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The effect of surface roughness and the morphology of nonuniform surface films on a quartz crystal
microbalance (QCM) response in liquids has been investigated. Our description of the velocity field in the
interfacial region is based on Brinkman’s equation, commonly employed in the treatment of a flow through
porous media. In this approach one treats the flow of a liquid through a nonuniform surface layer as the
flow of a liquid through a porous medium. The morphology of the interfacial layer is characterized by the
permeability that depends on the “porosity” of the layer. The model proposed here gives a unified approximate
description of the QCM response for various scales of roughness. It includes both the effect of viscous
dissipation in the interfacial layer and the effect of the liquid mass rigidly coupled to the surface. A relation
between the QCM response and the interface geometry has been found. The model discussed here can
be used for the treatment of QCM response of rough electrode surfaces, of porous deposited films, and of

surface polymer films.

Introduction

Oscillating quartz crystals have been employed as
piezoelectric bulk acoustic wave (BAW) sensors of the
thickness shear mode (TSM) variety to investigate in-
terfacial processes at surfaces and in thin films.! The
TSM resonator is commonly called a quartz crystal
microbalance (QCM). Inthe last few years there has been
increased attention to the application of QCM for studies
of solid-liquid interfaces.?® It was successfully demon-
strated that QCM can serve as a sensitive tool to probe
interfacial friction,* thin film viscoelasticity,>® polymer
film properties,® and a bulk liquid viscosity and density.”#
The combination of the QCM technique with electro-
chemical methods has made possible in situ measurements
of minute mass changes that take place during adsorption,
underpotential deposition, dissolution of surface films,
and other electrochemical processes.®%1° In most of these
investigations, frequency changes were interpreted in
terms of rigid mass changes, based on the Saurbrey
equation.’* In liquids, however, the QCM response
depends on various factors such as an electrode micro-
structure, amorphology of surface films, interfacial liquid
properties, and on the solid—liquid coupling at the
interface. In many cases frequency changes are not
consistent with the predictions given by Saurbrey equa-
tions,21213 and a detailed theoretical analysis is needed
to extract information from the experimental results.
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Progress has been made in characterizing the response
of a smooth resonator operating in contact with a
Newtonian liquid.”® The oscillating surface generates
plane-parallel laminar flow in the liquid that causes a
decrease in the resonant frequency and the resonator
damping proportional to (p7),*? where p and 5 are the
liquid density and viscosity. The influence of surface
microstructure on the QCM response in contact with
liquids has only begun to be investigated.’>~22 When the
surface of the resonator is rough, the liquid motion
generated by the oscillating surface becomes much more
complicated than for the smooth surface. A variety of
additional mechanisms of coupling between acoustic waves
and a liquid motion can arise, such as the generation of
a nonlaminar motion, the conversion of the in-plane
surface motion into the surface-normal liquid motion, and
the trapping of liquid by cavities and pores. It has been
experimentally demonstrated!6-1820.21 that roughness-
induced shift of the resonant frequency includes both the
inertial contribution due to the liquid mass rigidly coupled
to the surface and the contribution due to the additional
viscous energy dissipation caused by the nonlaminar
motion in the liquid. Measurements of the complex shear
mechanical impedance?® have been used to analyze
different contributions to the roughness-induced response
of the quartz resonator and to correlate the experimental
results with the device roughness. Nevertheless, this
subject is highly undeveloped, and the interpretation of
experimental results is ambiguous, which prevents the
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QCM technique from being widely employed as an
analytical tool for studies of solid—liquid interfaces.

