
Quantum Physics 1 Nov. 15, 2004

Exercise No. 5: Quantum Fields

1. The equations of motion of a complex scalar field φ(x) are

ηµν ∂2φ

∂xµ∂xν
= −m2c2

h̄2 φ , ηµν ∂2φ∗

∂xµ∂xν
= −m2c2

h̄2 φ∗ .

(a) Write the Lagrangian density that reproduces these equations of
motion.

(b) Perform the quantization of the field.

(c) What is the classical Hamiltonian of this field?

(d) Find the quantum Hamiltonian.

2. Compute the following commutators for the electromagnetic field:

(a) [Ai(r, t), πi(r
′, t)],

(b) [Bi(r, t), Ej(r
′, t)].

3. Show that the propagator of a driven harmonic oscillator whose La-
grangian is L = 1

2
mẋ2 − 1

2
mω2x2 + f(t)x is

U(xb, tb; xa, ta) =
(

mω

2πih̄ sin ωT

)1/2

eiScl/h̄ ,

where

Scl =
mω

2πih̄ sin ωT

[
(x2

a + x2
b) cos ωT − 2xaxb

+
2xb

mω

∫ tb

ta
f(t) sin ω(t− ta)dt +

2xa

mω

∫ tb

ta
f(t) sin ω(tb − t)dt

− 2

m2ω2

∫ tb

ta
dt

∫ t

ta
dsf(t)f(s) sin ω(tb − t) sin ω(s− ta)

]
,

and T = tb − ta.
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