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Interlayer commensurability and superlubricity in rigid layered materials
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Superlubricity is a frictionless tribological state sometimes occurring in nanoscale material junctions. It
is often associated with incommensurate surface lattice structures appearing at the interface. Here, by using
the recently introduced registry-index concept that quantifies the registry mismatch in layered materials and
reproduces their interlayer sliding energy landscape, we prove the existence of a direct relation between interlayer
commensurability and wearless friction in rigid layered materials. We show that our simple and intuitive model
is able to capture, down to fine details, the experimentally measured frictional behavior of a hexagonal graphene
flake sliding on top of the surface of graphite. We further predict that superlubricity is expected to occur in
hexagonal boron nitride as well with tribological characteristics very similar to those observed for the graphitic
system. The success of our method in predicting experimental results along with its high computational efficiency
marks the registry index as a promising tool for studying tribological properties of nanoscale material interfaces.
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I. INTRODUCTION

Layered materials such as graphite, hexagonal boron nitride
(h-BN), and 2H-molybdenum disulphide and its fullerene
derivatives have been long known to serve as excellent solid
lubricants.1–15 This important characteristic has its origin in
their nanoscopic anisotropic crystal structure consisting of
strong covalent intralayer bonding and weaker dispersive inter-
layer interactions. One important consequence of this unique
structure is the fact that the layers may slide on top of each other
while overcoming relatively small energetic barriers. Recently,
the wearless friction between a nanoscale graphene flake and
a graphite surface was measured experimentally as a function
of the misfit angle between the two surfaces (see Fig. 1).16,17

Friction forces ranging from moderate to vanishingly small
were obtained depending on the degree of commensurability
between the lattices of the flake and the extended surface. The
ability to achieve such a state of ultra-low friction, often termed
a superlubric state,18–27 is clearly of high interest both from the
basic scientific perspective of nanotribology28–41 and in light
of the promising technological opportunities it carries.9,42–44

A simple picture that may offer intuitive insights re-
garding the origin of this relation between friction and
commensurability45–49 is the relative sliding of two “egg-box”
foam sheets that are in contact (see Fig. 2). If the lattices
imprinted in both foams are initially placed in a commensurate
mode [see Fig. 2(b)] when trying to shear the two sheets, all
unit cells have to cross the physical barriers simultaneously
[see Figs. 2(c)–2(f)] resulting in both high static friction as
well as stick-slip motion leading to a high dynamical friction.
If, on the other hand, the lattices are rotated with respect to each
other [see Fig. 2(g)], resulting in an incommensurate state, all
unit cells have to cross much smaller barriers at any point
in time leading to considerably reduced resistance towards
sliding. In the case of layered materials, the physical barriers
of the egg-box lattice model are replaced by sliding energy
barriers that are mainly a manifestation of enhanced Pauli
repulsions between overlapping electron clouds centered on
different atomic positions on two adjacent layers as they cross
each other during the sliding process.50–53

More rigorous microscopic understanding of the in-
terlayer sliding process in layered materials has been
obtained using sophisticated molecular dynamics (MD)
simulations,54–60 semiempirical approaches,61 and first-
principles50,51,53,62–68 calculations.69 Such simulations adopt
either a phenomenological60,70–75 approach such as the
Prandtl76-Tomlinson77 model and its extensions59,60,71 and the
Frenkel-Kontorova (FK)78 model or an elaborate atomistic
description49,51–53,59,63,79–93 of the sliding systems. Using the
FK model, Peyrard and Aubry94 were able to show that for an
incommensurate interface of two sufficiently stiff materials the
static friction becomes vanishingly small. This was followed
by the work of Hirano and Shinjo18,19 who proved that for
infinite incommensurate contacts the kinetic friction vanishes
as well resulting in a superlubric tribological state. In this
context, the stability of the superlubric state of graphite was
recently investigated theoretically showing that torque induced
flake reorientations during its lateral motion may eliminate
superlubricity60 and identifying the optimal conditions under
which superlubric sliding in graphite may be acheived.59 Fur-
thermore, recent atomistic Brownian dynamics simulations95

indicated that surface deformation may become important
when suspended few-layer graphene is subject to tip scanning
in agreement with experimental observations.10 While such
elaborate calculations are often quite successful in reproducing
the main physical characteristics of the sliding process in
these systems, their degree of sophistication may somewhat
conceal the direct relation between commensurability and
friction. This, in turn, can complicate the task of identifying
the key physical factors responsible for interesting frictional
phenomena and designing new materials with novel desired
tribological properties.

