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Abstract

Multiplex Polymerase Chain Reaction (PCR) is an extension of the standard PCR
protocol in which primers for multiple DNA loci are pooled together within a single
reaction tube, enabling simultaneous sequence amplification, thus reducing costs and
saving time. Potential cost saving and throughput improvements directly depend on
the level of multiplexing achieved. Designing reliable and highly multiplexed assays is
challenging because primers that are pooled together in a single reaction tube may cross-
hybridize, though this can be addressed either by modifying the choice of primers for one
or more amplicons, or by altering the way in which DNA loci are partitioned into separate
reaction tubes. In this paper, we introduce a new graph formalism called a multi-
node graph, and describe its application to the analysis of multiplex PCR scalability.

We show, using random multi-node graphs that the scalability of multiplex PCR is
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constrained by a phase transition, suggesting fundamental limits on efforts to improve
the cost-effectiveness and throughput of standard multiplex PCR assays. In particular,
we show that when the multiplexing level of the reaction tubes is roughly ©(log(sn))
(where s is the number of primer pair candidates per locus and 7 is the number of
loci to be amplified), then with very high probability we can ’cover’ all loci with a
valid assignment to one of the tubes in the assay. However, when the multiplexing
level of the tube exceeds these bounds, there is no possible cover and moreover the size
of the cover drops dramatically. Simulations using a simple greedy algorithm on real
DNA data also confirm the presence of this phase transition. Our theoretical results
suggest, however, that the resulting phase transition is a fundamental characteristic
of the problem, implying intrinsic limits on the development of future assay design

algorithms.

1 Introduction

The polymerase chain reaction (PCR) [1, 2] is a fundamental laboratory technique that has
played a significant role in the growth of the biotechnology industry over the past 25 years.
It is a crucial step in a vast array of forensic and genomic applications [3, 4]. Multiplex PCR
(Figure 1) is an important variant of the standard PCR protocol in which multiple DNA
loci are amplified in parallel within a single reaction tube [5]. Multiplex PCR has many
applications including forensic analysis and paternity testing [2], whole-genome sequencing
[3], broad-spectrum pathogen identification, and high-throughput pharmacogenomic studies
that aim to elucidate the connection between genetic variability, drug response, and disease
susceptibility [4].

In the standard (single-amplicon or single-plex) PCR protocol, two short oligonucleotide

primers (typically 15-25 bases long) hybridize to opposite strands of a strand-separated (de-



natured) DNA molecule. A forward primer hybridizes to one strand at one end of the target
locus while a reverse primer hybridizes to the opposite strand. In the presence of a DNA
polymerase, bounded primers are extended one base at a time in opposite directions resulting
in a double-stranded clone of the original DNA molecule across a finite range bounded by the
hybridization locations of the original primers. The standard PCR protocol involves repeated
cycles of DNA strand separation, primer hybridization, and primer extension, with each cycle
yielding roughly double of the number of DNA sub-sequences, and resulting in millions of
identical copies of a targeted sub-sequence of the original DNA molecule sufficient to enable
down-stream biochemical analysis.

Parallel amplification of multiple DNA loci using multiplex PCR offers greater throughput
and is more cost-efficient (due to the lower cost of reagents) but imposes additional constraints
in order for the reaction to work reliably [5]. One of the most important factors affecting the
reliability of a multiplex PCR assay is the tendency of individual primer pairs within a single
reaction tube to cross-hybridize and form primer dimers rather than binding to their intended
DNA target. The formation of primer dimers can significantly reduce product yield for one or
more of the target amplicons. Thus, primer selection must carefully consider pairwise primer
compatibility, a problem that increases quadratically with the level of multiplexing desired.

While multiplex PCR, protocols have been widely used in large genome centers, industry,
and small labs for a number of applications, no bounds were generally known on the expected
coverage one can achieve with a given level of multiplexing. In order to investigate such
limits, we introduce a novel graph theoretical construct called a multi-node graph. Each node
in a multi-node graph is associated with a set of representatives and edges connecting two
multi-nodes are either active or inactive depending on the representative currently assigned
to each incident multi-node. Multi-node graphs are a natural model for the multiplex PCR

assay design problem, where the multi-nodes correspond to DNA loci to be amplified, node



representatives correspond to candidate forward/reverse primer pairs for each locus, each of
which is valid for amplifying the specific DNA locus, and edges connect pairs of nodes whose
chosen primers are mutually pairwise compatible according to some set of cross-alignment
screening procedures. By 'mutually compatible’ we mean that they will not cross-hybridize if
placed in the same reaction tube.

