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729NN N1D21Y NIRT ANV ANAN PHTIN AN IPN RPIT MITN

JORYDR T ,00NTY) NINR IR NNR NPAIND YV MIIPNa HP1a YIXaY nand mvviR NTaYY Tyl
nNaY N’ DNN "DNVPN DMIVNIANY DAN I MNOY P2 NVNR DMNMNN DN (11 210D 3NN
STIY PYTI NN

NN 722991 ,02101 DPPYT MOax ¥ (YRITRY 219 RINY 29T 720N IR) YRR 137 ,nNNTH
P20 TINN ,TPVIPN DIMIRD DM NN TIRPRIVIRD NIINR) MVHIN NPXPRIVIR nHva
MPIM NPEPRIVIR NHPI NIIPN N AN DPIPON MAXaR WA pRINYY TIa (VN MIRNIPIIN
APTN IRDIPIIN-PA TN ,1YVIPY DN DM NIHRINIVIA NIITIR)

PN DTINN IR (nearly-free) DYYWAM-VYNI DIPYII PR PN NWI NOR DMIPNa HavH HaMm
NAIVIR DYNN DIPONINMN NN PHIVIRD PYRIN NIPPIY A .INRNNA (tight-binding)

nnY 091 Rt "Yap (AE<O0) mvimnR DYn DYNNM NN NI9IVIRD NWN NIPRa (dS>0)
2220 2TIN YV MNNN JAN LPIVRIND NONN MIIPHRI MNVIND P2 PYRINND AT IT DY DIVAIRD
NJIYNL YVAINN THNNN T HY DIYAIRN NPAY DD DIPNIND IV NPINIRD DN NIXNANP
93 NPRPNA WHTNY D13 NPAIRINA NIIPNN MR NTON PRINI IWN PP T KM N
PN v npna (delocalized) MIMRN-5RY 130 YW NIpna (localized) MIMRN

LOIMDT NN IR DPY DINND MIAINN TR GRY 117910 NYHRNIIV NIRY 7Y DN DTN
PINAN NR DIARND DHTIN NR 7PYAN HY DHIVNIANN MXNY 1732 I’ VP TIaYH W qONN
JDOIVR N0 NNAY YTI1 , 08P DYPNIN DNINT TUNY 51N NINMINA NR 219pY Y90 ,7TRN .NHY
J7I1 1IN0 IR

NIRYIPLIN NPINRIT

NYAIPOITIPN MNIN YV PIPIY NIVARNN VMY K27 (Molecular Dynamics, MD) NPIRDIPYIN NPINRIT
SV DMaX 23 YY PMIVM DYNPOIIPNI DIIHNN NIYNTH MPINRI (NPARITININ MNON D)
NPARINAY MDD NNN PO SV IPINDT MRNYN HY N1 PN HY noman RN .Dppin
.N92p NYoRYPN

ITPORYD NPIRIN YITN

7 D1p’2 NYWIND RN TPOINPN ITY 1ANDN TURI MORIPN NAPARING WANWYWAY YITH” :NYRVA DY
(19727 729N 19T) VNN YARWYN NN NIIMIIPNN NMHYN RIN ORIPN NP2ARING WINKYY YInn
2PN NIYY MRINY N2 , 00X .2WNN DR DY IMIAYY NIIWNN 1YY 935 poanp panab
A0 1) INNN ORYPN NPPARIND ,D71720 MINVIANY MIVI MY

HRIX1VION NOYN NINA

129900 YV NIYRIRIVIAN MIMNRD AN ARXIN ,NPIRDIPIIN-PAN NPMOVR-PIN NPYRPRIVIRD
MNINN NR GPYY NN HRIRIVIAN NOVYN NN .NVXPNA Y 27 PN MPRNARI NINNHY NN’
LONNTY N DNYP DINITA MY MOV MRXMN NINON .ANTIN N2WND YV NYHRPIIIN
IaAMMNP NNT NINTY ¥733) AT IMRI ANTINL DTIPI INIRD RRNDAY 1D RY DINMOVR VY NVMITH
DT DPNINT TYTN RPRIVIRAVI (VIR NINT IR

| D70N790 91
NR N29I7 T 172V L1072 IVINY YTNI WINY MPXNRA HRINIVION YV DNIVNISN NR H17IY NM
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70719 100NN NP
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0219 MIdN

S9IRVY VIV DII9D

(nN2IN) 0Py MMPN
DONNN YPI R
e Abraham Nitzan, Chemical Dynamics in Condensed Phases, Oxford University
Press (2006).

:DIRNIPHIND PRI DLV .2
e Daan Frenkel & Berend Smit, Understanding Molecular Simulations, Second Edition, Academic
Press (2002).

D01 MNpn
0PI MRNVN YV MM PINS

e Gould & Tobochnik, An Introduction to Computer Simulation Methods, third edition, Pearson
(2007).

DO YV NURNND T

e A.Rahman, "Correlations in the Motion of Atoms in Liquid Argon," Phys. Rev. A 136 P. A405, 1964.

e L. Verlet, "Computer Experiments on Classical Fluids. . Thermodynamical Properties of Lennard-
Jones Molecules," Phys. Rev. 159, 98 (1967).

e D.W. Heermann, Computer Simulation Methods in Theoretical Physics, second edition, Springer
(1990).

e M.P. Allen & D.J. Tildesley, Computer Simulation of Liquids, Oxford University Press (1991). A 2003
version also exists.

1012 YXYNPY DYRIPR DMADN .0
e Frederick Reif, Fundamentals of Statistical and Thermal Physics, McGraw-Hill (1965). A 2008
version also exists.

;D91 HV NYaANIN RYNP NPRPNS )
e David Chandler, Introduction to Modern Statistical Mechanics, Oxford University Press (1987).

nanand arnp
YNNI MOYY T
e Steven E. Koonin & Dawn C. Meredith, Computational Physics: FORTRAN Version, Addison-Wesley
(1990).

e Richard J. Sadus, Molecular Simulation of Fluids: Theory, Algorithms and Object-Orientation,
Elsevier (2002).
e Numerical Recipes: The Art of Scientific Computing, Third Edition (C++), Cambridge University

Press (2007). Limited free access on www.nr.com (full access for second edition 1992 in C or
FORTRAN).

(D91 YW MdN N
e Jean-Pierre Hansen & I.R. McDonald, Theory of Simple Liquids, 3" edition, Academic Press (2006).
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DO0NN N"TY NMIWYWIIT

TVINA MON RYY ,RAN NDNA ANVRIN NTVNAN NaY DPYNY MNaY Wi DIoNn NATH

RN MDY PYNNY 19N RY kDY NN MDA PINRA PIan YIva

£ 1N2N ,N0NY ARNAY) DPON DY ,MINIAN PYNY .NITNN TIY M0 19010 HY MINYH »?

[arbitrary units) NPV MTINY 1789 DNHNRL PXNY W2 (10

.N1H202 PRNY Y DYTI 9901 P2 MRNVD
IRIY NIIYN M’T
N9ITIN NN DIRNWD NN ARNY NIIWN D) NNTN 1900 YT HIY I8 W R
IPNN N»VD) MVDVVDN ARNVM (TIY N0 ,ATTA PYT) INIIPNN IRVW PPan
AMNTNN HTRN RIN DY YRINNIY DITHN HV

2VN9 DMON-MYAN DTN MY IRNY NN YRIY W 05N DY MY A
(MRNY SV NINNI) NN RNV NR
,JPON? ARNIY) MIRNIN M2 MRDY M MTN MT YY Tapnh v :p17 2

NR 79WY N1 TY) 20nY W .pYOPY NN ARBY P2 1PRand 17epn L(NTH
A21WNN MIRNINA IRNVN

(NPYOIVIR IR J1PD2) MIADNN MRRIND MIAVIND MRIN NNVRY W MmN R
MoIYY W JURI DPNVN P2 ANRNN R R ONPNNY W .IWAR ManTin Yoa
DYIPY ,2IWNN DR 79VY NN TN ANNTHY) YON DR 2w»Y N T aond
Y (DTIP Y0 ART) RN NIIYN WM DTN L(RDY IR NV 0TH DIRIY DYORPITD
:Welch YW £ 1nan nr¥IN NR 0 »8nH

t= (xcalculated - xexpected) / \/(Azcalculated + Azexpected/ n expected)
A2(:alculated = \/(Azsystematic + 02 statistic/ nsamples)
NNV PPN YVIDVN DR PrINY W MYYIR P¥PNEY DN NPRNNA
20°0010 DR NIRNN IR RPHANY ANINN DDA ONIYY pasishiils) R
TXPNS NIRNVNI DYAINN DVNIANN TNR 93 YV n"mp’van mynwnn an A
nYRPNAY VNN DTHN OHYA DYTY PRYAY KDY 2Y W) 2hNRNN
(M7 MR Hya qunina P'?ﬂ'? ROR 191 NVPHRNAINY NN ,N1PIvmnIv
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JDORNNND MY NR VI )
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YINIAN PO I
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INNTY IRNVI NIRXIN M

Measurement Parameters Accurac Precision Statistical
/Calculation = nceuracy = tests
L Sample Sample Expectation Absolute Relative Measurement Statistic Expected Overall Welch's
Distribution | Moment X . .. . .
size mean value error error resolution spread deviation precision t-test
No. n n num. ana.
) " N u, (N) E[x ] 5, (N) | n.(N) A, x o™ (N) | o2 (N) | A (N) | ¢.(N)
(1) (2) (3) (4) (5) (6) (7) (8) (9)
1 1 1 10 0.488 0.500 -0.012 -2.4% 10’15 0.026 0.026 0.026 144%
18 eXp(x) 2 100 3.23 3.19 0.03 1.0% 1071 0.30 0.32 0.30 68%
Var[x”] sd[x”]
O_ana. (N) = —
1 (N)=(x"), = 1 ix" 4 1. ( )=—5X"(N) 7 ) v N
W p(N)=(x"), =g 25 @ 1. (N)= (7)

(2) E[x":l = T S (x)x"dx

@) 5. (N)=p, (N)-E[x"]

_ S, (N)
Mtﬂm_ﬂwﬂmfﬂw%mf
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ANRNN 21°0
IXPNA NN NR PINNY WY 702 N DY PAY IR VIR 1YRPNAY M90ND VYN NNRNN
5w VO Y3Y PN IR NNRNND 2V ,NMIA MP2ADIY MRINDY ,DPIRPITE DINPWN INRNNN

7Y 93 N79N2 PR NNRNNY DOIR ,PNTN 19IRA N-1 13770 D919 RNNY Y9N mmpy N

RV LX; MTTNN VOY DA i ATTRN MTMPIL £ INRNND NXPNA YV INRNND 1V NR
NYIRYA YT DO (Explained Sum of Squares, ESS) 920100 D'»1290 D120 Myxnra
:(Residual Sum of Squares, RSS)

N N
SSEO')Z(:%Z(Xi_IUX)Z RSSE%Z(Xi_fi)Z
i=1 i=1
1 & ) 1 & 2
ESSENZ(f,»—#X) WSSREEZW(XP“X)

i=1 i=1
i 9PVN TERPNS MYNNRI NYIAN DR YYONY MIVAR NADIN ,ININRD MWL TWRD
L(MATYINNN MTIPIY INY D173 HPVYN NN ”P) MINR 213 HY MNIDN MTTN NTYN NIVIRNN
.Weighted Sum of Squares of Residuals -n n%ap5
NN RIN NPIRYN PN DIDD 1PRI ,NII0IND MINYWI WI11aY 1171 920100 D121 DIDD
SNRNND T 9P NI20IN NPRY MNYY
(coefficient of determination) NY*apn DTPN MPXNRI N1 DNIYAY NNRNIN 0
R? = E_SS =1-— R_SS

SS SS
DIRNNN TIXPNOY DN 12 (Pearson Y¥) XY MIPN DTPN YV P17 VIPAY NN AT NV
RPN P XYM PRY WNYN PDAR R TIY ,7978Y .MITTNN VO NNNIY DI P2 NRAIN
(195W IR N221N) 11 NIXDNP MWW VNV TNRY 1PN TV ,MITTNN P20 INRNNN

A

MYXNRL ,NN98 NNYaNN 2% NTTMIV DOT) NNYanNn P2 ANRNNN 209 TTH Yaph oy o
NR 2WN) P DWY ( x]) Y1272 75 nan

2 _ o (Xi _fz)
2
DMVPN 790N MNA MTTAN 90N 1M ,Vv=N-p ,WINN NNIT 190N NR O ,19N INRY
DAXN DI7YN HIN 1AWVINY D2I7IPN NR NNV L1025 .71PYan YV DMIVNRIAN P2 MYN DIRVINN
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2. Frederick Reif, "Elementary probabilistic & statistical concepts and examples, and the simple random
walk in 1-D" (pp. 4-24) in Fundamentals of Statistical and Thermal Physics, McGraw-Hill (1965). A
2008 version also exists.
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INTRODUCTION TO STOCHASTIC PROCESSES

ABRAHAM NITZAN, CHEMICAL DYNAMICS IN CONDENSED PHASES,
OXFORD UNIVERSITY PRESS (2006).

