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Abstract

We show that the vertices of any plane graph in which every face is of length at least g
can be colored by | (3¢ — 5)/4] colors so that every color appears in every face. This is nearly
tight, as there are plane graphs that admit no vertex coloring of this type with more than
|(3g + 1)/4] colors. We further show that the problem of determining whether a plane graph
admits a vertex coloring by 3 colors in which all colors appear in every face is N'P-complete
even for graphs in which all faces are of length 3 or 4 only. If all faces are of length 3 this can be
decided in polynomial time. The investigation of this problem is motivated by its connection

to a variant of the art gallery problem in computational geometry.

1 Introduction

A plane graph is a graph G together with an embedding of G into the plane with no crossing
edges. Let F'(G) denote the set of faces of G. The length of a face f € F(G) is the number
of vertices on its boundary. For a plane graph G, let g(G) denote the length of the shortest
face in G. A face of length k in a plane graph is sometimes also called a k-face. A vertex k-
coloring is a map x : V(G) — {1,...,k}. It is proper if for every edge uv € E(G), x(u) # x(v).
For a (not necessarily proper) vertex k-coloring x : V(G) — {1,...,k} of G we say that a face
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f € F(G) is polychromatic if all k colors appear on its vertices. A vertex k-coloring of G is called
polychromatic if every face of G is polychromatic. The polychromatic number of GG, denoted by
p(G), is the largest number of colors k such that there is a polychromatic vertex k-coloring of G.
Define p(g) = min{p(G) | 9(G) = g}.

It is clear that for every plane graph G, p(G) < g(G). On the other hand p(g) > 2 for all
plane graphs G with ¢g(G) > 3. This was first proved by Bose et al. [4] (see also [11]) by using
the Four-Color Theorem, and afterwards by Bose et al. [3] without using it. The following sketch
of the second proof is similar in spirit to some of the ideas in the present paper.

Triangulate the graph G by adding edges, resulting in a new graph H where each face has
length 3. The dual graph H* of H is then 3-regular and 2-edge connected. By Petersen’s The-
orem (see, e.g., [16]), there exists a perfect matching M in H*. After deleting the edges of H
corresponding to those of M, the remaining graph H’ has only faces of length 4. Therefore there
is no odd cycle in H' and hence H' is bipartite. Thus, there is a proper vertex 2-coloring of H’,
which is a polychromatic vertex 2-coloring of H and hence also of G.

By these arguments 2 < p(G) < 3 for every triangulation G. The following simple charac-
terization of triangulations G with p(G) = 3 is an immediate consequence of an old result of

Heawood.

Theorem 1. Let G be a triangulation. The following two statements are equivalent:
(i) p(G) = 3, and

(i) G is Eulerian, i.e., every vertex degree in G is even.

Our main result bounds the minimum possible polychromatic number for plane graphs G with
9(G) =g.

Theorem 2. p(1) =p(2) = 1,p(3) =p(4) =2 and for g > 5,

{394_5J < plg) < fg:lJ .

This settles a question raised in [9]. Note that the set { F’gfzw e F’gfj’lJ } contains two or

three integers. On the other hand the exact determination of p(G) is in general hard.

Theorem 3. For a plane graph G it is N'P-complete to decide whether p(G) > 3. This holds
even for graphs with faces of length 3 or 4 only.

Hence we do not expect a nice characterization of plane polychromatically 3-colorable graphs,

like the one for triangulations given in Theorem 1.

1.1 Related work

In a polychromatic coloring of a graph G the vertices of each color-class hit every face of G.

This property can be used for the so called vertex-guard problem. A vertex-guard is located at a



vertex of the plane graph G and it guards all incident faces (for our purposes it can also guard
the unbounded face if it lies on its boundary). A set of vertex-guards guards a given plane graph
if all faces are guarded by at least one guard. What is the minimum number of guards needed?
In [4] it is shown that one can guard any plane graph on n vertices with no faces of length 1 or 2
by [§] many guards. This clearly follows from the fact that p(G) > 2 for any such graph. They
also construct graphs on n vertices for which [ %] many guards are necessary. Similarly, a simple

consequence of Theorem 2 is the following:

an
39—8

Corollary 4. Every plane graph G with g(G) = g can be guarded with at most L(39—n5)/4J <

many guards.

Proof. By Theorem 2, G admits a polychromatic L%J—coloring. Set guards on the vertices of the

smallest color class which is of size at most 755+ < n_ Because the coloring is polychromatic

— 3g—8
each face is incident to at least one guard and the statement follows. O

Hoffmann and Kriegel [8] proved that the polychromatic number of any plane, bipartite, 2-
connected simple graph is at least 3. Horev and Krakovski [9] showed that any connected plane
multigraph G with ¢(G) > 3 and maximum degree at most 3, which is not Ky, can be colored
with 3 colors such that every bounded face of GG is polychromatic.

