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Abstract

For a fixed k-uniform hypergraph D (k-graph for short, k > 3), we say that a k-graph H
satisfies property Pp (resp. Pj) if it contains no copy (resp. induced copy) of D. Our goal in
this paper is to classify the k-graphs D for which there are property-testers for testing Pp and
P}, whose query complexity is polynomial in 1/e. For such k-graphs we say that Pp (resp. Pj)
is easily testable.

For P}, we prove that aside from a single 3-graph, Pj, is easily testable if and only if D
is a single k-edge. We further show that for large k, one can use more sophisticated techniques
in order to obtain better lower bounds for any large enough k-graph. These results extend and
improve previous results about graphs [5] and k-graphs [18].

For Pp, we show that for any k-partite k-graph D, Pp is easily testable, by giving an efficient
one-sided error-property tester, which improves the one obtained by [18]. We further prove a
nearly matching lower bound on the query complexity of such a property-tester. Finally, we give
a sufficient condition for inferring that Pp is not easily testable. Though our results do not supply
a complete characterization of the k-graphs for which Pp is easily testable, they are a natural
extension of the previous results about graphs [1].

Our proofs combine results and arguments from additive number theory, linear algebra and
extremal hypergraph theory. We also develop new techniques, which we believe are of independent
interest. The first is a construction of a dense set of integers, which does not contain a subset
that satisfies a certain set of linear equations. The second is an algebraic construction of certain
extremal hypergraphs. These techniques have already been applied in two recent papers [6], [26].

1 Definitions and Background

All the hypergraphs considered here are finite and have no parallel edges. A k-uniform hypergraph
(=k-graph for short) H = (V, E), is a hypergraph in which each edge contains precisely &k distinct
vertices of V. As usual, we will call a 2-graph, a graph. Let P be a property of k-graphs, that is, a
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family of k-graphs closed under isomorphism. A k-graph H with n vertices is e-far from satisfying
P if one must add or delete at least en® edges in order to turn H into a k-graph satisfying P. An
e-tester, or property tester, for P is a randomized algorithm which, given the quantity n and the
ability to make queries whether a desired set of k vertices spans an edge in H, distinguishes with
high probability (say, 2/3) between the case of H satisfying P and the case of H being e-far from
satisfying P. Such an e-tester is a one-sided e-tester if when H satisfies P the e-tester determines
that this is the case (with probability 1). The e-tester is a two-sided e-tester if it may determine that
H does not satisfy P even if H satisfies it. The property P is called strongly-testable, if for every
fixed € > 0 there exists a one-sided e-tester for P whose total number of queries is bounded only by a
function of €, which is independent of the size of the input graph. This means that the running time
of the algorithm is also bounded by a function of € only, and is independent of the input size. In this
paper we measure query-complexity by the number of vertices sampled, assuming we always examine
all edges spanned by them. For a fixed k-graph D, let P}, denote the property of being induced
D-free. Therefore, H satisfies Py, if and only if it contains no induced sub-hypergraph isomorphic to
D. We define Pp to be the property of being (not necessarily induced) D-free. Therefore, H satisfies
Pp if and only if it contains no copy of D.

The general notion of property testing was first formulated by Rubinfeld and Sudan [25], who
were motivated mainly by its connection to the study of program checking. The study of the notion
of testability for combinatorial objects, and mainly for labelled graphs, was introduced by Goldreich,
Goldwasser and Ron [14]. See [11], [13] and [24] for surveys and additional references on the topic.

2 The Main Results

2.1 Previous results

In [3] it is shown that every first order graph property without a quantifier alternation of type “v3”
has e-testers whose query complexity is independent of the size of the input graph. It follows from
the main result of [3] that for every fixed graph D, the property Pj, is strongly testable. Although
the query complexity is independent of n, it has a huge dependency on 1/e (the fourth function in
the Ackerman Hierarchy, which is a tower of towers of exponents of height polynomial in 1/¢). In
[2] it was shown, using Szemerédi’s Regularity Lemma, that for every fixed graph D, the property
Pp is also strongly testable. This result was generalized to the case of directed graphs (=digraphs)
in [4], by first proving a directed version of the regularity lemma. In the above two cases the query
complexity is also huge, a tower of 2’s of height polynomial in 1/e.

As in many cases, moving from graphs to hypergraphs has many unexpected difficulties. While
for graphs, the strong testability of Pp and P}, follows quite easily from an appropriate regularity
lemma [3], [27], until very recently there was no strong enough regularity lemma suitable for proving
that Pp and Pj, are strongly testable for any hypergraph D. The only results for k-graphs were
obtained by Frankl and Rédl [12], who (implicitly) showed that for any 3-graph D, Pp is strongly
testable (see also [20]), and by Kohayakawa, Nagle and Rodl in [18], where it was shown that for any
3-graph D, Pj, is strongly testable. Recent works of Gowers [17] and independently of Nagle, Rodl,
Schacht and Skokan [23], [21], suggest that a powerful new hypergraph regularity lemma implies that
P}, and Pp are both strongly testable for any k-graph D, for arbitrary value of k.

For some k-graphs, however, there are obviously much more efficient property testers than the
ones guaranteed by the general results. For example, for any k, if D is a single k-edge, then there



is obviously a one-sided error property tester for Pp = P}, whose query complexity is O(1/¢). We
simply sample ©(1/¢) vertices, and check if they span an edge. A natural question is therefore, to
decide for which k-graphs D, there is a one-sided error property tester for Pp or Pj,, whose query
complexity is bounded by a polynomial of 1/e. We call a property P easily testable if there is a one-
sided error property tester for P whose query complexity is polynomial in 1/e. If no such property
tester exists, we say that P is hard to test.

In [1] it is shown that for an undirected graph D, property Pp is easily testable if and only if
D is bipartite. The authors of [4] obtain a precise characterization of all the directed graphs D for
which Pp is easily testable. In [5] it is shown that for any graph D other than the paths of length
1,2,3 (which have 2,3,4 vertices respectively) the cycle of length 4, and their complements, P}, is not
easily testable. A similar result was also proved for directed graphs. For k > 2, the only result in the
direction of classifying the k-graphs for which Pp and P}, are easily testable was obtained in [18],
where it was shown that for any k, the complete k-graph on k + 1 vertices is not easily testable. A
natural step is therefore to classify all the k-graphs D for which Py, and Pp are easily testable.