The problem of selecting primers and assigning them to a set of multiplex reaction tubes
is shown to be equivalent to finding a disjoint clique cover in a multi-node graph. In the next
section we explain some of the issues involved in the selection of primers for single-plex and
multiplex PCR. We then formally define our notion of a multi-node graph and explain its
correspondence to the problem of designing multiplex PCR assays. In subsequent sections
we show that a theoretical analysis on random multi-node graphs implies intrinsic limits on
the level of multiplexing that can be achieved and then show that such limits are consistent
with simulations using a simple greedy heuristic on human DNA sequences. We also present
an efficient multi-stage matching algorithm that identifies a multi-node graph clique cover

(corresponding directly to a multiplex PCR assay design) in a random multi-node graph.

2 Selecting compatible primers for multiplex PCR

The central problem of multiplex PCR is the identification of pairwise compatible primers.
Primer selection criteria for single-plex reactions typically consider primer length, melting
temperature, GC content, and whether or not individual primers will form hairpin loops or
homodimers. For multiplex PCR. design, local sequence alignment (Smith-Waterman), or
more advanced AG-based techniques are effective at filtering out candidates that are likely
to cross-hybridize, but these methods are not 100% accurate. Some typical primer-selection
criteria are provided in Table 1 in the Appendix. Other primer design tools such as Primer3

[6] offer an even greater range of user-specified criteria for identifying, ranking, and selecting
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forward and reverse primers for each DNA locus to be amplified. The specific design criteria
used in this paper are given in Table 1 in the Appendix.

To improve experimental robustness, primer selection criteria can be made increasingly
stringent, though doing so may severely limit the number of primer candidates one can identify,
and thus undermine any attempt to discover a valid multiplex PCR assay. By contrast, loose
selection criteria may make it easier to find a highly-multiplexed assay design, though the
design may not be robust, and fail experimentally under laboratory conditions.

In general, primer selection stringency determines the probability that two random pairs
of primers for distinct DNA loci will be deemed to be mutually compatible, and we find that
this probability, in turn, impacts the overall scalability of multiplex PCR. We have estimated
this probability for both randomly generated and real DNA sequences. We find that two in-
dividual primers have about a 10-20% chance of being incompatible using standard alignment
test thresholds. In order for two pairs of DNA loci to be amplified in the same tube, both
the forward and reverse primers for each loci must be pairwise compatible. In other words,
for loci A and B with corresponding forward/reverse primer pairs (Ajforward, Areverse) and
(B forwards Breverse) respectively, we must explicitly verify compatibility between four primer
pairs: (Aforwards Bforward)s (Aforward, Breverse)s (Areverses Bforward), and (Areverses Breverse), it
being assumed that the two additional pairwise combinations (A forward, Areverse) and (B forward, Breverse)
were already pre-screened as part of the process of identifying viable primer pair candidates
for each individual locus. This result implies that if we randomly choose a particular for-
ward /reverse primer pair for each DNA locus to be amplified, the probability that the two
loci are multiplex compatible is approximately 0.40 to 0.60, a result we have confirmed on
simulations using real DNA data for human SNP loci. However, the actual compatibility
probability ultimately depends on various alignment threshold parameters used to identify

putative primer-pair cross-interactions, and may be higher or lower depending upon the de-



sign requirements of a particular assay. This measure of compatibility defines the probability
that two DNA loci can be successfully amplified together under laboratory conditions in a sin-
gle reaction tube while avoiding the formation of primer-dimers that would otherwise interfere
with the amplification process. Of course, the designer of a multiplex assay is free to choose a
different primer pair for one or more loci, thus affecting which loci can be amplified together.
The objective of multiplex PCR assay design thus involves the dual problem of selecting
primers for each locus, and then partitioning the loci into disjoint multiplex-compatible sets,
where the validity of a given partitioning scheme is directly impacted by the specific primers
chosen for each target locus. The problem is naturally represented using a multi-node graph

formalism that we now describe.