In this paper, we use the recently developed concept of the
registry index (RI),50,96 which gives a quantitative measure of
the degree of commensurability between two lattices while
capturing their relative sliding energy landscape, to elucidate
the observed interplay between interlayer registry and wearless
sliding friction in layered materials. As previously speculated,
a direct relation between the interlayer registry and the
measured interlayer sliding friction is obtained for the case of
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FIG. 1. Commensurate [(a) and (b)] and incommensurate [(c)
and (d)] configurations of a graphene flake atop of a graphene
surface. Both tilted [(a) and (c)] and upper [(b) and (d)] views
of the two arrangements are offered. The definitions of the sliding
direction and the misfit angle are indicated in panel (a). The misfit
angles for the commensurate and incommensurate modes are 0◦

and 20◦, respectively. Clear Moiré patterns appear in (d) for the
incommensurate state.

graphene. Furthermore, fine tuning of the basic model parame-
ters based on simple intuitive physical considerations results in
excellent agreement between the experimental results and the
model predictions with minor computational efforts. Finally,
we use our model to predict the misfit-angle dependence of
friction in bilayer hexagonal boron-nitride (h-BN).50

II. COMPUTATIONAL METHODS

The registry index is a simple numerical parameter defined
to quantify the interfacial registry mismatch between two

FIG. 3. (a) Worst (AA) stacking mode of a graphene bilayer. (b)
Optimal (AB) stacking mode of a graphene bilayer. (c) Symmetric
registry-index definition of the projected overlap area between circles
assigned to atomic positions in the upper layer (transparent circles,
full lines) and their lower layer counterparts (opaque circles, dashed
lines). (d) Asymmetric registry index definition of the projected
overlap area between circles assigned to atomic positions in the upper
layer (transparent circles, full lines) and their lower layer counterparts
(opaque circles, dashed lines). In (c) and (d), the circles representing
the atomic centers were omitted for clarity.

lattices. It is defined as a material-specific function which
requires input regarding the surface lattice structures and
the optimal and worst (in terms of total energy) intersurface
stacking modes. The functional form of the RI for graphene
has been previously determined.96 Nevertheless, for the sake
of completeness, we briefly repeat this definition herein. For
this system, the worst stacking mode is known to be the AA
configuration where the lattices of the two layers are fully
eclipsed [see Fig. 3(a)] and the optimal stacking mode is the
AB configuration where half of the carbon atoms in one layer

FIG. 2. Egg-box foam model for commensurate and incommensurate sliding conditions. (a) Tilted view of a single egg-box lattice. (b)–(f)
Relative sliding of two commensurate egg-box foams where all unit cells cross the physical sliding barriers simultaneously. (g) Incommensurate
orientation of the two lattices.
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reside atop of the hexagonal centers of the adjacent layer
[see Fig. 3(b)]. First, each atomic center is assigned with
a circle of radius rC = 0.5LCC, where LCC = 1.42 Å is the
covalent carbon-carbon bond length within each hexagonal
layer [see Fig. 3(c)]. Next, the projected overlap between
circles belonging to one layer and their counterparts on the
adjacent layer is labeled by SCC [see Fig. 3(c)].97 We note
that, similar to the total energy, this overlap obtains a maximum
value at the worst (AA) stacking mode and a minimum value
at the optimal (AB) interlayer configuration. Noticing that
we are looking for a numerical parameter that will quantify the
interlayer registry mismatch in accordance with the relative
total energies of the different stacking modes, we chose the
RI to be proportional to the total overlap area RI ∝ SCC.
Normalizing this expression to the overlap values at the worst
(SAA

CC ) and optimal (SAB
CC ) stacking modes in the following

manner:

RIgraphitic = SCC − SAB
CC

SAA
CC − SAB

CC

,

we arrive at a parameter that is bound to the range [0,1] where
the value RI = 1 is obtained for the worst stacking mode and
the value RI = 0 is obtained for the optimal configuration.
By plotting the RI for different interlayer configurations
of bilayer graphene we have previously shown that the RI
surface captures all important characteristics of the sliding
energy landscape obtained by atomistic calculations based on
a dispersion augmented tight-binding Hamiltonian.96

III. RESULTS AND DISCUSSION

Having at hand a simple parameter that quantifies the inter-
layer commensurability at arbitrary stacking modes of bilayer
graphene and efficiently provides a good approximation to the
sliding energy landscape we are now in position to characterize
the correlation between experimentally measured friction and
the degree of interlayer registry. To this end, we consider the
system depicted in Fig. 1 where a finite rigid hexagonal flake
slides on-top of an infinite rigid graphene surface. We note
that the rigidity assumption, which is justified by comparing
the Young modulus of graphene (∼1.0 TPa)98,99 and the
interlayer shear modulus of graphite (4.3–5.1 GPa),98,100,101

was previously successfully used to reproduce experimental
results of superlubricity in graphite using force-field based
calculations.17,59,60,70 We can define two important parameters:
the misfit angle and the sliding direction (see Fig. 1). The
misfit angle is the angle at which the flake is rotated about
an axis crossing its center of mass perpendicular to its basal
plane such that 0◦ stands for the orientation of the flake at the
AB staking mode. The sliding direction is the direction along
which the flake is dragged with respect to the armchair axis of
the underlying hexagonal graphene layer.

