
ar
X

iv
:0

70
8.

04
78

v1
  [

qu
an

t-
ph

] 
 3

 A
ug

 2
00

7

QLib - A Matlab Pakage for Quantum Information Theory Calulations withAppliationsS. MahnesShool of Physis and Astronomy, Beverly and Raymond SaklerFaulty of Exat Sienes, Tel-Aviv University, Tel-Aviv 69978, Israel(Dated: July 31, 2007)Developing intuition about quantum information theory problems is di�ult, as isverifying or ruling-out of hypothesis. We present a Matlab pakage intended to pro-vide the QIT ommunity with a new and powerful tool-set for quantum informationtheory alulations. The pakage overs most of the �QI textbook� and inludes novelparametrization of quantum objets and a robust optimization mehanism. New waysof re-examining well-known results is demonstrated. QLib is designed to be further de-veloped and enhaned by the ommunity and is available for download at www.qlib.infoI. MOTIVATIONAdvanes in theory are often fore-shadowed by intu-ition. But the mathematial strutures governing mul-tipartite and even bipartite states and unitary transfor-mations are omplex, whih makes many problems dif-�ult to explore and intuition hard to develop. Analyz-ing problems analytially is often a time-onsuming pro-ess. Validation of hypothesis is laborious and searhingfor ounter-examples is a lengthy endeavor. The QITommunity will probably bene�t from tools to aeleratethese proesses.The use of omputers for theoretial mathematis is awell established, with a speialized journal [2℄, textbooks[3, 4, 5℄ and numerous papers. Wolfram researh de�nesexperimental mathematis as �a type of mathematial in-vestigation in whih omputation is used to investigatemathematial strutures and identify their fundamentalproperties and patterns� [6℄. Bailey and Borwein[7℄ usethe term to mean the methodology of doing mathematisthat inludes the use of omputation for
• Gaining insight and intuition
• Disovering new patterns and relationships
• Using graphial displays to suggest underlyingmathematial priniples
• Testing and espeially falsifying onjetures
• Exploring a possible result to see if it is worth for-mal proof
• Suggesting approahes for a formal proof
• Replaing lengthy hand derivations with omputer-based derivations
• Con�rming analytially derived resultsAs the bene�ts of tools suh as Mathematia, Matlaband Maple are lear, there is strong indiation that �eld-spei� software for experimental theoretial quantum in-formation would be advantageous. QLib [1℄ is an attemptto provide suh a tool.