3 Multi-node graphs

Network and graph representations have been used with considerable success in computational
biology as a mathematical foundation for wide-ranging of optimization problems [7, 8, 9, 10]
including the analysis of multiplex PCR [11, 12, 13, 14]. The application addressed by this
paper is concerned with multiplexing of PCR, the simultaneous amplification of multiple DNA
loci from a single DNA sample. Multiplex PCR is a precursor to downstream biochemical
analysis and readout. In SNP genotyping applications, the readout or ’'calling’ of SNPs is a
separate multiplexing problem whose design parameters are impacted by the specific technol-
ogy employed, and has been previously studied [15, 16].

In order to model the multiplex PCR problem we use a new framework of multi-node
graphs. Each pair of PCR forward/reverse primers that can be used to amplify a DNA region
is associated with a node in the graph. The entire set of forward/reverse candidate primers
for a single specific DNA region is therefore represented by a set of nodes, called a multi-

node. Thus each multi-node is uniquely associated with a particular DNA region (or SNP in



a genotyping assay). There are no internal edges among nodes in a multi-node. Two nodes
are connected with an edge if the corresponding forward/reverse primer pairs associated with
these nodes are mutually compatible. "Mutually compatible’ means that the primer pairs are
unlikely to form primer-dimers due to their inherent sequence characteristics, thus enabling
their corresponding loci to be amplified simultaneously as part of a single PCR reaction. Each
tube in an assay will correspond to a set of nodes chosen from a graph, at most one node per
multi-node (DNA region). Clearly, in order for the multiplex reaction to be effective all the
nodes chosen to be included in a single tube must be mutually compatible i.e., form a clique
in the graph. Thus, in order to amplify all regions, we have to choose one node from each
multi-node, and cover the induced subgraph by cliques. Definition 3.1 below formalizes the

concept of multi-node graphs.

Definition 3.1 A multi-node graph is a graph G = (V, E) with a partition of V into disjoint
sets Vi, ...,V called multi-nodes. FEach multi-node is an independent set in G. An assignment
A of representatives to multi-nodes is a function A : {Vi,...,Va} = V such that for all i,

A(V;) € V;. Let G4 denote the subgraph of G induced by {A(Vi) |1 <i < n}.

In problems related to multi-node graphs we are interested in subgraphs G4 that satisfy
prescribed properties such as whether they contain cliques, independent sets, or other con-
nectivity and topological characteristics. In Section 4 we study the clique cover problem for
multi-node graphs.

An example multi-node graph having four multi-nodes is shown in Figure 2 along with
three unique sub-graphs induced by a specific choice of representatives for each multi-node.
Note that multi-nodes can contain varying numbers of representatives and that there is a
many-to-one relationship between the representative assignment and the induced sub-graph.

Multi-node graphs are reminiscent of constraint networks [17, 18|, and are closely related

to problems such as Group TSP [19] and Group Steiner tree [20]. In addition, many important
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graph problems for simple graphs have natural analogs for multi-node graphs including the
clique cover problem.

The multi-node graph version of the disjoint clique cover problem asks whether there
exists an assignment A of representatives to multi-nodes such that the resulting subgraph
G 4 can be covered by disjoint cliques of size k. The multi-node disjoint clique problem has
direct application to the problem of designing multiplex PCR assays addressed in this paper.
Specifically, we wish to identify the maximal value of k£ for which there exists with high
probability a disjoint cover of all or most of the multi-nodes using k-cliques, in a random
multi-node graph. For example, one of the subgraphs shown in Figure 2b enables the multi-
node graph to be covered with two disjoint 2-cliques: {z,y} and {u,v}. There is, however, no
possible state-assignment inducing even a single 3-clique. We show that a multi-node graph
formulation allows one to derive performance bounds that can guide the design of practical

assays.