The RI, now normalized to the overall overlap area of the
flake at the AA and AB stacking modes, can be calculated for
different misfit angles and sliding directions. In Fig. 4(a),
variations of the registry index along linear paths taken
at a sliding direction parallel to the armchair axis of the
underlying graphene layer [see Fig. 1(a)] are presented for
different misfit angles. As can be seen, due to the sixfold
symmetry of the system, the registry index behavior for misfit

angles of 0◦ and 60◦ is identical presenting large registry
variations as the flake slides through the AA and AB stacking
modes. For intermediate misfit angles, a qualitatively different
behavior is obtained where relatively small variations around
an average RI value of ∼0.2 occur as the flake is dragged
along the linear path. Having seen that the RI landscape
mimics well the total sliding energy variations in graphene
and h-BN,50,96 we may interpret these results such that for the
commensurate configurations relatively high sliding energy
barriers are obtained while for the incommensurate geometries
the overall roughness of the sliding energy is small. Since for a
dry rigid interface both static and dynamic friction are expected
to be proportional to the corrugation of the sliding energy
landscape, we may plot the amplitude of the RI variations along
a given path as a function of the misfit angle and compare the
results to the measured friction. This comparison is presented
in Fig. 4(c) where excellent agreement between the RI results
and the experimentally measured friction is obtained. Close to
the high friction peaks good agreement between the RI results
and the Tomlinson model predictions (solid black curve) is
also obtained. Interestingly, in the low friction region the RI
diagram further predicts some fine features near −9◦, 9◦, 22◦,
38◦, 51◦, and 69◦ that are well reproduced by the experimental
measurements.

Despite the good agreement achieved between the RI model
and the experimental results, when carefully examining the
experimentally measured friction one notices that the high-
friction peaks are asymmetric, while the theoretical results
predict symmetric peaks. This was previously attributed to the
fact that in experiment both the surface and the flake have
a multilayer structure assumed to possess the ABA stacking
mode.70 Therefore, every two neighboring carbon sites (often
marked as C and C′) become inequivalent as one resides atop
a carbon atom and the other atop a center of a hexagon
of the adjacent layer [see Fig. 3(b)]. The relevance of this
inequivalence to the sliding energy landscape stems from the
fact that the π electron clouds are expected to have slightly
different shapes and sizes near the C and C′ sites. This leads to
somewhat altered Pauli repulsions between such overlapping
clouds as different sites belonging to the flake and the infinite
surface pass against each other during the sliding process.
As a result, the sixfold symmetry is reduced to a threefold
symmetry and the high-friction peaks at 0◦ and 60◦ become
asymmetric. To account for this in the RI model, we realize that
the circles assigned to each atomic cite represent the relative
sizes of the atom centered electron clouds and thus we simply
assign different radii to the circles associated with the C and
C′ atomic centers [see Fig. 3(d)]. In Fig. 4(b), variations of the
registry index along linear paths taken at a sliding direction
parallel to the armchair axis of the underlying graphene layer
[see Fig. 1(a)] are presented for different misfit angles where
we have chosen rC = 0.5LCC and rC ′ = 0.346LCC. When
compared to the results of the symmetric case [see Fig. 4(a)],
representing the bilayer system, one finds that in the multilayer
(asymmetric) case, the � = 0◦ and 60◦ energy variations are no
longer equivalent and that the overall corrugation of the latter is
smaller. For intermediate angles, minor difference between the
multilayer and the bilayer representations is obtained where
the average corrugation and deviations are very similar in both
cases. We note that for some misfit angles negative values
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FIG. 4. (Color online) Registry-index dependence on the misfit angle of a 150 atoms hexagonal graphene flake. (a) and (b): Registry-index
variations along linear sliding paths at different misfit angles � for a single graphene flake on a single graphene sheet (a) and for a multilayer
graphene flake on the surface of multilayer graphene (b). (c) and (d): Measured friction (black circles; left axis) and corrugation of the registry
index landscape along the linear paths (red line; right axis) as a function of the misfit angle for the bilayer (c) and multilayer (d) systems.
The sliding direction is chosen to be along the armchair axis of the infinite graphene layer as indicated in Fig. 1(a). Experimental results were
reproduced with the kind permission and help of Joost W. M. Frenken and Martin Dienwiebel (see Ref. 16).

