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Econometrica, Vol. 50, No. 4 (July, 1982) 

THE DETERMINATION OF MARGINAL COST PRICES UNDER 
A SET OF AXIOMS 

BY Dov SAMET AND YAIR TAUMAN' 

This paper presents a set of axioms which characterize a family of price mechanisms for 
consumption goods, including marginal cost prices and Aumann-Shapley prices. By 
strengthening one of the axioms, marginal cost prices are characterized and by requiring 
that cost is shared the Aumann-Shapley prices are characterized. A discussion of the 
economic interpretation of the axioms is also provided. 

1. INTRODUCTION 

THE MAIN PURPOSE of this paper is to provide an axiomatic approach to marginal 
cost (MC) pricing and to point out its similarity with Aumann-Shapley (A-S) 
pricing. The latter is a cost-sharing price mechanism discussed in [3 and 6] that is 
derived from a set of five natural axioms. 

In this paper we consider models in which there is one producer with a given 
technology who faces fixed input prices and produces a finite number of 
consumption goods. Thus, we can uniquely derive the cost function that de- 
scribes the minimal cost of producing a given vector of consumption goods. 

By a price mechanism P(., ) we mean a rule or a function that associates with 
each cost function F and vector a of quantities, a vector of prices: 

P(F, a) = (PI(F, a), P2(F, a), . .. , Pm(F, a)), 

where m is the dimension of a and Pi(F, a) is the price of a unit of the ith 
commodity. 

We shall consider price mechanisms which obey the following four axioms. 
First we require that prices should be independent of the units of measurement 
(Axiom 1). This is a fundamental requirement of any pricing system. We also 
require that the price of a commodity for which the cost function is nondecreas- 
ing be nonnegative (Axiom 4). Axiom 2 requires that two commodities having 
the same effect on the cost have the same price. This emphasizes the fact that the 
price of a commodity measures its "real value" in production. 

Finally Axiom 3 enables us to calculate the prices via its factors of production: 
if the cost is broken into two (additive) factors, e.g., the cost of labor and the cost 
of raw materials, then the prices can be obtained by adding the prices attribut- 
able to the two factors separately. (In Section 4 we will show that Axiom 3 can 
be replaced by two other natural axioms.) 

In this paper we prove that by strengthening the positivity axiom slightly 
(Axiom 4*), the four axioms (1,2,3, and 4*) uniquely characterize MC prices 

I We would like to thank Maurice Marchand, David Schmeidler, and Andras Simonovits for useful 
discussions. The support provided by the NSF through Grants SOC-77-27340 and SOC-79-05900 
proved indispensable for the completion of this research. 
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(Theorem B). On the way to proving this result we state a theorem (Theorem A) 
that is interesting in its own right. It characterizes the set of all price mechanisms 
satisfying the four "basic" axioms: 1,2,3, and 4. Among them are the marginal 
cost and the Aumann-Shapley price mechanisms. The latter as mentioned 
earlier, can be uniquely characterized by an additional requirement that cost 
equal revenue, i.e., cost is shared by the prices. This price mechanism was first 
proposed by Billera, Heath, and Raanan [2] to set telephone billing rates which 
would allocate the cost arising in serving the consumers; and it has been adopted 
for internal telephone billing at Cornell University. Later it was characterized 
axiomatically (independently) by Billera-Heath [3] and Mirman-Tauman [6]. 
Using Theorem A one can easily prove (Theorem C) that the A-S price 
mechanism is the unique cost-sharing mechanism which obeys Axioms 1-4. This 
provides an alternative proof for the main results in [3 and 6]. 

To sum up, Axioms 1-4 are the key axioms in our study. Both MC prices and 
A-S prices obey them; moreover, strengthening Axiom 4 yields MC prices, while 
adding the cost-sharing requirement yields A-S prices. 

Finally, we should mention that our work stems from ideas developed in game 
theory. In [2] it is shown that for a given cost function F and vector a of 
quantities, one can associate a nonatomic game v(F,a) so that its Aumann- 
Shapley value measures the effect of each unit of each commodity on the cost. If 
this magnitude is chosen to be the price of the commodity we get exactly the 
Aumann-Shapley price mechanism. However, from the same game v(F, a) one 
can derive a price mechanism using, instead of the Aumann-Shapley value, a 
wider solution concept called the semi-value. Using the characterization of 
Dubey, Neyman, and Weber [5] for all semi-values of a large space of nonatomic 
games, it turns out that the corresponding set of price mechanisms derived from 
the set of all semi-values is exactly the set of all price mechanisms obeying 
Axiom 1-Axiom 4. Thus our Theorem A should be considered as the parallel 
result of Dubey, Neyman, and Weber formulated in purely economic terms. 

