and ¢ g(#), respectively, coincide
after the interruption. However, during the interval {1, ¢,], ¥ 5(¢) is increasing,
reflecting the profitability of postponing investment to the time of re-entry into
the labor force so as to avoid the depreciation and interest costs from unused
capital. Consequently, y5(¢) <4 ,(2) prior to t,, and investment will be lower.
With some additional assumptions'! the lower investment rate will be reflected in

'The required restrictions on tradeoff function are the same as those required for the concavity of
the earnings (or log earnings) profiles. They involve third-order derivatives of the production,
analogous to decreasing absolute {or relative) risk aversion [see Weiss and Gronau (1981) and
Heckman (1976)).
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lower earning growth prior to the expected withdrawal. This may explain why
even after accounting for past interruptions, there is still a gap between male and
female earnings growth [see Mincer and Polachek (1974)].

Another important implication of the wealth maximizing model is the potential
impact of an income tax on (before-tax) earnings even when labor supply is held
constant. For instance, an increase in a proportionate income tax is effectively
equivalent in this model to a reduction in the interest rate. Such a change will
generally encourage investment m human capital, and with some additional
assumptions will be reflected in higher earnings growth [see Heckman (1976)].

In addition to these broad implications for the earnings profiles one may derive
differential (or difference) equations for the observed eamings which summarize
the whole process of earnings generation [see Rosen (1973)]. Such equations can
be derived and their coefficients can be related to the basic parameters even when
explicit solution in the extensive form Y(¢) is unattainable. They provide,
therefore, an efficient method for distinguishing alternative specifications of the
tradeoff function (1). For instance, if the tradeoff is guadratic in K and K (a
special case of the Ben-Porath specification) then second-order, or higher, linear
differential equations in observed earnings arise.'” If one assumes the multiplica-
tive form the tradeoff as in Blinder—Weiss—Rosen, a second-order, non-linear,
differential equation in the /og of earnings arises.

A final set of presumably testable implications of the wealth maximizing model
apply to the duration of the specialization period with x =1. It is common to
identify this period with the observed schooling period of the worker. This
interpretation is questionable since knowledge is produced in schools under
different conditions than on the job and a more general model is therefore
required [see Johnson (1978)). The available wealth maximizing models all predict
that specialization in training, if undertaken, will occur at the beginning of the
working life. This provides a direct test of the more general implication that
investment is declining in these models.’> Though Oniki (1968) and Weiss (1971)
provide proofs of the non-optimality of postponing schooling for slightly more
general models, the precise conditions required to retain the result within the
context of income maximizing models are not known. It should be remarked that
postponement of investment in the period of specialization is not incompatible

12For instance, if the function G(-) is specified K = (Kx)¥? [setting h(f) =1}, then ¥ = R(K -
(K)?) and ¥=2r¥ - R. The discrete time analogue is ¥;={(2+2r +r)Y,_, —(1-2r+ )Y, —
R{1+ r/2). The appearance of negative coefficients on lagged income also arises in more complicated
examples [see Weiss (1974)]. This prediction is not supported by the findings of Ashenfelter (1978)
who finds that afl included lagged incomes (up to 5 years) have positive coefficients.

13{nvestment may be measured in a number of ways and therefore the statement that investment
declines is slightly ambigucus. In the Ben-Porath specification K and “investment doHars” xXK
declines monotonically. This does not put a restriction on x when X is negative. In the Blinder—Weiss
specification K /K +§, and “investment time™ x declines monotonically {see also Mincer (1974,
ch. 5)].
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with wealth maximization. If it is assumed that the intensity of investment
decreases with K. then a worker with a large initial stock may find it profitable to
wait until part of the existing stock depreciates.'® Outside the scope of the model
there are important potential causes for delayed investment such as changing
market conditions, unknown ability (tastes) and borrowing constraints. Neverthe-
less, the observed life cycle pattern of investment in schooling is broadly
consistent with the hypothesis of decreasing investment with age.

It is relatively easy to work out the comparative statics for the schooling
period. Oniki (1968) has shown that for specification (1) (see Section 2 above), an
increase in the length of the horizon or a reduction in the interest rate increases
the schooling period. An increase in the initial stock reduces the duration of the
schooling period but increases the final stock (attained upon exit from school).
Similar results were obtained for the Ben-Porath specification [Ben-Porath (1970)
and Wallace and Inhen (1975)). A slight difference arises in the Blinder-
Weiss—Rosen specification where the length of the schooling period is indepen-
dent of the initial capital stock. The initial stock of human capital can be viewed
as a measure of the worker’s earning ability. This should be distinguished from
another measure of ability, which is the worker’s learning ability, usually mod-
elled as a shift in the production function G(-). Such a shift s typically assumed
to increase the marginal product of training and increase investment. Generally,
the effect of ability on investment and on the duration of the schooling period is
ambiguous. The reason is that higher ability can increase both the opportunity
costs and the benefits from investment in human capital.

4. Life cycle earnings with endogenous labor supply

In this section I relax the assumption that the lifetime pattern of labor supply is
predetermined. Endogenous labor supply affects the analysis in two basic ways:
(1) future labor supply choices determine the utilization of human capital and
thus the returns to the investment, and (2) past labor supply decisions influence

144 simple three-period example where

K=K ,_,+ Kr yg{x-1)s 0<a<l,

g(x,)=ax,—bx}, 0<a, 0<b,

can be used to generate examples of postponement in investment. For instance, if r=0, § =038,
a=08, 2=165 b=015 and K,=19, the optimal policy is to set xo = 0 and x, =1. That is, with
these parameters the worker does not invest at all in the first period and specializes in investment in
the second period. A milder type of postponement in investment is illustrated by trajectory II in
Figure 11.1.
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the current level of human capital and therefore the (opportunity) costs of
investment.