of the RI are obtained indicating that for the finite flake at
some specific orientations the registry may be better than that
obtained at the AB staking mode.102 Using this data, we plot in
Fig. 4(d) the corrugation of the RI variations along a given path
as a function of the misfit angle. Now the asymmetry between
the � = 0◦ and 60◦ is fully captured, and we obtain excellent
agreement between the experimentally measured friction and
the calculated RI results down to fine details in both the high-
and low-friction regions.

To further test the performance of the RI model, we consider
additional aspects of the flake’s sliding physics including the
dependence of the sliding friction (through the RI corrugation)
on the flake size and the sliding direction. In Fig. 5, the
dependence of the peak shape on the size of the flake and the
sliding direction is presented. For the symmetric (bilayer) case,
we obtain [see Fig. 5(a)] the expected narrowing of the peak
with increased flake size and the relation tan(��) = α/D,70

where �� is the full width at half maximum of the peak
and D the diameter of the flake expressed in terms of the
lattice spacing, is fully recovered with α = 1 [see inset of
Fig. 5(a)]. For the asymmetric case (multilayer), a similar peak
narrowing is obtained for both peaks [see Fig. 5(b)] though
for the higher peak, we find that α < 1. To better understand
this behavior we plot, in Fig. 5(c), tan(��) as a function of
1/D for various values of the site asymmetry factor (rC ′/rC)

where a monotonic decrease of the slope, α, is found as the
site asymmetry increases. Interestingly, over a wide range of
asymmetry factors a linear relation between the slope and
the site asymmetry is obtained. In Fig. 5(d), we plot the RI
corrugation for various sliding directions. As can be seen,
at the high-friction regions, the sliding direction influences
both the absolute and the relative peak heights where in some
sliding directions the peak that was originally higher becomes
the lower one. For the low-friction regions, a marginal effect
of the sliding directions considered on the RI corrugation is
found.

Finally, we utilize the RI concept to predict the occurrence
of superlubricity in h-BN. Here again, for the sake of
completeness, we repeat the definition of the RI of h-BN
that was recently presented elsewhere.50 The model system
is identical to that depicted in Fig. 1 with both graphene
flake and sheet replaced by h-BN. For the latter, the optimal
and worst stacking modes are identified as the AA′ and AA
configurations, respectively [see Figs. 6(a) and 6(b)]. We
assign a circle to each atomic site with the following radii:
rN = 0.50LBN and rB = 0.15LBN,50 where LBN = 1.44 Å
is the B-N bond length and define three projected overlap
areas [see Fig. 6(c)] between circles representing two nitrogen
atoms on the two layers (SNN), two boron atoms on the two
layers (SBB), and a boron atom on one layer with a nitrogen
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FIG. 5. (Color online) Peak shape dependence on the graphene flake size and sliding direction. (a) Peak shape dependence on the flake size
for the bilayer (symmetric) system. N stands for the number of carbon atoms in the flake; (inset) tangent of the peak width at half maximum
plotted against the inverse flake diameter. (b) Peak shape dependence on the flake size for the multilayer (asymmetric) system; (inset) tangent of
the higher peak width at half maximum plotted against the inverse flake diameter. (c) Tangent of the higher peak width at half-maximum plotted
against the inverse flake diameter for various site asymmetries (rC′/rC) in the multilayer system; (inset) the slopes of the curves appearing in
the main panel plotted against the site asymmetry. (d) RI corrugation as a function of misfit angle plotted for various sliding directions of the
multilayer (asymmetric) system. All flake diameters are expressed in terms of the lattice spacing.

atom on the other layer (SNB). Using these definitions, we may
construct the following expression for the RI:

RIh−BN =
(
SNN − SAA′

NN

) + (
SBB − SAA′

BB

) − (
SNB − SAA′

NB

)

(
SAA

NN − SAA′
NN

) + (
SAA

BB − SAA′
BB

) − (
SAA

NB − SAA′
NB

) ,

which obtains a maximum value (RI = 1) at the worst (AA)
stacking mode and a minimum value (RI = 0) at the optimal
(AA′) staking mode. Here, SAA