4 Results

4.1 A phase transition in achieving high-coverage / high-multiplexing
assays

Given a multi-node graph G and an integer k, we would like to find an assignment A of
representatives to multi-nodes such that we can cover G4 (or most of it) by pairwise vertex-
disjoint cliques of size k. Our objective is to estimate the largest k£ for which such a cover
exists in the random model. This provides a maximum efficiency solution subject to defined
constraints. A solution that fully covers G 4 corresponds to an assignment of every DNA locus
(or rather their corresponding forward and reverse primers) to some reaction tube.

Let G = (V, E) be a random multi-node graph with multi-nodes V3, ...,V of size s each,



where for all pairs of vertices u,v from different multi-nodes, we put an edge (u,v) in F
independently with probability p. Let N = |V| = ns. We consider constant p and large N.

It is known (see, e.g. [21]) that the clique number of G(V, p) is almost surely (that is, with
probability that tends to 1 as n tends to infinity) (2—o(1)) log; ,, N. Hence, for k > 2log, ,, IV,
there is almost surely no clique of size k£ in the random multi-node graph G, as it is a subgraph
of the random graph G(N, p) obtained by removing the edges inside the multi-nodes.

On the other hand, we show that if £ < (1 — o(1))log;,, N and k divides n, then there
is almost surely an assignment A of representatives to multi-nodes such that the graph G4
can be covered by pairwise vertex-disjoint cliques of size k. We further show that if £ <
(2—o0(1))log;, N then there is almost surely an assignment of representatives to multi-nodes
such that 1 — o(1) of the vertices of G4 can be covered by pairwise vertex-disjoint cliques of
size k.

Thus, when the size of the tube is roughly 2log(sn) (where s is the number of primer
pair candidates per locus and n is the number of loci to be amplified), then with very high
probability we can assign each and every amplicon to some multiplex tube. This partitioning
of amplicons to tubes defines a disjoint clique cover on the corresponding multi-node graph.
However, when the size of the tube exceeds these bounds, there is no possible cover and
moreover the size of the cover drops dramatically, implying a phase transition on locus am-
plification coverage when the size of the tube is 2log(sn). In essence, designing full-coverage
multiplex PCR assays is relatively easy for multiplexing levels just below a certain threshold,
and difficult if not impossible just above that same threshold.

As described in subsection 4.2, we can confirm the presence of this phase transition using a
simple greedy first-fit heuristic on real data. However, our theoretical results suggests that the
resulting phase transition is a fundamental property of the problem itself, implying intrinsic

bounds on the development of future assay design algorithms.



Proposition 4.1 Let G = (V, E) be a random multi-node graph with multi-nodes Vi, ..., V,
of size s each, and with edge probability p. Let N = |V| = ns, and assume that k <
(1 —o(1))logy/, N and that k divides n. Then there is almost surely an assignment A of rep-
resentatives to multi-nodes such that the graph G 4 can be covered by pairwise vertex-disjoint

cliques of size k. Moreover, such an assignment can be found efficiently.

Proof: We use a similar technique to the one used in [22]. Assume n = mk. Let Iy, ..., I}
be an arbitrary partition of [n] = {1,...,n} into disjoint subsets of size m each. For an
assignment A of representatives to multi-nodes, let U; = {A(V}) | j € I;}. We would like
to find an assignment A for which the graph G4 contains m pairwise vertex-disjoint cliques
of size k each, where each clique contains one vertex from every U;. We now show that we
can almost surely find such an assignment. We construct A by choosing the sets U; one by
one, so that for all 1 < 4 < k, the subgraph induced by U; U ... U U; contains m pairwise
vertex-disjoint cliques of size ¢ each, where each clique contains one vertex from every Uj,
1 <j <14 Let Wy,...,W,, denote the vertices of these cliques during the procedure. First
choose U; arbitrarily and define W1, ..., W,, accordingly. Now suppose we have already found
sets Uy, ..., U; with the required properties. In order to choose U;,1, define a bipartite graph
H = (A,B,F), where A = {a; | j € Ii11}, B={b1,...,bn}, and (a;,b;) € F if and only if
there is a vertex u € V; such that for all w € Wj, (u,w) € E. That is, (a;,t;) € F if and only
if V; contains a vertex that can be added to W; to form a clique of size ¢ + 1. If H contains a
perfect matching M C F', then for all edges (a;, b)) € M, define A(V;) to be a vertex u € V; for
which (u,w) € FE for all w € W, and add u to W;. The set U;;; obtained by this assignment
has the required properties.