2.2 The new results

Our first two results concern testing Pj,. In what follows we denote by D39 the unique 3-graph on
4-vertices that has 2 edges.

Theorem 1 For any k > 3 and any k-graph D other than a single k-edge and D32, there exists a
constant ¢ = ¢(D) > 0 such that the query-complexity of any one-sided error e-tester for Py, is at

least
1\°¢ log(1/¢)
DR

As noted above, for any k, there is an obvious one-sided error property tester for the case of D
being a single k-edge, whose query complexity is ©(1/€). We therefore get that Theorem 1 gives a
complete characterization of the k-graphs D, for which P}, is easily testable, besides the case of D3 5.

Our second result states that for large k, we can significantly improve the lower bounds for testing
P}, for almost all k-graphs.

Theorem 2 For any k there is a constant r(k), such that for any k-graph D on at least r(k) vertices,
there is a constant ¢ = ¢(D) > 0, such that any one-sided error property tester for testing P}, has

query complexity at least
1 c(log1/e)llog k]
(5) |

In fact, the lower bounds in the above theorem apply also to some k-graphs on less than r(k)
vertices, amongst them all the k-graphs that contain F*, which is the complete k-graph on k + 1
vertices. As a special case, we thus improve the lower bound for the case of F* obtained in [18],
which was similar to the lower bound in Theorem 1. Moreover, our technique supplies a slightly
inferior lower bound (namely, with exponent |log[k/2 4 1]| instead of |logk]) for any k-graph D
on more than k vertices (see discussion following the proof of Theorem 2 in Subsection 6.2). Note,
that the bounds of Theorem 2 are super-polynomial in the bounds of Theorem 1, thus for large k we
obtain substantially better lower bounds.



Our next two results concern testing Pp. We first give an efficient one-sided error property tester
for any k-partite k-graph. Recall, that a k-graph is k-partite if its vertex set can be partitioned into
k sets, such that each edge has precisely one vertex in each of the partition classes.

Theorem 3 (i) Lett; < ... <tg, putt* =ti-...-t) and let D be any k-partite k-graph with partition
classes of sizes t1,...,ty. Then, there is a one sided-error e-tester for Pp with query complexity

1N\ /te
()() .
€

(ii) For any k-partite k-graph D on d vertices, which contains |E| edges, the query complezity of any
one-sided error e-tester for Pp is
1\ [El/d
sz() .
€

The upper bound in the above theorem improves the one obtained by [18] in which the exponent
was t*. See Section 8 for more details. Observe, that when D is the complete k-partite k-graph
K . ¢, the exponent in the upper bound is tk=1 while the one in the lower bound is tkil/k, which
are very close. The proof of this theorem appears in Section 8.

For the next result we need some definitions. A homomorphism from a k-graph D to a k-graph
K is a mapping ¢ : V(D) — V(K), which maps edges to edges, namely, if (v1,...,v;) € E(D) then
(p(v1),...,o(vr)) € E(K).

Definition 2.1 (Core) The core of a k-graph D, is the smallest (in terms of edges) subgraph of
D, K, for which there exists a homomorphism from D to K. A k-graph D is called a core if it is
the core of itself.

We also need to define a generalization of cycles in graphs;

Definition 2.2 (Hyper-Cycle) A k-graph on d vertices 1,...,d is called a hyper-cycle if it contains
d—k+ 2 edges e1,...,eq_k1o and one can arrange its vertices on a cycle such that every edge e;
contains the vertices {i (mod d),...,i+k—1 (mod d)}.

Observe, that for k& = 2 the above definition boils down to the definition of a cycle. Also, a single
k-edge is not a hyper-cycle, as it contains 1 < k—k+2 = 2 edges. The next theorem gives a sufficient
condition for inferring that for a k-graph D, property Pp is not easily testable.

Theorem 4 If the core of a k-graph D spans a hyper-cycle (not necessarily as an induced subgraph),
then there exists a constant ¢ = ¢(D) > 0 such that the query-complexity of any one-sided error e-

tester for Pp is at least
1 clog(1/e)
O

Observe that the core of any k-partite k-graph is a single edge, which does not satisfy the
definition of a hyper-cycle. It is important to note that though Theorem 4 establishes that for a
large family of non k-partite k-graphs D, property Pp is not easily testable, it does not cover all
the non k-partite k-graphs, as the core of some of them does not contain a hyper-cycle. However,



for k = 2, Theorem 4 does cover all the non-bipartite graphs, as it is easy to see that the core of
any non-bipartite graph must contain a cycle, namely, one of the shortest odd cycles of the graph.
As we have mentioned above, for k = 2, this is precisely the definition of a hyper-cycle. Hence,
Theorems 3 and 4 imply that for k = 2, property Pp is easily testable if and only if D is bipartite,
thus extending the result of [1], where the characterization for graphs was first obtained. We finally
mention that using the main ideas of the proof of Theorem 4 one can slightly extend it by showing
that it holds even if in the definition of a hyper-cycle one only requires that the first two vertices
of e; would be ¢ (mod d),i+ 1 (mod d). As the proof with this definition is more involved (mainly
due to cumbersome notations), and still does not cover all the cases of non k-partite k-graphs, we
preferred to give the proof of the slightly less general case, which contains all the important ideas.

We can finally show that the lower bounds of Theorems 1, 2 and 4 can also be extended to the
cases of two-sided error e-testers.

Theorem 5 The lower bounds of Theorems 1, 2 and 4 hold for two-sided error e-testers as well.