It is impossible at the present time to provide a unified
description of the QCM response for nonuniform solid—
liquid interfaces with an arbitrary geometrical structure.
The limiting case of slightly rough surfaces has been
considered in our recent works.??2® The calculations
demonstrated the generation of the liquid motion normal
to the surface oscillations and the nonuniform distribution
of the liquid pressure in the interfacial layer. In thiscase
both inertial and viscous components contribute to the
roughness-induced QCM response. The quantitative
relation between the observable quantities (the resonance
frequency shift and width) and the surface morphology
have been found.??%

In the present paper, we derive the course-grained
description of the liquid motion generated by the oscil-
lations of rough solid surfaces. Our description of the
velocity field in the interfacial region is based on Brink-
man’s equation, commonly employed in the treatment of
aflow through porous media.?*=2% In this approach, which
has been also successfully used to discuss the hydrody-
namics of polymeric systems,?°=3! one treats the flow of
a liquid through a nonuniform surface layer as the flow
of a liquid through a porous medium. The morphology of
the interfacial layer is characterized by a local permeability
that depends on the “porosity” of the layer. The model
proposed here gives a unified approximate description of
the QCM response for various scales of roughness. It
includes both the effect of viscous dissipation in the
interfacial layer and the effect of the liquid mass rigidly
coupled to the surface. The model discussed here can be
also used for the treatment of QCM response of porous
deposited films and of surface polymer films. It should
be noted that similar coarse-grained models have been
employed extensively for the consideration of optical and
elastic properties of rough surfaces and nonuniform films.3?

The Model

We now consider a model for the coupling of shear waves
in a quartz crystal with damped waves in the nonuniform
interfacial layer and in the bulk liquid (see Figure 1). We
plot a z-axis pointing toward the liquid and the plane z
= 0 being coincident with the unconstrained face of the
quartz resonator. The second constrained face of the
resonator coincides with the plane z=d. We consider the
liquid side as a two-layer system: the nonuniform
interfacial layer located in the region d < z < L and the
bulk liquid occupying the semispace z > L.

The solution of the wave equation describing the shear
time-harmonic displacements in the quartz crystal, u(r,t)
= u(r,w) exp(iwt), has the following form

u(r.w) = V, cos(kz)/(io cos(kd)), k= w(pglug)"
u(rw)=0 and u,(rw)=0 (1)

Here, uq and pq are the shear modulus and the density of
the quartz crystal, w is the angular frequency of oscilla-
tions, Vy is the amplitude of the velocity oscillation of the
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Figure 1. Schematicsketch of interfacial geometries: (a) rough
interfacial layer, (b) polymer surface film.

constrained quartz surface, and d is the thickness of the
resonator. The coordinate system is defined such that
the shear stress lies along the x direction in the x—y plane.

For hydrodynamic purposes we treat the interfacial
layer as a two-phase (solid—liquid) porous medium?+-31
with a permeability of §2H. Physical meaning of the
permeability length scale, &4, depends on the nature of
the interfacial layer. For instance, in the case of rough
surface layers &y is related to their porosity, and for an
entangled polymer layer &, is of the same magnitude as
the equilibrium correlation length.3® The local perme-
ability gi. can change with the distance from the quartz
surface.®® Here, for simplicity, we do not consider this
effect. Inour model gﬁ presents an average permeability
of the layer.

We assume that the solid phase (surface roughnesses,
a porous deposit, a polymer film) is rigidly coupled to the
crystal surface and oscillates with the velocity V, exp-
(iwt). The liquid flow through the interfacial layer, v4(z,t)
= v(z,w) exp(iwt), isdescribed by Brinkman'’s equation-28

2
ipv,(Z.0) = n%vx(z,w) + 9P (Vo — v,20) ()

where p and » are the liquid density and viscosity,
respectively. In thisequation the effect of the solid phase
on the liquid flow is given by the resistive force that has
a Darcy-like form, 7&,2(Vo — vx(z,0)).

Darcy’s law and Brinkman’s equation (2) have been
derived under the following assumptions:?>~2¢ (a) low
Reynolds number, Re = (warp)/y < 1, where a is the
amplitude of the quartz oscillation; (b) nonslip boundary
conditions at solid—liquid interfaces; and (c) the charac-
teristic size of inhomogeneities, r, less than the thickness
of the interfacial layer, L. It should be noted that the
derivation of Brinkman's equation does not impose
restrictions on the relation between decay length for the
shear wave launched into the liquid phase, § = (25/wp)*?,
and other characteristic lengths in our problem, &4
and r.