We now show that if k& < log,,, N — 3log, ,log, N, n is sufficiently large and s < nf),

N—(loga N)

then the probability that there is no perfect matching in H is at most O( 5

) in each

stage. Therefore, the probability that there is a perfect matching in each stage, and thus there
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is an assignment with the required properties, is at least 1 — O (N (082 N)),

Forall j € I;11,1 <1 <m,
Pr((aj,b) € F)=1—(1-p")°>1—(1-p")’.

Let ¢ = 1 — (1 — p*)®. The events (a;,b;) € F, for a; € A, b, € B, are independent. Thus,
the graph H in each stage is a random bipartite graph with edge probability at least ¢q. For

k <log,;, N — 3log,,log, N

¢ = 1-(1-p"
Z 1— (1 _plogl/p N—3log; /, logs N)S

_ s(logy N)3
N

> 1—e

_ (logy N)3
= 1 — € n

Hence, by the known results on the existence of a perfect matching in random bipartite graphs
(see, e.g. [23]), the probability that H contains no perfect matching is at most O(me ™).

We show that this probability is O(%W)

_ (logy N3
-me me ®1—¢ "

IN

n Lo g2 N)3
< 1me o8z N—3logylogz N (1—e "
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If n is sufficiently large and s < n®®) then

(logy N — 3log,log, N)(Inn + £ In N log, N) ST A N)(nn+3 In N logy N) S - om0

— >e n >e n
n
Therefore,
_ (ogy N)®
—mgq ~Togy N—3logz Togy N (1€ "
me < me los2 og logy
S me™ lnn—% In Nlogy N
mN~—3log N
n
N—% logy, N
k

Note that the above proof provides a polynomial time algorithm (see Figure 3) that almost

surely finds the required assignment A and a partition of G4 into cliques of size k. O

Proposition 4.2 Let G = (V, E) be a random multi-node graph with multi-nodes Vi, ...,V of
size s each, and with edge probability p. Let N = |V'| = ns and assume k < (2—o0(1))log;,, N.
Then there is almost surely an assignment A of representatives to multi-nodes such that 1—o(1)

of the vertices of G o can be covered by pairwise vertex-disjoint cliques of size k.

Proof: Let p denote the expected number of k-cliques in G. Then, y = (Z) skp(g). For all
S C Vwith |S| = kand |SNV;| < 1lforalll <i < n,let Ag be the event that S is a clique. For
S # T, the events Ag and Ar are independent unless [SNT'| > 2. Let A = Y g7 Pr(AsAAr)

where the sum is taken over all ordered pairs S,T such that 2 < [SNT| < k —1. We now

2k5
show that A < ;pm'

A = ZPT(AS/\AT)

S,T
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As shown in [21], the largest term in the above sum is the first one. Thus,

A

We next show that the probability that G contains no clique of size k is e =W Let Y be
the maximal size of a family of pairwise edge-disjoint cliques of size k£ in GG, and let IC denote
the family of all k-cliques of G. Then p = E[|K|] = (Z) skp(g). Let W denote the number
of unordered pairs {S,T'} of k-cliques in G for which 2 < |[SNT| < k. Then E[W]| = A/2.
Let C be a random subfamily of K chosen by putting each K € K into C independently

with probability ¢ = &£. Let W' denote the number of unordered pairs {S,T}, S,T € C,

IN

IN

w5 (3 F)
w2 (5) (1 20);

st =2 1 = 2k - )

) et K
u<k>sp 2ps?n?

,u2k5
2pN?

k

n)(n—2k+3)(n—2k+4)...n(k—1)k

m—k+1)(n—k+2)...n

13
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2<|SNT| < k. Then E[W'| = E[W]q¢*> = AT‘IQ. Delete from C one set from each such pair
{S, T}, and denote the resulting family by C*. Then C* is a family of pairwise edge-disjoint

cliques of size k, and

ElY]

Y

Eflctl

v

E[|Cl] - EW']
Ag?