2.3 Techniques

Our main results in this paper, Theorems 1, 2 and 4, are based on two novel constructions. All the
previous results on testing Pp and P}, ([1],[4],[5],[18]) were based on constructions of sets of integers,
which do not contain small subsets that satisfy a certain single equation. All these constructions
were based on Behrebd’s construction [7] of a large set of integers containing no 3-term arithmetic
progression. In our case, however, we consider sets of integers that do not contain small subsets that
satisfy a certain set of equations. The key benefit of this consideration is that requiring the set of
integers to satisfy a set of equations, rather than a single one, allows us to construct much denser
sets than the ones used in previous papers. This benefit translates to significantly improved lower
bounds. The proof of this new construction appears in Section 3. Some of the techniques we apply
in the proof of this result are motivated by the work of Laba and Lacey in [19], where they reproved
a result of Rankin [22] by constructing large sets of integers without k-term arithmetic progressions.
The ideas used in our number theoretic construction have been further applied in another recent
paper [26].

Our second technical contribution is an algebraic construction of certain extremal k-graphs. The
goal of this construction is to resolve the main technical difficulty in the proof of our main results.
The main benefit of this construction is that it allows us to infer certain linear equations between the
integers that are used in the definition of these k-graph. In previous papers about testing subgraphs
in graphs, ([1],[4],[5]) inferring these linear equations was trivial. This construction can be viewed as
an extension of a construction of Frankl and Ro6dl [12], but ours is far more complicated to analyze.
It is also much more applicable than the construction of [12], which, for example, can only be used
to show that the complete k-graph on k + 1 vertices is not easily testable and with a lower bound as
in Theorem 1, rather than the one in Theorem 2. Our new algebraic technique is applied in Sections
4 and 7. The ideas used in the algebraic construction of extremal k-graphs have been further applied
in another recent paper [6].

2.4 Organization

In Sections 3 and 4 we develop the main machinery needed to prove Theorems 1 and 2. In Section 3 we
describe a new number theoretic construction. In Section 4 we describe a new algebraic construction



of extremal k-graphs. In Section 5 we prove two useful lemmas, which use the constructions of
Sections 3 and 4 in order to obtain the lower bounds of Theorems 1 and 2. The results of Sections 3,
4 and 5 are essentially independent, and thus these sections can be read independently. To further
simplify the reading of these sections, each of them starts with a short subsection in which we state
the important definitions and state the main results proved in that section.

The proofs of Theorems 1 and 2, which follow quite easily by combining the main results of
Sections 3, 4 and 5, are given in Section 6. In Section 7 we apply our algebraic technique again, this
time to construct extremal k-graphs, which are a central tool in the proof of Theorem 4. The proof
of Theorem 4 also appears in Section 7. In Section 8 we prove Theorem 3. As the proof of Theorem
5 uses ideas similar to the ones used in [5] (in addition to the ideas of this paper) we omit it. Section
9 contains some concluding remarks and open problems.

Throughout this paper we assume, whenever this is needed, that the number of vertices n of the
k-graph considered is sufficiently large, and that the error parameter € is sufficiently small. In order
to simplify the presentation, we omit all floor and ceiling signs whenever these are not crucial, and
make no attempt to optimize the absolute constants. All the logarithms appearing in the paper are
in base 2. When we later refer to a graph D as being easy/hard to test, we mean that P}, (or Pp)
is easy/hard to test.

3 Arithmetic Progressions and Linear Equations

3.1 The main results of this section

In this section we give our new number theoretic construction, which will be later used in Section 6.
We start with some definitions.

Definition 3.1 ((k, h)-Gadget) Call a set of k —2 linear equations € = {e1, ..., ex_a} with integer
coefficients in k unknowns x1, ...,z a (k,h)-gadget if it satisfies the following properties:

1. Each of the unknowns x1,...,xy appears in at least one of the equations.
2. For1 <t <k—2 equation e; is of the form
nxi + @y = (P + gz,
where 0 < pg,q¢ < h and x;,z;, ¢ are distinct.
3. Fquations ey ..., ex_o are linearly independent.

We say that z1, ...,z satisfy a (k, h)-gadget € if they satisfy the k — 2 equations of £. Note,
that any gadget £ has a trivial solution z1 = ... = zy.

Definition 3.2 ((k, h)-Gadget-Free) A set of integers Z, is called (k,h)-gadget-free if there are
no k distinct integers z1,. ..,z € Z that satisfy an arbitrary (k, h)-gadget.

Our main goal in this section is to prove the following theorem, which will be a key ingredient in
the lower-bounds for Pj,.



Theorem 6 For every h and k there is an integer ¢ = c(k,h), such that for every n there is a
(k + 1, h)-gadget-free subset Z C [n] = {1,2,...,n} of size at least

n
|Z] > cellog )1/ Toe 7] (1)

As we have explained before, note that for larger k£ the above theorem guarantees the existence
of a substantially larger set Z. The special case of the above theorem, where k = 2, was proved
and used in [5] and [9]. As the details of the proof of Theorem 6 will reveal, the main idea is to
somehow reduce the construction required to prove Theorem 6 to a construction related to a notion
very similar to arithmetic progressions. The main idea of this reduction will be to show that integers
satisfying the linear equations of a gadget, nearly form an arithmetic progression. Our notion of
“near” arithmetic progression is the following:

Definition 3.3 ((k, h)-Progression) A set of k integers z1 < zo < ... < zi is said to form a
(k, h)-progression if there are integers d,na, . ..,n; with n; < h, such that for 2 <i <k, we have

2z = 2i—1 + nid (2)

The fact that a (k, h)-progression is "nearly” an arithmetic progressions comes from the fact that
in an arithmetic progression one requires no = ... = ng = 1. Also, d is analogous to the difference
between consecutive integers in an arithmetic progression. In other words, a k-term arithmetic
progression is a (k, 1)-progression of distinct elements. The proof of Theorem 6 appears in the
following two subsections. In the first subsection we show how to transform the problem from one
that deals with linear equations and gadgets to an analogous problem about (k, h)-progressions. We
also show how the solution of the problem about (k, h)-progressions implies Theorem 6. In the second
subsection we solve the problem about (k, h)-progressions.

Definition 3.4 (Trivial (k,h)-Progression) A (k,h)-progression is said to be trivial if some of
its elements are identical.

Therefore, a (k, h)-progression as defined in Definition 3.3 is non-trivial if d is non-zero and the
integers m; are positive. We also call the integers n; the coefficients of the progression and d the
difference.

3.2 Gadgets and (k, h)-Progressions

We start this subsection by reducing gadgets to (k, h)-progressions. This is done in the next three
claims.