2. THE AXIOMATIC APPROACH 

We define the notion of a price mechanism and present four axioms by which 
we describe desirable mechanisms; then we characterize the set of all price 
mechanisms that satisfy these axioms. A price mechanism can lead to a profit as 
well as to a loss for the producer. However, how the profit is shared or how the 
loss is covered will not be discussed. 

We denote by Em the m-dimensional Euclidean space, by E+m the nonnegative 
orthant of Em, and by E m? the positive orthant of Em. 

Let C' be the set of all real-valued functions F which are defined on E' 
which satisfy F(O) = 0, and which are continuously differentiable on Em, where 
m is the number of commodities. A producer is characterized by a cost function2 

21t is worth mentioning that for the results obtained in this section it is enough to consider only 
nondecreasing cost functions. 



MARGINAL COST PRICES 897 

F E 65f defined on E+. F(a) is the cost borne by him of producing the output 
vector a. 

DEFINITION 1: A price mechanism is a function P which associates with each 
m, each F E 6v and each a in E+ a vector of prices P(F, a) in Em, 

P(F, a) = (PI(F, a),*** Pm(F?)). 

We will characterize those price mechanisms which satisfy the following four 
axioms. The first axiom requires that the prices should be independent of the 
units of measurement. To illustrate it, suppose that F is a cost function of a 
producer who produces one commodity only. F(x) is the cost of producing x 
units of this commodity. Assume that x is measured in kilograms. Let G(y) be 
the cost function of the same producer where y is measured now in tons. Clearly 

G(y) = F(lOOOy). 

According to our notations, if a tons are produced the price per one ton is 
P(G, a). Since a tons are lOOOI a kg the price per kg is P(F, lOOOa). Therefore, a 
price mechanism P(., *) which obeys the rescaling axiom should have the 
property that 

P(G, a) = 1000 * P(F, lOOOa); 

and in general the following should hold: 

AxioM 1 (Rescaling): Let F be in 6. Let X1, 2, ... , ?m be m positive real 
numbers. Let G be a function in 6vn defined by 

G(x,,X2, . . . , xm) = F(Xxi,X2x2, mxm), 

Then, for each a E Em and eachi 1i _i_ m, 

Pi(G, a) = XiPi(F, (41?ai, . .. , Xmam)) 

The next axiom reflects the requirement that two commodities that are the 
"same" should have the same price. Since by definition a price mechanism yields 
prices that depend on the cost function and not on demand functions it is clear 
that being the "same commodity" means playing the same role in the cost 
function. As an illustration, consider someone who produces red and blue cars. 
He can represent his cost function as a two-variable function F(x1,x2) where xl 
and x2 are the quantities of red and blue cars respectively. But in fact, the cost of 
producing a red car is the same as the cost of producing a blue car. This can be 
formulated in the following way. There is a one-variable function G for which 
G(x) is the cost of producing a total of x cars (red ones, blue ones, or both) and 

F(x,,x2) = G(x1 + X2). 
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In this case the axiom asserts that the price of a blue car is the same as the price 
of a red car, which is the price of a car, i.e., 

P1(F, (a ,a2)) = P2(F, (a1, a2)) = P(G,a1 + a2). 

In general the following should hold: 

AXIOM 2 (Consistency): Let F be in 6v? and let G be in IF1. If for every x e Em, 

m 
F(x1,X2~.. Xm) 

= x 

then, for each i, 1 i_m and for each a E E + 

m 
P(F,a) = P(G, ) 

Suppose now that a given cost function F can be broken into two components, 
say G-the cost of raw-materials and H-the cost of labor. In that case it is 
reasonable to require that the prices arising from the cost F will be the sum of the 
prices arising from G and H. (In Section 4 we show that this axiom can be 
replaced by two other natural axioms.) 

AXIOM 3 (Additivity): Let F, G, and H be in v . If for each x E E+ 

F(x, . . . , xm) = G(xl, . X. xm) + H(x, . . . , xm) 

then for each a E E'+ 

P(F, a) = P(G, a) + P(H a). 