Dinitz et al. [5] consider graphs that they call rectangular partition graphs, and show that for
every such graph there is a vertex 3-coloring in which all bounded faces are polychromatic. On
the other hand every rectangular partition G contains a 4-face, hence p(G) < 4.

Two variants of polychromatic colorings for the n-dimensional hypercube @, are considered
by Alon et al. [2]. They observe that the vertices of @), can be colored by d + 1 colors so that
every d-dimensional subcube Qg of @, is polychromatic, that is, Q4 contains a vertex of each
color. Indeed, color each vertex in level ¢ of @, with color i mod (d + 1). Moreover this coloring
with d + 1 many colors is best possible for all d and n sufficiently large as shown in [2]. A similar
problem is considered for edges as well. It is shown that there is an edge-coloring of @,, with
L%J many colors such that every d-dimensional subcube is polychromatic, that is, contains

an edge of each color. This is tight as shown by Offner [13].

1.2 Notation

We distinguish between (simple) graphs and multigraphs, the former having at most one edge
between the same pair of vertices, whereas the latter possibly have more edges between a single
pair of vertices. A loop of a graph is an edge with the same two endpoints. The induced subgraph
of G = (V,FE) on a set U of vertices is denoted by G[U].

The neighborhood of a vertex v in the graph G is denoted by I'¢(v) and the vertex degree of
v is dg(v) = [Tg(v)]. When the graph G is clear from the context, we sometimes denote dg(v)
by d(v). The minimum degree of a vertex in G is denoted by §(G), and the maximum degree

by A(G). For a directed graph G, the in- and out-neighborhood of a vertex v are denoted by



I';(v) and I'5(v), respectively. Similarly we define the in- and out-degree, dg(v) = [I'5(v)| and
df5(v) = T4 (v)|, respectively.

2 Simple cases

Lemma 5 (Heawood 1898 [7, 14]). The vertices of a triangulation G are properly 3-colorable if
and only if G is Eulerian.

Lemma 6. Let G be a triangulation. Then the following are equivalent
(1) G is polychromatically 3-colorable.
(13) G is properly 3-colorable.

Proof. A triangle is properly 3-colored if and only if its three vertices have the three different
colors. Also, a triangle is polychromatically 3-colored if and only if its three vertices have the

three different colors. Thus these two notions are equivalent for triangulations. O
These two lemmas together prove Theorem 1. Furthermore we have
Proposition 7. Every outerplanar graph G with g(G) > 3 is polychromatically 3-colorable.

Proof. Triangulate all bounded faces of G to get a new outerplanar graph G’. It is easy and well
known that every outerplanar graph is 3-colorable (see, for example, [16], page 283). In a proper
3-coloring of G’ every triangular face is polychromatic. The outerface is clearly polychromatic as
well, since all vertices lie on its boundary. Therefore, this is also a polychromatic coloring of G
with 3 colors. O

3 The proof of Theorem 2

In this section we prove Theorem 2. In the course of the proof, vertices are made responsible for
certain faces by assigning them to these faces. This is done in the first subsection. Using such
an assignment we can relate our problem to the existence of certain edge-colorings. In the second
subsection we establish the required results for these edge-colorings. We prove the lower and the

upper bound of the theorem in the last two subsections.

3.1 Assigning vertices to faces

Lemma 8. Let G be a plane graph, let ) # F' C F(G),0 # V' C V(G) and let i(F', V') denote
the number of incidences between F' and V'. Then i(F', V') < 2|F'| +2|V'| — 3.

Proof. Define the incidence graph H of V! C V(G) and F' C F(G) by V(H) = F' UV’ and
fve E(H) forve V', f € F'if and only if v is contained in the boundary of f in G. It is easy to

see that H is planar, simple and bipartite. From Euler’s Formula and the fact that H is simple and



triangle-free it follows that H contains at most 2V (H) — 4 many edges, provided that H contains
at least three vertices. In this case we conclude that «(V', F') = |E(H)| < 2(|V'| 4+ |F’|) — 4. On
the other hand if |V (H)| = 2 and H contains one edge, then i(V', F') = 2(|V'|+|F'|) -3 =1. O

The following result is well known (see, for example, [10], Theorem 2.4.2). For completeness,

we include a short proof.

Lemma 9. Let A € {0,1}™*" be a matriz, A = (aij)ic(,...m},je{l,..n}- Lhe following two
statements are equivalent.
(i) There is a matriz C € {0,1}™*", C' < A (that is ¢; ; < a;; for all i € {1,...,m} and all
j €{1,...,n}) such that every row in C contains at least q 1’s and every column in C
contains at most r 1’s.
(i) For every M C {1,...,m} and every N C {1,...,n}, > icnrieqr, np\N %y = qIM[—=7[N].