II. OVERVIEW OF CAPABILITIESQLib provides the tools to manipulate density matri-es, separable states, pure states, lassial probabilitydistributions (CPDs) as well as unitary and Hermitianmatries. All of whih are supported with any number ofpartiles, and any number of degrees of freedom per par-tile. The following funtions are provided to manipulatethese objets:
• Entanglement alulations: pure state entan-glement, onurrene, negativity, tangle, logarith-mi negativity, entanglement of formation, rel-ative entanglement, robustness, PT-test (PeresHorodeki), Shmidt deomposition and singletfration.
• Entropy: Shannon, Von Neumann, linear entropy,relative entropy, partiipation ratio, purity
• Measurements: Orthogonal (to multiple ol-lapsed states or to a single mixture) , POVM, weakmeasurements
• Objet transformation:� Reorder partiles, partial trae, partial trans-pose� Transform objets to/from the regular repre-sentation to a tensori representation with oneindex per partile if the original objet was avetor, or two indexes per partile if the objetwas a matrix� Convert to/from omputational base to thebase of SU(n) generators
• Distane measures: Hilbert-Shmidt, trae dis-tane, �delity, Kullbak-Leibler, Bures distane,Bures Angle, Fubini-Study
• Misellaneous: Majorization, mutual informa-tion, spins in 3D, famous states, famous gates
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2QLib provides parametrizations for all objets ofinterest, density matries, separable states, pure states,CPDs, Hermitian matries and unitary matries. Inother words, these objet are representable as points ina parameter spae. This allows, for example, to gener-ate random separable states or random unitary matri-es. For details of eah parametrization and its theoret-ial bakground, please refer to the on-line help. As anexample, details of two unitary-matrix parametrizationsand of one separable density matrix parametrization arepresented in IV. The robust optimization apabil-ities provided with QLib, allows searhing for extremaof funtions de�ned over these spaes. The optimizationis performed by alternating stages of hill-limbing andsimulated annealing while applying onsisteny require-ments to the output of the stages. Current experienewith the optimization feature suggests that the searhsueeds in loating the global extrema in a surprisingmajority of the ases [17℄.Finally QLib provides a wide seletion of general pur-pose utilities whih, while are not quantum-informationspei�, go a long way towards making the use of QLibprodutive and simple:
• Linear algebra: Gram Shmidt, spanning a matrixusing base matries, heking for linear indepen-dene, et.
• Numeris: Approximately ompare, heuristiallylean-up omputation results from tiny non-integerand/or tiny real/imaginary parts, et.
• Graphis: Quikly plot out funtions in 2 and 3d,smoothing and interpolation tehniques for noisyor sparse data, et.III. GETTING STARTEDQLib, available at www.qlib.info, has been designedfor easy use. An Installation Guide and a Getting StartedGuide are available on the website, and over a dozen de-mos are provided as part of QLib, to help you get started.In addition, on-line help is available: simply typehelp qlib at the Matlab prompt for an overview offuntionality or get funtion-spei� help, e.g. helppartial_trae.Finally, user forums are available to ask questions anddisuss QLib issues, and forms are provided to requestnew features or report bugs.IV. SAMPLE APPLICATIONSFollowing are a number of QLib usage example whihwere seleted both for their ability to demonstrate QLibapabilities and for their relatively simple struture andsimple theoretial bakground, so that they may bequikly understood by a wide range of readers.
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Figure 1: (olor on-line) Limits on entanglement of superposi-tions of randomly seleted states. Gour appears to math thegoal funtion for at both ends and when |α| = |β|. Generallyspeaking, Gour is indeed tighter than LPS, but not always(note the top-left sub-�gure at |α|2 = 0.55). Also of note isthe omplex behavior exhibited by the entanglement of su-perposition and the relative un-tightness of existing bounds.A. Entanglement of SuperpositionsReently, some work has been done regarding the en-tanglement of superpositions
|Γ〉 = α|Ψ〉 + β|Φ〉 (1)An upper limit to the entanglement of |Γ〉 has beenproposed by Linden, Popesu and Smolin [8℄. Furtherwork by Gour [9℄ added a tighter upper bound and alower bound. Unfortunately, the analytial form of thesebounds make it di�ult to get a good intuitive feel as towhether they are relatively tight or whether there is stillsigni�ant room for improvement. QLib provides us withonvenient tools with whih to explore the problem. See�gure 1.To reate the graphs above, QLib's basi primitiveshave been used (omputation of entanglement for a purestate, normalization of a pure state, et), as was theapability to generate random pure states. Finally theoptimization apabilities are also put to use, as Gour'sbounds are de�ned in terms of maximizing a funtionover a single degree of freedom for given Ψ,Φ, α and β,whih requires that every point along the Gour limit linesabove be omputed by an optimization proess.B. Maximally Entangled Mixed StatesOver the years there has been keen interest in thequestion of MEMS, Maximally Entangled Mixed States,whih annot be made more entangled (as measured by



3some measure) with any global unitary transformation[13, 14, 15℄. QLib an assist in exploration of this prob-lem by searhing for the most-entangling unitary trans-formation. Parametrization of unitary transformations isdone either by generalized Euler angles [16℄ or with themore naive
U = ei

P

n
2

k=1
θigi (2)with gi being the U(n) generators.In this partiular example, we have explored the max-imal entanglement possible for the separable diagonaldensity matrix

(

p 0
0 1 − p

)

⊗

(

q 0
0 1 − q

) (3)QLib an help disover the dependeny of the maximalentanglement on p, q by loating the MEMS assoiatedwith the initial density matrix and visualizing variousoptions for p, q dependene. See �gure 2.C. Bloh �Hyper-sphere�It is well known that a single qubit may be representedusing the U(2) generators as
ρ1 qubit(

−→n ) =
1

2
(1+−→n · −→σ ) (4)with a pure state i� ‖−→n ‖ = 1. This suggests a trivialgeneralization to higher dimensions as follows

ρ(−→n ) =
1

2
1 +

n2
−1

∑

i=1

cigi (5)with gi being the SU(n) generators, with the assump-tion that if ∑n2
−1

i=1 |ci|
2 = 1

4
then the density matrix rep-resents a pure state.Utilizing QLib's parametrization apabilities, we shallgenerate a large number of random pure states, separablestates and general density matries and plot the 2d pro-jetions of the resulting Bloh �hyper-sphere�, i.e. satterplots of two omponents of −→c . It is evident from �gure3 that no suh trivial generalization is possible, and thatthe geometry of the problem is far more omplex thatan be naively guessed.D. Additivity of entanglement and entropymeasuresAnother simple use of QLib is to experimentally testthe additivity of entropy and entanglement measures