The last axiom asserts that if increasing production of every good results in 
higher costs, then the price of each good should be nonnegative. We may state 
this formally as follows: 

AXIOM 4 (Positivity): Let F E Fn and let a E Em+. If F is nondecreasing at 
each x c a, then3 

P(F, a) O0 

i.e., for each a 1-i 1 _i m Pi(F )a O. 

Price mechanisms which satisfy these four axioms are of special form as stated 
in the following theorem. 

3Byx-awemeanx a foreachi, 1<i?m. 
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THEOREM A: P(*,*) is a price mechanism which obeys Axioms 1-4 if and only if 
there is a nonnegative measure ,i on ([O, 1], 633) (9f is the set of all Borel subsets of 
[0, 1]) such that for each m, for each F E ' and for each a E E a 0, 

(*) Pi(F, a) = X (ta) dp (t) (i=l,...,m). 

Moreover, for a given price mechanism P(, ) there is a unique measure ti which 
satisfies (*). In other words, (*) defines a one-to-one mapping from the set of all 
nonnegative measures on ([O, 1], 6) onto the set of all price mechanisms obeying 
Axioms 1-4. 

For an intuitive interpretation of the formula (*), assume that the vector a is 
produced in an homogenous way, starting from 0 and ending at a. Suppose also 
that along this production process each time a "small" proportion (an infinites- 
imal one) of a is produced, the mth commodity is then charged its current 
marginal production cost. The price of the mth commodity, once a has been 
produced, will be the average of these marginal costs weighted by the measure ti 
which corresponds to the given price mechanism. If this measure happens to be 
the atomic probability measure whose whole mass is concentrated at the point, 
t = 1, i.e., if ti({ 1}) = 1, the associated price mechanism P(., ) is the well-known 
marginal cost price mechanism. For any m, for any FE vY"2 and for any a E Em, 

a(F Pi (F,a) = aaF (a) (i=1 ,m). 

If u is chosen to be the Lebesgue measure on [0, 1] the associated price 
mechanism P(., ) is the Aumann-Shapley price mechanism (see [3 and 6]): 

Pi (F, (X) = aF(ta) dt (i=1 ,m). 

These prices are the uniform average of the marginal cost along the diagonal 
[O, a]. 

We shall prove Theorem A through Proposition 1 to Proposition 4, below. Let 
P(.,.) be a price mechanism obeying Axioms 1-4. The following is a simple 
consequence of the additivity and the positivity axioms. 

PROPOSITION 1: Let m be a positive integer. Let F and G be in v and let 
a E E+m+. If F(x) = G(x) for each xa- a, then 

P(F,a) = P(G,a). 

Let aeEn+, and let Ca be the box {xEEn Ix- a}. Let I57 (Ca) be the 
set of all continuously differentiable functions on Ca with F(O) = 0. Each 
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F E '6 (Ca) can be extended to a function on E+ which is continuously 
differentiable (for a proof see, for example, Whitney [8]). If F and F are two such 
extensions of F we have by Proposition 1, 

P(F, a) = P(F, a). 

Therefore the function P(*, a) on 6v" can be considered also as a function on 
v (Ca) which is positive and additive, i.e., 

P(F + G, a) = P(F, a) + P(G, a), 

for each F and G in (Ca), and 

P(F, a) '?O, 

for each F which is nondecreasing on Ca. 
Henceforth, we will refer to P( , a) as a function on 6v" as well as a function 

on (Ca) 

PROPOSITION 2: There exists a nonnegative measure y on ([O, 1], 633) such that 

P(F, at)= J aF (tot) dA (t), 

for each F E -1 and a > 0. Moreover, the measure ti is uniquely determined by the 
above equation. 

PROOF: We will first prove the proposition in case a = 1. By the last remark 
we will consider here P(*, 1) as a function on C1([0, 1]) (the set of all functions in 
(31 restricted to [0, 1]) and we will prove this proposition for functions F in 
gl([o, 1]). 

There is 1-1 linear mapping T from C [0, 1] (the class of continuous real 
functions on [0, 1]) onto 61([O 1]), defined by 

Tf(x) = ff(t)dt, f E C[O, 1]. 