Claim 3.1 If z; < ... < zp are positive integers, which satisfy a (k,h)-gadget &, then for 2 < i <
k — 1 there are positive integers a;, b; < (h2l<:)k/2 such that a;zi—1 + biziy1 = (a; + b;)z;.

Proof: As there is nothing to prove for k = 3, we assume k > 4. In order to simplify the notation,
we show that there are positive integers a,b < (hzlc)k/2 such that

az1 + bzz = (a + b)2. (3)



The other k — 3 cases are identical. We first substitute z1,..., z; into the set £, and obtain k — 2
linear equations of the form pyz; + ¢:2; = (pt + q¢) 2. Henceforth, when we refer to equation e; € £
we will refer to the equation after we have substituted the suitable z;s into it. Our goal is simply to

show that there are aq,...,ap_o not all of them equal to zero, such that in the linear combination
C =aje; + ...+ ag_sep_o the coeflicients of the integers zq4, ..., zx vanish. We first claim that this
will give us (3). Indeed, note that as ey, ..., e,_o are by assumption linearly independent, it cannot

be the case that all the coefficients of the integers z; vanish. Also, as for each of the equations in £
the sum of the coefficients in the left hand side is equal to the coefficient in the right hand side, this
must also hold for C', hence, it cannot be the case that precisely one of coefficients of z1, 22, 23 does
not vanish. Similarly, if precisely two of coefficients of z1, 22, 23 do not vanish, this would imply that
they are equal, which contradicts our assumption that z; < ... < 2. Finally as we assume that each
of the z;s appears at least once, we are guaranteed to get (3).
In order to make sure that in a linear combination with coefficients aq,...,ar_o the integers
Z4, - .., 2% vanish, we may write kK —3 homogenous linear equation, which require that. This is a set of
k — 3 homogenous equations in k —2 unknowns with coefficients bounded by k. Therefore, by Lemma
4.3 (see Section 4) it has a non-zero solution with integer coefficients of size at most (h?(k —2))*/2~1.
This means that the coefficients of C' are bounded by (k — 3)(h%(k — 2))¥/2=1 < (h?k)*/2, as needed.
|

Claim 3.2 Suppose z1, z2, z3,a,b are positive integers, such that z1 < zo < z3 and a,b < h. If the
following equation holds
az) + bzg = (a + b)zoe,

then z1, 22, z3 form a (3, h)-progression.

Proof: We first assume that a and b are co-prime, as otherwise we can divide them by their gcd,
and obtain a new equation a’z; + b'z3 = (@’ + b')29, with @’ < a,b’ < b. Rearranging the equation
we get that a(zo — 21) = b(23 — 22). As a and b are co-prime d = (z3 — 23)/a = (22 — 2z1)/b is an
integer. Thus, we can write zo0 = 21 + bd and z3 = z9 + ad, and take no = b < h and n3 =a < h in
the definition of the (3, h)-progression. [ ]

Claim 3.3 Suppose z1 < z5 < ... < 2 are positive integers, such that for every 2 <i < k —1 there
are integers ai, b; < h, such that

aizi—1+biziy1 = (a; +b;)z;
holds. Then z1, za, ...,z form a (k, h*=2)-progression.

Proof: By induction on k. The base case k = 3 follows from Claim 3.2. Assuming the claim holds
for k we prove it for k + 1. By the induction hypothesis, for 2 < ¢ < k we can write z; = z;_1 + m;t
for some integer t and m; < hk=2, By assumption agzp—1 + bgzk+1 = (ag + bg)zi. Rearranging this
gives

a
Zkt1 — 2k = b—:(zk — Zk_1)- (4)



Put g = ged(bg,t) (< h) and d = t/g, and observe that for 1 <1 < k we can write z; = z;_1+g-m;-d,
and thus take n; = m; - g < hhk=2 = pF=1 As in Claim 3.2, we may assume that ag and by are
co-prime, and conclude from (4) that by divides zp — zx_1 = myit. We may thus write

apmpt agm
k41 = 2k + PR — e+ kg‘d:Zk+nk+ld~
b b
As apg/by, < ar < h and my, < hk_2, we have ng1 < hk_l, and the proof is complete. |

Combining Claims 3.1 and 3.3 we immediately obtain the following corollary, which is our sought
after transformation from gadgets to (k, h)-progressions.

Corollary 3.1 For every k and h there is an integer ¢ = c(k,h) such that if z1,..., 2z, satisfy a
(k, h)-gadget then they form a (k,c)-progression.

Though we do not need this here, it is worth mentioning that the converse of Corollary 3.1 is

also true. Indeed, if z1,...,2; form a (k,h)-progression, then for every 2 < i < k — 1 we have
zi = zi—1 +nyd, and z;y1 = z; + ni41d. This implies that (n; + ni41)2z = nit+12i—1 + nizi+1. Hence,
21, .., 2 satisfy the k — 2 linear equations (n; + nj+1)x; = niy12,—1 +n;x+1 that are easily checked

to satisfy the three requirements of a (k, h)-gadget.
The proof of Theorem 6 will follow by combining Corollary 3.1 and the following lemma.

Lemma 3.1 For every h and p > 2, there is an integer ¢ = c(p, h) such that for every n there is a
subset Z C [n] ={1,2,...,n} of size at least

n

7] = (5)

eclogl/pn

that does nmot contain any non-trivial (1 + 2P~1 h)-progression.

Proof of Theorem 6: Let p be the largest integer satisfying 14 2P~ < 14k, namely, p = |log 2k].
Let ¢ = c¢(k + 1,h) be the constant appearing in Corollary 3.1. Now, by Lemma 3.1, there is
a constant ¢ = ¢(p, ), such that for every n there is a subset Z C [n] of size as in (5), which
contains no non-trivial (1 + 2P~1, ¢/)-progression. By our choice of p, this set contains no non-trivial
(k 4+ 1, )-progression. By Corollary 3.1, Z does not contain k + 1 distinct integers, which satisfy a
(k+1,h)-gadget. As p = |log2k|, Z satisfies the requirements of Theorem 6. [ ]

It is easy to see that the elements of a (1+2P~!, h)-progression must be taken from an arithmetic
progression of length at most h2P~!, whose difference is the integer d from the definition of the (1 +
2P~1 ph)-progression in Definition 3.3. Thus, another way to look at Lemma 3.1 is as a construction
of a set Z with the following property: not only doesn’t Z contain arithmetic progressions of length
1+ 2P~ but it does not even contain 1 + 2P~! numbers out of some other not too large arithmetic
progression, whose other elements need not even belong to Z.