It is useful to begin with a brief discussion of life cycle labor supply with
exogenous wages. The worker’s problem is to allocate his Jifetime effort and
consumption given a lifetime budget constraint. Assuming that preferences
among consumption and work age profiles can be represented additively, the
problem is stated as

max [ e Pu(c,1—h)dt
{e,h} "0

s.1. (5)

A=rA+wh—c, A(0y=4,, A(T)=0,
12h=0, c=0,

where ¢ denotes consumption, 4 is accumulated savings, u(c,1— k) is a current
utility index, and p a subjective discount factor for future utilities.
An optimal allocation must maximize, at each age, full utility:'*

EPF:umé??_iii\:. (6)
where u, the shadow price of current assets in utility terms, satisfles
i=(o-r)e. )

At an interior solution one obtains:

—u =1 (9

15The problem can be solved conveniently by swo-stage maximization. Define the indirect utility
(!, w)=max, ,u(e,1—h) subject to ¢ = wh + I, and observe that

max n\u._“_h.ﬁn.sL.tAl.T{x Imu_ﬂ max nnumme:.ev.ft?\hlc_.

Thus at the first stage one solves an optimal savings problem, Having solved for J(#) one can use the
regular static supply functon, where work depends on the wage rate w(r) and on the non-wage
income [(r), to find A(r).
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Formaily, these conditions are the profit maximizing conditions for a worker
who produces current utility with inputs /,¢ (where /=1 — k) facing the price
vector 1/p, 1, and w.'® Writing the demand function for the leisure input as

[=D(1/p,w), (10)

we nanm.p_._ from Hcm. theory of production that D, =31/3w < 0. Moreover, if
leisure is a normal mput, D)= a1/3(1/p)> 0. Differentiating (10) with respect
to the worker’s age using (7), we obtain:

r—p
in

. This formula shows that for a fixed wage the worker will choose a decréasing
ABn._,nmmEmv profile for labor supply if the interest rate exceeds (is below) his
m.c_&.nﬂ?m discount factor. If r > p, then starting from a stable work profile,
lifetime utility can be raised by working more in the present, investing the
proceeds of the wages, then working less in the future. A rising (exogenous) wage
path is associated with an increasing labor supply profile. (It is efficient io
allocate effort to periods with a relatively high wage.) If w(t) is single peaked and
r > p, the peak in hours will precede the peak in wages during the life cycle. [See
Ghez and Becker (1975), Weiss (1972), Heckman (1974), and Macurdy (1981).]

Returning to the human capital framework, let us now assume that the worker
can affect his earnings capacity. The simplest type of endogeneity arises when
wages respond to a process of learning by doing on the Job. One can then
augment the model by adding the equations

w(t) = RK (1~ x,) (12)

=D, + Dyw. (1)

and
K=G(K,h,x,), (13)

where the index of training content, x, is taken as given.

An important implication of this extension is that the marginal rate of
substitution between leisure and consumpticn generally exceeds the current wage
_oosz.mQ to the case of exogenous wages where the marginal rate of substitution
1s equated 1o the wage; see egs. (8) and (9)]. Specificaily, in the presence of
learning by doing, labor supply is determined by the condition

u; ¥

NMHE.TMQ.T Awhv

where Y is now the shadow price of human capital in utility terms. This is a
Note that the currens utility index, like a production function, is arbitrary enly up to linear

:Eummonuw:.on., It is only the lifetime functional Jo e Pufc, [ydr that is ordinally scaled. It is
therefore meaningful to assume, for instance, that u(e, {} is strictly concave,
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direct reflection of the fact that each hour spent on the job produces joinzly
earning and knowledge. The worker therefore takes into account both the current
and future effects of his labor supply choices.

A characterization of the optimal labor supply profile and the corresponding
endogenous wage profile requires some specific assumptions on the current utility
index and the production function of human capital. I will iflustrate here the
analysis which follows from the assumptions that the utility indicator is ad-
ditively separable in / and c, and the production function is given by specifi-
cation (III) in Section 2. [For analyses corresponding to specifications (I) and
(L), respectively, see Weiss (1972) and Killingsworth (1982).]

Under specification (III), with x predetermined at Xy, the optimal solution is
characterized by the equations!”

u, (1) < pRK(1-x,)+ vg(x,)K, with equality if # > 0, (15)
u(c) =p, (16)
f=(p—r)p, (17)
¥=(p+8)y —uR(1-xo)h—vhg(x,), ¥(T)=0, (18)
K=g(x,)hK - 8K, K(0)=K,>0. (19)

The solution can be analyzed by a phase diagram where pX and YK are
treated as the state variables (see Figure 11.4). From eq. (15) it is seen that a
straight line with a slope ~ R(1— x,)/g(x,) defines combinations of these state
variables which keep 4 constant at an interior. Therefore the #K =0 line form
straight lines. From (18) and (19) it follows that the ¢K = 0 line (which may have
positive or negative slope) has a larger slope than any constant  line. Trajectory
L'in Figure 11.4 describes the typical pattern.'® Along the optimal path 4 initially
increases and then declines. The same holds for pK, but it starts to decline after
hours have peaked. Recall that wages are proportional to . Assuming r > p, pK
will peak before X does. Hence, along trajectory I wages peak later than hours.
This 1s the same pattern as in the case of exogenous wages.

The simple learning-by-doing model is thus capable of explaining the main
stylized facts on wage and work profiles. An increase in wages followed by a

M1t is assumed that u,(0) = a0, w,{(0) = co, therefore only a corner with A =0,/ =1 is considered,

'8 Depending upon initial conditions the trajectory may start at a point such that both uK and A
are decreasing throughout the work Life. It has been shown by Driffill (1980) that a trajectory which
ends with retirement (i.e. enters the k = 0 region) cannot start below the K =0 locus. Thus a cycling
trajectory in which p K decreases then rises and then decreases again is not optimal. The argument is
based on the observation that in the Blinder—Weiss specification {sec Blinder and Weiss (1976)]
Kqo(do/po) equals lifetime eamnings under the optimal policy. Thus, moving along a ray from the
origin he shows that a cycling path can be replaced by one starting on the same ray which provides
the same lifetime earnings but requires less lifetime disutility from work.
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Figure 11.4

decline, an increase in hours of work followed by a decline, and a peak in hours
which precedes the peak in wages [see Ghez and Becker (1975)).