Brinkman'’s equation presents a variant of the effective
medium approximation that does not describe explicitly
the generation of nonlaminar liquid motion and conversion
of the in-plane surface motion into the normal-to-interface

(33) For entangled polymer the correlation length is the average
distance between entanglement points.
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liquid motion. These effects resultin additional channels
of energy dissipation that are effectively included into the
model by the introduction of the Darcy-like resistive force.
It should be noted that QCM response discussed here is
sensitive to the energy dissipation rather than to the
details of the velocity field in the liquid. While the
limitation of Brinkman's equation are apparent, there is
no alternative equation in the literature that has been
accepted unconditionally.

A number of relations for the permeability E,ﬂ have
been proposed on the basis of both model calculations and
empirical considerations.?> For instance, the empirical
Kozeny—Carman equation

E 0 r%6%(L — ¢)

expresses the permeability in terms of the characteristic
size of inhomogeneities, r, and of the porosity, ¢, which
is the volume fraction of the liquid phase in the interfacial
layer.

In the case of high porosity, ¢ ~ 1, the resistive force
is small and eq 2 reduces to the Navier—Stocks equation
describing the motion of a liquid in contact with a smooth
quartz surface. The resistive force increases with the
decrease of the porosity and strongly influences the motion
of the liquid in the interface region. Atvery low porosity,
¢<1,allliquid located in the layer is trapped by roughness
and moves with the velocity that is equal to the velocity
of the crystal surface.

In the case of thick polymer films the hydrodynamic
equation (2) should be augmented with a description of
the polymer network elasticity. However, in the most of
QCM experiments? the thickness of polymer films is less
than the wavelength of shear oscillations, and the polymer
can be considered as rigidly coupled to the surface. For
grafted polymer brushes the length &4 has the order of
the equilibrium concentration correlation length,2°—31
which is proportional to ¢34, where ¢ is the average
monomer concentration.

In the frame of the approximation discussed here the
system is treated as macroscopically homogeneous along
the surface plane x—y. Theonly inhomogeneity takes place
in the z-direction normal to the surface of the quartz
crystal. In writing eq 2 we have taken into account that
the pressure is constant for systems that are homogeneous
along the plane of oscillation.

The plane-parallel laminar flow generated in the bulk
liquid is described by the velocity field v4(r,w) that is the
solution of the linearized Navier—Stokes equation3

Vy(r.®) = V(L) exp(—0e(z — L)) (3)
where qo = (iwp/n)Y>.

Boundary conditions for the velocity field in the liquid
include (a) the nonslip boundary condition at the interface
z=d: vi(d,w) = Vy; (b) the continuity of the liquid velocity
at the interface z = L; and (c) the equality of the absolute
values and the opposite directions of the shear stresses
on two sides of the interface z = L:

dv,(z,w) dv,(z,w)
Tz L0 T g le=teo

After the determination of the velocity profile in the
interfacial layer and in the bulk liquid the resonance
frequency shift and width can be found from the energy
balance in the system under consideration.???3 The rate

of the change of the kinetic (E{) and the elastic (U@)

(34) Landau, L. D.; Lifshitz, E. M. Fluid Mechanics, 2nd ed.;
Pergamon: New York, 1987.
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energy of the quartz crystal and the kinetic energy of the
liquid both in the interfacial layer (E&)) and in the bulk

(E®)) should be equal to the rate of the energy dissipation
in the layer (Q®) and in the bulk (Q®)

d
SE@ + U9 ED TR =QU QY (@

The expressions for the energetic terms in eq 4 have the
form

Bl =5/ dz (u 0] ©
U@ =5 dz (fu 0] (6)
Eon =5/ dz (v@0)s  Efh=5[ dz (@) (™)