S

12

24
2
> 2

Let Yo, Y1,...,Y,,, m = (g) s? be the edge exposure martingale on G, with the function
Y as defined above. Y satisfies the Lipschitz condition, since adding or deleting an edge can
change the number of pairwise edge-disjoint cliques by at most 1. By Azuma’s inequality, the

probability that G contains no clique of size k is

Pr(Y =0) = Pr(Y - E[Y]| < —E[Y])
_(EY]?
[ 2m
p2N4
6_2(g)szk10

IN

IN

2w
e N2g10

IN

 p2N2
e &0

N2

— ¢ Ollog;, M0

_ N2-o())
e N
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k
2

Set m = n'=°") and suppose (T]';) s*p() > 1 and & = (2 = o(1))log,/,ms = (2 —
o(1))log;/, N. For any set of m multi-nodes, the subgraph of G induced by these multi-
nodes contains a clique of size k with probability 1 — eV 2@ There are (Z) < 2™ such
sets. Hence, the probability that there is a set of m multi-nodes such that the subgraph of G
induced by these multi-nodes does not contain a clique of size k is at most 27e=""""" = o(1).
Thus we can almost surely find cliques of size & until there are less than m = o(n) multi-nodes
left. O

Note that this proof does not provide an efficient algorithm to find the desired assignment.

4.2 Confirmation of phase transition on human DNA data

In order to test whether our theoretical multiplex PCR performance predictions are consistent
with real problems, we designed assays for n = 20 to 2,500 SNPs randomly chosen from
human chromosome 21, and catalogued in the dbSNP database [6]. All chosen SNPs were
validated reference SNPs having at least 400 base pairs for high-complexity flanking sequence,
necessary for identifying a reasonable number of candidate primer pairs. For each SNP, we
generate a set of (forward, reverse) primer pair candidates using primer selection criteria
provided in Table 1, resulting in 170.9 overlapping primer pair candidates per SNP locus,
with 15.3% (386/2500) having no valid primer pairs. While our theoretical analysis assumes
a fixed number of candidate primers per locus, this is clearly not the case in practice, as
shown in Figure 4 which presents a distribution on the number of primer-pair candidates
per locus using the primer selection criteria defined in Table 1 for the n = 2,500 selected
SNPs. Our simulations show, however, that this variation in the number of primers per locus
(corresponding to a variation in the number of representatives per multi-node) does not appear
to impact the emergence of a theoretically predicted phase transition on coverage.

Multiplex PCR assays were then designed using a greedy first-fit assignment algorithm that
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proceeded as follows: SNPs are processed in random order. For each SNP locus, we attempt to
assign one of the primer pair candidates to a tube, with primers being systematically tested for
tube compatibility in random order. A primer pair is compatible with a tube if both primers
are compatible with all of the forward and reverse primers already assigned to the tube. If a
given primer-pair is found to be incompatible with all tubes, we choose a different primer pair
to test. If no primer pair is compatible with any tube, we pick a primer pair at random and
assign it to a new tube. All SNPs, except those having no valid candidate primers, are thus
assigned to some tube. Note that we have used a greedy approach rather than the matching
algorithm described in Subsection 4.1 in order to save computation time. The experimental
results suggest that the performence of this approach is similar.

Figure 5 is the result of a simulation using our greedy first fit algorithm. For varying
numbers of SNP loci, we measured, over 10 random trials, the percentage of loci covered (i.e.,
successfully assigned to a 'full’ k-plex tube) as a function of this multiplexing level, k. In each
random trial, we attempted to assign SNP loci in a different random order. While each SNP
locus had a fixed set of available primer candidates, the order in which different primer pairs
were tested for compatibility also varied randomly from one trial to the next.