In order to prove Lemma 3.1, we will first show that it holds for every fized set of coefficients
n2,...,N1490-1. Namely, we show that there is a subset of [n] of the same size as in (5) that
does not contain any (1 + 2P~% h)-progression z1, ... , Z149v—1 such that z; = z,_1 + n;d for every
2 <i <14 2P~ Note, that the difference d, may be arbitrary. To be precise, we want to show the
following;:



Claim 3.4 For every fized distinct na,...,nq00-1 < h there is an integer ¢ = c(p, h) such that for

every n there is a subset Z C [n] ={1,2,...,n} of size at least
n
>
2> — o (©)
that does not contain any non-trivial (1 + 2P~1 h)-progression with coefficients na, ..., nar_1.

The proof of this claim appears in the next subsection. We first show how to obtain Lemma 3.1
using the above claim.

Proof of Lemma 3.1: For every set s, of distinct 2! integers no, . .. ;Nygop—1 < h, let Zg be the
largest subset of [n], which does not contain any non-trivial (14 2P~1, h)-progression with coefficients
n2,...,Ni190-1. By Claim 3.4 we have that for any s the set Z; has size at least n/edogl/p", where
c depends only on p and h. Denote the number of sets s by m, and observe that as the coefficients
in each set s are bounded by h there are less than 2P choices for the set s.

Randomly and uniformly at random pick m integers t1,...,t, from {—n,...,n}, and consider
the set Z = N2 (Z; +t;) (where, Z +t denotes the translate of Z by t, i.e. Z+t={z+t:2z¢€ Z}).
Clearly Z contains no (1 + 2P~!, h)-progressions with arbitrary coefficients bounded by h. For every
integer z € [n] the probability that it belongs to Z; + ¢; is 1/ edogl/p", hence the probability that it
belongs to all the sets Z; + t;, and therefore also to Z, is (I/GCIOgl/p mm =1/e¢ 10g!/”n o1 2 possibly
larger ¢’ that still depends only on p and h. By linearity of expectation we get that the expected
size of Z is n/ e logl/p”, and therefore there is some choice of t1,...,t,, for which the resulting set
Z is at least this large. |

3.3 Large sets of integers without a given (k, h)-Progression

In this subsection we apply the method of [19] in order to prove Claim 3.4. The proof will require some
more definitions. We first need to further extend the notion of arithmetic progressions as follows:

we call a set of p integers zg,...,2,—1 a (p,t, h)-progression if there are t + 1 integers dp, ..., d; and
integers ng = 0,n1,...,n,—1 < h such that for 0 <i<p-—1
zi=do+mn;-dy+n?-dy+...+nl-d. (7)

To avoid confusion, note that by definition dy = 2y, thus, we did not really need dy and ngy, which
is fixed to be zero, in the above definition. However, this way of defining the integers of the set will
make subsequent notation more compact. We call a (p,t, h)-progression non-trivial if at least one
of di,...,d; is non-zero and ny, . ..,n,—1 are distinct. Observe, that the non-triviality condition for
(p, 1, h)-progression is equivalent to the non-triviality condition for (p, h)-progression, namely, that
they contain distinct integers. On the other hand, note that for ¢ > 1 a non-trivial (p, ¢, h)-progression
may contain identical integers. Note, that unlike the definition of (k,h)-progressions in Definition
3.3, here we define each element of the sequence with respect to the smallest number zy = djy, rather
than the preceding one as in Definition 3.3. This will further simplify the presentation.

For a set s of p integers ng = 0,n1...,np,—1 < h, define Ry(p,t,n) to be the largest possible size
of a subset of [n], which does not contain any non trivial (p, ¢, h)-progression whose coefficients are
the integers of s. The proof of Lemma 3.1 will follow by combining the following two claims.
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Claim 3.5 For every set s, of 2t + 1 distinct integers bounded by h, there is an integer ¢ = c(t, h),

such that n
(8)

eV logn

Claim 3.6 For every set s, of p distinct integers bounded by h, there is an integer ¢ = ¢(p, h), such
that if n = g* and p >t + 1, then

Ry(2t +1,t,n) >

n- Rs (pa 2ta ng)

RS (p7 t) n) Z Cbg2b

(9)

Note that a (p, h)-progression as defined in Definition 3.3 is also a (p, 1, h(p — 1))-progression
as defined in (7). Hence, we can prove Claim 3.4 by showing that for every set s, of coefficients
N2, ... N1 < h(1+2P71) there is a set that contains no (p, 1, k(1 +2P~1))-progression with given
coefficients from s. As the value of h only affects the hidden constant ¢, we will prove Claim 3.4 for
every set of coefficients bounded by h. We first show how to obtain Lemma 3.4 from the above two
claims.

Proof of Lemma 3.1: Consider any set s, of distinct integers bounded by h. Given integers n and
p, we prove by induction on ¢ that for every 2 < ¢ < p there is a constant ¢ = ¢(p, h), such that

n
Ry(142P71 2P ) > 7

— ec(logn) <10)

The case ¢ = 2 follows from Claim 3.5 with ¢ = 2P~2. Assuming the claim holds for ¢ we prove it for
(4 1. Set b= (logn)+1D) and let g satisfy n = ¢°, namely g = ellogm)! /D A short calculation
shows that in this case

(log g?b)M/* < c(log )Y/ 1), (11)

where ¢ depends only on p. We get that

. p—1 op—C 2
R(1+2p71,2p*€*1,n) Z n R(1+2 72 » g b) Z
cbg?b
n 92b n n
cbg?b . ecllog g2b)1/t = boc(logn)t/(HHD) = c(logn)l/(E+1) 7

where the first inequality follows from Claim 3.6, the second from the induction hypothesis in (10)
with n = ¢2b, the third from (11), and the last from our choice of b and the fact that ¢ depends only
on p and h. Also, note that by the reasonings we used to derive each of these inequalities, all the
above constants depend only on p and h (we called all of them ¢ in order to simplify the notation).
This completes the proof of (10). The proof of the lemma now follows upon setting ¢ = p in (10). B