Proof. Define a network with vertices s,t,71,...,7mm,c1,...,c, as follows. Connect the source s
with all vertices r; with edges having capacity ¢, connect r; with ¢; with edges having capacity
a;j, and connect all ¢; to the sink ¢ with edges having capacity r. If condition (¢) holds, then
we can also assume that there exists such a matrix C' where in every row there are exactly ¢
1’s. Thus there exists a flow of value mgq if and only if (i) holds. It is easy to show that all cuts
have size at least ¢gm if and only if condition (i7) holds. This implies the statement by using the
MaxFlow-MinCut Theorem. U

Corollary 10. Let G be a plane graph with g(G) = g. For each face f € F(G) we can assign

g — 2 vertices that lie on its boundary such that no vertex is assigned to more than two faces.

Proof. Let A = (as,)rervev € {0, 1}V be the face-vertex incidence matrix of G. That is
ar, = 1 if and only if vertex v is contained in face f. We want to show that there is a matrix
C € {0, 1}|F‘X|V‘ such that C' < A, in every row of C there are at least g — 2 1’s, and in every
column of C' there are at most two 1’s.

By Lemma 9 with ¢ = g — 2 and r = 2 it is enough to show that for every F/ C F,V' C V,
D fer wev\vr Ofw = (9 = 2)|F'| = 2|V7].

Henceforth we obtain

Do e = D G Y g

fEF veV\V’ feF veV feF veV’
> g‘F/‘_ Z afw
feFr veV’
> glF'| = 2|F'| = 2|V'],

where the last inequality follows from Lemma 8 in case both V’ and F’ are nonempty, and is

trivial if at least one of them is empty. O



3.2 Polychromatic edge-colorings

Similar to the case of vertex-colorings, we define a polychromatic edge k-coloring x : E(G) —
{1,...,k} of G. A vertex v € V(QG) is called polychromatic if all k-colors appear on the edges

incident to v. An edge-coloring of G is polychromatic if every vertex v € V(G) is polychromatic.

Proposition 11. For every integer d > 0 and every loopless multigraph G with minimum degree

at least d there is a polychromatic edge-coloring of G with p = L#J colors.

Before we prove Proposition 11 we state three useful lemmas. For completeness, we include

their short proofs.

Lemma 12 ([6, 1]). It is possible to color the edges of any loopless bipartite multigraph G by r
colors {1,...,r}, such that for every vertex v of G, the number of edges of each color incident
with v are nearly equal. That is for every i € {1,...,r}, the number of edges of color i incident
with v is either |d(v)/r] or [d(v)/r].

Proof. First split vertices of G, if needed, to make its maximum degree at most r. This is done
as follows. As long as there is a vertex v of G of degree d > r, modify it using the following
procedure. Define k = [d/r] and replace v by k new vertices vy, va, ..., vk, called its descendants.
Let vuy,vus,...vug be an arbitrary enumeration of all edges of G incident with v. For each
1,1 <1 < k, let the edges incident with the new vertex v; be the edges v;u; for all j satisfying
(1 —1)r < j <min(d,dr). This process terminates with a bipartite graph in which all degrees are
at most r. By Konig’s Theorem (cf., e.g., [16]) the edges of this graph can be properly colored
by the r colors {1,...,r}. By collapsing all descendants of each vertex v back, keeping the colors
of the edges, we obtain a coloring f : E(G) — {1,...,r} of the edges of the original graph G by

r colors satisfying the assertion of the claim. O
The following two lemmas are well known.

Lemma 13. Every loopless multigraph G' contains a spanning bipartite graph B C G with dg(v) >
{dGT(U)—‘ for every v € V(G).

Proof. Let B be a maximum edge-cut in G with respect to the number of edges. Assume that
there is a vertex v € V(G) with dp(v) < {dGT(U)W If we then swap v to the other bipartite set,

this would yield another edge-cut with more edges, contradicting the maximality. O

Lemma 14. Every loopless multigraph G has an orientation of its edges such that d*(v) > V(;)J

for allv € V(G).

Proof. We may assume that G is connected. If all degrees in G are even we simply orient it along
an Eulerian cycle. Otherwise, define a new graph G’ which consists of all vertices of G and a new

vertex x and connect all odd degree vertices of G to z. Then all vertices in G’ have even degrees



and therefore there is an Eulerian cycle in G’. Orient the edges along such an Eulerian cycle
and delete the vertex x. Every vertex v € V(G) with even degree has then exactly d(v)/2 many
outgoing edges. Each vertex v € V(G) with odd degree has either (d(v) 4+ 1)/2 or (d(v) —1)/2

many outgoing edges. ]

Proof of Proposition 11. By Lemma 13 there is a spanning bipartite subgraph H of G satisfying
6(H) > [4]. Let Ay and Ay denote its vertex classes.