The motivation for using probabilistic concepts in the description of chemical processes in
condensed phases is the same as for using such concepts in statistical mechanics: There we
are facing the need to treat macroscopic systems on a microscopic level, focusing only on a

few observable quantities such as energy, pressure, temperature, etc. In the reduced space of
these observables, the microscopic influence of the other ~ 10 degrees of freedom gives
these observables a random character. Most often we measure just the averages of these
quantities, but their fluctuations are observable too.

When discussing processes involving a single molecule in condensed phases the
observables are molecular, essentially microscopic properties. Still, as before we focus on a
few observables associated with the chemical or physical process of interest. Processes
described in the reduced space of these variables are stochastic, and the variables themselves
are random.

As an example of a stochastic process consider the stretch of a highway between two
intersections, and let the variable of interest be the number of cars at a given time in this road
segment. We can ask "macroscopic" and "microscopic" questions about this observable. For
example (1) what is the number of cars as a function of time (2) what is the average number
of cars as a function of time of day in July? The second question can be looked at as an
ensemble average: we can collect data over many days, and many July months, assuming that
relevant parameters (such as size and distribution of human population and the total number
of cars per person) are constants. The average over this ensemble of systems looks like:

250
200
150
100

50

n. cars

The answer to the first question can be given in terms of a probability distribution
(the probability F(x,t)dx that the number of cars seen at time t is between x and x+dx) or of a
particular realization x(t) of this number. Such a particular realization will look like (say, for
t=12p....12:15p)

110 +

100 -
n. cars

80 +HHHHHHHHHHHHHHHHHH

time (12p-12:15p)
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Obviously if we repeat the "experiment" during the same time window the next day,
this graph will look different. If we repeat this experiment enough times we can evaluate the
probability distribution F(x,t). For this purpose we can draw an histogram showing, for N
"experiments", the number nj of experiments which gave number of cars between x; and x;+

Ax (Z n, = N), at time t. F(x,t) is then the limit, as N—oo, of n;/N. The following points

should be noticed:

(1) The function F(x) defined above was constructed as a continuous probability
density even though for the example considered x take only integer values. This description
is useful when Ax >> 1 (a prerequisite is that the range of interest is x;{>>>1). This is an

example of coarse graining: looking at F(x) only at resolution poorer than Ax
(2) Another example of coarse graining: coarse graining in time. If instead of
displaying x(t) as a function of t every minute(say) we will display 10-minutes averages of

i+5
x(t) (namely redefine )?(t)=(1/10)2x(ti)) we will eliminate fluctuations on the fast
i-5

timescale: The new stochastic variable x(#) will fluctuate only on timescale > 10. Provided
that the timescale associated with the systematic variation of the ensemble average <x(t)> is
much slower than that associated with the random fluctuations of x(t), we intuitively expect
that the coarse grained variable x(¢) resembles the ensemble average <x(t)>. The conditions

for this expectation to materialize are quite complicated. In equilibrium statistical mechanics
this issue is discussed within the Ergodic Theorem.

On the microscopic level we shall often refer to the internal (vibrational) energy of a
solute molecule as a particular example. Consider a diatomic molecule, e.g. CO, in a simple
solvent (e.g. Ar). We can monitor its vibrational energy contents by spectroscopic methods,
and we can follow processes such as thermal (or optical) excitation and relaxation, energy
transfer and migration. The quantity of interest is the average vibrational energy per
molecule, the average is over all molecules of this type in the system. At low concentration
these molecules do not affect each other and all the information can be obtained by observing
(or theorizing on) a single molecule. Average over many such molecules is an ensemble
average. Following vibrational excitation, it is often observed that the subsequent relaxation
1s exponential, <E(f)>=E(0)exp(-yf). The actual instantaneous energy is however much more
complicated. To predict its course of evolution exactly we need to know the initial positions
and velocities of all the particles in the system, then to solve the Newton or the Schrédinger
equation with these initial conditions. On this level of description which includes the entire
phase space of the system, the evolution is completely deterministic. However focusing only
on E(f), its detailed time evolution looks random, In particular, it will look different in
repeated experiments because in setting up such experiments only the initial value of E is
specified, while the other degrees of freedom are subjected only to a few conditions (such as
a given overall averaged kinetic energy, i.e. temperature). In this reduced description E(t)
may be viewed as a stochastic variable. The role of the theory is to set up its statistical
properties and to investigate its consequences.
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Obviously, once the usefulness of reduced descriptions is realized, several different
such descriptions can be considered. In each one of them a different subsystem is considered.
In the problem under discussion we may focus on the coordinates and velocities of the
molecule and its nearest neighbors, on the same quantities associated with the molecule only,
on the molecule's internal energy (a particular combination of coordinate and velocity of the
relative inter-nuclear motion) or on the relative distance (another particular combination).
This increasing reduction leads to greater simplification at the cost of giving up information.
The choice of level of reduction is guided by the information designated as relevant, based on
available experiments and by considerations based on relative timescales.

Timescale considerations are central to the theory and practice of reduced
descriptions. Consider again the number of cars on a given highway segment. We can
distinguish between long timescale evolution (multi-year) associated with changing
population characteristics, monthly evolution related to seasons, daily evolution associated
work schedules, hourly evolution related to day/night and working hours and short time
evolution associated with individual driver's timings. All but the last one are deterministic
phenomena that could be analyzed using systematic relations. If we disregard the time
evolution associated with individual drivers' whims, we can discuss traffic using a small
number of variables (number of cars, hour of day, month of year). For practical purposes (e.g.
planning the highway system) this level of description is sufficient. Mathematically it is
obtained by averaging x(t) over timescales long relative to the random fluctuations but short
relative to the systematic variations, provided that such timescale separation exists, or by
taking ensemble average.

The relevance of stochastic descriptions brings out also the issue of their numerical
evaluation. Once we realize that for many molecular processes we can replace the simulation

of 6x1023 degrees of freedom by a stochastic description involving only the few variables
associated with the important subsystem, the issue of numerical solutions of stochastic
equations of motion becomes central. We will return to this subject.
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‘ PROBABILITY THEORY AND RANDOM WALK

FREDERICK REIF, "ELEMENTARY PROBABILISTIC & STATISTICAL
CONCEPTS AND EXAMPLES" AND "THE SIMPLE RANDOM WALK IN 1-D" (PP.
4-24) IN FUNDAMENTALS OF STATISTICAL AND THERMAL PHYSICS,
MCGRAW-HILL (1965). A 2008 VERSION ALSO EXISTS.

A simple example of a stochastic process associated with a reduced molecular
description is the simple random walk of a particle in one dimension. The particle goes to the
right with probability p, to the left with probability g, such that p+g=1. We want to
investigate this motion as a function of the total number of steps N.

Let n denote the number of steps taken to the right (N-n steps taken to the left). This is
a random variable. Let Wyi(n) denote the probability to observe the result "»" in a particular

experiment. The number of distinct walks that can give this outcome is N!/[n!(N-n)!] so that
N!

W,(n)=————p'qg"™" 1
v (1) v P (D
N
Note that Z W,(n)=(p+q)" =1, so Wy is normalized. This is the binomial distribution.
n=0
For the net number of steps to the right, m=n-(N-n)=2n-N we get
M e
Py(m) = Wy(n(m) = ——————P * ¢ @)
™,

The moments My of a probability distribution P(m) are defined according to

Mk=<mk>=kaP(m) in the discrete case, or Mk=<xk>=J.dxxkF(x) for continuous

distributions. Note that M| is the average, while the second moment M> is related to the

variance, <8x2>=M2-M 12. These and higher moments can be calculated using the following

procedure
<n>= %—N! nagN ="y
~ N =y 1
SN ©
0 N! n N-n 2 N N-1
=p—> — =p—(p+ = pN(p + = pN
papn:1n!(N_n)!pq pﬁp(p q)" =pN(p+q) p
2 0.2 N
<n">=(p—)(p+q)
p 4)
= pIN(p+ N + pN(N ~1)(p + ¢)V21= (Np)* + Npg
Thus the variance is
<&n® >= Npg
(5)

<Sm? >=4<8n® >= 4Npq
For p=¢=1/2 we have <dm2>=N.
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What is the relation of this result to the actual process of diffusion? In order to make
the connection let / be the step length, and 7 - the step time. Thus, N steps correspond to the
total elapsed time /=N7, and the final distance of the particle from the origin is the random

variable x=ml. We have found that for a symmetric random walk <dx2>=12<§m2>
=I2N=(12/7)t. The factor /2/7 can be estimated from molecular arguments: / is expected to be
of the order of the mean free path, (op)~', where o is the molecular cross-section and p is the
density. t is of the order of the time between collisions, /v, where v is the thermal velocity,

v=[k,T/m . This leads to 12/1= [k, T /m/(cp).

Compares this to what is obtained from the diffusion equation

2
OF(x,1) = DV?F(x,t) = DM ,
ot ox?

where F(x,¢) is the probability density to find the particle at x at time ¢. This leads to

a<x>D[Ox_Dﬁ L_I J (7)

provided that F—0 faster than x—oo. Similarly

(6)

2 o0 2 o0 o0
&:Dsza_F:_szxa_F:wIF:zD )
ot on? Yo ox b

Since <x2>;—(=0 we found that <x2>=2Dr, and, comparing to the result of the random walk

calculation, we see that if we require both formulations to yield the same result, then
12

b= 27 ©)
Note that the random walk problem was handled in discrete space while the diffusion was
considered as a continuous process. To see the connection between the two descriptions we
can go to the continuum limit of the random walk process. This is obtained when the number
of steps becomes large while the step size / becomes much smaller than our resolution. In this
limit the factorial factors in Wy(n), Eq. (1) can be approximated by the Stirling relation,
In(N!)~NInN-N. Using this in Eq. (1) leads to

In[W,(n)]=NInN-nlnn—(N-n)lh(N-n)+nh p+(N—-n)lng (10)

Further simplification is obtained if we expand W,(n) about its maximum at n*. n* s

obtained from oln/W(n)//On=0. This leads to n*ZNp=<n>. The nature of this extremum is
identified as a maximum using

fanW 11 N o (11
n n N-n n(N—n)

When evaluated at n™ it gives 0° W /on® | - =—1/(Npg).