We now turn to prove Claims 3.5 and 3.6, which will require (yet again) several additional
definitions. Given a set of integers S we denote by S + r the translate of S by r, that is, S +r =
{zx +r:2x € S} Note, that if S does not contain any non trivial (p,t, h)-progression than so does
any translate of S. For reasons that will soon become clear, we prefer to prove Claims 3.5 and 3.6
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with respect to the set of integers {—n/2,...,n/2} rather than [n] = {1,...,n}. We also consider
representations of integers from {—n/2,...,n/2} in base g, where g will depend on n and will be
much smaller than n. If n = ¢* we define, for an integer ¢ > 2,

b—1

Qe={zxeZ:z :ingi,—g/chi < g/c},
i=0

namely, all the integers whose ”digits” in base g belong to —g/c,...,g/c. As Q. C {-n/2,...,n/2}
we may and will construct our sought after sets from integers belonging to Q. for an appropriate
large enough constant c. Note, that somewhat unconventionally, we allow for negative digits. This
representation, however, is well defined in the sense that given = € ()., there are unique integers
—g/c < xg,...,xp—1 < g/c such that z = Zi’;& x;g'. Given an integer z € Q. we will denote by
Z = (20,...,2p_1) the unique b dimensional vector in Z® such that = = Zi-’;é z;g'. We will also
denote ||z||? = ||7||> = X023 #2. Our argument will critically rely on the observation that if ¢ is
sufficiently large then addition, and more generally linear combinations with small coefficients, of
numbers from . is equivalent to linear combinations of their corresponding vectors. For example,
observe that if z,y,2 € Q2, then x +y = z if and only if T4+ 7 = Z. The reason for that is simply
that there is no carry in the base g addition of the number. More generally, if ¢ is sufficiently large

with respect to integers aj, ..., as, then for x,x1,..., 2 € Q.,
t t
T = Zaixi =T = Zaixﬁ-. (12)
i=1 i=1
Also, note that if ¢ is sufficiently large with respect to integers aq, ..., as, then for x1,...,x; € Q,
t
T=) T € Qu, (13)
i=1

for another (possibly smaller) constant ¢. It should be noted that had we chosen to work with the
set [n] rather than —n/2,...,n/2 and represented integers using positive digits, then (12) and (13)
would only hold for positive coefficients. The reason is that the difference of two numbers with small
digits may contain very large digits. As we also allow for negative digits, the difference also contains
small digits. Finally, given integers p,...,p; we denote by V(p1,...,p;) the Vandermonde matrix
satisfying for 1 < 4,7 <t¢, V;; = p!.

Proof of Claim 3.5: Consider any set s of 2¢ + 1 distinct integers ng = 0,n1,...,n9 < h. For an
integer 7 define S, = {x € Q. : ||z]|> = r}. We claim that if ¢ is large enough in terms of ¢ and h,
then S, contains no non-trivial (2t + 1,¢, h)-progression with coefficients taken from s. Suppose to
the contrary that there are such 2t 4 1 integers zo, 21, ..., 2. By (7) we have that for 0 < i < 2t

ZZ:d0+nZd1+nZ2d2++nfdt, (14)
where dy = zg,d1,...,d; are arbitrary integers. Recall, that for this set to be non-trivial at least
one of dy,...,d; must be non-zero (the integers n; € s are already assumed to be distinct). Denote

by D the determinant of the Vandermonde matrix V' = V(ng,...,n:), and for 0 < i < t denote
by D; the determinant of the matrix obtained from V by replacing the i*" column with the column
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vector (zo,...,2). Observe, that we can view the first ¢ + 1 equations in (14) as t + 1 equations in

unknowns dg, dq,...,d;. It follows from Cramer’s rule, that for 0 < i < ¢t we have Dd; = D;. From
the definition of the determinant we can view D; as a linear combination of zg,..., z; with integer
coefficients bounded by a constant that depends only on ¢ and ng,ni,...,n:. As ng,ni,...,nt < h,

these coefficients are bounded by a constant that depends only on t and h. Hence, by (12), if ¢ was
chosen large enough in terms of ¢ and h then for 0 < i < ¢, we get that Dd; (the b dimensional vector
representing Dd;) is a linear combination of Zg,...,Z;. Moreover, by (13) we may conclude that
Dd; € Q. for some ¢ < c. As by (14), 2, ..., zo; are defined as linear combinations of d, . .., d;, we
conclude that if ¢ is large enough (so that ¢’ is large enough), we can use (12) again to write (14) as

D% = Ddy + n; - Ddy +n? - Ddy + ... +nl - Ddj. (15)
Define the following polynomial of degree 2t

b—1
P() =Y (Ddo)y + (D& o + (D&)g - 2> + ...+ (Ddy)g ')’
q=0

where (Dd;), denotes the ¢'* entry of the vector Dd;. The key observation now is that by (15) we
have for 0 < j < 2t that P(n;) = ||Dz;||> = D?||z||*>. Hence, as by assumption all the z;s belong to
Sy, we have that P is a polynomial of degree 2t with 2¢+1 distinct values (namely ng, n1, ..., no) for
which it is equal to D?r. Therefore, P must be identical to D?r, which can be easily seen to imply
that (m)q =0forall0<g<d-1and1 <i<t Hence, di =...=d; =0, contradicting our
assumption that this is a non-trivial (2t + 1, ¢, h)-progression. We conclude that if ¢ is large enough
in terms of A and ¢ then S, contains no non-trivial (2t + 1, ¢, h)-progression.

The claim now follows by averaging. As the absolute value of each digit in Q. is bounded by g/c,
we have r < b(g/c)? < bg?. Similarly, we conclude that Q. is of size (2g/c)® > (g/c)b. As the union
of the sets S, covers the entire set Q. there must be one r for which |S,| > (g/c)’/bg? = n/bg?c’.