=) dz(( v,(z, t))

E-A(V, expliot) — vx(z,t»z) (8)

QY = = f"dz (v @) ©)

The expression (8) for the energy dissipation rate in the
surface layer results from Brinkman’s equation (2) (see
Appendix). The second term in the right hand side (rhs)
of eq 8 presents the energy dissipation due to the friction
between liquid and solid phases in this layer. The
contribution corresponding to the kinetic energy of the
solid phase of the interfacial layer has not been included
in the energy balance (4). This contribution leads to the
frequency shift that is proportional to the mass of the
solid phase and is given by the Saurbrey equation.

The solution of eq 2 with the boundary conditions a—c
can be written as follows:

v,(z,0) = Vy—=— + C, exp(q,(z — d)) +

2 2
qu
C, exp(—q,(z — d)) (10)

Here 2 = g5 + &% and the coefficients C; and C; have
the form

V
Cl=ﬁ°v((ql—qo) exp(—qlu(l— 1 2)— q) a1
¥lehy HO1

C,=

Vo 1 o
owl (@ 1 do) exp(@,L)f1 — =+ == (12)
ey HAz

W = g, cosh(q,L) + q, sinh(qg,L) (13)

Equations 10—13 show that the velocity profile is
determined by two parameters: /L and &y/L, which are
the ratios of the decay length of the velocity field in the
bulk liquid, 6 = (257/wp)*?, and of the permeability length
scale, &y, to the thickness of the interfacial layer, L. Figure
2 presents the velocity profiles in the liquid near the quartz
crystal surface for different values of the parameters 6/L
and &u/L. We see that the effect of the interfacial layer
is most pronounced for small values of £&./L. The velocity
gradient in the layer decreases with the decrease of £4/L,
and for £4/L < 1 the majority of the layer moves with a
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Figure 2. Velocity profilesin the liquid near the quartz crystal
surface for two-layer thicknesses: 2a, L =0.50; b, L =26. The
calculations were carried out for the following values of the
parameters: (1) &n/L = 0.2, (2) £&n/L = 0.5, (3) &W/L > 1, which
corresponds to the smooth solid—liquid interface.

velocity equal to the velocity of the quartz surface, V.
This behavior reflects the trapping of the liquid by the
surface roughness. For higher values of the parameter
Eu/L = 1, the influence of the interfacial layer goes down
and the velocity field approaches the velocity field at the
smooth solid—liquid interface.

After substitution of egs 1, 2, and 10—13 into eq 4 we
arrived at the following equation for the determination of
the resonance frequency:

tg(kd) = — <2 1—|—q02L2 1l
PqYq gai W&l

l—(cosh(qlL) -1)+ q_ smh(qlL) ] (14)

Now the liquid-induced shift, Aw, and the width, T, of the
resonance frequency may be written in the form

2
po=- %Re[i + ok
”(:“qpq) % Equ
L)—1)+ smh(qlL)” (15)

n,(‘quq)llz %o qul

L)—1)+ smh(qlL)]] (16)

Here Aw = o — wo and wo = (7/d)(uq/pg)*? is the resonant
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Figure 3. Layer-induced shift of the resonance frequency
versus (np)*2 (at fixed value p = 1 g cm=3) for two-layer
thicknesses, 3a, L = 0.5d0; 3b, L = 260, where o = 250 nm is
the decay length of shear waves in water when the frequency
is 5 MHz. The calcualtions were carried out for the following
values of the parameters: f = w¢/27 =5 MHz and (1) &u/L =
0.5, (2) &w/L = 0.2.

frequency of the uncoated smooth quartz crystal film
operating in air. The first terms in the rhs of egs 15 and
16 describe the QCM response for the smooth quartz
crystal—bulk liquid interface.” It should be mentioned
that in this case the liquid-induced shift and width are
equal. The additional terms present the shift and the
width of the QCM resonance caused by the interaction of
the liquid with the nonuniform interfacial layer.