Applying Lemma 12 to H with r = p = L%jlj results in an edge coloring x with the following
two properties.

(1) Every vertex v with dg(v) > p is polychromatic. Indeed v is incident with at least
|d(v)/p] > 1 many edges of each of the p colors.

(77) For every vertex u with dy(u) < p each color appears at most once on edges incident to
u since [dg(u)/p] = 1. In other words all edges incident with u have distinct colors.

Extend the edge-coloring x to G as follows: orient the edges of both G[A;] and G[A3] according
to Lemma 14. Hence dg[Ai](U) > L%H(U)J, for i = 1,2 and all v € A; C V(G). For each vertex
v € A;, color the edges oriented from v to its outneighbors in G[A;] with the colors not appearing at

the edges of H incident to v (if there are any such colors). Thus, the edges incident with any vertex

v € V(G) are finally colored with min {dH(v) + L%H(U)J ,p} > [4] + {@J = |2 =p

distinct colors, where the inequality follows from the fact that dg(v) > {%1 This completes the
proof. O

3.3 The lower bound of Theorem 2

We now prove that p(g) > F’a—_SJ for all g > 5.

Let G = (V, E) be a plane graph with g(G) = g. By Corollary 10 we can assign to every face
of G g — 2 vertices from its boundary such that no vertex is assigned to more than two faces of G.
Define an auxiliary multigraph H, with V(H) = F(G) U {x,y}, where F(G) is the set of faces of
G and z,y are two additional vertices. For every vertex v € V(G) define an edge of H, which we
call the v-edge, as follows. If v is assigned to the two distinct faces f; and fo then the v-edge is
f1fo. If it is assigned only to one face f, the v-edge is fx, and if it is not assigned to any face, then
the v-edge is xy. In addition, add to H g — 2 parallel edges connecting x and y to ensure that all
degrees in H are at least g — 2. Thus, H is a loopless multigraph with minimum degree at least
g—2. By Proposition 11 with d = g —2 we can color the edges of H with p = LWJ = {394—_5j
colors such that every vertex f € V(H) is incident with edges of all p colors.

Define a vertex-coloring of G by coloring every vertex v € V(G) by the same color as that
of the v-edge. This clearly gives a coloring in which every face f € F(G) is polychromatic, as
needed. O



3.4 The upper bound of Theorem 2

Obviously if g(G) = 1, then G contains a loop. The plane graph G; with one single loop shows
that p(1) = 1 and Go shows that p(2) =1 as well (see Figure 1).

(a) p(G1) =1 (b) p(G2) =1
Figure 1: Graphs G; with p(G;) = 1 and ¢(G;) =i, for i = 1, 2.

For all graphs G with g(G) > 3 we have already seen in Section 1 that p(G)) > 2. A planar
embedding of K} is a non-Eulerian triangulation and has therefore g(K4) = 3 and p(K4) = 2 (this

is a trivial special case of Theorem 1).

For g = 4 we look at Figure 2(a) and (b) which shows a construction of a graph G. The graph
G equals the forcing graph where each of the six bold edges vy, vy, is replaced by one of six copies
of the base graph by identifying the vertices v; and v; with the vertices vi, and vy,. Clearly,
g(G) = 4. Tt is easy to check that the following holds.

Claim 15. In every polychromatic 3-coloring of a base graph (see Figure 2(a)) the vertices v; and

v; are colored with distinct colors.

Thus from the fact that K4, the graph underlying the forcing graph, is not properly 3-colorable,
it follows that p(G) = 2. We next show that p(g) < L%J for all g > 5. Define the graph G, as
depicted in Figure 3. For g even set k =1 = § and for g odd set k = %1 and [ = k — 1. Inside
the small triangle and outside the big triangle add a path of g — 2 new vertices as indicated by
the dashed arcs. Then g(G,4) = g. Note that the vertices of the three faces of G, that contain no
dashed arcs are {uy,us,. .., uk, wy,we, ..., Wk, v1,02...,0}, and none of these vertices lies in all

three faces. This implies the following:

Claim 16. In any polychromatic coloring of Gy, every color appears on at least two vertices in

the set {uy,ug, ..., U, W1, W, ..., Wk, V1,V2...,0}.

Using this claim we see that

3k, if g is even. % if g is even.
2p(Gy) <2k +1= =
3k —1, if gis odd. 39—2“ if g is odd.
In both cases we thus have p(Gy) < {%J. O
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(a) Base graph for g =4 (b) Forcing graph

Figure 2: Graph G with p(G) = 2 and ¢(G) = 4.