It is important to note that higher derivatives of InW are negligibly small if evaluated at or

k
near n" . For example,
W 1 1 11 1

a7 | :F—WZW(?—Q—J (12)
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and derivatives of order k& will scale as (I/N)k‘l. Therefore, for large N, W)y can be

approximated by truncating the expansion after the first non-vanishing, second order, term.
This yields
Wyn)= de ot i nt=Np (13)

where the pre-exponential term can be chosen so as to make the resulting Gaussian
distribution normalized. The result (13) is an example of the Central Limit Theorem of
Probability theory. For the variable m=2n-N we get

N+m

5 )

2 2 (14)
:Bexp{_[m—N(p—f])] }ZBexp{M}

Egs. (13) and (14) are approximations (which become practically exact for large N) to
the discrete distributions W, (n) and Py(m). To obtain a continuous description via coarse-

Py (m)=W,(

graining we can average these distributions over some intervals Ax=/Am. Accordingly we
define
Ax
F(x)Ax= )" P(m)= oy Ple=mb (15)
meAx

The second equality assumes that the interval Ax is small enough so that P(m) does not
change appreciably within this interval. The factor 2 results from the fact that only half the
integers in this interval contribute (successive values of m=2n-N differ by 2). It is very
important to keep in mind that P(m) and F(x) are different quantities (probability and
probability density) with different dimensionalities. The factor Ax//, while mathematically
meaningful, has no consequence in the present discussion since the pre-exponential
coefficient is to be determined so as to satisfy normalization. Using Eq. (15) in (14) and
requesting that F(x) is normalized in the interval (-c0,00) finally leads to

(=)’

F(x)= 20

1
o2z €
pu=(p—q)NI (16)

o=21l\/Npq

It is easily realized that the i and o are, respectively, the average and standard deviations of
the continuous random variable x, i.e.

TF(x)dx =1 (17a)
TxF(x)dx =H (17b)
T(x—/yt)2 F(x)dx = & (17¢)

As expected, these results are consistent with the relations <m>=N(p-q), <m2> =4Npgq, and
x=ml.
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NUMERICAL SIMULATIONS OF STOCHASTIC PROCESSES

The basis of our ability to generate stochastic processes on the computer is the
possibility to use the computer as a pseudo-random number generator. It is relatively easy to
write an algorithm that will generate a sequence of “random numbers” between 0 and 1.
These are actually 'pseudo random numbers': The sequence generated by most algorithms is
completely deterministic (in the sense that if the same sequence of instructions are issued to
the computer the same sequence of numbers will be generated), and in fact periodic';
however the period is very large and for short enough sequences the numbers appear and
behave as if they are indeed random. On UNIX stations a call to the functions drand48( ) in
the form

r = drand48( )

gives a number between 0 and 1, and successive calls give additional such numbers, so we
get a sequence {r,}. Defining z, =r,—1/2, this sequence appears as a set of random

numbers which are distributed uniformly in the interval [—4,%]. The reader should identify

the random number generator on an available platform, and try to confirm the following
expectations:
<z >=0

<22 >= (200 = (12)5,, (1)
(=0 (z*)=1/80
These averages can be obtained by taking an ensemble of sequences (“ensemble average”), or
along a single sequence (“time average”). Of course, a computation based on a finite
sampling will give only approximate result, for example N ”Z}L z, give an approximation
to <z> which is better for larger N. Probability theory tells us that the error in this

computation scales as N g .
The numbers z obtained as described above correspond to a uniform distribution
between -(1/2) and (1/2):

1 ; -05<z<05
P(z) = .
0 otherwise

so that j&is dzP(z) =1. We saw that the computer can generate a sequence of random

numbers from this distribution. We can get a numerical plot of P(z) by dividing the interval -
0.5 ...0.5 to equally spaced intervals of size Az=1/N, and constructing a histogram whose
height at point » measures the number of times z is found in the interval -0.5+nAz ... -
0.5+(n+1)Az, (n=0,...,N-1), after doing a given (large) number of “experiments” in which z is
determined. These experiments are like tossing a coin, but here the "coin", i.e. the random
number generator can show any result between -0.5 and 0.5 with equal probability.

" This can be seen by plotting triplets of sequential pseudo-randomly generated numbers as points in three
dimensional space (X,y,z)= (I;, ti+1, Ii+2), Which will then appear as discretized planes, rather than filling the three
dimensional space uniformly.
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| GENERATING PSEUDO-RANDOM NUMBERS FROM A GENERAL DISTRIBUTION

As said above, most computers provide calls to functions which generate pseudo-
random numbers 7 in the interval 0...1, and by simple shift and scaling we can get random
numbers distributed evenly in any interval (i.e. if r is distributed evenly in the interval [0,1],
then z=(B-A)r+A4 is distributed evenly in the interval [A,B]). In many applications we want to
generate random numbers whose distribution is other than uniform. For example, in order to
assign velocities to atoms in a molecular system at thermal equilibrium we need to generate
random numbers distributed according to the Maxwell-Boltzmann distribution,

P(v,,vy,v.)= [27 /(/3’m)]3/2 exp l— ,B(m/2)(v§ + v)Z, +v2 )J The following theorem from

z

probability theory provides a useful method:
Let r be a random variable that is distributed uniformly in the interval 0, ...,1. Let W(x) be

[P (o) =1

a nonzero function in the interval @<X <b, which satisfies °¢ . The random

= .[:dz'W(z')

variable z, obtained from r using the relation [namely use this relation to

find z = z(r)], is distributed with the probability density: W(z)dz in the interval 4<2 < b,
The proof is simple: start from

? =W(z); Le. dr=W(z)dz (2)

Together with the general relation P.(r)dr = P.(z)dz between the probability distributions of

random variable » and another such variable z, obtained from » by the 1:1 mapping z=z(r), we
find

F.(rW(z)=P.(z) Q)
Hence P.(z)=W(z)(because P.(r)=1) (wn).

For example, if 7 is distributed uniformly in 0,...,1 and z is defined in the interval 0...c by
r=[dre™ =1-¢7 5 ie. z2(r)=—(n(1-7) (4)
0

then the resulting z is distributed in 0...c0 according to P,(z)=¢ ~.
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GENERATING A GAUSSIAN DISTRIBUTION.

As another example we shall use the approach described above to find a way to generate
on the computer a sequence of numbers x which are distributed in (-oo,...,0) according to

1
P =(V2z ) expl-1/2)x2). )
Naively, we could simply use the theorem to see that if we manage to extract the variable z

2

1
z -1 —z
from the formula: x = J.O (\/27z) dz'e 2, and we generate uniformly distributed random

numbers x in the interval 0..1, then z will be distributed according to the desired Gaussian.
However, this integral is not analytically solvable. Its result is called the error function (erf)
and its numerical evaluation is expensive. Instead, we’re interested in finding a different
method by which we can generate Gaussian distributions.

For this purpose consider two such independent random variables, X;, X,, each distributed
according to the same Gaussian distribution. Their joint probability distribution is:

1 2 2
—E(xl +x3)

P(x;,%,) = P(x))P(x,) = (27) e (6)
Now make the transformation x;x, — @ according to x; =rcosé and x, =rsin, i.e. from

Cartesian to circular coordinates in two dimensions. From
12

P(xyxy)dxydxy =) e 2 rdrd6 (7)

it follows that » and 6 are distributed according to

P(r.0)=¢ r(2n)"
s (8)
ie. P(r)=e* r in0,..,.c0 and P(#)=2x)"in0,...,27.
Next make the transformation R =(1/ 2)r2 . It is easily realized that R is distributed in 0,...,00
according to P(R)=exp(—R), so, finally, the distribution P(R,0) is a product of two

independent distributions: @ is distributed uniformly in 0,...,27 and R is distributed according
to P(R) = e™.
The procedure now proceeds as follows:

(1) Generate 6: a random number between 0 and 1, multiplied by 2.

(2) Generate R: a random number y between 0 and 1, used to generate R = -/n(1-y)
(c.f.(4))
(3) Compute the numbers x; X, using x; =+/2R cos@ and x, =+2Rsin@. These are two

independent random variables distributed in (-o0,0) according to (5).
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In summary, the desired random numbers are obtained by generating two random numbers 7;
and r, from a uniform distribution in (0,1), and using them to form

X, =[-2en1=m)]"* cos(2my)
Xy =[~2en(1= )] % sin( 275

Note that the Gaussian distribution that was generated in this way is characterized by <x>= 0

)

and <8x*> = 1. The most general form of a Gaussian distribution is
1 (y—p) ’
P(y)= exp[——%} (10)
2 (o2 UL

For which <y> = pi and <8y*> = o°. Random numbers y characterized by such a distribution
can be obtained from the numbers x of (9) using the transformation y = ox-+u.
Yet another method of generating Gaussian distributions is by generating a series of random

. : _ 1 -
variables, and calculating the average of the sequence: y = —Z x, , the central limit theorem
k=1

in statistics guarantees that for N —oothe random variable y will have a Gaussian
distribution.
We’ve seen three ways to generate Gaussian distributions:
1) Calculating the error-function and inverting it.
2) Generating pairs of random variables.
3) Using the central limit theorem.
What are the advantages and disadvantages of each method?
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|APPENDIX: HOW DOES DRAND48() WORK?

drand48() generates double-precision pseudo-random numbers that are uniformly distributed
in the interval [0..1], using a linear congruent algorithm and 48-bit integer arithmetic. It has
an internal buffer, in which it stores a 48-bit integers Xy (smaller then 2.8*10'%). Double
precision floating-point numbers between 0 and 1 are obtained from this 48-bit integer by
dividing the result by the maximal integer 2*-1. Each time drand48() is called, it generates a
new 48-bit integer Xy to replace the last one by:

X, =(aX, +c)m0d(248)

(mod stands for modulus, which is the reminder in the division of two integers).
The values of the parameters a and ¢ can be set by lcong48(), and the initial number X (also
called the random seed) has to be set by srand48() or seed48(). If these values are not
initialized, they assume the following default values:
a=25214903917
c=11
These numbers guarantee that the periodicity of drand48() would be very large, and that the
correlation between elements in the series would be small.
Note that while the first few moments and correlations of the pseudo-random number series
seem to indicate that it’s uncorrelated, some higher moments show that there is some
correlation, and that more complicated methods are needed to create better pseudo-random
numbers.
Bonus: How would the sequence generated by drand48() be affected by the following
changes,

I. Changeato4

II. Change a to 2**

II1. Change c to 0
These changes can be effected by use of the lcong48() function.
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APPENDIX: UNIX AND C CHEAT SHEET

SOME UNIX COMMANDS

command | arguments purpose

man <command> Get usage information on a command

Is List the current directory content

pwd Print the full path of the present working directory

mkdir <directory> Create a directory

rmdir <directories> Remove one or more empty directories

cd <directory> Change present working directory

more <files> Display files in terminal, one screen at a time

tail <file> Print the last ten lines in the file

head <file> Print the first ten lines in the file

cp <filel> <file2> Copy filel to file2

cp <file1> <directory> Put a copy of the file, under the same name, in
directory

mv <sources> <target> Move files/directories (also used to rename)

nedit <file> & Launch editor and open file in it.
The ampersand causes the program to run parallel to
the terminal, letting you use both simultaneously.

rm <files> Remove files

clear Clear the terminal display

exit Close the terminal

cat <files> Concatenate (print files) to screen

ps Show running processes and their process ID
numbers

kill <PIDs> Terminate processes with given process ID numbers
(PID)

lpr -1 <filename> Send file to printer

EXIT CODES

By convention, any program (UNIX command or your own C program) returns the value 0 if
it exited successfully. Any other exit code means there's been some error prior to exit.