The economic intuition behind these results is quite simple. The value of the
nvestment component in work declines as the worker approaches the end of his
work horizon. Thus, other things being equal, he would work more hours early in
life. The high work intensity at young ages generates growth in the worker's stock
of human capital. As the worker ages, hours and wage growth decline. Therefore
the earning profile will first increase and then decline. The main difference from
the earning maximizing models is that the patterns of accumulation are affected
by the worker’s tgstes. With variable leisure, the costs of acquiring human capital
(forgone leisure time) depend on the consumption state and not only on earning
capacity. The production and consumption decisions cannot be separated. Conse-
quently, taste parameters such as the subjective discount factor p influence the
development of wages and earnings over the life cycle. If p is high, the worker
has an incentive to work more in the future. This may lead to a pattern of
increasing hours, and eliminate the final segment of reduced wages.!®

Y Killingsworth (1982) points out that this added flexsbility is potentially beneficial. For instance,
the constant decay in camings late in life implied by the wealth maximizing model is modified to
allow a varety of decay patterns when hours are flexible.
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The analysis is in some respects simpler if the worker faces a variety of training
options in the labor market. One may write the problem in the following form:

..1 w,
Bw.x an:nLI\nah+ muzmkmplklnaq+\_ :
E_iCo ﬁv s: (RKA(1 - x) - c)dr + 4,

m“q.. ANOV
K= Q:ﬂ.\:kv, kAS =K,,

0<xx<l,

0<h<l,

where p,, the marginal utility of wealth at time 0, is a constant to be determined.
Since the occupational index does not appear in the utility function directly, it
will be chosen so as to maximize lifetime earnings conditioned on the choice of
the work profile. Investment therefore is governed by the same formulas as in the
income maximizing model, except that the rental rate R is replaced everywhere
by its utility equivalent o R. [With this modification Y is still given by (4), and
BoRAK 15 equated to YG. (K, x, k) at an interior solutton.]

It has been observed by Heckman (1976) that the problem can be separated
further, and thus simplified if one adopts the Ben-Porath specification (specifica-
tion IT in Section 2y and if one further assumes that utility depends on “effective
leisure”, KI, rather than on actual leisure time. Define Ax = y, and assume that
the constraintis 0 < x <1 and 0 < 4 =1 are not binding, then the solution to 20)
is equal to the solution of

w ﬂ
1h~ |. Il
N_mﬂﬁ.\ﬁw o in,ﬁ.vah.‘.to?_c \_M € Axﬁ\+nv9‘:

ﬂ
+_=;me.\ nr&fﬂﬁli%
{r} -0

s.t. aum:@v;i. (21)

Notice that the dynamic constraint is associated only with the second maximiza-
tion in (21). This reflects the fact that the optimal solution for the first problem in
(21) is at each age focally independent of K. The problem (20) can therefore be
solved in stages. Given p, the worker chooses an optimal investment program.
This program has all the properties discussed in Section 3. In particular, for
specification (I} investment is a declining function of age, and the resulting
accumulation path for human capital is single peaked and concave. Taking this
path of accumulation as exogenous the worker chooses an optimal consumption
and leisure program. This program will have all the properties of the optimal life
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cycle labor supply with exogenous wages discussed above. In particular, assuming
that effective leisure K7 is a normal input, it will monotonically increase if r > p
and monotonically decrease if » < p. The behavior of actual leisure time and
work now follow from the exogenous pattern of K. When K peaks, then, if r > o,
leisure time must increase. Therefore hours of work peak earlier than the
potential wage of the worker. Finally, ¢ 1s adjusted to make the two Programs
consistent with the lifetime wealth constraint which requires that lifetime con-
sumption equals lifetime earnings plus initial wealth.

The studies by Ryder, Stafford and Stephan (1976) and Blinder and Weiss
(1976) assume that actual leisure time appears in the utility function and admit
corner solutions. Contrary to Heckman (1976) where human capital is equally
productive at home and at the market and therefore future work plans have no
effect on the returns from investment, these models allow the shadow price of
human capital to reflect the expected intensity of labor force participation. It is
shown that in a “typical” lifetime program, the worker passes through four
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Figure 11.5. The age profiles of human capital, wages, investment and work.

Ch. H: Life Cycle Earnings 623

different phases: schooling (x =1, k> 0); on-the-job training (0 < x <1, 4 > 0);
work (x =0, h > 0); and retirement (A =0). Normally the phases occur in this
order, though, depending on initial condition, some may not arise. The behavior
of the key variables is described in Figure 11.5. Again, these patterns are similar
to those predicted by the models with EXOZENnous wages.

The main difference from the earnings maximizing models [and Heckman
(1976)] is that investment as measured by K or (K /K) increases during the
schooling phase and also in the early part of the on-the-job training phase. This is
a result of the initial increase in hours of work. While in Figure 11.5, investment
intensity as measured by x declines thronghout the worker’s life career, this result
is only true for p<r+4. Generally, the incentive to postpone investment is
influenced by the subjective discount factor p. The higher is p, the more likely it
is that the worker consumes his leisure rather early in life and thus postpones his
investment in human capital. For sufftciently high rate of impatience the worker
may decide to “retire” while young, It is then quite logical that he also postpones
his investment to a period close to his entry into the labor force.