Setting b = v/logn, and hence g = eV1°8™ gives (8) for an appropriate constant ¢ = ¢(t, h). [ |
Proof of Claim 3.6: We again consider an arbitrary set s, of distinct integers ng = 0,n1,...,np_1

bounded by h. As in the previous proof, we continue to write n = g” and represent numbers in base g
with possibly negative digits. We will also construct our sought after set from Q. for a large enough
constant ¢ that will only depend on p,t and h. Let D denote the determinant of the Vandermonde
matrix V = V(ng,...,n¢). Let R C {1,...,D?b(g/c)?} be a set of size Rs(p,2t, D?b(g/c)?) that
contains no non-trivial (p, 2t, h)-progression with coefficients from s, and recall that any translate of
R also satisfies this property. Let L = {—D?b(g/c)?,..., D?b(g/c)?}. For any ¢ € L define

Ar={z € Q.:||Dz[|> € R+ 1}.

We claim that A, does not contain any non-trivial (p,t, h)-progression, with coefficients from s,
provided c in the definition of (). is large enough. Suppose this is not case, and let zp,...,2p,—1 be
such a non trivial (p,t, h)-progression. Namely, suppose there are dy, ds, ..., d; not all equal to zero
such that z; = do + St nz-dt holds for 0 < ¢ < p—1. As by assumption p > t+ 1 we can still write
the t 4+ 1 linear equations as in (14). We can then argue as in the proof of Claim 3.5 that provided ¢
is large enough, we may conclude that for 0 < j < p — 1 one can write
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D% = Ddy +n; - Ddy +n? - Ddy + ... +n! - Ddj. (16)

This implies, as in Claim 3.5, that for every 0 < 5 < p — 1 we can write

b—1 / ¢ 2
1Dzl = 1DF]* =3 <Z(Ddi)q-n§> =dy+n;-di+nj dy+.+nfdy,  (17)
q=0 \i=0

where df),...,db, are identical to all 0 < j < p — 1. It is easy to see that as do,...,d; are by
assumption not all zero, then so are dj, ..., db,. As dj,...,d), are common to all ||Dz;||?, the right
hand side of (17) has the structure of a non-trivial (p, 2¢, h)-progression with coefficients from s. This
means that ||Dzol|?,...,||Dz—1]|* form a non-trivial (p, 2, h)-progression with coefficients from s.
This contradicts our choice of R and Ay.

We conclude that for any ¢ € L, the set A; contains no non-trivial (p,t, h)-progression with
coefficients from s. It is thus enough to show that for some ¢ € L the set Ay is large enough. We do
this again by averaging. As the absolute value of the digits of numbers from Q. is bounded by g/c
we have 0 < ||Dz||? < D?b(g/c)? for any = € Q.. Therefore, for any r € R and = € Q. there is an
¢ € L such that ||Dz||? = r + . Hence, for any = € Q. there are |R| integers £ € L such that x € A,.

In other words, Zlfz‘l Ay > |R||Q|, and therefore for some choice of ¢ € L we have |Ay| > |R||Qc|/|L]|.
As |Qc| > (2g/c)®, the proof follows as for some ¢ € I we must have

(p,2t,h, D*bg?) - (2g/0)" _ R(p, 2t h,bg®) - 6" R(p, 2t h,bg’)
D2b(g/c)? - D2cbhg? - cbbg? ’

4y > 8 (18)

where we used the fact that by definition n = ¢* and D is bounded by a function of ¢ and h only,
therefore, we can use a slightly larger constant ¢ to ”absorb” D2 |

4 Linear Equations and Extremal Hypergraphs

4.1 The main results of this section

In this section we describe the first algebraic construction of extremal k-graphs, which will play
an important role in the proofs of Theorems 1 and 2 about testing P, in Section 6. The second
construction, related to Pp and Theorem 4, appears in Section 7. Denote by T% the family of k-
graphs on k + 1 vertices, which contain at least three edges. Let m be an integer, T' a member of
T*, and Z an arbitrary subset of [m]. Let also Py = {p1,...,pr+1} be a set of k+ 1 distinct integers
bounded by d (thus d > k). Consider the following definition of a k-graph S = S(m, Z,T, P;): The

vertex set of S consists of k + 1 pairwise disjoint sets of vertices Vi, ..., Vi1, where, with a slight
abuse of notation, we think of each of these sets as being the set of integers 1,...,d"*m. Define
E(20,21,- . 2h-1,P) = 20+ p-21+p° 2o +p° 2+ ...+ " 2, (19)

We define the edge set of S by specifying the edge sets of |Z|* copies of T' that we put in S. In

what follows we refer to the k + 1 vertices of T" as integers in {1,...,k + 1}. For every set of (not
necessarily distinct) integers zp,...,zx—1 € Z, we put a copy of T in S spanned by the vertices
vy € Vi,..., 041 € Viy1, where for 1 < i < k + 1 we choose v; = E(zp,...,2k-1,p;). In order
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to specify the edges of this copy, we simply regard the vertices vy, ...,vg+1 as if they were the
vertices 1,...,k + 1 of a regular copy of T" and put the corresponding edges. Namely, for every edge
(t1,...,tx) € E(T), we put in S an edge that contains the vertices

E(ZO"'WZk—laph)gV;ﬁla E(ZOV"aZk—laptg)eV;‘,ga 7E(ZO""7Zk—laptk)€V;5k~

In what follows we denote by C(zo,...,2_1), the copy of T defined using the integers zg, ..., zx_1.
Note, that each of these | Z \k copies of D has precisely one vertex in each of the sets V1, ..., Vi11. Note
also, that for every zp, ..., 2z and p;, the function E satisfies 1 < E(zq, ..., 2z5_1,p;) < kd*"Im <
d*m, thus the vertices "fit” into the sets Vi, ..., Viy1. The reader should also observe that we treat
the set of integers P;, as an ordered set, as when choosing the vertex from V; we use the integer
p; € Py. Our first goal in this section is to prove the following lemma.