E(ρ1 ⊗ ρ2)
?
= E(ρ1) + E(ρ2) (6)
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Figure 2: (olor on-line) Maximal onurrene for eq. 3. The
(p, q) = [0..0.5, 0..0.5] spae was explored with a resolutionof 0.005, for a total of 10, 000 points, for eah of whih anoptimization of the onurrene over the spae of SU(4) uni-taries has been performed. The maximal onurrene is shownboth as a funtion of p and q (in 3d, above), and as a ontourplot (below) showing the dependene of the maximal onur-rene on the trae distane between the single-partile initialdensity matrix, „

p 0
0 1 − p

«, and the fully mixed state for asingle qubit „

1

2
0

0 1

2

«.By randomly generating multiple ρ1-s and ρ2-s andheking the additivity attribute for eah, we an forma reliable hypothesis regarding the behavior of the mea-sure in question. Moreover, by extremizing E(ρ1 ⊗ ρ2)−
E(ρ1) − E(ρ2) over all possible ρ1,ρ2 one may reah aneven more well-founded onlusion. Of partiular interestis the relative entanglement measure [10℄

ER = inf
σ∈SEP

tr ρ (logρ − logσ) (7)whih is a generalization of the lassial relative entropy
S(p|q) = tr p(log p − log q) (8)It is known that ER is non-additive [11℄.
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Figure 3: (olor on-line) 2d projetions of the SU(3) andSU(4) Bloh �hyper-spheres�. Blue dots indiate general den-sity matries. Green are separable states and red dots indiatepure states.To ompute ER, one must be able to ompute inf
σ∈SEP

,whih in turn requires parametrization of the separablespae. In QLib this is ahieved using the observationof P. Horodeki [12℄, that the separable spae is onvex,and thus eah point within is onstrutable as a linearinterpolation of a �nite number of extremal points ofthat spae, as per the Caratheodory theorem. There-fore, to parametrize all separable density matries of di-mension d, one may parametrize d2 separable pure statesof the same dimensionality |φi〉 and a lassi probabilitydistribution {pi} to speify the mixing, resulting in the

parametrization
ρ =

d2

∑

i=1

pi|φi〉〈φi|. (9)The numerial study of ER additivity learly indiatethat the relative entanglement is super-additive, i.e.hypothesis: ER(ρ1 ⊗ ρ2) > ER(ρ1) + ER(ρ2) (10)V. LOOKING FORWARD - A COMMUNITYEFFORTQLib is distributed as free software. The word "free"does not only refer to prie; primarily it refers to freedom:You may run the program, for any purpose, study howit works, adapt it to your needs, redistribute opies andimprove the program.It is our hope is that QLib will evolve into a groupe�ort, maintained, nurtured and grown by the QuantumInformation ommunity, for the bene�t of us all. For thatpurpose, we have liensed QLib under the GPL, or GNUPubli Liense, whih sets-up both the freedom to usethe software, and the requirement that any enhanementsmade to QLib be released bak to the ommunity. Codewhih uses QLib, but is not part of it, may, of ourse,remain private. For more information regarding theseissues, see the liensing setion of the QLib website.Several tools are available on the website to faili-tate joint development of future versions: Forums, a bugtraking system, a feature request form and a mailinglist.The diretion future QLib development will take shallbe determined by you, its users.AknowledgmentsWe thank B. Reznik for allowing the freedom to exploreunharted waters.This work was supported by the Israeli Siene Foun-dation (Grants 784-06 and 990-06).[1℄ QLib, http://www.qlib.info[2℄ Journal of Experimental Mathematis,http://www.expmath.org/[3℄ Experimental Mathematis in Ation (textbook), D. Bai-ley, J. Borwein, N. Calkin, R. Girgensohn, D. Luke andV. Moll [4℄ Mathematis by Experiment: Plausible Reasoning in the21st Century (textbook), J. Borwein, D. Bailey[5℄ Experimental Number Theory (textbook), F. Villegas[6℄ http://mathworld.wolfram.om/ ExperimentalMathe-matis.html[7℄ Sample Problems of Experimental Mathematis, D. Bai-

http://www.qlib.info
http://www.expmath.org/
http://mathworld.wolfram.com/


5ley, J. Borwein[8℄ N. Linden, S. Popesu and Smolin, Phys. Rev. Lett. 97,100502 (2006)[9℄ G. Gour, quant-ph/0707.1521[10℄ V. Vedral, , 2002, Rep. Math. Phys. 74, 197, quant-ph/0102094[11℄ K. Vollbreht and R. Werner, 2000, quant-ph/0010095[12℄ P. Horodeki, PLA 232 (1997) p. 333[13℄ F. Verstraete, K. Audenaert, and B. de Moor, Phys. Rev.
A 64, 012316[14℄ S. Ishizaka and T. Hiroshima, Phys. Rev. A 62, 0223102000[15℄ T. C.Wei et al., Phys. Rev. A 67, 022110 (2003)[16℄ Todd Tilma et al 2002 J. Phys. A: Math. Gen. 35 10467-10501[17℄ Note that are should of always be taken when dealingwith the results of numeri optimization

http://arxiv.org/abs/quant-ph/0010095