REDIRECTION

To redirect output from screen to file (i.e. whatever the program would otherwise print to
screen is not printed to the file):

program-name > filename
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SOME C COMMANDS AND EXAMPLES

"FOR" LOOP

int i,max=3;
for (1=0; i<max; i++) {

/* do something "max" times*/

printf ("For the %d-th time, Hello World!\n",i);//this 1line prints
"Hello World!"™ to screen

}

ARRAYS

int i,asize=4;
double alasize]={0};//note that in C, the array goes from zero to asize-1
for (i=0;i<asize;i++) {

ali]l=1i*1i;

printf ("The %d-th component of the array is: a[%d]=%f\n",i,i,ali]);

FILE MANIPULATION

#include <stdio.h>
/*this program reads in 10 lines from input.txt (line-by-line) and writes
them to output.txt, while searching the input for integers and printing
them to screen. The program assumes no line 1is more than 256 characters
long*/
#define MaxBufferSize 256
#define MaxLines 10
int main () {
FILE *readFP=NULL, *writeFP=NULL;
int i, 3=0;
char buffer [MaxBufferSize];
readFP=fopen ("input.txt","r");
if (NULL == readFP) {

fputs ("Couldn't open input.txt for reading. Exiting.\n",stderr);

exit(l);//exit with code 1 (not 0)

}
writeFP=fopen ("output.txt","w");
if (NULL == writeFP) {

fputs ("Couldn't open output.txt for writing. Exiting.\n",stderr);

exit (2);

}
for (1i=0; i<MaxLines; i++) {

fgets (buffer,MaxBufferSize, readFP);//read a single line from input.txt
and put it in the "buffer" wvariable

sscanf (buffer,"%d", &j);//scan for the first integer found
printf ("In the %d-th line\nthere appears the number %d\n",i,73):;

fputs (buffer,writeFP);//write to output.txt
}

return 0;//successful completion

}
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ARITHMETIC, COMPARISON, LOGICAL, AND CASTING OPERATIONS

operator | purpose notes

+ addition Binary operator: adds value to its right with
value on its left

- subtraction

* multiplication

/ division Gives integer part in division of integers

% modulus Gives remainder in division of integers

== check equality returns 1 if true, O if false

>= check greater than or equal

to

<= check less than or equal to

! negation "not"

&& conjunction "and"

| disjunction "or"

(int) cast to integer type Changes value to its right to an integer,
discarding the non-integer part (i.e. rounds
down)

(double) | cast to double type Changes value to its right to a double

32 (VIVAN IRIPRN THNNN :JMA NIPN) DPVDIIVD D?PHNN NPIYYNIND R



Inon Sharony : 7771 NMIRIPLIN NPPNRITI VNN ND

GNUPLOT — A LINUX GRAPHING TOOL

You may choose to graph your data on another PC, but if you don't, you can use the
GNUPIot program, called by the command gnuplot from the terminal. This program is also
well documented. Information regarding any command can be accessed using the "help"
command. To quit gnuplot just type quit (or use the shortcut command, q).

PLOTTING TO SCREEN

set term x11

set output

# The pound sign (hash) signifies that this is a comment line
# 2-D plot command

plot "data.dat" using 1:2 with lines title "column 2 vs. 1"

# 3-D plot command

splot "data.dat" using 1:2:3 title "3 vs. 2 & 1"

PLOTTING TO FILE

set term jpeg

set output "data.jpeg"

# We can use variables, too

DataFile="data.dat"

abscissa=2

ordinate=3

set xrange [-5.3:16.8]

# p, u, w and t are shortcuts for plot, using, with and title
# The C function sprintf can be used to create formatted text
# We can plot two series of data on a single plot

p DataFile u abscissa:ordinate w linespoints t sprint("%d vs.
%d",ordinate, abscissa), 'data2.dat' u 4:ordinate t "now vs. 4"

FITTING DATA TO A FUNCTION

f(x,y,a,b)=a*cos (x)+b/y

a=5

# fitting parameters initially equal 1 unless specified
fit £(x,y,a,b) 'data.dat' using 1:2 via a,b
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FILE MANIPULATION COMMANDS ( C PROGRAMMING LANGUAGE)

FOPEN

SYNOPSIS

#include <stdio.h>

FILE *fopen (const char *path, const char *mode);

DESCRIPTION
The fopen function opens the file whose name is the string pointed to by path and associates

a stream with it.
The argument mode points to a string beginning with one of the following sequences:

r Open text file for reading. The stream is positioned at the beginning of the file.

r+ Open for reading and writing. The stream is positioned at the beginning of the file.

w Truncate file to zero length or create text file for writing. The stream is positioned at the
beginning of the file.

w+ Open for reading and writing. The file is created if it does not exist, otherwise it is
truncated. The stream is positioned at the beginning of the file.

a Open for writing. The file is created if it does not exist. The stream is positioned at the end
of the file.

a+ Open for reading and writing. The file is created if it does not exist. The stream is
positioned at the end of the file.

The mode string can also include the letter 'b' either as a last character or as a character
between the characters in any of the two-character strings described above. Adding the "b"
may be a good idea if you do I/O to a binary file.

FCLOSE

SYNOPSIS

#include <stdio.h>

int fclose( FILE *stream);

DESCRIPTION
The fclose function dissociates the named stream from its underlying file or set of functions.
If the stream was being used for output, any buffered data is written first, using fflush(3).

RETURN VALUE
Upon successful completion 0 is returned. Otherwise, EOF is returned and the global variable
errno 1is set to indicate the error.
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FREAD, FWRITE

SYNOPSIS

#include <stdio.h>

size t fread( void *ptr, size t size, size t nmemb, FILE *stream);

size t fwrite( const void *ptr, size t size, size t nmemb, FILE *stream);

DESCRIPTION

The function fread reads nmemb elements of data, each size bytes long, from the stream
pointed to by stream, storing them at the location given by ptr.

The function fwrite writes nmemb elements of data, each size bytes long, to the stream

pointed to by stream, obtaining them from the location given by ptr.

FSEEK

SYNOPSIS
#include <stdio.h>
int fseek( FILE *stream, long offset, int whence);

DESCRIPTION

The fseek function sets the file position indicator for the stream pointed to by stream. The
new position, measured in bytes, is obtained by adding offset bytes to the position specified
by whence. If whence is set to SEEK SET, SEEK CUR, or SEEK END, the offset is
relative to the start of the file, the current position indicator, or end-of-file, respectively.

FPRINTF

SYNOPSIS

#include <stdio.h>

int printf(const char *format, ...);

int fprintf(FILE *stream, const char *format, ...);

DESCRIPTION

The functions in the printf family produce output according to a format as described below.
The function printf writes output to stdout, the standard output stream; fprintf writes output to
the given output stream.
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INTRODUCTION TO STATISTICAL MECHANICS WITH A VIEW TO LIQUIDS
Statistical mechanics and statistical thermodynamics are the branches of science which study

the behavior of macroscopic systems as inferred from the microscopic properties of
individual atoms and molecules. One important tool in this investigation is the "molecular
dynamics method" — direct computer simulation of a representative many body system.

Many books and reviews are available on this method. The following is a brief outline. We
assume at the outset that classical mechanics can be used. For simplicity we assume that the
total potential energy U is a sum of two-particle interactions and that the interaction between
any two molecules depends only on the distance between them. The last two assumptions can
be relaxed at the cost of more complex codes.

As an extra simplification step we assume that the molecules are sphero-symmetrical, so the
interaction between two species depends only on the magnitude of their separation. The total
potential energy U is then

N
U =u(rp)+u(ry)+...= Y u(ry) (12)
i<j=1

where u(r;) depends only on the magnitude of the distance 7; between particles i and j. The
pairwise interaction form (12) is appropriate for "simple" liquids such as liquid argon.

The form of u(r) for electrically neutral atoms can be constructed, in principle, by a
detailed first principles quantum mechanical calculation. Such a calculation is very difficult,
and it is usually sufficient to choose a simple phenomenological form for u(r). The most
important features of u(r) for simple liquids are a strong repulsion for small r and a weak
attraction at large separation. The repulsion for small 7 is a consequence of the exclusion
principle. The dominant weak attraction at larger r is due to the mutual polarization of each
atom; the resultant attractive force is called the van der Waals force.

One of the most useful phenomenological forms of u(r) is the Lennard-Jones potential

o-sd(2]- (2]

The #® dependence in (13) is in accordance with theory for induced-dipole/ induced-dipole
interaction. The »'2 dependence is chosen for convenience only. The Lennard-Jones potential
i1s parameterized by a "length" o and an "energy" & o is a measure of the range of the
potential while ¢ 1s associated with the well depth of its attractive part.

It is convenient to express lengths, energy, and mass in units of o, & and m, where m is

12 and the time in units of 7

the mass of the particles. We measure velocities in units of (&/m)
= (mo*e)"?. The parameters ¢ and o of the Lennard-Jones potential for liquid argon are kg
=119.8 K and o= 3.405A. The mass m of an argon atom is 6.69 x 10%* gm and hence 7=
2.17 x 10" sec.

Time propagation is done by solving the Newton's Eq. of motion. An algorithm which is

especially attractive for its intuitive appeal is given by

X, =X +v At +% a, (At)

n+l

(14)

1%

n+l

1
= vn + 5 (an+l + an)At

Here a is the acceleration, obtained at each time step from the known force on each particle.
This is the velocity form of the Verlet algorithm.
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! BOUNDARY CONDITIONS.

A useful simulation must incorporate all the relevant features of the physical system of
interest. Remember that the ultimate goal of our simulations is to obtain estimates for the
behavior of macroscopic systems - systems of the order of N ~ 10%*-10% particles. In such a
system surface effects on bulk properties are negligible. Consider for example a spherical
bowl containing N molecules. The fraction of molecules near the walls is proportional to the
surface to volume ratio, Nguce/N ~ (4nR*)/(4nR’/3). Since N = p(4/31R%) where p is the
density, the fraction of particles near the walls is proportional to N**/N = N''”, a vanishing
small fraction for N ~ 10>,

In contrast, the number of particles that can be studied in molecular dynamics simulations is
typically 10*-10%, and the fraction of particles near the walls is not small enough to safely
disregard surface effects on bulk properties. Consequently it is not a good idea to do a
simulation of a macroscopic system by placing a small number of particles in a container
with rigid walls, and if we try it we may find that computed bulk properties depend on the
system size, obviously a physically wrong result.

There is another numerical drawback to simulating molecular motion in a box with rigid
walls: the strong sudden forces exerted by such walls cause errors in the numerical
integration. To see it consider a particle reaching the wall. The numerical code will examine
the position of the particle, and if it finds that under the current integration step it has crossed
the wall, it will place it back into the system at a position that is at the same distance from the
wall inside the system. This implies that the particle position and hence its potential energy
(due to interaction with other particles) is changed without any change in its kinetic energy,
so the total energy would not be conserved.

One way to minimize surface effects while simulating the properties of a macroscopic system
is to use periodic boundary conditions. The simulation cell is surrounded by periodically
repeating replicas of itself; each image cell contains the particles in the same relative
positions. When a particle enters or leaves one face of the central cell, the move is
accompanied by an image of that particle leaving or entering a neighboring cell through the
opposite face. The use of periodic boundary conditions implies that particle 1 interacts with
particle 2 in the central cell and with all the periodic replicas of particle 2. However for short-
range interactions, we often adopt the minimum image approximation. In this approximation
particle 1 in the central cell interacts only with the nearest image of particle 2, be it in the
central cell or in one of its replicas. The reader should convince itself that this implies that
when we consider the interaction of particles 1 and 2, only that replica of particle 2 with
separation smaller than L/2 from particle 1 (in each direction) is taken into account. Other
replicas of particles 2 are disregarded in computing the effect of particles 2 on particle 1.
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TEMPERATURE
In a system of particles in thermal equilibrium the velocities are distribution according to the
Maxwell-Boltzmann law. Accordingly, each velocity degree of freedom is associated with an
average energy of (1/2)kzT, where kg is Boltzmann constant. Therefore, the average kinetic
energy of an N-particles system in three dimensions at temperature T is

& 1 2,02, 2)\_3

<E, >:z§<m(uix+u,~y+uiz)>:5NkBT (15)

i=1
The bracket <...> denotes either a time or an ensemble average. Note that the equation (15)
holds only if the motion of the center of mass of the system is zero, otherwise this speed,
which is not part of the kinetic energy that enters into the temperature, should be subtracted
from the speed of each particle.
INTRODUCTION TO STATISTICAL MECHANICS OF LIQUIDS
THIS CHAPTER FOLLOWS D. CHANDLER "INTRODUCTION TO MODERN STATISTICAL MECHANIC" (PP. 188-
209). SEE ALSO: J.P. HANSEN AND I.R. MCDONALD "THEORY OF SIMPLE LIQUIDS".
This chapter introduces the reader to basic concepts in the theory of classical liquids. We
shall limit ourselves only to concepts and methods needed for the rest of our discussion of

dynamical processes in this environment.

