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Time Symmetry and the Many-Worlds

Interpretation

Lev Vaidman

ABSTRACT

An attempt to solve the collapse problem in the framework of a time-symmetric
quantum formalism is reviewed. Although the proposal does not look very
attractive, its concept—a world defined by two quantum states, one evolving
forwards and one evolving backwards in time—is found to be useful in modifying
the many-worlds picture of Everett’s theory.

1 INTRODUCTION

Quantum mechanics is an almost unprecedented success as a physical theory,
yielding precise predictions for the results of experiments. However, if quantum
theory is viewed as a direct description of physical reality, there is a significant
difficulty: in order to explain particular outcomes of quantum measurements,
a collapse of the quantum state has to be introduced. The collapse, with its
randomness, non-locality and the lack of a well-defined moment of occurrence,
is such an ugly scar on quantum theory, that I, along with many others, am
ready to follow Everett and deny its existence. The price is the many-worlds
interpretation (MWI), i.e., the existence of numerous parallel worlds.

There are other attempts to avoid collapse. One of them is a proposal
due to Aharonov [2005], according to which, in addition to the standard
forwards evolving quantum state, there is a backwards evolving quantum state.
Both evolve according to the Schrödinger equation without collapses, but
a particular form of the backwards evolving state ensures that we do not
experience multiple branches of the forwards evolving state, just one. The
form of the backwards evolving state is chosen (somewhat artificially) exactly
by this requirement: that each quantum measurement ends up with a single
outcome.
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There is a certain difference between the single world described by quantum
mechanics with collapses at each measurement, and the single world which
emerges with the backwards evolving quantum state of Aharonov. While the
former, at each moment in time, is defined by the results of measurements in
the past, the latter is defined, in addition, by the results of a complete set of
measurements in the future. Although I am not ready to accept Aharonov’s
proposal, I think that his idea of a single world emerging from forwards- and
backwards-evolving quantum states is useful. I will argue that there is an advantage
in drawing the Everettian many-worlds picture using multiple Aharonov worlds,
instead of multiple worlds generated solely by quantum measurements in
the past.

I will start with a brief description of the time-symmetric two-state vector for-
malism (TSVF) (Aharonov and Vaidman [2008]), which provides the framework
for Aharonov’s proposal.

2 THE TWO-STATE VECTOR FORMALISM

The TSVF describes quantum systems at a given time by a backwards evolving
quantum state (Vaidman [2007]), in addition to the standard, forwards evolving
quantum state. An ideal (textbook) quantum measurement at time t of a
variable A with an outcome a creates a quantum state |A = a〉 evolving
forwards in time and, at the same time, creates a quantum state evolving
backwards in time, towards the past, which we denote 〈A = a|. An ideal
measurement also serves as a verification measurement: the outcome A = a
is obtained with probability 1 if the state |A = a〉 evolves towards time t
from the past or (and) if the state 〈A = a| evolves towards time t from the
future.

In a real laboratory we usually have separate devices for the creation and
verification of quantum states: emitters and detectors. We can place a single
photon source (made today in a number of laboratories around the world) in
front of a two-slit barrier. It creates quantum states of photons exhibiting an
interference pattern, which can be tested by measuring the frequency of clicks
of a photodetector as a function of its position on the plain located beyond
the barrier (see Fig. 1a). The backwards evolving quantum state of the photon
is created by the detector and it is tested by the source. We can observe the
interference pattern of the backwards evolving state by fixing the position of
the photodetector in front of the slits and moving the source along the plane
parallel to the barrier. The frequency of emitted photons, post-selected by
the condition of being observed by the detector, exhibits the familiar two-slits
interference pattern, but this time it is interference of the backwards evolving state
(see Fig. 1b).
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(a) The number of absorbed particles as
a function of the position of a detector
shows the interference pattern of the
forwards evolving quantum state.

(b) The number of emitted particles
absorbed by the detector, as a function
of the position of the source, shows the
interference pattern of the backwards
evolving quantum state.

Figure 1. Interference patterns.

Somewhat surprisingly, we do have numerous realizations of essentially ideal
von Neumann measurements in nature: the measuring device is the environment,
and the measured systems are macroscopic objects or, sometimes, charged
particles. Interactions with molecules, photons, phonons, etc. of the environment
provide non-demolition localization measurements.