P( 1) defines a functional 41 on C[0, 1] by 

(1) 4f = P(Tf, 1), J E C[O, 1]. 

By the additivity and the positivity of P(*, 1) we get the additivity and the 
positivity of 41 (positivity means here that t4f 0 whenever f 0). By the 
additivity of 41, 41(rf) = r4l(f) for any rational number r. Using the positivity 
axiom it is easy to verify that the last equation holds for any real number. Thus 4A 
is a linear and positive functional on C [0, 1]. Applying the Riesz Representation 
Theorem for 41 (see, for example, [7, p. 40]) yields the existence of a unique 
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nonnegative measure u on ([0, 1], qJ) such that 

4(fe) = JoXIf(t) dt (t). 

This, together with (1), implies that 

(2) P (F, 1) la aF (t) dli(t). 

Now let F E IlY and let a > 0. Define a function G in IF by G(x) = F(ax); then 
by (2), 

P (G, 1) a JoaG (t) dp (t) 

and by the rescaling axiom 

P(G, 1) = a * P(F, a). 

Therefore 

P (F, a) Jo a (t) dA (t) a F (ta) d08 (t) 

DEFINITION 2: Let C = C, for B E E+ The norm || on 6' (C) (the set of 
all continuously differentiable functions F on C with F(O) = 0) is defined by 

II FIJI= sup| axF 

where the sup is taken over C. 

It is easy to check that 11 11I indeed defines a norm on 6<n (C). The property 
that II FIII = 0 implies F= 0, follows from F(O) = 0. 

PROPOSITION 3: Let C = Ch, for /3 E m + . For each a E C the function P(, a) 
is continuous in the norm II I1 on I-'(C). 

PROOF: Since P(, a) is additive it is sufficient to prove that if (Fn)?L is a 
sequence of functions in 65? (C) satisfying IIFn(1 -0, as n -* oc, then, 

Pi(F,a)-O as n-oo, 

for each i, 1 ` i_ m. From the additivity axiom one can easily verify that for 
each rational number X and for each F E 6', 

P(XF, a) = XP(F, a). 
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For each integer n let us choose a positive rational number En such that 

(3) En - 0, asn-*oo and IIFn1j <En. 

Let R be the function in 157 defined by 
m 

R(x, x2, .., Xm) = E Xj 
j=1 

By (3), for eachi 1i i ' m, and for each x E C, 

(ER- Fn) aF~ 
ax,"RF )(x) =E- axn(x) > ? 

and 

anR+ Fn) aF' 
ax+ (x)= ax> (X) + En > 0 

Therefore, EnR - Fn and EnR + Fn are nondecreasing functions on C. By the 
positivity and the additivity axioms we have, 

Pi(F,a)' ? Pi(EnR, a) = 'EPi(R, a) 

and 

Pi(Fn,a) ? -Pi(EnR, a) = -EnPi(R, a). 

Thus 

Pi(Fn, a) 0 as n -ox, 

and the proof of Proposition 3 is completed. 

PROPOSITION 4: For any polynomial p in Cm and for any a E E+, a #0, 

Pi (p, a) =J a8p (tat)d,u(t), I --- i -- m. ax, 

PROOF: Any polynomial in Cm is a linear combination of polynomials of the 
form 

(4) F(x,, . .. , xm) = (n,x, + ... + nmxm)Y 

where the n 's are nonnegative integers and 1 is a positive integer (e.g. see [1, 
p. 41]). By the additivity axiom it is sufficient to prove the proposition for 
functions of this form. Let us assume first, that for each i, 1 ' i m, ni > 0. 
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Let L be the function in WI defined by 

L(x) = xl. 

Then by (4) 

(S) F(x,, * * * , xm) = L El njx,) 

By the rescaling and the consistency axioms, for each a E E+m and each i, 
1_i_m, 

(6) Pi(F, (a, ... , am)) = niPi (L E njaj 

Since Em7 I n1a > 0 we can use Proposition 2 to obtain 

(~ jv-noi aj dx(t 
- 

nj aj d(t 

The proof then follows by (5) and (6). 
In the general case, however some of the ni's might be zero. In that case we 

define for each e > 0 a function F, in 5 by 

F,(x) = ((n, + E)x, + ... + (nm + E)Xm)'. 

Let C = C for some,8 E3 Em Clearly 

(7) IIFE-FIII-O asE-*O. 

