
Graph Theory

Homework assignment #4

Due date: Sunday, January 10, 2015

Problem 1. Let G = (V,E) be a graph with chromatic number χ(G) > 10 and girth g > 21.

Prove that the number of vertices of G is bigger than the population of earth (on January 1,

2016) .

Problem 2. Let G = (V,E) be a (simple) graph with maximum degree k > 1 and exactly

k(k + 1) edges. Prove that the set of edges of G can be partitioned into k + 1 pairwise disjoint

sets, each forming a matching of size precisely k.

Problem 3. Let G = (V,E) be a bipartite graph with minimum degree δ ≥ 2. Prove that

there is a (not necessarily proper) coloring of the edges of G by δ colors, so that every vertex is

incident with at least one edge of each color.

Problem 4. Let G = (V,E) be a bipartite graph. Prove that there is a partition of the set of

edges E into 3 disjoint parts E = E1 ∪ E2 ∪ E3, E1 ∩ E2 = E2 ∩ E3 = E3 ∩ E1 = ∅, so that for

every vertex v of G and for each 1 ≤ i ≤ 3, the degree di(v) of v in the graph (V,Ei) satisfies

bd(v)/3c ≤ di(v) ≤ dd(v)/3e, where d(v) is the degree of v in G.

Problem 5. For two graphs H1 and H2, the Ramsey number r(H1, H2) is the minimum number

r so that in any red-blue coloring of the edges of the complete graph Kr on r vertices there is

necessarily either a red copy of H1 or a blue copy of H2 (or both). Let K1,n denote the star

with n edges. Compute the Ramsey number r(K1,n,K1,m) for all values of m and n. Note: the

formula depends on the parity of m and n.

Problem 6. Prove that for every k there is a finite integer n = n(k) so that for any coloring

of the integers 1, 2, . . . , n by k colors there are distinct integers a, b, c and d of the same color

satisfying a+ b+ c = d.

Please do NOT submit written solutions to the following exercises:

Exercise 1. Let G = (V,E) be a (simple) graph with n vertices and bn2/4c − t edges that

contains no triangle. Show that one can delete at most t edges of G and get a bipartite graph.

Exercise 2. (i) Let G = (V,E1 ∪E2) be a graph, where E1 and E2 are (nonempty) matchings.

Show that the chromatic number of G is 2.

(ii) Let G′ = (V,E1 ∪E2 ∪E3) be a graph, where E1 and E2 are (nonempty) matchings and E3

is the set of edges of a nonempty collection of pairwise vertex disjoint copies of K4. Prove that

the chromatic number of G′ is 4.

Exercise 3. Let Pn denote a path with n vertices. What is the Ramsey number r(Pn,Km) ?

Prove the required upper and lower bounds to justify the value claimed.