For a low rate of impatience the broad patterns of the optimal work and wage
plans are similar in the different available models of endogenous labor supply.
This is perhaps not surprising since they were all designed to fit the same stylized
facts. There are, however, some marked and unexpected differences in the
comparative statics and comparative dynamics. I now proceed to survey these
issues,

5. Comparative statics and dynamics

So far I have only discussed the time patterns of investment in human capital and
their implications. I described models which generate optimal work and wage
profiles that imitate the observed life cycle patterns, The question naturally
arises, how sensitive are the time patterns of the optimal programs to changes in
parameters. This issue falls under the heading of comparative dynamics. A
second question relates to the impact of various parameter changes on lifetime
aggregates such as lifetime earnings, lifetime consumption or more narrowly the
total time spent in a particular phase such as “schooling”. These questions fall
under the heading of comparative statics,

I will illustrate some of the issues in comparative statics analysis by focusing
on the effect of changes in initial wealth, Ay, on lifetime earnings and consump-
tion. For this purpose we need to examine the determination of y, in more detail,
Consider first the model by Heckman (1976). Define:

5= [Te""RK(1- y)dr, E~ [TeRKR(1- x)dt, (22)
0 0
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where y=hx. We may refer to § as lifetime income and o E as lifetime
earnings. Note that § exceeds E by the present value of effective leisure which
the worker “buys back”. Under the two stage procedure described above,
investment policy is independent of p,. Therefore, the supply of lifetime income
as a function of p, is perfectly inelastic. The demand for lifetime income,

T
\ e "( RKI+ c)dt — 4,
1]

is determined by the solution to the first maximization in (21). For a given p,, this
maximization is equivalent to an unconstrained profit maximization at each age,
and an increase 1 g is equivalent to a reduction in the price of output (i.e.
utility). Hence with a concave utility function expenditures (i.e. ¢+ RK!) must
increase with 1/p,. It follows that the demand for § as a function of p, is
downward sloping. The level of p, is determined at the intersection of the
demand and supply curves.

Now consider an increase in initial wealth 4,. The supply curve for lifetime
income is unaffected by this change but the demand curve shifts (paralleily) to
the left. It follows immediately that $ is unaffected but p, declines. Under the
assumption that consumption and effective leisure are normal goods both in-
crease, at every age, as p, declines, hence lifetime earnings decline and lifetime
consumption increases. .

Different results can arise in the models proposed by Blinder and Weiss (1976)
and Ryder, Stafford and Stephan (1976). In both cases leisure is measured in time
units and the utility function is additive separable in leisure and consumption.
These models can be separated in a different way from the Heckman model, and
the solution to problem (20) equals to the solution of

T T
max e Pu(c)dr— A e "edr — A4 v
nax | [T u(e)dr - ol [ )

+a§ quge:|S%+§\qo£z§:| i&
{x.h} |70 0

s.t. m.nq:h?i_. (23)

By a standard argument one can show that for each of the separate maximiza-
tion problems in (23) that the value of the optimal program is convex in p . Since
the demand and supply for lifetime earnings are the derivatives of the optimized
value functions of these two problems with respect to pg, it follows that the
demand is downward sloping while the supply is upwards sloping. If it can also
be shown that for every u,, there corresponds a unique E (i.e. the two curves are
continuous graphs) then by the same arguments used for the Heckman (1976)
formulation, g, is determined by the intersection of the demand and supply
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curves and an increase in 4, must lead to a reduction in lifetime earnings and in
tto and therefore to an increase in lifetime consumption.

A special aspect of the human capital problem is the presence of dynamic
increasing returns to scale and therefore the concavity of the second maximiza-
tion problem in (23) is generally not guaranteed. This will generally imply that
the supply of lifetime earnings as a function of p, need not be a continuous
graph [see Brock and Dechert (1985)]. Not surprisingly, the question whether a
unique level of lifetime earnings can be associated with any given p, is closely
related to the second-order conditions for dynamic maximization. The problem
reduces to the question whether the first-order Euler or Pontryagin conditions for
the second maximization in (23) identify a unique path. A well-known sufficient
condition for uniqueness is that the corresponding Hamiltonian function be
strictly concave in the control variables and that the maximized Hamiltonian is
concave in the state variables {see Arrow and Kurz (1970)].

The models by Blinder and Weiss (1976) and Ryder, Stafford and Stephan
(1976) do not satisfy this sufficiency condition and uniqueness cannot be guaran-
teed for these models.?® Driffill (1980) has actually found a potentially wide class

XFor the Blinder and Weiss (1976) modei, the maximized Hamiltonian corresponding to the
second maximization in (23) is

MK, )= wwliTimégoxET x)he "+ p[hKg(x) - 8K]]

and 1s convex in K for given y, since by the first-order conditions, x is independent of K and k& is
increasing in X, hence,

dh

Mg = _“n\:tcxﬁlkv+€wﬁki mv 4}

{see also McCabe (1983)]. The convexity of the Hamiltonian in the state does mor imply that the
first-order conditions identify a minimum nor does it imply that the solution is not unique. That the
condition is overly strong is immediately apparent from the fact that it is not independent of positive
monotone transformation in the state variables. For example, define a new state variable Z such that
Z°=K,0 < a<]1, The new Hamiltonian function is

M{z,y)= wmlc:i:né +poRz%(1— x)he "+ pa[ hzg(x) - 82]]

and

V{l—h)he #

vy (-0g(x)  YQ-h)

(1-x)g(x)+e(x) v(A-m)h}

pr a(a—1)

If the optimal path is always interior [e.g. set g'(1) =0, g’ (() = o0, v'(1) = 0,¢'(0) = co], then there
may exist an a which yields M, < 0 along the optimal path. If such an a exists the solution to the
Pontryagin conditions of the original problem is unique. Unfortunately, this sufficient condition can
be verified only after a solution is found.
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of cases in which an increase in initial wealth reduces lifetime consumption. This
situation arises in the Blinder and Weiss (1976) model if the parameter configura-
tion is such that the optimal life program starts with full time training and ends
with retirement. McCabe (1983) notes that by modifying the Blinder—Weiss
model, allowing effective leisure to enter the utility function {as in Heckman
(1976)] uniqueness can be restored and therefore consumption increases with
wealth.2!