Since the coefficients of the xi's in F, are all positive we have by the previous case 

(8) Pi (F{ a) = Ea (ta) dll (t) ... =1***,m). 

The left hand side of (8) tends, by (7) and Proposition 3, to Pi(F, a) when E -*0. 
The right hand side of (8) tends to f (aF/axi)(ta) dy (t), and so 

Pi (F, af) = a (ta) d,u (t). 

Hence the proof of Proposition 4 is complete. 

We are now ready to prove Theorem A. 

PROOF OF THEOREM A: Let P(., *) be a price mechanism obeying the four 
axioms. Let F ' 6` and let a # O be in Em. Choose /8 with 8 >> a and denote 
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C = CG. The polynomials in m variables are dense in 6m (C) with C 1 norm (for a 
proof see [4, p. 68]). (The C1 norm is defined by 

m a F) lIFIlci = supiFi + E sup! axf1 

Therefore, there exists a sequence of polynomials (A^)n= such that jj -F 
-0 as n- ox. Thus if 

Pn =Pn _Pn(0), 

then pn (0) = 0 and I EPn l1 - 0 as n -* x . Since the polynomials in m variables 
are dense in 6m (C) the first part of the theorem follows by Proposition 3 and 4. 
The second part can easily be verified. 

3. THE DETERMINATION OF THE MARGINAL COST PRICES 
BY A SET OF AXIOMS 

Let us strengthen the positivity axiom (Axiom 4) as follows. 

AXIOM 4*: Let F E 5m cand let a E m If F is nondecreasing at each x ' a 
in a neighborhood of a, then P(F, a) _ 0. 

In other words, we require that the prices be nonnegative at a even if F is 
nondecreasing in a neighborhood of a only. 

It is clear that Axiom 4* implies Axiom 4 and therefore by Theorem A a price 
mechanism P(.,.) which satisfies Axioms 1, 2, 3, and 4* is of the form 

Pi (F, at) a j 8F (tot) d,u (t). 

But in fact the available set of mechanisms is now much smaller. 

THEOREM B: A price mechanism P(*,*) satisfies Axioms 1, 2, 3, and 4* if and 
only if there is a constant c 0 O such that for each m, F E v 

n and a E E+m (a 0), 

aF P,(F,a) = c aa (a) (i=1,...,m). 

PROOF: It is obvious that a price mechanism P(,) defined by 

aF 
_, Pi(F, a)= c ax(a), c_, 

obeys the four axioms. 
Assume now that a price mechanism PQ , *) satisfies the four axioms. Then, by 
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Theorem A there exists a nonnegative measure y on ([0, 1], %) such that 

pi (F, at) a jsaF (tot) d,u (t), 

for each m, FE?' and a E= E+ (a 0). 
Notice that if F is constant in a neighborhood of a then Pi(F, a) = 0 (apply 

Axiom 4* for F and - F). Define, for each E, 1 > e > 0, a function f,: El E- 
by 

S 1 , O-Ex-'1-, 

f(x)={- 2x+ 2 E1 x1 X E2' 

t0, E 2 X. 12x 

Since f, is continuous the function F, defined by 

J,(x) Xff(t) dt 

is in 915. F, is constant in a neighborhood of a = 1; therefore 

P(F, 1) = 0. 

Hence 

ffe (t) d, (t) = 0. 

On the other hand 

Ife(t)dI (t) ?([O, 1 - e]) ' 0. 

Therefore, for each 0 < e K 1, 

A([0, 1 - E]) = 0. 

Thus, ([0, 1)) = 0 which implies that ([0, 1]) = I({ 1 }), and the proof is com- 
pleted. 

COROLLARY: If in addition to Axioms 1, 2, 3, and 4* we require for the identity 
(one variable) function H(x) = x that P(H, 1) = 1 then the MC pricing is the only 
price mechanism which obeys these requirements (i.e. in this case the constant c of 
the Theorem B must equal 1). 

PROOF: According to Theorem B, P(H, 1) = c * (dH/dx)(1) = 1. Thus c = 1. 
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Finally, let us return to the four original Axioms 1-4 and add the axiom which 
requires cost sharing (total cost equal total revenue). 

AXIOM 5 (Cost Sharing): For each m, each F E 67?, and each a E E+ 

ao P(F, a) = F(a). 