Figure 3: Graph G, with ¢(G4) = g and p(Gg4) < L%J



4 The complexity of polychromatic colorability

In this section we study the complexity of determining p(G) for a given plane graph G. Let L

denote some set of non-negative integers. We define the following two decision problems.

L-PLANE-PROPER-k-COLORABILITY:
Given: A plane graph G where the length of each of its faces is in L.
Question: Does there exist a proper k-coloring of V(G)?

L-PLANE-POLY-k-COLORABILITY:
Given: A plane graph G where the length of each of its faces is in L.
Question: Does there exist a polychromatic k-coloring of V(G)?

In case we do not impose any restriction on the lengths of the faces in G we omit the set L.

Since it can be checked in polynomial time whether a k-coloring is polychromatic, L-PLANE-
POLY-k-COLORABILITY is in N'P. Obviously a similar observation is true for proper k-coloring
as well.

Clearly every plane graph is polychromatically 1-colorable. Thus the decision problem PLANE-
POLY-1-COLORABILITY is trivial in the sense that for every plane graph the answer to the
problem is “Yes”.

In the following three subsections we investigate the complexity of polychromatic 2-colorings,
polychromatic 3-colorings and polychromatic 4-colorings, respectively. For k > 5, deciding
whether or not PLANE-POLY-k-COLORABILITY is N'P-complete remains open.

4.1 Polychromatic 2-colorability

Theorem 17. PLANE-POLY-2-COLORABILITY is in P.

Proof. (sketch) We call a CNF-formula F' planar* if its vertex-clause incidence graph H is planar.
Note that this differs from the common notion of a planar CNF-formula F”, where one assumes
that the vertex-clause incidence graph H together with a cycle ly,ls,...,l,,l; connecting the
positive literals [1,...,l, of F’ and together with edges between the corresponding positive and
negative literals is required to be planar.

A vertex-coloring of a plane graph is 2-polychromatic if no face is monochromatic. We can
associate with one color the logic predicate 'true’ and with the other color ’false’ and interpret
the vertices as variables. Then we add a clause-vertex to each face and connect it to its incident
variable-vertices. By this we get a planar®* CNF-formula (where all variables occur only as positive
ones).

Deciding whether the plane graph is 2-polychromatic is equivalent to deciding whether the
corresponding planar* CNF-formula is not-all-equal satisfiable (PLANAR*-NAE-SAT).

10



In [12] it is shown that PLANAR-NAE-3-SAT is in P by a reduction to PLANAR-MAX-CUT.
The reduction in fact holds also for PLANAR*-NAE-3-SAT. A well known reduction works to
shorten the clauses of a planar (and planar®) formula to length 3, whilst preserving not-all-equal
satisfiability and planarity. We briefly sketch this reduction which is illustrated in Figure 4. A
clause ¢ of length k > 3 is replaced by two clauses c1,cy of length 3 and k — 1, respectively. A

new variable z occurs positive in ¢; and negative in cy. Placing the new variable and clauses as

in Figure 4 preserves planarity and not-all-equal satisfiability. O
U1
Us Y2
C
v &
Uy
(a) Clause ¢ (b) Clauses ¢ and c2

Figure 4: Reducing PLANAR-NAE-SAT to PLANAR-NAE-3-SAT.

4.2 Polychromatic 3-colorability

We start with a lemma about the complexity of proper colorings.
Lemma 18. {3,4}-PLANE-PROPER-3-COLORABILITY is N'P-complete.
Proof. Tt has been shown in [15] that PLANE-PROPER-3-COLORABILITY is N'P-complete.

We construct in polynomial time from a plane graph G another plane graph G’ with faces of
length 3 and 4 only such that G is properly 3-colorable if and only if G’ is properly 3-colorable.

First we iteratively process every k-face f of G with k > 6 and subdivide f such that every
newly introduced face has length 5, as follows. Let vy, vo,...,v; be the vertices of f. We add
k — 3 copies of Py, a path of length two with vertices u,v,w to f by identifying the ith copy of u
with v; and the ith copy of w with vy, for i =4,...,k — 2 (see Figure 5(b)). After subdividing
all faces of length at least 6 every face has length 3,4 or 5. Every proper 3-coloring of the old
vertices can be extended to a proper coloring of the new graph, since the new vertices, the copies
of v, have degree 2 only.

Next we subdivide each 5-face f by the construction shown in Figure 5(a). In more detail, let
v1, V2, ..., vs be the five vertices of f. We add two copies of P, with vertices u, v, w by identifying
both copies of u with v1, the first copy of w with vg and the second copy of w with v4. Further we
connect the first copy of v with the second copy of v. Again it is easy to check that every proper
3-coloring of the 5-face has an extension to a proper 3-coloring of this subdivision.