Given complete measurements preparing the state |�〉 before time t and
complete measurements verifying the state |
〉 after time t, the quantum
system at time t is described by the two-state vector (Aharonov and Vaidman
[1990])

〈
| |�〉. (1)

The two-state vector provides maximal information regarding the way the
quantum system can affect, at time t, any other system. In particular, the two-
state vector describes the influence on a measuring device coupled with the system
at time t. An ideal measurement of a variable O yields an eigenvalue on with
probability given by the Aharonov–Bergman–Lebowitz (ABL) rule (Aharonov
et al. [1964])

Prob(on) = |〈
|PO=on |�〉|2∑
j |〈
|PO=oj |�〉|2 . (2)
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An important case is when a particular measurement has an outcome that occurs
with certainty. In this case I call it (somewhat misleadingly) an element of reality
(Vaidman [1993]).

The most important result of the TSVF has been the discovery of weak
values of physical variables (Aharonov et al. [1988]). When, at time t, another
system couples weakly to a variable O of a pre- and post-selected system 〈
|
|�〉, the effective coupling is not to one of the eigenvalues, but to the weak
value:

Ow ≡ 〈
|O|�〉
〈
|�〉 . (3)

Since the quantum states remain effectively unchanged during the measurement,
several weak measurements can be performed one after another and even simul-
taneously. Weak-measurement elements of reality (Vaidman [1996]), i.e., the weak
values, provide a self-consistent but sometimes very unusual picture for pre- and
post-selected quantum systems.

As a simple example, consider a particle emitted from a source S towards a
beam splitter BS, and detected by a detector A (see Fig. 2). In our simplified
model, the forwards-evolving state corresponds to the line from the source
towards the beam splitter, and then to the two lines from the beam splitter
towards the two detectors. The backwards-evolving state corresponds to the line
from detector A towards the beam splitter, and then to two lines, one towards
the source and one towards nowhere. If we denote the quantum state evolving
from the beam splitter towards detector A as |A〉, and similarly, the state evolving
from the beam splitter towards detector B as |B〉, then the two-state vector of

A
B

BS

S

Figure 2. A particle is emitted by the source and absorbed by detector A. Single lines
denote forwards, and double lines denote backwards evolving quantum states.
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the particle, at a time when the particle has passed the beam splitter but has not
reached the detectors, is

〈A| 1√
2

(|A〉 + |B〉). (4)

From the ABL rule and from the calculation of the weak values of projections
on various locations, we can immediately see that both strong- and weak-
measurement elements of reality show that the particle is well localized during
all of its motion along the trajectory S-BS-A. The weak-measurement elements
of reality for projections on the corresponding trajectories are: (PA)w = 1 and
(PB)w = 0.

A more entertaining example is the three-box paradox (Aharonov and Vaidman
[1991]). Consider a single particle in three boxes described by the two-state vector

1

3
(〈A| + 〈B| − 〈C |) (|A〉 + |B〉 + |C〉), (5)

where |A 〉 is a quantum state of the particle located in box A, etc. For this
particle, there is a set of elements of reality

PA = 1,

PB = 1. (6)

Or, in words: if we open box A, we find the particle there for sure; if we open
box B (instead), we also find the particle there for sure.

For this particle there are also corresponding weak-measurement elements of
reality: (PA)w = 1 and (PB)w = 1. Any weak coupling to the particle in box A
behaves as if there were a particle there. And, simultaneously, the same is true for
box B. Note that these are properties of neither forwards nor backwards evolving
states separately, but only of both together.

3 THE TWO-STATE VECTOR FORMALISM WITHOUT
COLLAPSE

It is uncontroversial to apply the concepts of the TSVF, such as the two-state
vector, weak values, etc., to a quantum system in the past, when both pre- and
post-selection have already taken place. The revolutionary proposal of Aharonov
(Aharonav and Gruss [2005]) is that the backwards evolving state exists at the
present moment. Aharonov’s backwards evolving state is a very special one. It
ensures that all quantum measurements have definite outcomes. In particular, in
our simple example with a beam splitter and a detector, the backwards evolving
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state has a component of triggered detector A and does not have a component
of triggered detector B. Thus, although the forwards evolving state includes a
component in which the particle arrives at detector B, it will leave no trace. Any
weak coupling with the particle on the trajectory BS-B will show nothing.