Discussion

Let us focus on the limiting behaviors of egs 15 and 16.
When the permeability length scale is the shortest length
of the problem, &, <6 and &, < L, egs 15 and 16 reduce
to

2

_ wy o |2
Ao = — —2>— + (L — 17
0 Wlpq)l,z((zwo) o m) (17)
2 2
_ o \12 SprO( i(z_n)llz))
e R

(18)

We see that the layer-induced shift is proportional to the
liquid density and does not depend on the viscosity. It
has the form of the frequency shift due to a mass loading.
The effect results from the inertial motion of the liquid
trapped by the inhomogeneities in the interfacial layer.
The effective thickness of the liquid film rigidly coupled
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Figure 4. Layer-induced shift of the resonance frequency
versus p (at fixed value = 1 cP) for two-layer thicknesses, 4a,
L = 0.500; 4b, L = 200, where do = 250 nm is the decay length
of shear waves in water when the frequency is 5 MHz. The
calculations were carried out for the following values of the
parameters: f= wo/2mr =5 MHz and (1) §u/L = 0.5, (2) én/L =
0.2.

to the oscillating surface isequal toL — & and is less than
the thickness of the inhomogeneous layer, L. This point
must be taken into account in interpreting the QCM data.
In the limiting case considered here, £y < d and &4 < L,
the layer-induced correction to the width of the resonance
is much less than the correction to the shift. The increase
of the permeability gZH leads to the enhancement of the
velocity gradient in the layer (see Figure 2), which results
in the decrease of the mass loading shiftand in the increase
of the width caused by the energy dissipation.

When the layer thickness is the shortest length of the
problem, L <9, L < &y, and &4 < 9, eqs 15 and 16 can
be rewritten in the form

2
=% J{em)” 1
Ao = n(‘quq)l/z{ (Zwo) + 3P|—(|—/§H)2} (19)

2
g l on )1/2 1 2(,oa)o)lf2 }
I'= =1 +>pL(L/EY))|=—] L 20
]'[(/,tqpq)llz (2(1)0 4p ( H) 277 ( )

In this limit the layer-induced shift is also proportional
to the liquid density and does not depend on viscosity.
However, in contrast to the previous case, it cannot be
related to the mass of trapped liquid. The correction to
the width of the resonance depends on the viscosity, and
it is substantially less than the layer-induced shift. We
would like to stress that in both limiting cases discussed
above the corrections to the shift and to the width of the
resonance differ considerably. This difference has been
ignored by the authors of ref 16 in interpreting of QCM
measurements at rough surfaces.
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Figure 5. Layer-induced width of the resonance frequency
versus (np)Y2 (at fixed value p = 1 g cm=3) for two-layer
thicknesses, 5a, L = 0.50¢; b, L = 20, where o = 250 nm is the
decay length of shear waves in water when the frequency is 5
MHz. The calculations were carried out for the following values
of the parameters: f= w¢/27 =5 MHz and (1) £&n/L = 0.5, (2)
&n/L = 0.2.

When the decay length ¢ is the longest length in the
problem, 6 > &4 and 6 > L, the following relationship
between the shift and the broadening of the resonance
due to the presence of the interfacial layer can be derived
as

Aw — Awy, 1 _
(T — T2 |Aw, ¥

x/E(L/E,H — tanh(L/&)) cosh(L/&,)
cosh(L/§,) — 1

(21)

where Awgy and Iy are the shift and the width of the
resonance at the smooth crystal—liquid interface

(1)2 /
= —Awy = —2 (ﬂ)“ 22)

7utqp0)\2%0

We see that the experimentally measurable ratio (Aw —
Awo)/(' — Tp)¥2 depends on the single intrinsic charac-
teristic of the interfacial layer, §4/L. Equation 21 can be
used to estimate the permeability & from the experi-
mental data. For L/&y <1 and L/Ey > 1 the rhs of eq 21
reduces to the following simple expressions
(2v/2/3)LIE,, and v/2L/E,,, correspondingly.