XY and SAA′
XY are the projected

overlap areas calculated at the AA and AA′ stacking modes,

FIG. 6. (Color online) Optimal [AA′, (a)] and worst [AA, (b)]
staking modes of h-BN and the definition of the projected overlap
area between circles assigned to atomic positions in the upper layer
(transparent circles, full lines) and their lower layer counterparts
(opaque circles, dashed lines). Blue and yellow circles represent boron
and nitrogen atoms, respectively.

respectively, between a circle assigned to atom X on one layer
and a circle assigned to atom Y on the other layer and summed
over all atomic positions of the flake and the surface. This
definition was shown to give excellent agreement with sliding
energy landscapes obtained using advanced density functional
theory calculations for h-BN as well as for double-walled
boron nitride nanotubes.50,96

We follow the same procedure described above where
the h-BN flake is rotated and shifted along the underlying
h-BN layer at a given sliding direction while recording the
RI variations. We then plot the RI corrugation (maximum
amplitude of the RI variations) along each linear path as a
function of the misfit angle and sliding direction. Figure 7
presents the dependence of the RI corrugation on the size of
the hexagonal flake and the sliding direction. The h-BN system
presents a pattern very similar to that obtained for graphene
[see Figs. 5(b) and 5(d)] where at 0◦ and 60◦ high friction is
obtained and at intermediate angles superlubricity occurs [see
Fig. 7(a)]. Despite the fact that the circles are asymmetric,
when sliding along the armchair axis of the infinite h-BN
layer the two peaks are almost identical. This results from the
different definition of the registry index that stems from the
different optimal and worst stacking modes of graphene and
h-BN. A linear relation between tan(��) and the inverse flake
diameter is achieved [inset of Fig. 7(a)] with a slope slightly
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FIG. 7. (Color online) Peak shape dependence on the h-BN flake size and sliding direction. (a) Peak shape dependence on the flake size for
the bilayer system. N stands for the number of atoms in the flake; (inset) tangent of the peak width at half maximum plotted against the inverse
flake diameter (expressed in terms of the lattice spacing). (b) RI corrugation as a function of misfit angle plotted for various sliding directions
for the bilayer h-BN system.

larger than 1 (α � 1). Upon altering the puling direction
the peak symmetry breaks and a picture very similar to that
obtained for the multilayer graphene system is obtained [see
Fig. 7(b)].

IV. SUMMARY AND CONCLUSIONS

To summarize, it was shown that the registry index concept
provides a simple, intuitive, and computationally efficient
tool for the study of tribological properties of rigid layered
materials in the regime of wearless friction. It offers a direct
relation between measurable tribological phenomena, such as
the occurrence of superlubricity, and geometrical parameters
of the underlying interface such as the degree of lattice
commensurability. In graphite, the RI model was shown to
be able to capture, down to fine details, the experimentally
measured frictional behavior of a hexagonal graphene flake
sliding on-top of the surface of graphite. It was further
predicted that superlubricity is expected to occur in h-BN as
well with tribological characteristics similar to those observed
for graphene. It should be noted that while our model is
purely geometric and cannot simulate dynamical processes
involving energy loss, which are of fundamental importance
in studying friction, for the special case of wearless friction in
rigid nanoscale interfaces a direct relation between the mea-
sured friction and the corrugated sliding energy landscape is
obtained. Therefore the RI, which serves as an efficient means
to estimate sliding energy landscapes of such interfaces, can
be used to indicate the possible occurrence of superlubricity
and the obtained sliding RI landscapes may be used as a basis
for more elaborate MD simulations, which can explicitly take
into account dynamical effects. To this end, a simple scaling
factor deduced from the small unit cell calculations used to
calibrate the material-specific RI parameters may translate
the dimensionless sliding RI surface to an approximate
sliding energy landscape. This, in turn, may be used as an

input potential energy surface for phenomenological models
calculations or used directly to simulate dynamical properties
of complex interfaces. Work along these lines aiming to
characterize the dynamical properties of a large double walled
nanotube resonators as well as possible extensions of the
RI concept towards treating hybrid layered structures such
as graphene on h-BN,103 more complex layered materi-
als such as metal dichalcogenides,104 curved geometries,96

and interfaces between bulk materials are currently being
pursued.

Finally, we note that despite the fact that we have fo-
cused on hexagonal layered structures the RI concept is of
general nature and is expected to successfully characterize
the tribological properties of other nanoscale interfaces at the
wearless friction regime provided that (i) the materials are
sufficiently rigid (namely, their intralayer/bulk Young modulus
is considerably higher than the interfacial shear modulus) and
(ii) the interactions that dictate the sliding physics are of short
range nature (such as Pauli repulsions between overlapping
electron clouds).
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