I find Aharonov’s proposal very problematic. It does remove action at a
distance and randomness from basic physical interactions, two of the main
difficulties with the collapse postulate. But it still has the third: it is not well
defined. The backwards evolving quantum state needs to be tailored in such a
way that all measurements will have a definite result, but what is the definition
of a measurement?

The difficulty is increased by the fact that the backwards evolving state needs
to be very specific. The backwards evolving state is specified by (vaguely defined)
measurement events, whose probability of occurrence is given by the Born rule
applied to the forwards evolving state. It will not be the case that the backwards
evolving state alone describes well-defined results of measurements. For consider
a longer history which includes our experiment (Fig. 3). Assume that the click
of a detector A causes a lamp to be switched on. Then, a photon from the
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Figure 3. A particle emitted by the source is absorbed by detector A. It switches on the
lamp and a photon from the lamp is absorbed by detector C .
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lamp passes through another beam splitter and is detected by another detector
C . A definite outcome for detector C implies that only part of the photon’s
backwards evolving wave reaches detector A. Therefore, the backwards evolving
quantum state is not an eigenstate of the clicked detector A. Aharonov and
Gruss [2005] claim that it is feasible to arrange the backwards evolving state in
such a way that, together with the forwards evolving state, only a single history
of ‘macroscopic’ events is significant. The weak value of the projection on the
outcome A is exponentially larger (in the number of particles in the detector)
than the weak value of the projection on the outcome B. However, it is hard to
see how Aharonov’s program can succeed for a long-lasting universe, and very
many measurement events in parallel worlds.

The artificiality of the definition of the backwards evolving quantum state
together with difficulties in making this program consistent make me very
reluctant to accept Aharonov’s hypothesis that at each moment in time, there is
a quantum state evolving backwards. But in the context of Everettian quantum
theory, Aharonov’s idea is useful. It is possible to describe each individual world
(i.e., branch of the universe) in terms of both a forwards and a backwards evolving
state, with the outcomes of both past and future measurements fixed. I find this
preferable to the standard Everettian approach.

I will begin my argument with a brief description of my understanding of the
concept of a world in the MWI.

4 EVERETT ‘WORLDS’

The basic concept in the MWI is a ‘world’. It belongs not to the mathematical
formalism of quantum mechanics, but to its interpretation. It helps to make a
connection between the mathematical formalism and our experience.

One approach to the concept of a world (which seems to be very close to
Everett’s original proposal) is to define a subjective world for each observer—that
is, a quantum state of the universe relative to a particular conscious state of the
observer. This approach is certainly consistent. But it is not very effective, since it
is hard to discuss objects which are not in a direct contact with the observer, e.g.,
objects in the far past, or the far future, or which are far away. We would like to
discuss stars before life developed. Therefore, I prefer not to define concepts in
terms of conscious observers. Instead, I define worlds in an objective way:

A world is the totality of (macroscopic) objects: stars, cities, people, grains of sand, etc.
in a definite classically described state.

The MWI in Stanford Philosophy Encyclopedia (Vaidman [2002])

I will now clarify (and slightly amend) this definition. First, a world is not a
concept associated with a particular moment in time, but with all of time. It
is a complete history in which all macroscopic objects have definite states. At
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the beginning, according to the standard MWI, there was one classical state,
common to all worlds. At a later time there are multiple classically described
states. Each one corresponds to numerous worlds with identical pasts and
different futures.

The second clarification is that, apart from classical objects, the description
of a world should include a description of some microscopic objects. A world
is a sensible story, a causal connection between states of objects. We need not
describe the quantum states of all the particles of a table, but the quantum state
of a particle in an accelerator, which leaves a trace in a bubble chamber, or the
state of a particle entering the beam splitter in one of the experiments described
above, are certainly important parts of the ‘story’ of a world. Strictly speaking,
the outcomes of quantum measurements, recorded in the definite classically
described states of parts of the measuring devices, define the quantum states of
the particle and we can tell the story replacing the particle’s evolution by the set
of outcomes of macroscopic measuring devices. But this is very artificial, so we
adopt a description of a world as a classical state of macroscopic objects and, in
addition, quantum states of (a few) relevant microscopic objects.