The usual form of the description of the experimental
data in liquids is the representation of the real and
imaginary components of QCM response as functions of
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Figure 6. Layer-induced width of the resonance frequency
versus p (at fixed value 5 = 1 cP) for two-layer thicknesses, 6a,
L = 0.500; 6b, L = 29, where do = 250 nm is the decay length
of shear waves in water when the frequency is 5 MHz. The
calculations were carried for the following values of the
parameters: f= wo/2mr =5 MHz and (1) &4/L = 0.5, (2) én/L =
0.2.

the liquid density p and of the parameter (pn)*2. Figures
3—6 show the dependencies of the layer-induced shift and
the width of the resonance frequency on p and (o7)Y?, which
have been calculated according to egs 15 and 16. The
common features of all curves are the increase of the QCM-
response with the increase of the film thickness and with
the decrease of the ratio &4/L. The frequency shift changes
rapidly with (o7)? in the region of (o5)Y? < t«(L/9, &n/L),
where the limiting value t- is of the order of unity, and
slowly increases with the increase of the parameters L/
and &u/L. For higher values of (on)¥? the function
Aw((on)¥?) tends to a constant (see Figure 3). Thisbehavior
reflects the fact that in the high viscosity limit, when L/
< 1, the gradient of the velocity in the interfacial layer
is small and the layer influences only slightly the velocity
field in the bulk liquid. As a result, the viscosity-
dependent contribution to the frequency shift, which is
proportional to the velocity gradient, would remain the
same as for the smooth solid—liquid interface. This point
also explains the decrease of the layer-induced width of
the resonance with increasing (pn)Y? for (pn)Y? > t«(L/9,
En/L) (see Figure 5). We remark that the plots Aw versus
(on)*? presented on Figure 3 closely resemble the plots
that have been obtained for slightly rough surfaces within
the perturbation approach.?? The predicted dependencies
of Aw on (pn)*? agree qualitatively with experimental
data'® found for rough solid surfaces in contact with
methanol—water mixtures and alcohols.

Figure 4 shows that the frequency shift is linear in the
liquid density for small thicknesses of the interfacial layer,
L/6 <1, and the deviations from the linear proportionality
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arise as the thickness increases. The deviations are caused
by the increase of the contribution of the energy dissipation
processes to the QCM response with the increase of the
thicknesses.

Our calculations predict the interesting feature of the
layer-induced width of the resonance as a function of (pz)%2
(see Figure 5). For L = ¢ the curves for T versus (on)*?
have the maxima located at (on)Y? ~ t«(L/3, E4/L). The
appearance of the maxima results from the fact that the
energy dissipation induced by the interfacial layer di-
minishes for both high and low viscosities. This effect
has been already discussed above. The dependencies of
the resonance width on the liquid density shown on Figure
6 reflect the influence of both the mass loading and the
energy dissipation contributions. For the thin layers the
curves T versus p have the quadratic form, as predicted
by eq 20.

Our model demonstrates that in the case of polymer
films being in contact with a liquid the QCM response
strongly depends on the thickness of the film and on the
correlation length. These parameters are changed dras-
tically under phase transitions. The QCM response of
the amphoteric polymer film undergoing phase transitions
between the isoelectric and the cationic and anionic forms
has been studied in ref 35. Large resonance frequency
shifts, which are not consistent with the mass changes,
have been observed for polymer films in the vicinity of the
phase transition point.®> The phase measurement inter-
ferometric microscopy demonstrated that phase transi-
tions were accompanied by dramatic changes in the film
thickness. Our model explains the observed effect by the
variation of the thickness or/and correlation length of the
polymersfilm under phase transition. Inorder toestimate
the changes of the film thickness and of the correlation
length both the real and the imaginary part of QCM
response should be measured.