Figure 5 reveals the rapid reduction in locus coverage as the target multiplexing level is
increased, consistent with our theoretical prediction of a phase transition on locus coverage. In
addition, the figure shows how the onset of the predicted phase transition is slightly deferred as
we increase substantially the number of loci to be amplified, n. In general, one expects coverage
to increase with n because of the additional partitioning flexibility obtained. Surprisingly,
however, the increases in coverage are not very substantial even with large increases in n,
although coverage increases do depend on the specific level of multiplexing involved. Thus
at the 10-plex level, a five-fold increase in the number of available loci, from n = 500 to

n = 2,500 increases coverage from about 55% to almost 80% while at the 25-plex level, very
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little impact on coverage is observed.

Further simulations suggest that the onset of an observed phase transition is critically
dependent on various primer selection and cross-alignment parameters used to predict the
potential formation of primer-dimers. One such parameter is the worst-case alignment (AG
[kCal/mol]) occurring between the 3’ tail of one primer anywhere along the sequence of an-
other. A highly stringent AG of —4.0 kCal/mol induces an early phase transition, making the
design of 20-plex assays more difficult. By contrast, a weaker stringency of —8.0 kCal/mol
readily enables the design of 40-plex assays or higher for specific applications. While looser
constraints enable one to design higher-multiplexing assays, they also introduce a greater
probability that the assay will fail to yield some target amplicons under laboratory condi-
tions. Tuning certain parameters of the actual PCR protocol (for example, modifying the
concentration of specific primers) may enable one to overcome a limited number of amplifica-
tion failures. Figure 6 suggests, however, that one cannot increase multiplexing without limit
and that one eventually encounters a phase transition for any given level of primer selection
and cross-alignment stringency. Naturally, there is a multitude of other constraints affecting
the success rate of the assay design such as product sizes and competitive amplification that
are not captured by the pairwise primer interaction model.

In general, we find that it requires an exponential number of DNA loci to be amplified
to induce linear increases in the average level of multiplexing. This result is consistent with
both our theoretical analysis and our greedy algorithm simulations, where we measured the
average level of multiplexing as a function of the number of loci to be assayed (Figure 7). The
figure provided shows average multiplexing for different multiplexing targets. For example,
with a target of 10-plex (10 amplicons generated per tube), we limit tubes to no more than
10 primer pairs, deeming the tube to be full at that point. Primers must be assigned to some

other tube, or to a new tube. The figure plots the average multiplexing level achieved for
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varying numbers of DNA loci, up to n = 2,500 and for target multiplexing levels (k = 10, 15,
and 20). We also allow for unlimited tube capacity (k = 00). A log-linear best fit reveals that
in the limit where tube size (multiplexing level) is unbounded, the average multiplexing level

increases with the log of the number of DNA loci to be amplified (R? = 0.98).

5 Discussion

In this paper we introduced a new framework of multi-node graphs as a framework for mul-
tiplex PCR assay design, providing a basis for understanding the computational limits of
multiplex scalability. We showed both theoretically and empirically that the attainable level
of multiplexing increases in proportion to the log size of the locus pool. Additional empirical
support for these bounds is described in [24, 25] where we experimented with several algo-
rithms for assay design, some of which are also the basis for a freely-accessible web-enabled
system for designing multiplex PCR assays [26] in a multi-objective decision-support context.

Beyond multiplex PCR assay design, multi-node graphs can also provide a convenient
framework to study other important problems in computational biology such as context de-
pendent biological networks and context specific biological interactions [24].

Computational biology has emerged as a rich area for new computational problems and
formalisms. Multi-node graphs are one such new formalism, providing a useful representation
for a number of problems in computational biology. Pooling experiments to increase paral-
lelism subject to interaction constraints is a prolific application area and provides a useful
way to parallelize many problems in biotechnology. Multi-node graphs have been shown as a
rigorous framework for abstracting such problems, allowing computational biologists to derive

both efficient solutions and fundamental limitations.
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Figure 1: A schematic diagram of the multiplex PCR process. (a) Multiple primer pairs, each
responsible for amplifying a single DNA locus, are pooled together in the same reaction tube.
Individual primers must be designed to ensure that the formation of primer-dimers is avoided.
(b) Forward and reverse primer pairs hybridize to a specific DNA locus following denaturation
(strand separation) of the DNA molecule. In the presence of a DNA polymerase, primers are
extended in opposite directions. (c) Reconstituted double-stranded amplicons produced in a
single reaction tube, resulting in approximately double the amount of DNA after each repeated
cycle.