A good example of a quantum system which requires description in a world is a
single particle passing through a beam splitter. If the particle passes the first beam
splitter of a properly tuned Mach–Zehnder interferometer (MZI, see Fig. 4), its
description as a superposition of being in two separate locations is necessary to
explain why it will end up with certainty in one output of the interferometer
and not in the other. If, after the first beam splitter, there are detectors, as in
the experiment described in Fig. 2, then we may say that we need to describe
the particle as being in a superposition for another reason. We might bet on one
of the outcomes, and in order to place an intelligent bet we have to know the
quantum state of the particle.

There is a big difference between strongly interacting quantum particles,
like charged particles in the detector of an accelerator, and weakly interacting
particles, like photons in an interferometer. Strongly interacting particles, in the
same way as macroscopic bodies, are frequently measured by the environment, or
by special detectors like bubble chambers. Therefore, when a strongly interacting
particle is included as part of a world, it is nearly always well localized,
with a definite classical description. Particles like photons are measured only
occasionally, e.g., when they reach a detector. At the intermediate time, their
quantum state becomes a superposition of localized states. Photons do interact
with the environment between measurements, but only weakly, so that they are
not localized in interferometers. Other particles, like neutrinos, interact only
weakly most of the time.

In summary, a world consists of (a) macroscopic bodies and strongly interacting
particles which are frequently measured by the environment, (b) microscopic
particles which are measured, or interact strongly, only sometimes, and (c)
microscopic particles which are almost always coupled only weakly with the
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Figure 4. A Mach–Zehnder interferometer, tuned in such a way that all particles from
S go to the port 2.

environment. Strongly interacting bodies (a) have a quantum state which is
well localized at all times. The frequent measurements by the environment
are non-demolition measurements and they create and measure both forwards
and backwards evolving quantum states. Thus the backwards evolving state is
identical to the time reversal of the forwards evolving state. Particles like photons
(b) are measured occasionally, and mostly by demolition measurements. Strong
measurements localize them, but in between measurements, their wavefunctions
are typically spread out in space. Usually, their forwards and backwards evolving
states are different: the backwards evolving state is not equal to the time reversal
of the forwards evolving state, although it is never orthogonal to it. (Note that in
some cases, several quantum particles are entangled and only their joint quantum
state is pure.) Finally, weakly interacting particles (c) are spread out in space
most of the time. The forwards and backwards evolving states need not be equal.
Cosmology and experimental data tell us something about these states (mostly
about the forwards evolving states).

Within a world, the objects of types (a), (b), and (c) influence one another,
and their states are causally connected. In the standard MWI, only forwards
evolving states are considered. I will argue that the story of a world is much clearer
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if both forwards and backwards evolving states are considered at a particular
time. The forwards evolving state of quantum particles on its own (or the set of
measurement outcomes in the past which defines it) does not describe correctly
the influence of the particles upon other objects.

5 MODIFIED EVERETT WORLDS

Here is the main point I’d like to make. The standard quantum state of a particle,
which is defined at a particular moment of time, which evolves forwards in time,
and which depends on macroscopic records of measurements performed in the
past, is not enough to define the particle’s influence on other systems in the
world. We also need to know the backwards evolving state, i.e., the outcomes of
future measurements.

I suggest, therefore, the following change to the MWI picture of the universe.
Instead of a tree of worlds, which starts from a single state common to all
worlds and splits at every quantum measurement, the worlds are split by future
measurements.

With this modification to the MWI, each Everett world is a possible Aharonov
world. More precisely, it is a ‘clean’ Aharonov world because at each moment
in time, both the forwards and the backwards evolving states have only the
relevant components |ψ〉 and 〈φ| corresponding to the particular results of
complete measurements before and after the time in question. This contrasts
with Aharonov’s original proposal, where both forwards and backwards evolving
states |�〉 and 〈
| are superpositions. The particular components |ψ〉 and 〈φ|
in these superpositions have only tiny absolute weights which, however, ensure
dominant contributions when we calculate weak values or (counterfactual)
probabilities using the ABL rule.

