Extinction efficiency of obliquely and randomly oriented infinite cylinders
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The extinction efficiency is calculated for a volume containing randomly oriented long circular
cylinders. The results are compared with the extinction efficiency of spheres with the same
refractive index and are shown to be almost identical. Special attention is given to a corrected
definition of the extinction efficiency for obliquely oriented cylinders with respect to the incident
radiation direction. The corrected definition presented here is justified by use of the physical
concept of the extinction efficiency as used in the case of other scatterers such as spheres.
Calculations are presented for a polarized incident light (normal to the incident plane) when
discussing the definition of the extinction efficiency. For the randomly oriented particles the

‘incident light is assumed to be unpolarized.
PACS numbers: 84.40.Ed

Lind an Greenberg ' used the following determinations

for the extinction of infinite cylinders obliquely oriented to
the incident light:

2 )
Oron = 7 Re(bo, +2 3 b )
2 o (1a)
Qrext = 70‘ Re(“o,z +2 Z an,2)’
n=1

where k = 27/A A is the incident radiation wavelength, a is
the radius of the cylinder, 4,, and b,, are coefficients (the
exact definition of which can be found in Refs. 1 and 2)
dependent on ka; m, the relative refractive index of the cylin-
der; and ¢, the angle between the incident direction (a plane
wave) and the normal to the oblique cylinder in the plane
containing the incident direction and the cylinder (the inci-
dent plane).

FIG. 1. Extinction efficiencies for an obliquely oriented infinite cylinder.
The index of refraction is m = 1.6. Variation of extinction with the size
parameter a = ka is plotted to the right. Variation with angle of incidence ¢
is plotted back (¢ = 90°) to front (¢ = 89°). ¢ = 0, 5°, 85°, and 89° after Ref.
1,Fig. 2. The incident light is polarized normal to the incident plane.
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Equations (1a) are also given by Kerker ? in his Egs.
(6.1.45) and (6.1.48). Here we suggest that Egs. (1a) do not
correspond to the usual concept of the extinction efficiency.

The expressions for the scattering irradiances by an infi-
nite cylinder were first derived for a normal incidence (see,
for example, Van de Hulst *) and calculated for a unit length
of the cylinder. Therefore the extinction efficiency was de-
fined there as the total scattering absorption divided by the
geometrical cross section 2a. A tilted cylinder of unit length
has a geometrical cross section normal to the incident direc-
tion of 2a cos ¢. Hence, the extinction efficiencies should be
defined as '

Crox= ooz Re(bor +2 5 5n1)
' (1b)
Qrext = . Re(aoz +2 i a, 2)’
ka cos¢ ’ =

For very large particles (a»A ) Babinet’s principle * helps ex-
plain the asymptotic value of Q = 2 for any scatterer inde-

pendent of its shape or refractive index as long as Q is defined
relative to the geometrical cross section of the scatterer nor-
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FIG. 2. Orientation dependence of extinction efficiencies for @ = ka = 0.7
and 2.1-after Ref. 1, Fig. 10. (E corresponds to the extinction of an incident
light polarized normal to the incident plane and H is for an incident light
normal to E).
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FIG. 3. Corrected orientation dependence of extinction efficiencies for tilt-
ed infinite circular cylinders for @ = ka = 50, (@, =0 ).

mal to the incidence. Lind and Greenberg suggested that for
alarge (@ > A ) cylinder Q decreases with an increased value
of ¢ (see Fig. 1) until “For ¢ = 90° end-on incidence Q,.,,
and @,.,, are zero for an infintie cylinder. Thus, ignoring the
fluctuating part, the extinction efficiency which is propor-
tional to the cross section per unit length, decreases inversely
with the length (of finite cylinders) for sufficiently long cyl-
inders” (Ref. 1, p. 3197). This correct but obvious conclu-
sion is mentioned by the authors of Ref. 1 after being misled
by the use of Eqgs. (1a) which suggest that for ¢—90°, 0—0.

Physically, it is expected that the cylinder length should
merely have a minor effect on the extinciton efficiency of any
part of the cylinder which is not close to its edges. Conse-
quently, we suggest that the concept of efficiency per unit
length of a tilted cylinder used previously " has no direct
physical meaning is in contradiction to the usual concept of
efficiency, and if not treated carefully can lead to an errone-
ous conclusion.