Conclusions

A new approach for the description of the effect of surface
roughness on the QCM response in contact with a liquid
has been proposed. The approach isbased on Brinkman's
equation for the velocity field in the nonuniform interfacial
region. Within our model the roughness-induced shift
and width of the resonant frequency are determined by
two parameters: d/L and &4/L. They are the ratios of the
decay length of the shear wave in the liquid and the
permeability length scale in the interfacial layer to the
thickness of this layer. The frequency changes due to
both the inertial motion of a liquid rigidly coupled to the
surface and due to the additional viscous energy dissipa-
tion induced by roughness have been found. The results
obtained are as follows:

(1) In the case of thin rough layers, L < ¢, the resonant
frequency decreases rapidly with the increase of (o).
When L approaches 6, the resonant frequency loses the
dependence on (pn)*? and tends to a constant. This
behavior agrees with the results derived within the
perturbation approach.??2 The linear dependence of the
frequency shift on the liquid density has been found for
L < 0. The slope of the lines Aw versus p increases with
the decrease of the parameter §2H/L. For, L = 6, the
dependence of the shift on the liquid density becomes more
complicated.

(35) Wang, J.; Ward, M. D.; Ebersole, R. C.; Foss, R. P. Anal. Chem.
1993, 65, 2553.



6360 Langmuir, Vol. 12, No. 26, 1996

(2) Our calculations predict that the roughness-induced
width of the resonance, I', has a maximum as a function
of (on)¥2. The position of the maximum moves to lower
values of (p7)¥? with the decrease of the thickness of the
interfacial layer. The roughness-induced width increases
with the increase of the liquid density. For thininterfacial
layers, L < §, curves I' versus p have a quadratic form.

(3) Our calculations demonstrate that while for smooth
surfaces liquid-induced shift and width of the resonance
are equal they differ essentially for rough surfaces. This
effect, ignored by the authors of ref 16, has been observed
inref20. Our results show that empirical representation
of the QCM response in a liquid as a linear combination
of a (o7)Y2and a p terms?° can be applied for the description
of the shift of the resonant frequency in the case of thin
rough layers, L < 6.

Appendix

Using egs 5—7 and Brinkman’s equation (2) one can
present the energy balance in the form

%(E‘k‘?n + U9+ EQ + EQN = Vo x
exp(iwt)a—azux(z,t)|Z:d + &t LLdz v,(z,5)(V, exp(iot) —
v ) + 1[0 @) et o~
(@02 ) o] — 1S ezl e0) -

M@ @D leo — 1[0z [Lued)] (AD)

The boundary conditions (b) and (c) for the velocity field
result in the compensation of the energy fluxes through

Daikhin and Urbakh

the interface z = L. Hence, eq A.1 can be reduced to
GEEh + U+ B, + Bl =
-7 L Ldz (a—azvx(z,t))2 -7 ﬁmdz(a—ivx(z,t))
nER [ Ox (Vo explion) — v,@.0)” +
Vo XP(It) (2.0, + 16V explion) [, dz x

(Vo exp(iot) — @) = (@D @Dy (A2

2

The first and the second terms in rhs of eq A.2 describe
the viscous dissipation in the interfacial layer and in the
bulk, respectively. The third, negatively defined term in
eq A.2 can be interpreted as an additional dissipation due
to interactions between the liquid and solid phases in the
layer. The remaining terms in the rhs of eq A.2 can be
rewritten as

)
z=d ﬂEVx(Zat) z=d +

1 [y dz (Vo explion) — )] (A3

The first and the second terms in the brackets are the
shear stresses at the surface z = d that arise from
oscillations of the quartz crystal and the liquid. The last
term describes the integral stress that results from the
liquid—solid interactions in the layer and is transmitted
through the rigid phase to the quartz crystal surface, z =
d. Sincethe netstressapplied to the interface z=d should
be zero, eq A.2 reduces to eq 4 in the text.
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