The economic explanation for these results is apparent if one considers the
usual static leisure consumption problem with increasing returns (see Figure
11.6). This analogy is perfectly valid for comparative static analysis where all the
dynamic effects are “maximized out”. A change in initial wealth shifts the budget
constraint in a way which keeps its slope constant along any vertical line. This
means that with respect to leisure there is a pure income effect, and under the
usual restrictions on preferences associated with normality, its consumption will
increase. However, due to the increasing returns to scale the slope declines along
any horizontal line. That is, holding consumption constant the increase in 4
leads to a reduction in wages. With respect to consumption both income and
substitution effects operate. Since income increases but consumption becomes
relatively more expensive, the income and substitution effect operate in opposite
directions, and depending upon the relative strength of these effects consumption
may increase or decrease. Thus, as noted by Driffill (1980), the reduction of
consumption with initial wealth is a distinct possibility in any human capital
model because of inherent increasing returns. The assumption of effective leisure
eliminates the price effect on consumption by reducing the marginal rate of
substitution together with the wage along a horizontal line. While this modifica-

2LA very simple example will help to illustrate these general statements. Consider the static leisure
consumption problem but with increasing returns to scale.

max V=c"+af{l—h), 1>a>2a, O<a<l/2,
c i
s.t.

A+ht=¢

substitute for # in the objective function and differentiate to obtain

V.=ae" = (a/2)(c~ 4)"

Vie=a{a-1)¢""? +An\thl\CLu\u

If we set A4 =0, then, due to the restrictions on the parameters, there is an interior solution with
1> k>0, ¢ > 0, which satisfies I/, = 0 and ¥, < 0. Since ¥, , < 0 it follows that dec/dA| -y < 0. Note
that the auxiliary problem max, a(l — h)+ py 2 has mwo solutions when py = (ie. A =0and 4 =1).
Finally, if the second part of utility function is changed to a{l— k)& (as in the effective leisure
hypothesis) then ¥, > 0 and de/d 4 > 0.
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tion yields a more plausible relationship between lifetime consumption and
wealth, it also has some undesirable implications. For instance, the effective
leisure hypothesis is incapable of explaining the negative relationship between
planned future withdrawals from the labor force and current investment. It seems
that the two alternative hypotheses: that human capital, acquired at the market
place, is equally productive at home and in the market [as in Heckman (1976)] or
that it has no effect on home productivity [as in Blinder and Weiss (1976) and
Ryder, Stafford and Stephan (1976)] are both rather extreme simplifications of
the true situation.

Ryder, Stafford and Stephan (1976), who were the first to discuss the implica-
tions of the potential non-uniqueness of the solution to the Pontryagin necessary
conditions, note that changes in the initial level of human capital may also cause
discontinuous jumps in the optimal policy.

A worker who starts near the “catastrophy set” but with slightly less initial
human capital will find it optimal to go to work at once, do little training and
retire early. If he had started with the same wealth but on the other side of the
watershed with shghtly more human capital it would have been optimal to start
his career with training and then devote considerable time to labor continuing
right to the end of his Lfe.
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Heckman (1976) derived several comparative dynamic results for his model.
Some follow directly from the comparative statics exercise. For instance, the
reduction in u, as a result of an increase in A, implies that p(r) is lower for all ¢
and hence consumption and effective leisure will increase for every age. Heckman
shows that an increase in the initial stock of human capital aiso reduces p,, and
thus shifts upwards the demand for consumption and effective leisure at every
age. Since investment policy in his model is completely independent of initial
conditions, one can conclude that an increase in initial wealth will reduce hours
of work at every age. An increase in initial human capital, on the other hand, will
initially increase and later reduce labor supply.

The comparative dynamics for the investment profile in the Heckman (1976)
model are the same as in the income maximizing model. This means that changes
in tastes have no effect on the development of the worker’s earning capacity. This
is in sharp contrast to the models by Blinder and Weiss (1976) and Ryder,
Stafford and Stephan (1976) where changes in taste parameters, such as the
subjective discount factor p, affect investment policies in a substantive way. To
analyze the effects of such a change on the optimal policy, under the Blinder and
Weiss specification, consider again eqs. (15)—(19) and the added equation which
determine optimal investment:

Ru+yg'(x)=0, if0<x<1,
Rp+4g'(x) <0, ifx=0, (24)
Rp+ygi{x) =20, ifx=1,

Notice that during the phase with on-the-job trainings (i.e. 0 < x <1) €qs. (24),
together with (15)—(19) imply an autonomous system of differential equations in
x and A, with boundary conditions x(1;)=1 and x(z,) = 0, where ¢, and 1, are
the (variable) points of entry and exit into this phase. Differentiating this system
with respect 1o p, one obtains a new system of differential equations for the
changes in hours of work and training intensity (4 » and x,, respectively) which
result from the increase in the subjective discount factor [see Qniki (1973) and
Epstein (1978)]. The boundary conditions for this new system are x,(1) = x,(t,)
= 0. Evaluating the system at p =0 it can be shown, with some added assump-
tions,?” that it satisfies the following sign pattern:

h, [+ +\/h +,
. A .\ + : (25)

kh Rﬁ 0

b}

It

*2The added conditions are

d (Vv (1-h) d [ g"(x)
MMA va and Ilﬁ vm@

Ve(l—h) dxl g(x)

These conditions are also related to the concavity of the hours and wage profiles.
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Figure 11.7

The phase diagram corresponding to (25) is presented in Figure 11.7. It is seen
from examining the directional arrows that a trajectory satisfying x S1)=x,(1;)
= 0 must start on the vertical axis at a point above the 4 , =0 line and below the
%, =0 line, otherwise the trajectory will never return to the vertical axis.
Trajectory I in Figure 11.8, therefore, describes the only admissible pattern. An
increase in the subjective discount factor will reduce hours of work throughout
the phase with on-the-job training. The investment intensity is initially reduced
and then increased as one would expect given the incentive to postpone invest-
ment as p increases. The total amount of time spent at the phase with on-the-job
training increases.
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6. Extensions of the basic model

In this section I survey two important and related extensions of the basic model,
imperfections in the capital market in the form of borrowing constraints and
uncertainty with respect to the future earnings capacity of the worker. These two
issues are related since potential lenders are more likely to be concerned about
possible default when future earnings are random. I will follow the literature,
however, and discuss each of the two issues separately.