This implies that if G is properly 3-colorable then G’ is also properly 3-colorable. Since
G C @, the other direction is trivial. O

11



U1

Vs V2

V4 U3 V—2 U5

(a) b-face (b) k-face, k> 6

Figure 5: Fill graphs for k-faces, k > 5.

Let us now prove Theorem 3, that is, show that {3,4}-PLANE-POLY-3-COLORABILITY is
NP-complete.

Proof of Theorem 3. We present a reduction from {3,4}-PLANE-PROPER-3-COLORABILITY
discussed above to {3,4}-PLANE-POLY-3-COLORABILITY. Let G be a plane graph with faces
of length 3 and 4 only. We construct in polynomial time a plane graph G’ with faces of length 3
and 4 only such that G is properly 3-colorable if and only if G’ is polychromatic 3-colorable.

In a first step we “fill” every 4-face of G by substituting it with a copy of the graph in
Figure 6(a). Let f be a 4-face of G containing the four consecutive vertices vy, ve,vs,v4. We
identify v; with the copy of the vertex u; for i € {1,...,4}. We show that the resulting subgraph
is polychromatically 3-colorable if f is properly 3-colorable. For this, we fix a proper 3-coloring
x of f. Suppose first that all three colors appear on the vertices of f. Without loss of generality
we can assume that x(v1) = 1, x(v2) = 2, x(v3) = 3 and x(v4) = 2. Then, for instance, coloring
the copies of wy by 3, we by 2, ws by 1 and wy by 2 extends x to a 3-coloring of the new vertices
in f such that each of the five new faces inside f is polychromatic. Suppose now that only two
distinct colors appear on the vertices of f, say x(v1) = x(v3) = 1 and x(v2) = x(v4) = 2. We can
extend y to a polychromatic 3-coloring including the new vertices in f as follows. Color wy by 3,
wy by 2, wg by 3 and wy by 1. Again the five new faces inside f are polychromatic.

In a second step we construct G’ by substituting every edge uv that was already present in
G with a copy of the base graph from Figure 6(b). For this, we identify the copy of vertex v;
with « and the copy of vertex v; with v. It is easy to see that similarly to Claim 15 in every
polychromatic 3-coloring of G’ the vertices v; and v; are colored with distinct colors. So G’ can
only be polychromatically 3-colorable if G is properly 3-colorable. Furthermore, G’ contains only
faces of length 3 and 4. This concludes the proof.

O

Similarly one can show the hardness of determining the (poly-)chromatic number for graphs

G with larger faces. We omit the detailed proofs here.
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G

up =01 U2 = v2

Ug = V4 uz = v3 Vj

(a) Fill gadget for 4-faces (b) Base graph

Figure 6: Gadgets for the reduction

Proposition 19. L-PLANE-PROPER-3-COLORABILITY is N'P-complete for
(i) L =1{3,s},s >4;
(ii)) L ={4,t},t > 5 odd; or
(i) L = {t},t > 5 odd.

Proposition 20. L-PLANE-POLY-3-COLORABILITY is N'P-complete for
(i) L ={3,s},s >4; or
(ii) L = {4,t},t > 5 odd.

Recall that 2 < p(5) < 4 and p(6) > 3 by Theorem 2. Hence it may be that p(5) > 3, that is,
every plane graph G with g(G) > 5 is polychromatically 3-colorable. Nevertheless we can show

the following conditional hardness result.

Proposition 21. {5,6,7,...}-PLANE-POLY-3-COLORABILITY is N'P-complete provided that
p(5) = 2.

Proof. (sketch) The proof proceeds along the same lines as the proof for Theorem 3. This time
we reduce from {5}-PLANE-PROPER-3-COLORABILITY, see Proposition 19.

Now we construct a base graph H with g(H) > 5 that is polychromatically 3-colorable.
Moreover H has exactly two outer vertices u and x and these are colored with two distinct colors
in every polychromatic 3-coloring of H. In the reduction every original edge of G is substituted
by a copy of H. For constructing H we use the assumption p(5) = 2.

Assume that there are graphs with smallest face length 5 and having no polychromatic 3-
coloring, that is p(5) = 2. Fix such a graph G which is minimal with respect to the number of
edges. Deleting any edge ¢’ from G that is incident to two distinct faces of G results in a graph
G — ¢ with p(G —¢€') > 3 and g(G —€') > 5.