22



v (O—2)

(3) (2)
7 :
35 =2
@ @
11
L1 ,\iz.

¥
X U
O

Figure 2: (a) The multi-node graph representation as a collection of independent sets. Each
multi-node contains a unique collection of node states, only one of which is active at any given
time. Multi-nodes may have varying numbers of states. The multi-node graph defines whether
an edge is active between two multi-nodes as a function of the current state assignment. (b)
The assignment of a specific state to each multi-node induces a particular graph topology,
with three specific examples presented.
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Matching Algorithm (G(V =V, U...UV,, E), k)

Partition [n] into & disjoint sets of size m =n/k : I,..., I
Let ]1 = {jl, Ce ,jm}
for : < 1 tom do

Choose A(V},) € V},

Wi« {A(V;)}

end for

for i <+ 2 to k do
B + {bl,...,bm}
F + {(aj,bl) | HUJ'J € V} Yw € W, (’U,j,l,’IU) € E}
Find a maximum matching M in H = (A, B, F)
if M is not perfect then
quit
else
for all (a;,b,) € M do
A(V5) < ujy
Wi+ WU {uj}
end for
end if
end for

return Wy,..., W,

Figure 3: The matching algorithm for finding a clique cover of a multi-node graph.

24



35%
0%
=
2 7%
i
Z 0%
o
D a
— 5%
&
10%
B9 - —
0%
Lo} [am ] D [ o = o [ ] o = =}
=] =] [ =] [ ] ] =] [} ]
- 3 oy =T sl ] — =] =] =
_ _ L] —= = [} e
= ] o™ = s} (7= [ =3 g

#walid primer pairs J lock

Figure 4: Number of primer pairs per SNP locus. The average number of primers per locus
varies due to sequence variability. Approximately 15.3% (383/2500) had no viable candidate
primer pairs. Avg. # candidates per loci = 170.9 (IQR=237).
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Figure 5: Locus coverage(% of genomic loci assigned to a k-plex tube) as the multiplexing
level, k, is increased. Increases in k result in a corresponding decrease in the fraction of loci
that can be amplified in k-plex tubes.
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Figure 6: Average multiplexing level with increasing number of DNA loci to be amplified.
More loci are added to the multiplex PCR assay design, average multiplexing level achieved
increases in proportion to the log of the number of SNPs processed (R? = 0.98). Plot shown
for varying bounds on the maximum multiplexing level per tube (k = 10,15, 20, c0).
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Figure 7: The onset of the phase transition from high to low coverage critically depends
upon primer alignment thresholds used to detect the potential formation of primer dimers.
Reducing the allowable worst case alignment between the 3’ tail of one primer anywhere
along the sequence of another primer within the same reaction tube (AG [kCal/mol]) from a
highly stringent —4.0 kCal/mol to a relatively weak —8.0 kCal/mol enables one to achieve a
substantially higher multiplexed assay design while maintaining high coverage, though a phase
transition still occurs as the target multiplexing level (K) increases. (Simulations based on
n = 1200 randomly selected chromosome 21 SNPs having at least one primer-pair candidate.)
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Table 1: Primer design selection criteria. These criteria are used, where applicable, for deter-
mining the compatibility of forward and reverse primers within a given locus and for pairwise
compatibility between primers for different loci. We employ the heuristic that if two sequences
meet these primer selection criteria and share the same 3’ position, only the shortest of the
two primers is retained, since the shorter sequence is less likely to form primer-dimers.

Parameter Allowed Range
Length 18-23 bases
% GC 30-70%

T, (nearest neighbor) | 57.0-63.0 C

T,, difference 3.0 C (for both candidate primer pairs and for all primers

within a particular multiplex tube)

Base repeats < 3 bases maximum
Product Size 60-100 bases
Distance to SNP 150 bases (5’ end)

5 bases (3’ end)

Self complementarity | < 8.0

local alignment score | (match = 1.0, mismatch = -1.0, gap = -2.0)

3’-tail alignment AG | > —4.5 kCal/mol

28