6.1, Borrowing constraints

The simplest sort of borrowing constraint is one in which the worker cannot
borrow to finance his educational costs but can borrow freely to finance his
consumption. Such constraints were introduced into wealth maximizing models
by Wallace and Inhen (1975), who impose non-negative net current earnings, and
Oniki (1968), who requires that accumulated net earnings do not fall below some
negative constant. Such constraints become effective only in the presence of
direct costs of investment in human capital. It has been shown by these authors
that the general time pattern of investment is not affected by such constraints,
that is investment in human capital is falling, and a period of specialization if it
occurs at all, will occur at the beginning of the worker’s career.® The main
difference is that the overall level of investment declines implying a lower {and
with additional assumptions) flatter earnings profile.?*

A more meaningful borrowing constraint is one which limits all borrowing,
whether for consumption or training. Formally, this constraint can be written as
A(r) = 0. This constraint can affect the worker in a more substantive way since it
breaks the separation between consumption and investment decisions.

With the borrowing constraint the problem is restated as

max ﬂni::?v%

{x.c}vo

S.t.

A=rd+ RKh(1-x)—c, A(t) =20, A(0)=4,, A(T)=0,
K=G(K,h,x), K(0)=K,.

0<xxl,

(26)

In Oniki (1968) this is strictly correct only if one adopts specification I in Section 2. Under a
more general specification postponement of investment may arise.

230niki (1968) performs explicit comparative statics with respect to changes in the borrowing
constraint. He shows that a tightening of the constraint leads to a reduction in the amount of human
capital accumulated in the schooling phase. (The duration of this phase may increase or decrease.)
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where, as in the wealth maximizing model, h(¢) is predetermined. An interior
optimal path is characterized by the equations

w'(e)—p=0, (27)
— uRKh + 4G, =0, (28)
¥ =py—pRA(1-x)=yGg, ¥(T)=0, (29)
p={p—r)u—A, Az=0, A)A(r)=0. (30)

Combining egs. (29) and (30) it is seen that the shadow price of human capital
in dollar terms, n = /p, satisfies

TATS,\_'ET%WF 2(T) =0. (31)

When the borrowing constraint is absent and A(r) =0, eq. (31) is, of course,
identical to eq. (4) in Section 2, and the optimal investment policy will maximize
lifetime earnings. In the presence of the borrowing constraint the shadow price of
human capital declines at a slower rate whenever the constraint is effective. This
represents the incentive to shift investment towards periods in which an increase
in investment does not require sacrifice of current consumption.

Recall that under specifications (IT} and (III) in Section 2, eq. (31) involves
only # and (A /p) [x and G, can be eliminated using (28)]. In these cases it is
still correct that 7 is decreasing whenever the borrowing constraint is not binding
and A =0. When the constraint is binding, v may decrease at a slower rate or
increase, depending upon the parameters of the utility function. The effect of a
borrowing constraint is therefore to reduce the shadow price of human capital at
all points during and prior to the phase (or phases) in which the borrowing
constraint is effective. The worker will invest less in human capital and his
earning profile will be generally lower (except at early ages) and flatter.

In the presence of borrowing constraints, investment need not decline mono-
tonically, and the period of specialization may be postponed. For instance, if the
worker starts with no initial assets, it is clear that he cannot train at a full rate at
the beginning of his career, even though this might be efficient in terms of the
maximization of lifetime earnings. He may choose to postpone his “schooling”
period 1o a later point and accumulate sufficient savings to support such a
program.

It is interesting to note that the general shape of the earnings profile may be
unaffected by the introduction of a borrowing constraint. If, for instance, r > p,
then it is seen from eq. (30) that consumption will increase on ar optimal path.
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Hence, when the borrowing constraint is effective earnings must increase.
Whenever the constraint is not effective investment declines, and earnings will
increase unless net investment becomes negative. Since the borrowing constraint
is likely to be effective at the beginning of the worker’s life, earnings will first
increase and then decline. This is the same pattern as in the absence of the
_uoi.ni.Em constraint. However, the rate of investment and the shape of the
earnings profile will strongly depend on the worker’s zasres 2

A common practice in the human capital literature is to acknowledge the
practical importance of berrowing constraints only {0 ignore them in the analysis.
The discussion above suggests that if the main purpose is to explain the general
qualitative aspects of earning profiles the neglect of borrowing constraints can be,
perhaps, justified. If, however, one's objective is to explain the level of invest-
ment, or to identify basic parameters such as the interest rate, from observed

earnings, then the omission of the borrowing constraint may lead to serious
biases,

6.2, Uncertainty

A worker who invests in human capital faces several risks. Both future market
conditions and individual circumstances (such as health) are uncertain. The
worker’s capacity to learn on the Jjob and its precise training content are not
known when a job is accepted. The question arises to what extent does the
presence of such risks affect the incentive to invest in human capital, and what is
the effect on the time pattern of investment over the life cycle.

Ownmwamﬂ again specifications (II) and (IIT) of the production function in
Section 2, and assume that g{x} s linear. We may then reduce borh specifications
to

K/K =6xh -3, (32)

where # can be interpreted as training efficiency and § is the depreciation rate of

ﬁ» .E.:En. nxgﬁ_niﬁn.nmmm_.newﬁr&n production function is linear and the rate of
depreciation is zero. That is, K = aKxh and where g and / are constants and g > r, p. In this case it
can be shown that if p > r the borrowing constraint is always binding, while if »> p it can only be
.GEQEW during the investment period [see Weiss (1972)). Working life is divided into two phases, an
investment phase in which 0 < x <1 and a successive nou-investment phase with x = 0. The duration
of the investment phase 4, is determined byafTe "= dr=1if r> p (the same condition as in the

absence of a borrowing constraint) and by afTe Pt=tldr=1if r < p. Hence, the duration of the
Investment period is equal or shorter, and the intensity of investment is lower when a borrowing
constraint is imposed.
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human capital. Assume that 8 follows a random process,
B{¢) = a+ ye(t), (33)

where €(¢) is a white noise process.?® Then the problem facing the worker is
similar to the standard investor problem facing random returns {see Merton
(1971)]. As in the case of certainty the difference remains that human capital
cannot be bought or sold freely, a fact which introduces constraints on the rate of
accumulation and introduces a potential direct link between utility and invest-
ment. Nevertheless, as shown by Williams (1979), the same techniques apply.