At normal temperatures it is safe, for most liquids, to limit our discussion to the
ground electronic state (liquid metals constitute exceptions to this statement). This defines
(using the Born-Oppenheimer approximation) the potential surface on which the atomic
nuclei are moving. Except for liquids with very light nuclei, e.g. liquid H,, He, possibly Ne,
classical mechanics is usually sufficient to describe this nuclear motion.

|STATISTICAL MECHANICS OF CLASSICAL LIQUIDS

The microscopic state of a classical system of N atoms is characterized by a point in

phase space, (r", p")=(p,,P,>---Py-T;>5--- Ty ) . The classical Hamiltonian is

N 2
HG p") =Y Lt U ) (16)

i=1 2771[
Where U is the potential energy which depends on the positions of all atoms in the system.
The probability density to find the system at (+", p") is

e—ﬁH(rN M)

S, p ):T

O is called the partition function. Quantum statistical mechanics modifies this description in

;0= IdrdepNe_'BH(rN’PN) (17)

a conceptually important way: Recall thatJ.drNIde is obtained from converting a sum over

all values of 7" and p" to an integral, and in doing so we have to use a density of states factor.
A rough argument is as follows: For a 1-dimensional particle in a region AxAp_ the number

Ap

of possible states is T",Where h is the Planck constant, because a given 'state' (x, py)

can be defined only within a square of area /.
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Therefore the density of states for a single 1-dimensional particle is 4 and for N particles in
3 dimensions it is 1/A°". In addition, if all the particles are identical, we have to divide by N!,

so Q=Y e becomes

states

_ 1 N g N = BHGY.p")
Q—WICZI" dp e P (18)
still, the probability density to be at a given phase point is
e P
G E (19)
J-drNJ.dee’ﬂH

(so that J. dr" Ia’pN f(#" p")=1) and the corresponding probability is 7(+", P")dr"dp" .

Using Eq. (16) this distribution function can be written as a product of momentum and

position parts
F@" p"y=o(p™)P") (20)
where
—ﬂZp,vz/Zm
Ny € ]
P = T ey
e 1

is the probability distribution for the momentum subspace, itself separable into a product of
factors associated with individual degrees of freedom

3N e—ﬂpiz/Zm ~ i om
oPY=[]sp);: ¢p)=a—=2mk,T) " """ (22)
i=1 J.dpie—ﬂpiz/Zm
and where
—BUG)
PrNy=—2% (23)

B [ N o BUGY)

is the probability distribution to observe system in configuration phase point 7.
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MODELING THE INTERACTIONS IN THE FLUID

N
The potential U(r™) that appear in the expression above is a sum over all intra- and
intermolecular interactions in the fluid. Some generic models are often used in the theory of

N
atomic and molecular fluids. In most of these U (") is approximated as a some of binary

Uy=Y, ur)

interactions, where r;; is the vector distance from 1 to j. For atomic fluids

the simplest of these is the hard sphere model, for which u()=0 for r>a and 0 =% for

r<a, where a is the hard sphere radius. A more sophisticated model is the Lennard Jones

potential

o] (2]

Here o is the collision diameter and ¢ is the depth of the potential well at the minimum of
u(r). For molecules we often use combinations of atomic pair potentials.

For dipolar fluids we have to add dipole-dipole interaction. For ionic fluids: charge-
charge interactions.

For atomic fluids we use Hard Sphere, Morse or Lennard Jones interactions.
BONUS PROBLEMS

(1) Show that the classical partition function Q can be written in the form

R ST 5 O T R 0
Q_N!AT [ar'e (25)

where Ay = SR = ,zm is the thermal De Broglie wavelength.
iy 2miEg)r mMKg

(2) Classical mechanics is satisfactory when the De Broglie wavelength 4 = h/p is small

relative to the intermolecular length scale. Show that if we take p = <|p|>r then A = Ar.
Compare this length to the typical distance (,0'1/3 where p is the molecular density) between
molecules for liquid H,, O,, Cl; at their boiling points, and to the Lennard Jones parameter
that define the interaction between rare gas atoms. (see Chandler, p. 194)
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TIME AVERAGE AND ENSEMBLE AVERAGE.
SEE ALSO SUBSECTION 1.4.2 IN NITZAN, AND A MORE VERBAL EXPLANATION IN SUBSECTION 2.2.1 OF
FRENKEL & SMIT.

Consider an equilibrium thermodynamic ensemble, say a set of atomic systems all
characterized by the macroscopic variables T (temperature), V (volume) and N (number of
particles). Each system in this ensemble is a set of N atoms whose positions and momenta are
assigned according to the distribution function (17) subjected to the additional volume
restriction. At a given time each system in this ensemble is in a particular microscopic state
that corresponds to a point (r",p") in phase space. As the system evolves in time such a
point, together with the Newton's equations of motion, defines a phase space trajectory. The
ensemble corresponds to a set of such trajectories, which, due to the uniqueness of solutions
of the Newton's equations, do not intersect with themselves or with others.

In this microscopic picture, any system property can be described as a function of all
particles positions and momenta, i.e.

A A ) (26)
The associated thermodynamic property is the ensemble average
A=< A >= AV ,T,N) (27)

ie.
IIdrNdee’ﬂH(”N”N)A
- J'J‘drNde —BH (N PY)

Eq. (28) defines an ensemble average. Alternatively we could consider defining the

AV, T,N)= j j dr¥dp" f(r" p)A (28)

macroscopic thermodynamic property as a time average

ool T

AWV, T,N)= lim[le N(t))dt} (29)

The ergodic theorem states that, for 'realistic' systems, these two kinds of averaging, Egs.
(28) and (29) yield identical results. For example, if the property under consideration is the
total system's kinetic energy, the corresponding dynamical variable is

N

A ; D! =Ds+D, +D, (30)

i=1
Using Egs. (20)-(22), Egs (28) and (30) yield
AWV ,T,N)=3mNk,T (31)
Therefore, Eq (29) implies that

3mNk, Hw TJ-ZP' 0 =

o

T=

hm j pi(t)? (32)

for any atom i. This observation has an important practical consequence: in numerical
simulation we usually follow a single systems trajectory in time. The temperature of the
system can be obtained from such an equilibrium trajectory using Eq.(32). (In practice, the

operation lim(1/7) J. OTd 7 is replaced by an average over a finite size sampling of points along

the equilibrium trajectory.

49 (11790 HRINIVIL NYNN (M2 NIPR) NNV’ NP2IRIN NIXRNIND .2



Inon Sharony : 7771 MIRMIPYIN NPINRITI 2VNN NN

ITHE VIRIAL THEOREM.

The virial function (due to Clausius) is defined by
N

1% r.-F, (33)
i=l
where F; is the total force acting on the particle i. Consider the average of this function
<y }jfdtiri(t)-m” (34)
N =
To evaluate this time average use integration by parts to write
jdtri(t) - ‘ - (35)
togethaer with the fact that for a syst;m at finite volume and temperature
lim(l{ 3 r(7)’ M o7 (36)
e i=1 i=1 1)

Using Eqgs. (35) and (36) in (34) yields
A N
<V 1 j dt) m|v(t)=-3Nk,T (37)
v ,0 z’ 5 l:]
The total force, F,(¢), acting on particle i can be separated into an intrinsic part, arising from

the interaction between particles, and the external part F”(¢). Consequently

Y 1% Y (38)
1% —iri VU@G) (39)

If the system is confined to a box of volume V, then, in the absence of additional external
forces, F*' comes from the pressure exerted on the particles by the wall. In an ideal gas the
inter-particle potential, U(r"), vanishes and the virial function is determined only by this
external force. Therefore

<y 1% ¢,T =3PV (40)
It follows that
PV=Nk3T+%<V (41)
or
1/ N
PV = Nk, T -3 dor-vurEh) (42)
i=1

This is the virial theorem. Conceptually, its importance stems from the fact that it provides an
expression for the pressure as an average of a dynamical variable. On the practical level it
makes it possible for us to calculate the pressure from classical MD simulations.
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LIQUID PROPERTIES FROM CLASSICAL MOLECULAR DYNAMICS

THIS CHAPTER FOLLOWS DAVID CHANDLER, "CH. 7: CLASSICAL FLUIDS" (PP. 188-209) IN INTRODUCTION
TO MODERN STATISTICAL MECHANICS, OXFORD UNIVERSITY PRESS (1987).

SEE ALSO JEAN-PIERRE HANSEN & I|.R. MCDONALD, THEORY OF SIMPLE LIQUIDS, 3RD EDITION,
ACADEMIC PRESS (2006).

This chapter introduces the reader to basic concepts in the theory of classical liquids.
We shall limit ourselves only to concepts and methods needed for the rest of our discussion
of dynamical processes in this environment.

While analytic work is easily done on systems of one extreme or another (e.g. ideal gas,
lattice solid, etc.), liquids pose a challenge in that there are less "small parameters" to derive
solutions to arbitrary precision. For example, a (nearly) ideal gas has low particle density,
yielding a weakly-interacting system (low interaction energies and weak intermolecular
coupling), whereas a lattice solid has high particle density yielding a strongly-interacting
system (high interaction energies, strong intermolecular coupling). We can treat these cases
as two extremes: Nearly-free nuclei, or tightly-bound nuclei (or tight-binding model). While
in the first case entropy is high and processes are entropically driven (dS>0), in the second
case entropy is low and processes are energetically driven (dE<0). Typical time-scales may
be the mean time between collisions in the first kind of systems, and the period of small
vibrations about the configuration of minimum energy in the second kind. Typical length-
scales may be the mean free path in the ideal gas system, and the lattice constant in the
ordered solid. The quantum mechanical description of the system might emphasize localized
wavefunctions in the gas and delocalized wavefunctions in the solid. Liquids are non-trivial
in that none of these limits might be relevant, and we have to deal with more than one scale
for each parameter. We can, however, approximate the behavior of the liquid for short
durations and distances, and build an iterative solution. We will do this numerically.

At normal temperatures it is safe, for most liquids, to limit our discussion to the ground
electronic state (liquid metals constitute exceptions to this statement). This defines (using the
Born-Oppenheimer approximation) the potential surface on which the atomic nuclei are
moving. Except for liquids with very light nuclei, e.g. liquid H», He, possibly Ne, classical
mechanics is usually sufficient to describe this nuclear motion.

REDUCED CONFIGURATIONAL DISTRIBUTION FUNCTIONS

Consider the configuration space distribution function P(r"). Mathematically, it is the
Jjoint distribution function to find the N particles of the system in their respective positions in
configuration space, i.e. P(r")dr" is the probability to find particle 1 in the range dr; near ri,
and particle 2 in the range dr; near r,, and particle 3 in the range dr; near rs3, and so on.

We may define a reduced joint distribution function to find the two particles 1 and 2 at
location r,, r,, respectively, irrespective of the positions of all other particles, by

P (r,r,) = J.dr3dr4 dr, P(r") (43)
Note that both P and P*™ are normalized, i.e.
[ drdr, P (x,r,) = [dr" P(r™) =1 (44)

If all the particles in the system are identical then r; and r, could be the coordinates of any
two particles in the system. It is sometimes convenient to use a normalization that will
express the fact that, if we look at the corresponding neighborhoods of r; and r;, than the
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probability to find these neighborhoods occupied by any two particles increases in a
statistically determined way with the number of particles in the system. This is achieved by

multiplying the joint distribution function P*'"(r,,r,) by the number, N(N-1), of distinct
pairs in the system. This yields the pair distribution function

PV (,1,) = N(N-D)P*"(r,1,). (45)
This concept can be generalized. The reduced joint distribution function for particles 1,...,n is

given by
PN ,,..x,) = [ dr, dr, .. dr P (46)
and the n particle distribution function is defined by
-pu ™)
(n/ N) __ N plN) _e w7
P ( ) n) ( —I’l) (17 IdrN ﬂU( ( )

where dr"™" =dr

n+l*

.dry . To get a better feeling for these functions it is useful to note that

the relation of P*™(r,r,) to P*™(r,r,)is the analog of the relation between

PN =N/Vand PY™ =1/V. The distributions P are normalized to 1 while p"'"is

(2/N) :

normalized to the number of particles N, p is normalized to the number of pairs, N(N-1),

etc.
In an isotropic fluid P does not depends on the particle's position and therefore

puy =% : p(l/N) :ﬂzp (48)

Vv
ie. p" is just the density p. In an ideal gas there are no correlations between particles,

therefore in an isotropic system

1
P(Z/N)(rlarz):P(I/N)(rl)P(l/N)(rz):F (49)
Hence, the pair distribution function for an isotropic ideal gas is given by
N(N
p(Z/N)(rI’rz) _ (V2 ) (50)
Correlations in the system caused by deviation from ideality can be measured by the pair
correlation functions
g(rlarz)zp(Z/N)(rlarz)/pz (51)
or
/Ny _ 2
h(rl,rz)=%=g(rl,rz>—1 (52)

It should be intuitively clear that the correlation between any two particles vanishes as
|r,—r, | >o0. Therefore g—>1 and /s—0 in this limit. For isotropic fluids
g(r,r,)=g(r —r,|), and similarly for 4. In this case we refer to these functions as radial

distribution functions.