Let us look again at our example with a single particle source, beam splitter
and two detectors (Fig. 2). The world splits with the clicks of the detectors,
creating a world in which the particle is reflected by the beam splitter and
absorbed by detector A, and a world in which the particle passes through and is
absorbed by detector B. In a standard approach to the MWI, at the time that the
particle has passed the beam splitter, but has not yet reached a detector, there is
only one world, with the particle in a superposition of two localized states. But
nobody will ever observe any effect of this superposition (this is in contrast to
an alternative experiment in which the beam splitter is part of an MZI). There
will be two descendants of the experimenter who performs the experiment. One
observes a click from detector A and might see traces of weak coupling on the
route BS-A, and the other observes a click from detector B and might see traces
of weak coupling on the route BS-B. The worlds, as I define them, are histories,
one with the A outcome and another with the B outcome. In no world can a
trace of the superposition of paths A and B be seen, i.e., in no world will we
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see something both on the route BS-A and on the route BS-B. In contrast, the
traces of path BS-A in world A (and the traces of path BS-B in world B) can
be seen. To this end we have to arrange an ensemble of identical experiments
with weak measurements of projection on various paths at the appropriate time.
Then, the results of the weak measurements on a pre- and post-selected ensemble
will show the trajectories BS-A and BS-B respectively. (Especially effective is a
weak measurement performed on a rare event pre- and post-selection ensemble
when all particles in the ensemble end up with the desired outcome. Then, the
same measuring device couples to all particles.)

The example with a single beam splitter is illustrative, but it is very simple, and
although there is some inconsistency, we can also discuss it relatively well in the
language of forwards evolving states only. Let us consider a more sophisticated
example, in which the standard approach can lead to misleading conclusions
(Hosten et al. [2006]). Consider a combination of beam splitters which create
a MZI ‘nested’ in another MZI (see Fig. 5). The internal MZI is tuned in
such a way that a particle entering the left input port always comes out in the
right port. We consider a photon which enters the external interferometer from
the source and ends up in detector 2. Since photons on the right arm of the
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Figure 5. The internal Mach–Zehnder interferometer is tuned in such a way that the
particle cannot go from source S to detector 2 through the right arm. Nevertheless, at B
both forwards and backwards evolving states are present, and for any weak coupling to
the particle at B, the effect is as if there were a single particle there.
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external MZI leave the interferometer (due to the particular tuning of the internal
interferometer), in the framework of the standard MWI we would conclude that
the photon passed solely through arm A (and not through B and C ). However,
such a set-up of beam splitters can also be considered as the creation of the
two-state vector (5) of the three box paradox, where |A〉, |B〉, and |C〉 are the
states of a photon in arms A,B, and C respectively (Vaidman [2007]). Then, we
know that the weak interaction influence at B is as if the photon were there. In
any case, it is not less than the influence at A. This fact is immediately seen in
the world described by the two-state vector and is very hard to understand in the
standard approach.

Aharonov’s proposal is to add a universal backwards evolving quantum state
〈
|. My proposal is to add ‘locally’ to each world, in the period between complete
measurements on quantum particles, a backwards evolving quantum state of the
particles 〈φ|. Aharonov’s backwards evolving state has a fundamental ontological
status, similar to that of the forwards evolving universal state in the standard
MWI. My additional backwards evolving state is not of this kind (at least until
I introduce a more speculative modification below). It is an explanatory concept
for the inhabitants of a particular world.

Sometimes in discussions of the meaning of the quantum state, it is considered
as a way to describe the information which belongs to a particular observer. In a
particular world, at least for some periods in the past, forwards and backwards
evolving states of particles describe correctly their influence on other objects.
Note that the change is relevant only for objects of type (b); strongly interacting
objects (a) have identical forwards and backwards evolving states and adding
the backwards evolving state contributes nothing. Viewing the quantum state
as information sometimes accompanies an attribution of ontological status to
the outcomes of measurements. In this language, my proposal is to describe
a quantum system at a particular time by the outcomes of measurement both
before and after this time. Thus, the time of world splitting is the time of future
measurements.

Let us clarify the concept of world splitting by returning to the experiment
of Fig. 2. A world is a complete history of results of measurements. When we
talk about ‘splitting’, we consider the following. We make, at consecutive times,
snapshots of the universe and count the number of worlds. The increase of
this number signifies splitting. During the time in which the photon has left
the source and is flying towards the detectors, the snapshots count two worlds:
in one, the photon is detected (in the future) by detector A, and in the other
by detector B. The number of worlds continues to be two also for snapshots
performed after the time at which the photon reaches the detectors (the time of
splitting according to the standard approach). Regarding the detectors we can see
a change: when the photon reaches the detectors, their states become different
in the two worlds. Before the time of arrival of the photon, both detectors are in
the ‘ready state’. It is the photon which distinguishes the worlds via its different
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ways of weakly coupling with the environment. Note that when we consider
the Mach–Zehnder interferometer experiment (Fig. 4), there are no different
histories and there is a single world for snapshots at all times.