Let e = zy € E(G) be an edge which lies on the boundary of the outer face f; and is incident

to another face fo of G. Such an edge e has to exist, otherwise G contains only one single face (G
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forms a tree), and thus p(G) = |V(G)|. Note here that e might form a loop and in that case x = y.
As shown, GG — e is polychromatically 3-colorable. Denote by V; the set of vertices contained in
fi, for ¢ € {1,2} and define x(V;) to be the set of colors appearing on V;, x(V;) = {x(v) | v € V;}.

For each polychromatic 3-coloring x of G —e the vertices of at least one of the two sets V; or Va
are colored with less than 3 distinct colors, that is |x (V1) N x(V2)| < 3. Indeed, otherwise y is also
a polychromatic 3-coloring of G. On the other hand |x (V1) N x(V2)| > 1, since Vi NV, = {z,y}.

We distinguish two types of polychromatic 3-colorings x of G — e:

type I x(V1) N x(V2) contains two distinct colors.

type IT. x(V1) N x(V2) contains only one color.
If there exists a polychromatic 3-coloring of G — e of type I then we add one new vertex u to G—e
and connect it to x and y (see Figure 7(a)). Otherwise, if every polychromatic 3-coloring of G — e
is of type II, we add two new vertices u, v and connect the vertices x, u, v,y with a path of length
three such that = and y are its endpoints and u and v are its inner vertices (see Figure 7(b)).
Clearly the newly constructed graph H is polychromatically 3-colorable. In each polychromatic
3-coloring of H, u (and possibly v) is colored with a color not appearing on any other vertex of
either V7 or V5. Hence the color of 2 and u have to be distinct. In a last step we add a second
edge to the vertex-pair x and u in H, such that the face formed by the two edges with endpoints
x and u contains all other vertices of the new graph H. We again call H a base graph, see for

instance Subsection 3.4.

u u v

(a) type I (b) type II

Figure 7: Construction of the base graph H.

O

Let us note that the method for constructing the base graph in the above proof can be used

to obtain base graphs for the case p(G) = 3 and g(G) < 5 as well.

4.3 Polychromatic 4-colorability

Theorem 22. {4}-PLANE-POLY-4-COLORABILITY is N'P-complete.

14



Proof. We reduce from PLANE-PROPER-3-COLORABILITY.

Let G be a plane graph. On each edge uv € E(G) we add a new vertex x,, and replace the
edge uv by a path of length two with vertices u, Zy,,v. For each face f € F(G) we add a vertex
vy, place it into the interior of f, and connect v; with all vertices of G contained in f. This yields
a new plane graph G’ with |V(G')| = |V(G)| + |E(G) + |F(G)| and all faces having length exactly
4. See Figure 8 for an example.

We claim that G is properly 3-colorable if and only if G’ is polychromatically 4-colorable.

(a) original graph G (b) new graph G’
Figure 8: Example of the construction of the graph G’.

If G is properly 3-colorable with colors 1,2 and 3, then we extend this coloring x in G’ such
that each vertex vy corresponding to a face f in G gets color 4 and the vertex x,, with neighbors
u and v gets the color {1,2,3} \ {x(u),x(v)}. In this way each face of G’ is polychromatic and
therefore the whole coloring x is polychromatic.

Now let us fix a polychromatic 4-coloring x’ of G’. Let vy be any vertex of G’ corresponding
to a face f of G. Without loss of generality suppose that v; has color 4. Then for each edge
wv € E(G) which is incident to f the vertices u, zy,,v € V(G’) have to get the colors 1,2 or 3.
Henceforth for every face g of G that is incident to f, the vertex v, gets color 4 as well. We can
assume that G is connected and thus also G* (the dual graph of G) is connected. As a consequence
the color 4 “propagates” from face to face and x'(vy) = 4 for every face f’ of G'. Also color 4
appears at no other vertex of G’. Now the coloring restricted to the vertices in G has to be proper
because every 4-face f with vertices u, ., v, vy of G’ can only be polychromatic if all of its four

vertices are colored with distinct colors, and in particular v and v get distinct colors. O

5 Concluding remarks and open problems

One can consider polychromatic edge-colorings of plane graphs, rather than polychromatic vertex-
colorings. Here the situation is simpler, and a direct application of Proposition 11 to the dual of a
given plane graph in which every face contains at least g edges implies that the edges of any such
plane graph can be colored by L?’gfjlj colors so that every color appears in every face. This is

tight, as shown by the plane graph consisting of two vertices with three internally vertex disjoint
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paths Pj, Py, P3 between them, with Py, P, of length [¢g/2] and Ps of length |g/2].

The assertion of the main combinatorial result can be (slightly) strengthened; it actualy implies
that the vertices of any plane graph G (with no assumption on g(G)) can be colored by {%j
colors, so that every face of length at least g contains vertices of all colors. This follows, for
example, by applying Theorem 2 to the graph G’ obtained from G as follows: for every face f of
G of length smaller than g, add a path containing, say, g internal vertices between an arbitrarily
chosen pair of vertices of f, where this path lies inside the face (and hence replaces it by two faces

of length at least g each).