The physical meaning of the pair correlation function g can be elucidated by referring to
a mathematical concept from probability theory. Consider a joint probability distribution
function P(x,,x,) for two random variables x; and x,. P(x,,x,)dx,dx, 1s the joint probability

60



Inon Sharony : 7771 MIRMIPYIN NPINRITI 2VNN NN

to find the variable x; in the neighborhood dx; of x| and the variable x, in the neighborhood
dx; of x,. The reduced single variable distribution functions

R(x)=[doP(x,x) 5 B(x)=[dqP(x,x,) (53)
are analogs of the reduced probability distributions defined above, e.g. Eq. (43). Thus, £ (x,)

is the probability distribution for the variable x; irrespective of the value assumed by x,. The
conditional probability distribution, P(x, |x,), defined by

P(x,x,)
P (x,)
expresses something different. P(x, | x,)dx, 1s the probability that the variable x; takes a

P(x [x,) = (54)

value in the neighborhood dx; of x| given that the other variable has the numerical value x;.
Similarly, P(x, |x,)dx, = P(x,,x,)/ P(x,) is the probability that the variable x, takes a value
in the neighborhood dx; of x, given that the other variable has the numerical value x;.

In analogy, the single particle conditional distribution function
P(Z/N) (rl ’rZ)

P70 (r,)

(the second equality holds for an homogeneous fluid) is the conditional probability to find
particle 1 in the neighborhood dr; of r; given that particle 2 (or, if all particles are identical,
any particle) is at r,. Using Egs. (45) and (51) this can be rewritten in the form

pgr,r,)= NP (1 [ry) (56)
The product on the r.h.s. is the density (number of particles per unit volume) of particles at r)
given that a particle is at r,. Reformulating this for an homogeneous system this gives the

PYV(x, |r))dr, = dr, =VP*"(x,,r,)dr, (55)

following interpretation of g(r):

pg(r) is the density of particles at r given that a particle sits at the origin r=0.
If in addition the system is isotropic, g depends only on the modulus » of r. In the absence of
correlations between particles, g=1 and this density is simply p irrespective of whether there
is a particle at the origin or not. When correlations do exist g gives important information on
their effect on the fluid structure.
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iG(R) CAN BE MEASURED (GENERAL KNOWLEDGE).

For normal liquids the characteristic structural distance is of order ~ 1 A. A probe of liquid
structure should therefore have a characteristic wavelength in this range. This calls for x-rays
or sub atomic particles. If we want to probe short range structure the use of particles should
be limited to neutral ones, such as neutrons. To see how g can be measured by x-ray or
neutron scattering consider the scheme of a scattering experiment shown in the figure. An
atom at ra scatters an incoming wave with wave-vector kj, and the scattered wave with
wave-vector Ko, 1s monitored by the detector at Rp. The scattering angle is 8, as shown. We

consider elastic scattering only, i.e. |k, [k, =k .

Kin N
A
0
Iy
kout
o
0.0,0) Rp

The scattered wave at the detector is

S = f(k); oK Tatiko, (Rp=r,) _
|Rp—ry|

57
z& ik -RDe_l'k.rA ( )

where f(k) is an atomic scattering factor, k =k, —k,, and Rc is the center of the scattering

sample. The approximation of replacing r4 by R¢ holds for large distances (relative to sample
size) between system and detector, in which case the positions of all scattering centers
contribute about the same in the denominator. This approximation obviously cannot be
invoked in the exponential terms that determine the phase in the scattered wave. The
appearance in the denominator of the distance between the atom and the detector (all vectors
are related to the origin at (0,0,0)) is due to the fact that the scattered intensity should depend
inversely on this distance.

Since the scattering is elastic (|kis| = |kou|) the scattering angle € and the modulus of the
scattered wave-vector are associated by

k=2|k, |sin§=4—ﬂsing (58)
2 A 2

To obtain the total scattered intensity, the scattered wave, Eq. (57), has to be summed over all
scattering centers and the resulting amplitude should be absolute-squared. The signal at the

detector is thus
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2
ikout 'RD N P 2
10)=|fh)-S— Ze*’k'rj = LNZNS(/C) (59)
[Rc-R, |5 Rc—Ry|
where S is the structure factor, the factor in 1(#) that depends on the fluid structure:
N
S(k) = 1 Z SR (60)
N\

To find a more explicit form for S(k) we first separate it to its diagonal (/=) and non-
diagonal parts. The diagonal part yields 1. In a homogeneous isotropic system all N(N —1)

non-diagonal terms are identical. We get
S(k) =1 +%N(N (et

. NV -1) J‘drNeik(rl—rz)e—,BU

- N IdrNe_ﬁU

1 K —
=1+— [dr, [dr, p)% M (x;,r, )e* ) 61
NI 1I 2P (r;,12) (61)
The last equality was obtained using Egs. (43) and (45). Since the system is homogeneous we
have p/™) (r;,r,) = p°g(ry,) with 1, =1, —r, . Therefore the integrand is a function of ri,
only and [dr; [dr, = [dr, [dr, =V [ dr;, . This yields
S(k) =1+ [ drip pg(rp)e™ ™ (62)

This identifies S(k) with the Fourier transform of the pair correlation function, so the latter
may be obtained from the structure factor by inverting the transform. Finally, denoting
r =| 1}, | and using, for an isotropic system, g(rj,)=g(r) we get

Sk)=1+ 27szdr rzg(r)jdé?siné’eikrcose =1+ %Idrrsin(kr)g(r) (63)
0 0 0
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i G(R) CAN BE USED TO CALCULATE THERMODYNAMIC PROPERTIES

Because some of the important interactions used to model atomic and molecular fluids are
binary, the corresponding averages that correspond to macroscopic thermodynamic quantities
can be expressed in terms of the pair correlation function. As an example consider the
average potential energy in a homogeneous atomic fluid of identical particles with

Uuir')= ZZu(rij) (64)

We already know that the average kinetic energy is (3/2)Nk,T, so once the average
potential energy has been calculated we will have a full microscopic expression for the total
system energy. The average potential energy is
<U>=) <u(r,) >=W<u(rm) >
i>j
| NV =D drVu(n,)e )
2 [arNe U -

drN—Ze—,Bu(rN)
IdrNe_ﬂ”(rN)

Using again the definition of the pair correlation function g, this leads to

= %‘D [ drydryu(r;) (65)

<U>=%ﬁ1ﬂﬂﬂﬁmhwmﬂZ%pNﬁﬁﬁﬂMﬂ=2wﬂiW#gUWU) (66)

The last equality holds for an isotropic system. This result is intuitively clear: For each one of
the N particles in the system (taken to be at the origin), the potential energy is obtained as a
volume integral, with the integrand being the density of interaction energy involving this
particle. The latter is pg(r) (density of other particles at position r), multiplied by u(r).

| THE REVERSIBLE WORK THEOREM (SEE CHANDLER P. 201)
For an isotropic system at equilibrium (7VN)
g(ry=e "0 (67)
where W(r) is the change in Helmholtz free energy in a process in which two tagged particles

are brought from infinite separation (in the system) to a relative separation r. By definition,
this is the reversible (minimal) work needed to perform this task.
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| SUMMARY
To summarize, the pair correlation function g(ry, r,) is defined as
N (g,
gy, ry) = 2 2) (68)
Yo,

where p*N(r,r,) is joint probability (in the N particle system) for finding any particle at
position ry, and any other particle at r», and where p is the average density of particles in the
system. In a homogeneous and isotropic’ system g(r;,r») depends only on |ri-rs| = r so that
g(ri,r2) = g(n).

The pair correlation function is one of the key equilibrium characteristics of the many body
systems because of three reasons: (1) g(r) contains important information on the system's
structure; (2) g(r) can be used to find the thermodynamic properties of the system; (3) g(r)
can be measured experimentally.

3.0

g(r)

1.0

0.5

0.5

a 2o kled

A schematic view of the pair correlation function of a liquid like argon is shown in the
figure above. In this figure & is the van der Waals diameter (about 3.4A for argon) and g(r) is
seen to have successively decreasing peaks at r=o, 20, 30, ... . Can you explain this
behavior? Why does g(r) plateau at a value of 1 for long distances? What do you expect g(r)
to look like in a gas phase?

* A homogeneous system is one in which all positions are equivalent. An isotropic system is one in which all
directions are equivalent
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DYNAMICS

Before we leave this introduction to the fluid state we dwell very briefly on dynamical issues.
We will come back to these issues later, and the present discussion is just a demonstration of
the importance of another class of correlation functions - time correlation functions.

We have seen (A. Nitzan, Lecture notes on solids) that for atomic harmonic solids of
identical atoms, the density of modes p(w) is related to the Fourier transform of the velocity-
time correlation function through

pl@) m § —ioot
S %_{o dt <v(0)-v(t) > e (69)
The integrand is related to the wvelocity autocorrelation function, defined by
C,(H)=(01/3)<v(t)-v(0)>. (Note that because of the symmetry in time of the Newton
equations of motion C,(¢#)=C,(—t).) For an isotropic system this is C,(¢) =<v ,(t)v ,(0) >
with the x direction chosen at will. This function has the following properties
k,T

m (70)
C(t —w0) —><v, >'=0

C(0) =

We have argued that Eq. (69) can be used also for liquids for short time scales, i.e. for large
w. It is indeed plausible that liquids behave as disordered solids on very short time scales. It
is also obvious that this is not the case for long time scales. As a demonstration, consider the
zero frequency component of the correlation function that appears in Eq. (69). For harmonic
solids we have found that this Fourier transform goes to zero in the w—0 limit like w”. For
liquids we will now show that the zero frequency component of C() is related to the self
diffusion constant of the fluid.

|THE DIFFUSION EQUATION.

Consider a fluid made of identical particles that diffuse in space according to the diffusion
equation (Fick's law), namely P(x,f), the probability density to find a particle at point x
satisfies the equation

OP(x,t) o’
———==D—P(x,t 71
ot ox’ (1) 1)
What does this imply for the particle's averaged motion? Suppose the particle starts at the

origin, x = 0. Its average position at time ¢ is given by

<x>= j dxxP(x,1) (72)
Therefore
0<x> K 0*
——=D L dxx—— P(x,1) (73)

Integrating the r.h.s by parts, using the fact that P and its derivatives have to vanish at [x|—o0,
leads to
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0 ;f 20 ie. <x>=0 at all times. (74)
Consider now the second moment

<x’> = j dxx*P(x,1) (75)
whose time evolution is given by

o<x’> T ,0°P

=D | dx 76
ot _J; ox’ (76)

Again, integration by parts of the r.h.s and using the boundary conditions at infinity, i.e.