There is no paradox of backwards causality in this proposal, because the
splitting of worlds is not a physical phenomenon: the concept of a ‘world’ is
given by our own semantic definition which helps to explain our experiences.
The fundamental ontological picture remains, as in standard MWI, that of a
single forwards evolving quantum state. The forwards evolving state of measuring
devices defines the outcomes of measurements which, in turn, define the forwards
and backwards evolving states within a world.

The time asymmetry in this picture is even worse than in Aharonov’s proposal.
In Aharonov’s theory, the asymmetry is due to a very big difference in the form
and role of the forwards and backwards evolving states |�〉 and 〈
|. In my
picture, there is only one, forwards evolving, fundamentally ontological state. It
defines, in a more or less symmetric way, the forwards and backwards evolving
states |ψ〉 and 〈φ| within various worlds, but on a global view there is an
asymmetry: only about the forwards evolving states |ψ〉 we can say that their
superposition is the universal quantum state.

Can we restore time symmetry? Can we apply the TSVF globally and accept,
as Aharonov does, the fundamental ontological existence of both forwards and
backwards evolving quantum states? In the next section I will discuss such a
possibility.

6 TIME SYMMETRY

The most natural way to combine the backwards evolving states of all branches
leads to a backwards evolving universal state which is just the time reversal
of the forwards evolving universal state. All other components of the back-
wards evolving states of different worlds interfere destructively. But it seems
incorrect to assume that this is the fundamentally ontological backwards evolv-
ing quantum state of the universe. The difficulty arises when we consider the
issue of the probability of an outcome of a quantum experiment (Saunders
[1998]).

In the MWI with a single ontological quantum state evolving forwards in
time, we can postulate (or as David Deutsch [1999] claims, even derive) the
observed Born rule for quantum mechanical probabilities. These are not ‘real’
probabilities, they are a ‘measure of existence’ or ‘caring measure’ (Vaidman
[2002], Greaves [2004]), the main purpose of which is to advise a gambler how
to bet on the outcomes of quantum measurements so as to gain a maximum
reward for his multiple descendants. One can connect this measure to ignorance
probabilities through a gedanken experiment involving a quantum gambler with
a sleeping pill (Vaidman [1998]).
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However, the assumption of identical ontological forwards and backwards
evolving states leads to wrong probabilities: indeed, according to the ABL rule (2),
the probability of an outcome O = on is proportional to |〈�|PO=on |�〉|2, while
according to the Born rule, the probability is proportional to |〈�|PO=on |�〉|.

Apart from using the very special backwards evolving state proposed by
Aharonov (in which the correct probabilities are fixed by fiat), we can obtain the
correct probabilities if we assume that the backwards evolving state is a complete
mixture, i.e., an equally weighted mixture of the states of an orthonormal
basis.

This proposal might help us understand the main difficulty with the concept
of probability in the MWI. In a quantum experiment all outcomes are realized,
and so the standard concept—the probability that one outcome happens and not
the others—evaporates. I had to introduce the ‘sleeping pill’ trick to associate
the probability of an outcome with the concept of probability understood as
representing ignorance of the experimenter (Vaidman [1998]). But now, when
there is a fundamentally ontological mixture of states going backwards in time,
corresponding to different outcomes of the experiment, we can associate the
experimenter with both the forwards evolving state and a component of the
backwards evolving mixture corresponding to one of the outcomes. For such an
experimenter there is a matter of fact about the outcome of the experiment and
the usual concept of probability applies.

Adding a backwards evolving quantum state which is a complete mixture
is consistent with our observations, but it is only a small step towards time
symmetry. The backwards and forwards evolving states are very different—one
is a mixture and the other is a pure state.

The modification which I have advocated here, with the backwards evolving
state either ontological or not, has no observable effects. But it clarifies our
concept of ‘world’ and provides a step towards a better connection between the
mathematical concepts of quantum mechanics and our experience.

It is a pleasure to thank Simon Saunders for suggesting the topic and for helping
tremendously in writing this paper. I also thank Jon Barrett for numerous helpful
comments. This work has been supported in part by grant 990/06 of the Israel
Science Foundation.
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