THEOREM C: There is a unique price mechanism P(*,*) which satisfies Axioms 
1-5. P(.,.) is given by 

P(F, at) = J aa (ta) dt. 

P(., *) is the Aumann-Shapley price mechanism. 

This result was previously stated (independently) by Billera-Heath [3] and by 
Mirman-Tauman [6]. However it is also an immediate corollary of Theorem A 
above. Indeed, assume that P(*, *) is a price mechanism obeying Axioms 1-5. By 
Theorem A there is a nonnegative measure y on ([O, 1]), 63 ) such that 

(9) Pi (F,a) a aF (ta) dA(t), 

for each m, 1i m, F E v and a E E+, (a 0). Since P(,) satisfies 
Axiom 5, 

P(F, 1) = d(t) dt, 

for each F E 9Y1. Therefore by (9) we get 

0d1 (f) (t df (t) dL (t) 

It then follows that the measure y and the Lebesgue measure coincide on C [0, 1] 
as linear functionals on C [0, 1]. Therefore by the Riesz Representation Theorem 
these two measures are the same. 

4. SEPARABILITY REPLACING ADDITIVITY 

In this section we show that the additivity axiom (Axiom 3) can be replaced by 
two natural axioms. The first is very similar in spirit to the consistency axiom 
(Axiom 2), and the second deals with a set of commodities that can be separated 
into two subsets, which can be produced independently. 

For the first axiom consider the production of two commodities with the cost 
function F(x, y). The producer can decide to generate a new commodity 
consisting of the other two such that each unit of the new commodity consists of 
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a unit of the first commodity and a unit of the second one. The cost function G 
for the new commodity satisfies 

G(x) = F(x,x). 

It is only natural to ask that the price per unit of the new commodity will be the 
sum of the two prices of the original commodities. In general: 

AXIOM 1 (Aggregation): Let F(x1 1, * *, * I ,n I X21 *X2n2 . . . XMls . . . 

Xmn) be in f where 1 = 7I= ni. Let G be the function in 5m defined by 

G(X,, * * *, xm) =F( xi ... *, X,, X2, , X2, .. XM . ,Xm) 

n,l n2 nm 

Then for each i, 1 _ i _ m 

n, 

Pi(G, (al,* . ., ?am)) = 2 Pi(F,(a,a, , 1a2 ... 
1=' 

a2, ... a, .m . * am)). 

For the second axiom assume that n1 + n2 = m commodities can be produced 
with cost function F. The first n, commodities are n, types of cars and the 
remaining are n2 types of shoes, which are independently produced, i.e., there are 
two cost functions G(x,.... I, xn) and H(y,, . . . ,yn2) such that 

F(x,, * Xnl ,Xn,+I, *** xm) = G(xl, * . * , xnl) 

+H(xnl+i, . . . , Xm). 

The axiom we state requires that the price of each commodity should depend 
only on that part of the cost function that it affects. In order to formulate this 
axiom we use the following notation. Let N = {Uil,i2, . .. , i}, where i1 < K2 
< ... < i, be a subset of { 1, . .. , mi, and let x E EM. Denote by XN the vector 
in En defined by: 

XN = (xi,, . . . , x1) 

AXIOM 2 (Separability): Let N1 and N2 be disjoint sets with n, and n2 elements 
respectively such that N1 U N2 = { 1,.. ., )m . Let F, G, and H be functions defined 
on Em, En', and En2 respectively. If for each x E Em 

F(x) = G(XN) + H(XN2); 

then for each a E Em, 

PNI(F, a) = P(G, aN) 



908 DOV SAMET AND YAIR TAUMAN 

and 

PN2(F, a) = P(H, aN2). 

PROPOSITION 5: Axioms 1 and 2 imply the additivity axiom 3. 

PROOF: Let F, G, and H be functions defined on E+ such that 

F(x) = G(x) + H(x) 

for each x E E+. Define a function L on E2 by 

L (x,X2, ... ., X2n) = G(x1,X3, . X2m-1) + H(X2,X4, .* I X2. ), 

Denote by N1 and N2 the sets of odd and even numbers respectively, in the set 
{1, ... , 2m}. By the separability axiom for each a E E+, 

(10) J PN,(L,a) = P(G,aN), 

( PN2(L, a) = P(H,aN2). 