[e'e] 2 © ] [e'e]

jdxxza f:{xza—P} —J.dx-2xa—P=—2[xP]m +2J.de=2 (77)

b ox ox |, = ox -

leads to 0 <x? >/dr =2D , therefore, since < x> >,=0,
<x’>=2Dt (78)
For 3-dimensional diffusion in an isotropic system the motions in the x, y and z directions are
independent (the equation OP(r,t)/0t = D(@2 /ox* +0%/oy* +0° / Gzz)P(r,t) is separable),
SO

<r’>=<x'>+<y’ > +<z°>=6Dt (79)
This is an exact solution of the diffusion equation, regarded as a property of a physical

system it is valid only at long times because the diffusion equation itself holds for such times.
The diffusion coefficient may therefore be calculated from

D= limé Jr(t)-r(0) P> (80)
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USE
t
r()-r(0) = [dr'v(r)
0
This implies
t t t t'
() —r(0) P >= jdz'jdt" <v(t")-v(t) > = 2jdz'jdt" <v(t")-v(t") > (81)
0 0 0 0
The last equality holds because C,(¢) =C, (). Therefore
1 t t"
D= lim - j dt" j dt'C(¢"1") (82)
t—of 0 0

This can be simplified. Change variable 8 =¢"—¢', with 8 goes from " to 0 and

l_'n T”_H dt"=—-d@ leads to

—
"

D= lim j dt" j doC(6) (83)
t 0

t—0
0

The integral is done over the shaded area in the

picture. Using this picture it is easily seen that
the order of integration may be changed

according to

/ g D = lim » [ao[arco) (84)
t—o t 0 )

This yields

t 0
D= lim % [ao-0)C©) = [a0C(©6) (85)
t—0 0 0

We found that the self diffusion coefficient is the time integral of the velocity auto-
correlation function!

D=% I;Odt <v(t)-v(0) > (86)
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i REDUCED UNITS IN LENNARD JONES LIQUIDS
The liquid model used is a Lennard Jones liquid, where potential energy is given by a sum of
binary interactions

Uy =§Zzu<n~,~) (87)

i#]

u(r) = 4{[%)12 - (%]1 (85)

For Argon & = kp Ty with Tp = 119.8 K and ¢ = 3.405A. The atomic mass is m = 6.69-10
grams. It is convenient to use reduced units. The dimensionless (unit-less) energy (E*), length
(") density(p"), time (¢') and velocity (v°) are defined in terms of quantities associated with
the physical attributes of the system: ¢, ¢ and m. Thus:

E=¢E ;r=or; %:p=(m/0'3)p* ; U:,/(g/m)u*; t=\/(m0'2/5)t* and V =cV"

EXAMPLES
TIME:

1.38-107'°x119.8
So one reduced time units is 2.17 ps.

mo? (6.6940‘23 x3.405% 1076
&

1
J sec =(0.469-1072°)2 =2.17-107 sec . (89)

TEMPERATURE:
T satisfies (3/2)NkBT=<Ek> =3<Ek*> . This leads to T=(2/(3N))TO<Ek*> (90)
POTENTIAL ENERGY:
U=¢cU ,where U :ZZu (’”ij) U@ )=4 —5 e (5)
r r

i>]

69



Inon Sharony : 7771 NMIRIPLIN NPPNRITI VNN NDN

THE MOLECULAR DYNAMICS PROGRAM
e The program is in http://www.tau.ac.il/~physchem/Dynamics/code/C (C source code).

e The C code is compiled by

‘gcc —Im—o traj.ex traj.c‘ .

¢ And with more compiler warnings and debugging flags by

lgcc —lm —g3 —00 —~Wall ~-Wextra —o traj.ex traj.c|.

¢ The resulting executable is traj.ex.
¢ To run the program, simply type:
[/traj.ex<CR>|
e The program reads data from the file traj.in, and possibly from traj.old, located in the
same directory. It writes output to three places:
(1) To the screen (or standard output),.
(2) To the file evolv.txt [identical to what it writes to the screen]
(3) To the file traj.new.

| TRAJLNEW
After the run is finished this file contains the resulting trajectory (a time series of position-
momentum data for all atoms in the simulation cell).

traj.new is a binary file. You can read it using the same format in which it was written (see in
the program). It contains the positions and velocities of N=216 particles as a functions of
time, for the equilibrium system.
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1IN0 N7

Lenard-Jones YT .1
.Lenard-Jones YRNIVIAA MV YTY DIR TYHRPITIA MNTIPY 1PR NP IPION R
DY9INN DMVNIANN TNR Y9 HW 200 DIIYN NMNVY TORPAN Mynwnn NN .a
.Lenard-Jones YR¥1V192
M 70ARY NNV R NN 2RAYN NMm YYY  IORNIVION IMRD NN )
2NYHRPITIAN NINPNVNIN
N9 ATARY 198N DR L(N’21N) VP NINR D) YW NIIYNSY P01 awvnnna T
PRI 79%HY IR MAYN
2910770 Yap? TN 207 YIAVIA PINAN PN WINKY TWYN 102 MNXMINDA MR 1N .2
:NONN Nan .3
.MINNIY NONA YW AT YO NV NNOYIRND LR
S5 NYNN NIRNNN NN AMR PANY 73 VNPYNY TWAR NIONN YV PN IR A

2U(r) )01 XN HRINI0IA TNR PPPYN

TNV 1270 1797200 .MNPANA NNYANN YY IRINRD NNIONN YV PON IMR DR IR )
J7IRD YW NINRSIA NNYONN RTIN RIN

29951 DR ,DYVYI BXAYPP IR 7NIPNN HY NAY RIN DVMVN TN N T

N5NN NIMIN §132 DT NY 10N 2A5NNNN YRIN2 N1ONN NYaLVN T 1IN
2N5NNNN DMOVRD DIPIN NYAPH

7N27YNN YV NONN 199D NYNNI NHAVN RN TR )
:PNODN HY DIVNISN VYD .4
2011V DT 10T INN 2MNNMIXND MITNA AT TYR YTRINN R
20290 P2IPY (D19010) MNPAM DMPIND DANN NTOTYX NI Yy A
201392 N1 JON N 23307 0TYRI) MYoRH TR N 2
278901 DPPONN 9voN N T
278917002 AMVIGNYN NN N

RPN T .traj.new ,(219010N) VHON PP YV NIANN NN 120N NN TP NR IRIP .5
20799 DX2IWN YRINY NNI0INY VYN PAIPN DIININ DR

(MM DN 0MH0N RY NPHPIDIA MITNY DIRAN DIAYDN KY 1NY) NIIWNN YT .6
2071°2°2 IXPRIVIRD N 271782100 NIIPN NR DI PIIR IMOR DRI LR
moynnnann a2
7N03YyN1 NoNh MOXaxR NN .2
JORITIR T3 DY 2XNN NRNYN MPYRNR NIIPYNA PRYN NR 1PN T
201990100 NNYANN RPN NIAY NIONIN YapY rvxn N .7

=)
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N79NN VYAN DPNIPOIIPH DY VWD .8

535 AANT UM ,NPANIN HEYNP NPRPNDY MMINT XYM NPRPNG 1AN 10N LR
JINR

M0N0 YINA” P92 PRYNP NPRPNAN DAVINDN DTN NR NI%PA RN A

NNYANNN RPN VMY TIT NSYTH DTPN IWNY MNY DIDIT NY 1IRN )
110NN VYN THRITIN NN

M0N21 NAYA RINN NYavIn nnb A% HR DAWN NRNMIN DRD T
79991 DR )1 NYOVN YW Nt MONN AN AN L1 TN ITH 11200 R NTNa
(N97YNnn SV DYIPMR DYTI SV DNNNA YIN)

NN NVOVPR D
279900 Y91 N ORIV P DV INN (1)
2072RD IRV PINRM PYRIN IRA DNV 197300 NOWA PI MR (2)
S1300RY 9012 2100 297°pN DR M DWIYWAN PR PA0N (3)

MOVINN TINVOPRAY 9 MNP 7200 PIWYN MTPIY M1 @)
90RY 1YY DoON 1M1 HYY 17 MDD NWIYYN N DNV DYLPNI
(D21V DOYLVPN P2 NINVINN RPNANY NINY 1NN RY) 21NNN M)
S5 1999 DR DHXYND DYNIVY DINVN YV TN TN TIYN NN (5)
DNYIT DVIN WX Ldt D DNV PP DINNINAY DIDN DINNA RPN
79900 Y92 MYPRNRA Lt 29Y IRPIAN HY HVIRD VN TIP-ITIRDD IR
TIP-YTIRDA IR NMT DYVIN IPXN ,b 9PYDA DNIRNY WNA MOYWN NNR Y35 )
NN vHan DWNY

DI MYRY
DNYPN DMIMAIR DYTI DY DDANNI ,MNINMINN MR MTHY aHN MIYAR Yy .9
201N 295NN 72000 79 YY NOYTY RN DRN .NIYNa
.(DLS) "ARI*T IR 19 MD22 NIORITIN NN NNYANNN NIXPII NNITI TN 7200 .10
NR 29PY 102 ,TPORMINA MORINIVION NINIRD NPNNANPN DIVP TYODN NIAYY ARIN .11
STIRID HRINIVIO N2 NXNNNL NPMINPYN NR IRV 1NN HRIRIVIAI DIVI-TIIH HRIRIVIA
HRINIVION NOXPNG YV DMIVNION MPYRNRI IPNIY NRI DIV
MM NPNY MR 10 NI TY 27MINI MMVIHNVI P71 VNI AT PP MITH LR
JUAR AP T 170900 N1PAY 12X N 12VN 29NRIMIAN YV DMvNIad onna
2070 YV AT pHNA DMIVNRION INNA
TN NOYDIR NPXIND 1729 TAIR IMOVR HY NTY 990N NOXIND P IRNVYIL .
MNIN PR NYPIPON-TN MINON IR ,(DPINNN DY IRIN NN 01PN V3I)
MNINPN SY ARNYA 107 20NN NNR Y51 awvnh N nYppYn-1
W Y1 MonNMm

101922 MY NAn HY R8I 109 ,(MIN2 IR N1IN) TITNN YV AT PIH2 NMYL DY DR .12
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MDD YINO

7125 19910 0997 NN NNRA MY NS 1K1 NAIRYIPHIND PRI NNION DY NTayn .1
.02% NNMIY RPN 93

:1TIAYN N20Y NYYHND NIIWN NN LR
LINUX nnn mRinn 10 axn ,n7my /R nooR - (1)
MRXIND 7I2°Y% VYo RIX» LINUX nnn axam 137y /2 120100R - (2)
.JDINR 1Ty n2ava
MR¥IND T2 nNaonn noy LLINUX nnn axan ) n2v1vir - (3)
.JDINR 1Ty nN2ava
N2202 ARON NTIAYY NPHRN TP NNRND (N0TNY) T NDVIVOR - (4)
JNR Tay
:099°82p LANO NN A
(Mpn) OINYL DINAP IR NDOIIVOR (1)
WAIPY VAT VYAV 0 MPNN TP DR NMIYY N7 2 NDVIIVOR - (2)
.00PYv
MRNIND TIY N0 )
793 C ona MRNIND TIY IR NPVMVOR - (1)
C N mdn Pna mRIND TP NPRn TP NPY 1 D01R - (2)

Jpnn

,LPNTY) 9973 PYNRN DY DININI TONI MRXIND TIVY ) NDOIIVOR  (3)
(OfficeLibre Calc

,LINTY) 0973 pwnn RYY NDNI MRNMIND MDY T NDOIIVOR - (4)
(GNUPIot

XIWANPN NNNY NYDNI HHRHVAN NPV a¥n MY DNWINI WRNWRY W AT P19 .2
MRNINA DR XYY (PPA0N PIR traj.old N ANPYI 1YY AYNNNNY IMYI) Hpwn NPvwa
DINXNINN R NPORPIS MTNNA
IPVINR .3
89 T 97 HY DN NIT0I NMIR PR NINTPININ TPVIPN AIRD DR 1AVN R
50 nNYH1N MR IORNIVIAN INIRN,NIONN MINNY VPN 1INIRD
MVN DTN ,NNRNN-R 9 1797300 1010 YW P8P NIIYNN
999002 MNNIN MNPIND PN NIIYNN SV MDOVPARN NIIVIANLA NR 1VN .2
(DN2VINY MVIPN NINIR WHNVAY 19N :17TN) AT T DMK I
YN IRV INT .JNTN YV RPN NYDIIN NITIR YOTPN NNMVA-IR NR NN )
VINRN PRNNA 928D NV LNMNRL NYONN NPRINNND IRV N%IR2 NYONN
(DTIPN PN MNININN NVPOIRD ,NNNTY) DIN
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N709NVY MNPIND NIYaNN .4
237NV NMPAINH NN AN R