The proof of Theorem 2 can be easily extended to colorings of graphs embedded on surfaces of
higher genus. In fact, one can consider polychromatic colorings of general hypergraphs. Call a
vertex-coloring of a hypergraph H = (V, E) polychromatic if all colors appear in every hyperedge.
The polychromatic number of H is the maximum k such that there is a polychromatic vertex-
coloring of H with k colors. A close look at the proof of Theorem 2 shows that it actually gives

the following.

Theorem 23. For every constant ¢ there is a constant b(c) so that the following holds: Let
H = (V,E) be a hypergraph in which the number of incidences between any set V' C V and
E' C E is at most 2(|V'| + |E'|) + ¢. Suppose, further, that each hyperedge of H is of cardinality
at least g. Then, the polychromatic number of H is at least %g —b(c).

Indeed, the assumption about the incidences replaces the assertion of Lemma 8, and the rest
of the proof is essentially identical to that of Theorem 2.

If G is a graph embedded on a surface of Euler characteristic x, then the argument in the
proof of Lemma 8 and Euler’s formula for the corresponding surface imply that the number of
incidences between any set V' of vertices of G and any set of faces of it F', with |F'| > 2 is at
most 2(|V'| + |F'| — x) (it is |[V'| if |[F'| = 1, and 0 if F' = (). We can thus apply the theorem
above to the hypergraph whose vertices are the vertices of G and whose edges are the sets of
vertices of the faces of GG, and conclude that if every face has at least g vertices then there is a

vertex coloring with % g — b(x) colors so that every color appears in every face.
We close with a few open problems.

Open Problem 1. Determine p(g) exactly for every positive integer g. The first open case is
g =5 where we know that 2 < p(5) < 4.

Open Problem 2. Is the problem PLANE-POLY-k-COLORABILITY NP-complete, for every
fized k > 57

16



Acknowledgement

We are indebted to Andreas Razen who posed the problem considered here (which is also men-
tioned in [9]) at the Gremo Workshop on Open Problems (GWOP) 2007. We thank Emo Welzl,
Michael Hoffmann and Eva Schuberth for organizing GWOP and all other participants for stim-

ulating discussions and the fun working environment.

For helpful comments we thank Elad Horev, Roi Krakovski and Shakhar Smorodinsky.

References

1]
2]

3]

[4]

[5]

[12]

[13]

N. Alon. Problems and results in extremal combinatorics, ii. Discrete Math., to appear.

N. Alon, A. Krech, and T. Szabé. Turan’s theorem in the hypercube. SIAM Journal on
Discrete Mathematics, 21:66-72, 2007.

P. Bose, D. Kirkpatrick, and Z. Li. Worst-case-optimal algorithms for guarding planar graphs
and polyhedral surfaces. Comput. Geom. Theory Appl., 26(3):209-219, 2003.

P. Bose, T. Shermer, G. Toussaint, and B. Zhu. Guarding polyhedral terrains. Comput.
Geom. Theory Appl., 7(3):173-185, 1997.

Y. Dinitz, M. J. Katz, and R. Krakovski. Guarding rectangular parititons. In Proc. 23rd
FEuropean Workshop Comput. Geom., 2007.

S. Louis Hakimi and O. Kariv. Generalization of edge-coloring in graphs. Journal of Graph
Theory, 10:139-154, 1986.

P. J. Heawood. On the four-color map theorem. Quart. J. Pure Math, 29:270-285, 1898.

F. Hoffmann and K. Kriegel. A graph-coloring result and its consequences for polygon-
guarding problems. SIAM J. Discrete Math., 9:210-224, 1996.

E. Horev and R. Krakovski. Face-respecting colorings of bounded degree plane graphs.
Manuscrip, 2007.

L. Lovész and M. D. Plummer. Matching Theory. North-Holland Publishing Co., Amsterdam,
1986.

B. Mohar and R. Skrekovski. The grotzsch theorem for the hypergraph of maximal cliques.
Electr. J. Comb., 6, 1999.

B. M. E. Moret. Planar NAE3SAT is in P. SIGACT News, 19(2):51-54, 1988.

D. Offner. Polychromatic colorings of subcubes of the hypercube. submitted, 2007.

17



[14] R. Steinberg. The state of the three color problem. Ann. Discrete Math., 55:211-248, 1993.

[15] L. Stockmeyer. Planar 3-colorability is polynomial complete. SIGACT News, 5(3):19-25,
1973.

[16] D. B. West. Introduction to Graph Theory. Prentice Hall Inc., Upper Saddle River, NJ, 1996.

18