The worker’s problem is now to choose an optimal strategy determining c, A,
and x as functions of the state variables K and A (which are random) and ¢, The
assumed objective is the expected lifetime utility. If one denotes the maximized
value function by J(K, 4, t), then the optimal strategy satisfies, at an interior
solution:

ﬁn” A Awhv

u,= RKJ,, Awuv
- J a—RJ /T

xh = K N\“\ K ) Awmv
Jex K Y

(For the case of certainty I used the notation Jy=p and J. =) Conditions
(34) and (35) are of the same form as under certainty, and in particular (as is
generally the under specification II) the marginal rate of substitution between
consumption and leisure is equated to the potential wage of the worker [see also
Macurdy (1983)]. The numerator of the second term on the right-hand side of
(36) is the criterion which determined investment under certainty. Due to the
assumed linearity, a “bang-bang” solution would arise in the absence of risk. But
as noted by Williams (1979), this is modified under uncertainty due to the rise of
a risk premium. If « < RJ,/J, then, as under certainty, the worker will not
invest in human capiial (i.e. x = 0). This will always hold towards the end of the
worker’s career since the transversality condition Jx(K, A, T)=0 still applies.
However, if a> RJ, /J,, it does not follow that the worker plunges into invest-
ment in human capital since the riskiness of this investment is taken into
account. Generally, the lower is the risk (as measured by ¥2) or the lower the
degree of risk aversion (as measured by {(— Jex K /J) the higher will be the
investment. Just as in the case of imperfect capital markets the separation

*The process e(¢) is the continuous time analogue of a sequence of independent random variables
each normally distributed with zero means and unit variances [see Karlin and Taylor (1981, ch. 15,
section 14)].
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between investment and consumption breaks down. The investment decisions
depend on faste parameters which are implicit in the value function J().

Since xh depends on the realizations of a random process, it is not as
meaningful to ask whether it declines with age. One can enquire, though, whether
the propensity to invest given the realizations of human capital and assets
declines with age.

A precise statement can be made if it is assumed that the utility function is of
the form

u(e, Ky =ch(IK)*, g +8, <1, (37)

where leisure is again measured in effective units. In this case conditions {34) and
(35) imply that ¢ and /K are in fixed proportions and utility as function of
consumption has constant relative risk aversion. [t is possible then to solve for
J(K, A, 1) explicitly. At an interior solution, investment in human capital (in
dollars) can be written as proportional to total wealth, where the factor of
proporticonality depends on the relative price of human capital, That is

nKxh = Q(n)(A+ Kn), (38)

where 9 = (Jy /J,) is the shadow price of human capital in dollar terms. Because
of the assumption that leisure is measured in effective units and the specific form
of the utility function (37), 5 depends only on ¢ (and not on the realizations of X
or A}. It actually satisfies the same differential equation as under certainty [see
.émEmBm (1979, Appendix)] this means that 7 is ever decreasing. Since (%) is an
increasing function of » the conclusion is that investment in human capital as a
proportion of total wealth is declining monotonically with the worker’s age.

In the simple case outlined above an increase in risk, as measured by v,
reduces the propensity to invest in human capital. This may suggest that the
general effect of uncertainty is to hinder the accumulation in human capital. This
wm. not correct. In the more general model considered by Williams (1979) ad-
ditional sources of uncertainty are included. In particular § and R are also
mmm:Ena random, and 8 is allowed to be correlated with 4. This correlation
introduces the potential for hedging against obsolesence thus encouraging the
investment in human capital. In the simple two-period models [Levhari and
Weiss (1974) and Williams (1978)] it is also shown that an increase in the
investment in schooting may reduce the variability of earnings and total portfolio
Income. In such cases investment in human capital is encouraged when risk
increases.

7. Specific human capital and binding labor contracts

The analysis up to this point was founded on the assumption that competition
forces wages to equal the value of the marginal product which accrues to the firm.
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As noted by Becker (1975) the forces of competition are often mitigated by the
establishment of specific human capital. If training increases productivity within
the firm more than elsewhere, then a bilateral monopoly situation arises, ex post.
It is then in the interest of the parties, ex ante, to limit ex post bargaining. For
this purpose they may seek a binding agreement which will set the division of the
gains and the costs of the mutually beneficial investment. If it is indeed feasible
10 enforce such contracts the choice of the investment policy can be made jointly
by the two parties, and the outcome will be independent of the division of the
rents. The sharing rule can be determined, in principle, by some bargaining
model, but since the transfers can take a variety of forms, there is little that can
be said about the ensuing wage profiles. The fact is, however, that fully enforce-
abte contracts are not observed in the labor market. A worker who wants to quit
is rarely prevented legally or otherwise from doing so. Firms, on the other hand,
do commit themselves quite often at least implicitly. This asymmetry can be
exploited to put some bounds on the feasible wage profiles. Clearly, if the
workers can leave the firm then the payment stream within the firm must at least
match the outside opportunities of the worker. Further restrictions can be
obtained if one adds asymmetry in the outside opportunities of the two parties,
€.g. in the ability to rearrange payment schemes through the capital or insurance
markets.

Consider the case in which a worker who joins the firm produces jointly output
and knewledge which is purely specific to the firm. Suppose the worker has no
access to an outside capital market and cannot rearrange the payments offered to
him by the firm. At each point the worker has the option of leaving the firm, in
which case his expected lifetime utility from that point on is given by ¥(t, K,) (V'
does not depend on K(r) since human capital accumulated at the firm is purely
specific).”’