Vo IIPIN W ORIPR JAIRD NN DIVRYY N0 :P(v) DR AWYNNY N1ON ANy .a

DIVOR N NIXPNAY NIRNN RN DR IPTA ,NYAPNND RPN NIAY 97 VIV

MRIND MRIT MNIND DI DR H1AYN (MNIN PPT IMNT 1Yava nwn)
:MIRIN MININNN NNR Y92 DIRVINND DYHRPIIS DIYTI YR 177207 ,1IX9IN0N

PRINN TIVI NPIN T NP Anon 7Y (1)
NORIVINN (2)

nY vamn - (3)

nmnY - (4)

PR DY (5)

.DINNN 92 79 5Y P(v) PRPNAY NNNN SBVPRN (6)

NRNWA NR PR NONINN MVLIR PXPNAY NMPAIND NNYANN YW NNRNN WY )
RPIAN

P21P2 NINIY NIIVINNVA 1725 NP2 NV NNPRNND NOXPNAN NIVIONVN DR INON T
MINRNN DNAVNY 1TVIANVIT NIdINN NVYAY NYXINNA NIVINVA ,0YPN
702MIPON N .MNIN PYT IVID 1YV ARNVNIN NR 12TV .VIPN

IR YW RYYR PNSMTN DTPN WD 5
(1101 YTV 4 53 PI PIPY MANI MORPTNRIPIY 1727)

mMINNN YW NNXY PRONP R
£50 xpnay €, () = (w(e) - v}, xdmpn Sv g vIv avn (1)
AT(1)) = 09 9N NVIVA NNDNNY 1Y 177 .DMIVRM 223 HY RIN YINNDN
TV 7D91IR DN IR DMINP DN PVINYIN YTNRN R¥M 1N ()
R9Y ANV npTn RN YapY 1TY dt* IRA t YV DIIY NR DAVYN DNIN
NR RN WTNN 1IN ,YRINN NVN DR YN 20009MN0 AYPYNn nYTN

NP YVINDIN DANTA NIV ITPHRNN ,TUNNIY MYRVA JITIVNRN 490
.M2wnn 2wmH

N 7NDDARN PR DY PHMNN MMPY YV ORPTAN MYNwNn I (3)
MW D7) TINNA SV XY RYNIPN MY YHY TV SV mynwnn
MY 25

NN DIPN WNY  (MNRNAIN 01aY) NMINMIn IRXINA Wwnnvn (4)
020N DIRINA IR YV MINNYN
pnYnn YA yxinn A
{IF(t) — F(0)|?) npnynn »2an yxinn nR 1avn - (1)
tHY

Y0 DR DINT YV 1233 APRYIN M1 YRINN Nunn N (2)
7200 7D95Y

D2I7Y NR DWN DN T 270970 YTNN RXNI T SY DInn noRa (3)
202NN AYPWYAN NOYTIN RS Ny npnTn ARNIN Yaph 1T dt* IRt HY
MYRYA JaTIVAN 1N NR XN VINN 1NN, YNINN NPV DR YN
N2IWNN 2IWMY N1 0NN DN NNV ITPHRNN ,TYNNIY

JODXYN NN DIPHN NR W ARMINN DA WYaAp  (4)

,1PX9INYDAY MH2aP ND2A 2P IPTIIV DMIVNIAY NIXDINDN YV DMIVNIAN NR Y 2
(MO PIT INNT) 1YV DIYHR DIMRYIN DR NV VTHN 1IN

RPN A%(t)
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MRXINDYT DIMRIINY NYM NDNA PYRIN PHNNIN IRAND MOAN NORY Y Yy T
.02
5w HM TN PPHN YV NMONT) TINRYA MSYTA DTPN NR DMYN (1)
VAINN TPNNN UM PYRINHAN YWINN ToIND TR MYRNRA (D'PpHN DMIR
1YY DPTIM PPYNN NON L5MIN MR MPXNRI ARNIND IRV .YINNN
MYV (VYR NNYS TNN)
P"M0Y D 1.374 MOANI IR HY NINXYN NS DTPN DR 11PN (2)
MaXax MY MIADNN MO AIRNIND NV PNYP 94.4 NIVIOND
LDIVOINR 1.88 ,113IR HV DY 7T IR DITIA IWNANWD .NIMT 1IIVIONV)
J9310%0 MRXINGD ONYa D221WNN MRYING MNII-IRY M0 WD .0
NYYRTIN NN NNYONNN PN .6
MIPIN YV NAMN MIANDN NXPNA NN Lg(r) ,TPORITIN NN NNOANNN IIXpNs R
93 PN HY NONTIN NNINVD’T MIYRNRI NI NMIR 2VNY N7 .DINMVRN
NN NNYANNN N'XPNA NR 1AVN TNRD DIPPAY DN’ ,DNN TNR 7290 DINMLRA
NN DR NN YW RPNIAY IIYRMTIN
NR D) 71725 © DIVR D3 MY ,IMYI .NAYN RINA IVNNAY YWY 19 1Y :NI7TN
NRT DT .AYR Y Pan OINPN DIVR HR 11PN DR P WNa 91935 R MmN
NS (X,y,2) TAN 93 May
2(r/o 9V DI DIV DY ,IMDI) DI DMIXP DIPRIN MM Yapnn N A
TIXIRN PO 2P NTA NN TP IPTIV IYRY I¥DINIDN HY DMONINN NR NY
19301 DAHR DIMRNIN DR NVM PTIVND 30 DR WIND ,VTHN NN 5™
{M2191 YT IMT)
J710270 MRXING DN’ D2IVINN MRNIND MN-IRY M0 WwIRn .7

DIN2 YHNIIN
AD) MMAYTN DTPNN (y) Y112 TONN DIPH NR H1AVN ,D = kg T/my ,]0VIVR W) NYNa .7
20210 YV ’2 PHNI DNNYIY MYWN NNR ,AIYIIND MRV 1IN YV AT 00 )pTa .8
NYMIPN AMNVIONVAN NMAIN PNVHI NTNMVIANY NIY NPANIND NPT NNYANNN NR 1VN .9
DYTINI MM
NN NDINT INNRNY 121NN — MPNHXY PNY .10
5® NaBNN RN CNIVIPRN) PNON :IXNNDN MRNINA YNNI YNYN DR 1avn R
DY DXIN DMIVLRM LN PP HPAIN MI) DION NI NONT PRIRNY NIIYNN
(o amra
:(ORMNN RN INT INITNIY) PRIPRD VIMNN PNON NR VN NN

N
1
SV(:zEKJrr F)y = EZ(p’ +r- F)
i=1

PRRNS 1IN YV N2NN RN MPNND XNINDN MIRNINN Y10 MPNY DR 1avn .2
.09 232 122 YNY DPYPYNY DI DNYON 1132 SN HY HPAINN M) NI
D9IVIPRIRD PN P2 PRYNPIN HTIN MPNE NR 2VNY N7

1
P‘{} (tj = Z (% Xi (thi.y(tj) P= § Z PC(I:(

i. i=1 i, a=Xy.z
\Y v r \Y T
- - 1
Ty () kBT( ooy (D = kBT! PO 0% 2y vn, )

2V NYAIIRIRD 2230 TINY YN AN Mxy > Nyz = Nze = 0 D2 MWD NPN2 2
2N29YNN YW 2ARIND MANA ,TNYTY 70N AN 2N2IYNn
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NINANPY RYNP VNP .11
Ji XPNaN SV NOHNP-IVIRD NR T DR
Geg, (t1,t2) = fi(ty) - £ (ty)
1991 ,auto-covariance ,1PNXYN NAMWYNN MNVA DXYI) PRONP-IVIRD DR RVAY YN
S Sv MINwn e SN PrRY

Py (1) c oy () = < (0)-£(¢) > =—ZG“ (0,¢)

J[(auto- cross-variance) YN Navixn Mnwn

l/l

tp—t

Cy ()= <[ htrgw | f (z‘)-f(z'+t)dr> = lltnin; ;|. Gy (z.7+t)d7
0 N

L(NA%RN NYXDNP-IVIRD HV IRIN NNHNNY ANY NPV I3V NIPNIY) 1PINANPM

N

t—t,
gﬂ,(z‘)=<t/1_ilgw J f(r)~f(t—r)dr> = l_ingwﬁlzl ;[ Gy (7,1 =7)d7r = Cy (—1)
o N o
DY 97 T2YY 1910 INRYY ,0AR 10T £ OXPIAN TIV DR NNYY »2 1P¥YIPN DR 2wnY 111
NR 2wNY 791 NRT NMIYY /3 PI92 NNY T VYYD NNt (N1 ONPNaN TIY
JR P91 VYV 293 Lt 0NN Y3 F RPNAN MY YO DR MNYY W ,1INanpn
172710 MWYWMT VN2 ,NIIPND YY T'2I10 I2TN NIPN 92 ,P2IP2 IR TIVNI NRT MVYY N7
.NRNNA L2100 11 WP P172TN IR 009N
DYAN IR ,NINTNNI NONRYN IRYNPAN MM DTPN NR NSO DY 1awn LR
JIN0N PYTINNT .ARINIANPA 21WNA 'RYNPH WD Nabnna
Ja%%N MNYY NP P2 DTIN PR MRIPIVD PHIN NIAYY DRI 'R pIoa .
7NY3 173N 1PN DA 12TH IV DN’ DRN
IR NPANA SV XYMP-IVIRAD TPRPNS NAY VIV YOVIR NV PR NN )
DNTI YV NIIWN N VIV HTIN MIAY RO AR [ IORTIN D nubannn
D00 DMV DR DA IR 0NN D0IVE DYORVVIR DMV DIY? .DNVP
9199 YT HY DINNA ANWYI NTIAY DNVIRN NRNIN 2P VIV NV PR IMD
Jopna
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29000 HY PRMIR TWARY NIN HY , *XYZ VNRTIN PP NVRNINANPD HI NR TODATN .12

ORI RY PYON IRDIPIN DPINRITI NP MNININ MPPTIn NNR - AN

Jmol 13 (NYN1PN) MINN MYXNRI MAXY M) XYZ VNN XN .NIDVIRIVINY
279 ,NNNTY ,NRT PIPN .VMD 8 ,Avogadro

Line

1 216

2 This is a comment line (can be blank): Argon cluster (216 atoms big) frame 1
3 A 0.000000 0.000000 0.000000

4 A 0.000000 0.000000 1.089000

218 A -0.513360 -0.889165 -0.363000

219 A -0.513360 -0.889165 -0.363000

220 216

221 This is a comment line (can be blank): Argon cluster (216 atoms big) frame i
222 A x(atom 1, frame i) y(atom 1,frame i) z(atom 1, frame i)
223 A x(atom 2, frame i) y(atom 2, frame i) z(atom 2,frame i)
438 A x(atom N-1, frame i) y(atom N-1, frame i) z(atom N-1, frame i)
439 A x(atom N, frame i) y(atom N, frame i) z(atom N, frame i)
348582 | 216

348583 | This is a comment line (can be blank): Argon cluster (216 atoms big) frame 1600
348584 | A 0.010000 0.000000 0.000000

348584 | A -0.010000 0.000000 1.089000

348796 | A -0.523360 -0.889165 -0.363000

348797 | A -0.503360 0.889165 -0.363000

PYIN (TN ,NNPNTY) DIVRN "ND” NR MIXPN AV Y32 MNVRIN NTINY2 A MR R
10% W ,N%P%IN gNNYNY DK1Y DINVRI TYIXRN MTIDA NIMIN RY Jmol ©
ANR DIVR NININN A NI DIMIORN NR

9321 DILR IMR NIAY) A N INVD MR IMR 1IN0 ,DMORD TR MNR 1IpYY 75 .2
AR 199) INR TIO YV DIVRI AP DIVRD L7 (X XYZ N PP NPXNNONPN
DIVRD PYRINY IRIPRN TPNN2 19X NADN DYO P¥NIRD NR 1IN L(INR Yava
.DNINaY
199X ,IRT DIPWYY DTN L(*.gif VNI NNNTY) PAIPI NONNIRA NR RYYHY DI YN 2
.DOoNN NTY IR
L
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