An interesting example of the above conclusion is pre-
sented in Figs. 2 and 3. Figure 2 presents the extinction effi-

»

Q!XT

EXTINCTION EFFICIENCY

AN
\\tu'

o 1

2
o= Ka

F.IG. 4. Selected curves from Fig. 1 showing details of the extinction effi-
ciencies as a function of ka, after Ref. 1, Fig. 8. (Note that in Ref, | the
orientation angle 25° should be corrected to 65°).
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FIG. 5. Corrected Q,.,, values versus a = ka = 1(1)50 for three orientation
angles ¢ = 0°, 40°, and 80° (m = 1.6 as in Fig. 4).

ciency of oblique infinite cylinders of size parameters

ka = 0.7 and ka = 2.1 as calculated by Lind and Greenberg.
For the cylinder of ka = 2.1 the dependence of Q on the
orientation angle essentially represents fluctuations around
the function y = A4 cos¢ (where y corresponds to the Q co-
ordinate and 4 is a constant). The larger the cylinder is, the
closer its curve is expected to approximate y = 4 cosé [Eqgs.
(1a)]. We calculated such a dependence for a = ka = 50
(m = 1.6) and by use of the corrected Egs. (1b) we found that
Q fluctuates for all orientation angles (0°<¢<89°) around
Q=2 (1.7 Q%2.5)-see Fig. 3. This result is in agreement
with the physically expected efficiency value as predicted by
Babiner’s principle for very large particles.

An important result of the correct use of Egs. (1b) is
apparent in analyzing the curve for ka = 0.7 in Fig. 2: The
fact that the extinction efficiency increases with the orienta-
tion angle ¢ means that for a given length of cylinder, the
cylinder can scatter more light when tilted (say ¢ = 89°)
compared to the total scattering even when it is normal to the
direction of the incident light. [Note that this resonance ef-
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FIG. 6. Extinction efficiency for randomly oriented cylinders as a function
of a = ka = 1(1)50.
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FIG. 7. Same as Fig. 5 for m = 1.46.

fect (ka = 0.7) is not generally ture.] This effect leads to the
immediate conclusion that the real extinction efficiency per
unit length normal to the incident beam is even higher for
¢ = 89° (relative to ¢ = 0°) than the relative values suggested
by Lind and Greenberg in Fig. 2. As a matter of fact, the
absolute extinction efficiency for ka = 0.7 and ¢ = 89" cal-
culated by us is as high as @.,, = 27 and even higher values
can be found in the resonance region ’ for 90° > ¢ > 89° and
ka < 0.7 (see Ref. 6).

Figures 4 and 5 represent selected curves for Q.,, asa
function of the size parameter @ = ka for given values of the
orientation angle 4. Figure 4 is again taken from Refs. 1 and
2 and Fig. 5 shows our corrected curves. Figure 5 suggests
that the Q,,, values oscillate around Q = 2 as a function of
a = ka for the presented set of orientation angles.

In order to calculate the extinction efficiency of ran-
domly oriented cylinders, values for Q were calculated for all
orientation angles ¢: 0°, 1°, and 89°. (Figure 5 presents the
calculations for ¢ = 0°, 40°, and 80°.) Since we assume that
the cylinders are randomly oriented, the number of cylinders
tilted in the direction ¢ (relative to the incident beam) is
proportional to cos¢. Another assumption is that all cylin-
ders have the same finite length which is much larger than
their cross-sectional identical radius, hence their scattering
properties can be approximated by the theory for infinite
circular cylinders. It follows that the normalized expression
for the extinction efficiency of our sample is given by

O.lamy=1/180 3 Q. (@mp=dcos, @)

where Q.,, = }(Q\ent + Qaext) [Eqs. (1b)] and the incident
light is assumed to be unpolarized. Q was calculated for the
refractive index m = 1.6 and 1.46 for the range o = ka

= 1(1)50 and the results are presented in Figs. 6 and 7. It is
interesting to note that whereas the individual curves for a
given value of ¢ fluctuate below and above the value Q = 2
(versus a), the average value [Eq. (2)] is very similar to the
behavior of the scattering by a sphere (Fig. 7) for which the
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FIG. 8. Comparison between the extinction efficiency for randomly orient-
ed cylinders (top) and spheres of same size parameters (bottom).

fluctuations are above Q = 2. Also note that the number of
maxima is the same for the randomly oriented cylinders ver-
sus the sphere (for the same refractive index m) as well as the
corresponding maximum extinction value. Except for a
small shift in the positions of the maxima and minima

(4Aa =0.7) which is detected for a polarized incidence nor-
mal or parallel to the incident plane, the curves are essential-
ly identical. [The secondary fluctuations in Fig. 8 are due to
the fact that Q was calculated for a = 1(0.1)50]. A similar
comparison has previously been suggested between spheres
and cylinders which are all oriented normal to the incident
beam (see, for example, the discussion in Ref. 2, p. 290).

A common approximation, used for example by atmo-
spheric scientists dealing with light scattering, is to assume
that the Mie scatterers can be represented by spherical parti-
cles. This is mainly based on the fact that in most cases the
nonspherical particles are randomly oriented. Since the the-
ory for nonspherical particles is not fully and generally de-
veloped, we presented here a theoretical examination of the
above approximation for nonspherical particles having a
high degree of symmetry. The results for such long cylindri-
cal randomly oriented particles suggest that the behavior of
the extinction efficiency versus the size parameter is similar
to that of spheres (see Fig. 8).
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