Suppose that the firm commits itself by offering a lifetime employment
contract {with a(t) set at 1 for all ¢] and a corresponding wage profile w(z). How
are the investment policy and wage profile determined? If one assumes that the
bargaining between the worker and the firm leads to a Pareto efficient agreement,
then the outcome of the bargaining process must solve

max .\ﬂowzﬁwﬁﬁ —x)—w)dt

{x,w)
m”r (39)
K"QAKV.—‘HV‘ KAOV"KOW

U=pU—u(w), U(T)=0, UzV(t,K,) forallr,
where U is the discounted value of the worker’s utility stream associated with

¥t is also required that reentry into the firm is not optimal. Under static conditions and if, as
assumed, experience is not transferable this will be the case [see Weiss (1971)].



636
Y. Weiss

w(t), ».ﬁ.oB t to T. That is to say, the firm’s profits are maximized under the
constraint that at no time can the worker’s utility be improved either by quitting
or GM _...w&mgm the investment policy and the wage offer.

H._u is immediately seen that the investment policy is the same as in the case in
i?ar. human capital was perfectly general. The reason is, of course, that the
mo::,ﬁon of the two parties allows them to jointly internalize the Un:m,ma of the
5<nmﬁ=nﬁ., and it does not matter to whom the benefit accrues 1n the first m_mon_
The wage is determined separately by the conditions

—1-pu'(w)=0, (40)

p=(r—p)u=X, A20, AU-V(1.K;))=0. (41)

If the oom.m:.mw: UzV(K,, 1) is never effeciive, wages are determined according
to the desired consumption pattern of the worker. In this sense the firm acts as a
dmb.w on behalf of the worker. It follows from (40) and (41) that for r > p, the
onEdm_“ that is agreed upon, wage profile is ron-decreasing. o

With market imperiections there is an incentive for the provision of binding
contracts even in the absence of any specific human capital. Several authors have
=oﬁ.a that if productivity is uncertain and insurance of €arnings is not available
oEmﬁn Ew firm, then a contingent wage agreement can be used to achieve risk
mmm.:pm within the firm. Freeman (1977), Harris and Holmstrom (1982), and
fo_mw and Lillard (1983) consider extensions of the model outlined above eiwm: it
is assumed that productivity both within and outside the firm evolve according to
some mSnr.mmmo process. If firms are assumed risk neutral, then again for r>p
the wage 1s non-decreasing along any sample path of the process. Thus in
particular, average wages grow with age.

I.mmEan (1981) considers the case in which the productivity of the worker
o.:ﬁuaa and Eman the firm are random but not perfectly correlated. Under such
circumstances it is not efficient to continue employment unless the occurrence of
E.oa:nxﬁ& within the firm turns out to exceed the worker's opportunity cost.
The solution om. the problem now requires an employment policy in addition to
the wage and investment policy. If one could enforce a wage rate which is
contingent on the ex post realized rents, allowing voluntary separations, given the
wage rate, quits (or layoffs) will occur only if the separation is ex post efficient. (It
15 assumed that both parties are risk neutral.) However, since it is costly to verify
the Euvoncinam of the worker or the productivity of the firm, Hashimoto
oObman_..m a non-contingent wage contract which is determined ex ante. Within a
n.io-voﬁom model context, he shows that the predetermined wage profile will be
Increasing. The rate of increase is determined by its impact on the ex post
incentives oq ﬁolau.m to quit or firms to fire their workers. Lazear (1981)
considers a similar model except that in his interpretation quitting is triggered by
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“shirking”: a voluntary act which benefits the worker, imposes costs on the firm
and leads to an immediate dismissal. In deciding whether to shirk the worker
takes into account the endogenous probability that the firm terminates the
contract unilaterally, sometime in the future. Lazear then shows that a Pareto
efficient contract generates an upward sloping wage profile. The rise in the wage
is used to discourage opportunistic behavior by the worker and, indirectly,
mobility. It has been noted by several authors, e.g. Becker and Stigler {1974} and
Kennan (1979), that if the worker has access to the capital market, alternative
arrangements such as bonding can be used for this disciplinary purpose.

The analysis becomes considerably more complicated if one introduces varia-
tion in hours or effort. This is particularly true if effort cannot be monitored,
which leads to an agency type problem. Holmstrom (1983) considers a special
case where output is given by

Y,=0+h,+e, (42)
and the workers utility each period is
=w,—v(h,}, (43)

where # is unknown (but fixed) ability parameter, and ¢, a random transitory
effect. Only output is directly observable. In equilibrium firms can infer from the
workers past outpur on his ability and adjust wages correspondingly. Thus, by
increasing effort the worker produces an individual specific human capital in the
form of reputation. This type of human capital, however, has no direct effect on
output. The maodel implies that effort declines monotonically toward zero over
the life cycle. The reason is that effort is not rewarded directly, the sole return for
effort is improved reputation, a return which diminishes towards the end of the
work horizon.

Rogerson (1985) considers a case without learnings but with a utility function
which is concave in w. The wage contract is, again, conditioned only on the
outcome since effort is not observed. Because of the dynamic set-up, one can
generally find more than one payment scheme which elicits the same effort and
provides the same expected utility to the worker. This is accomplished by
reducing utility in the present and increasing it uniformly at all future outcomes.
An optimal wage contract must minimize the expected wage costs for the firm
within this set. In a two-period context this leads to the condition:

u,

Lo !
w'(wo) wlw) |

which states that the current marginal cost to the firm of increasing the worker’s
utility (with effort being the same) must equal the corresponding expected future

(44)
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cost. (It is assumed that 7 =p and that the expectation is conditioned on the
realized outcome at period 0.) By a direct application of Jensen’s inequality it can
be seen from (44) that the expected (unconditional) wages may increase or
decrease depending upon the convexity of 1/u’( w). This is in contrast to the
papers cited above which predict an increasing expected wage profile, The
&mmnwunn arises, in part, because of the assumed absence of quits in Rogerson’s
model.

To conclude, with specific human capital the wage and hours profiles are less
closely tied to the accumulation of productive capacity. They also reflect the
sharing of the costs and the benefits from the investment between the workers
and the firm. The shares depend on the outside opportunities, mobility costs,
information and attitude towards risk of the two parties. Depending upon the
assumed role of these factors, one can obtain a variety of wage and work profiles,
For this reason the results are considerably less robust than in the case of general
human capital.
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