For x = (xl, .. , x,,,), let us denote x = (x ,x,x.. ., xx,x1). By (10), for each 
a EEm, 

(PN'(L, &) = P(G, a), 

( PN2(L,a) = P(H, a). 

By the definition of L it follows that for each x E E+, 

L(X) = G(x) + H(x) = F(x). 

From the aggregation axiom we deduce that for each i, 1 _ i_ m, and for each 
a E Em, 

(12) Pi(F, a) = P2i- (L,&) + P2i(L, 

However, by (1 1), 

(13) 
f P2i1(L, ) Pi(G, a) 

( P2i (L,&) = Pi(H, a). 

Therefore from (12) and (13), 

Pi(F, a) = Pi(G, a) + Pi(H, a), 

for each a E Em and 1- i m. Thus the proof of Proposition S is completed. 

Northwestern University 

Manuscript received May, 1981; revision received October, 1981. 



MARGINAL COST PRICES 909 

REFERENCES 

[1] AUMANN, R. J., AND L. S. SHAPLEY: Values of Non-Atomic Games. Princeton, New Jersey: 
Princeton University Press, 1974. 

[2] BILLERA, L. J., D. C. HEATH, AND J. RAANAN: "Internal Telephone Billing Rates-A Novel 
Application of Non-Atomic Game Theory," Operations Research, 26(1978), 956-965. 

[3] BILLERA, L. J., AND D. C. HEATH: "Allocation of Shared Costs: A Set of Axioms Yielding a 
Unique Procedure," to appear in Mathematics of Operations Research. 

[4] COURANT, R., AND D. HILBERT: Methods of Mathematical Physics, I. New York: Interscience, 
1953. 

[5] DUBEY, P., A. NEYMAN, AND R. J. WEBER: "Value Theory Without Efficiency," Mathematics of 
Operations Research, 6(1981), 122-128. 

[6] MIRMAN, L. J., AND Y. TAUMAN: "Demand Compatible Equitable Cost Sharing Prices," to appear 
in Mathematics of Operations Research. 

[7] RUDIN W.: Real and Complex Analysis. New York: McGraw-Hill Book Company, 1966. 
[8] WHITNEY, H.: "Functions Differentiable on Boundaries of Regions," Annals of Mathematics, 

35(1934), 482-485. 


	Article Contents
	p. 895
	p. 896
	p. 897
	p. 898
	p. 899
	p. 900
	p. 901
	p. 902
	p. 903
	p. 904
	p. 905
	p. 906
	p. 907
	p. 908
	p. 909

	Issue Table of Contents
	Econometrica: Journal of the Econometric Society, Vol. 50, No. 4, Jul., 1982
	Front Matter
	Inflation, Tax Rules and Investment: Some Econometric Evidence [pp.  825 - 862]
	Sequential Equilibria [pp.  863 - 894]
	The Determination of Marginal Cost Prices under a Set of Axioms [pp.  895 - 909]
	Regulating a Monopolist with Unknown Costs [pp.  911 - 930]
	Acyclic Collective Choice Rules [pp.  931 - 943]
	The Nonparametric Approach to Demand Analysis [pp.  945 - 973]
	On the Transversality Condition in Infinite Horizon Optimal Problems [pp.  975 - 985]
	Autoregressive Conditional Heteroscedasticity with Estimates of the Variance of United Kingdom Inflation [pp.  987 - 1007]
	Evaluation of the Distribution Function of the Limited Information Maximum Likelihood Estimator [pp.  1009 - 1027]
	Large Sample Properties of Generalized Method of Moments Estimators [pp.  1029 - 1054]
	Notes and Comments
	An Investigation of the Robustness of the Tobit Estimator to Non-Normality [pp.  1055 - 1063]
	Note on Estimating Linear Trend when Residuals are Autocorrelated [pp.  1065 - 1067]
	A Stronger Characterization of Declining Risk Aversion [pp.  1069 - 1079]
	Sufficient Conditions for Extracting Least Cost Resource First [pp.  1081 - 1083]

	1983 Summer Meeting of the Econometric Society: Call for Papers [p.  1084]
	Accepted Manuscripts [pp.  1084 - 1085]
	News Notes [p.  1086]
	Erratum
	A Limited Information Specification Test [p.  1087]

	Submission of Manuscripts to Econometrica
	Back Matter