Lemma 4.1 (The Key Lemma) Let T be a member of T*, m an arbitrary integer, Z a sub-
set of [m] and Py a set of k + 1 distinct integers bounded by d. Define S = S(m,Z,T,Py), and
suppose E1, Eo, E3 are three edges that belong to a copy of T in S. If F1 € C(ag,...,a5_1),
Ey; € C(bo,...,bg—1) and E3 € C(co,...,cp-1), and if a; < ¢; < b; for some i, 0 < i < k — 1,
then either a; = b; = ¢; or there are positive integers (31, B2 < 43 such that

Bra; + Babi = (61 + B2)c;i.

Using the above lemma, we will construct the following extremal k-graph, which will be a key
ingredient in the lower bounds of Theorem 1 and 2.

Lemma 4.2 For every fized k-graph D on d vertices that contains a copy of T € T* with r > 3
edges, an integer m and a (r, d3d2)-gadget—f7"ee set Z C [m/d¥*2], there is a k-graph F' on m vertices
with the following properties:

1. F contains | Z|* induced copies of D, which are singled out from the rest of the copies of D and
are called the essential copies of D in F.

2. Each pair of these essential copies share at most k —1 common vertices.

3. Every copy of T belongs to one of the essential copies of D.

It is important to note that we do not claim that F' does not contain any copies of D other than
the | Z|¥ essential copies, nor will we claim so later on in this section. As the statement of the above
lemma is rather technical, the reader can find in Subsection 4.3 a short intuitive explanation of it.

4.2 Proof of Lemma 4.1

The main idea of the proof is very simple; as T has only k + 1 vertices, the 3 edges spanned by these
vertices must have many common vertices. As the vertices of each set were chosen using the function
E defined in (19), we get from each vertex that is common to, say, E1 and Es, a linear equation that
relates the integers ag,...,ap_1, which were used to define E; and the integers by, ..., br_1, which
were used to define Fs. We then show that for every i either a; = b; = ¢; or the linear equations
induced by the intersections of the edges are "reach” enough to enable us to extract a linear equation
of the form Bia; + PBab; = (ﬁl + ﬁQ)CZ’.
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Let E1, Es and F3 be three edges that belong to a copy of a member of T € T*. As T has k + 1
vertices and any k-graph on k + 1 vertices that contains at least 3 edges is a core (recall Definition
2.1), the k + 1 vertices must belong to distinct sets V;. Call these vertices v1 € Vi, ..., 0511 € Viy1.
Assume, without loss of generality, that E1 = {v1,..., 0541} \ Vks1, B2 = {v1,..., 0541} \ v and
Es = {v1,...,vk4+1} \ vg—1. Recall, that every edge in S belongs to one of the copies of T', defined
using some k integers from Z. Suppose E; € Cl(ag,...,a5-1), E2 € C(bo,...,bg—1), and E3 €
C(coy..-yck—1). Asvy € V1,...,vp-1 € Vi1, are common to both E; and Ey we conclude that for
every i € [k+ 1]\ {k,k + 1}, the following equation holds:

E(ao, ... ak—1,pi) = vi = E(bo, ..., bx_1,pi)-
Aswvi € Vi,...,u_9 € Vi_o, v € Vi, are common to both F; and E3 we conclude that for every
i€[k+1]\ {k—1,k+ 1}, the following equation holds:

E(CLO, “e 7ak—17pi) =V, = E(007 ce. 7ck—lapi)'
We could have written k£ — 1 equations for the common vertices of Fy and Fj3, however, all but one
of them follow from the previous equations. The only independent equation is due to vgy1:

E(bo, ... bk—1,Pk+1) = V1 = E(co, ..., Che1,Dt1)-

We get a set of 2k — 1 equations in 3k unknowns, ag,...,ar_1, bg,...,bx_1 and cg, ..., cp_1. In order
to simplify the rest of this subsection, we substitute the definition of E from (19) and write our set
of equations as follows:

ap + pray + plag + ...+ tag_y = by + piby + plbo 4+ ...+ pi by
aop + paay + piag + ...+ 5 tag_y = by + paby + p3ba 4+ ...+ ph oy

ao + pr_1a1 + pr_jas + ...+ pFlag_1 = bo 4+ pr_1br +pi_iba+ ...+ lbp

ap + pray +plag + ...+ pf tag 1 = co +prey +plea .+ pV e
aop + paar + piag + ...+ 5 tag_1 = co +pact +piea ..+ ph e

ao + pr—2a1 + pr_saz + . .. +p§:§ak—1 = co + pr—201 + Pp_sC2 ... + pi:;cka

ag + prai + phas + ... +p§_1ak71 =co+prc1 +pica ... +Pﬁ_lck71

bo + Pr+1b1 + Pryibs + ... + Pilibka = co + Prt1€1 + Ppp1C2 -+ p’;iﬁ%a

In what follows we denote by ® the above set of equations. The main idea of the proof will
be to show that either ag = by = cg or there is a linear combination of ® with integer coefficients
a1, ...,09,_1, which results in the required linear equation relating ag, byp and c¢g. The other cases
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relating a;, b;, ¢; with ¢ > 0 are completely identical. The main idea is to find a linear combination
in which for 1 < i < k — 1 the coefficients of a;,b; and ¢; vanish. To this end, we introduce a set
of equations whose solution will be our desired «;s. Observing ®, we see that all the a;s appear in
the left hand side of the first 2k — 2 equations. Thus, in order for the coefficient of a; to vanish in a
linear combination of ® with coefficients aq, ..., ast_1, the following equation must hold

A Oél'pi1+Oé2'P§+---+a2k—3'p§;_2+042k—2'p}i=0~

Each of the b;s appears only in the right hand side of the first £k — 1 equations and in the left hand
side of the last equation. Therefore, in order for the coefficient of b; to vanish the following equation
must hold

B; : ap-py+az-py ..ot Qg1 PL_q — Qok—1 - Ppyq = 0.

Finally, each of the ¢;s appears only in the right hand side of the last £k — 1 equations. Hence, in
order for the coefficient of ¢; to vanish the following equation must hold

Ci: ok DL+ Qg1 DYy A+ Qo3 Do + Qog_2 * Pl + Qg1 - Py = 0.

Observe, that we can write the analogous linear equations Ag, By and Cy that will require the
coefficients of ag, by and ¢y to vanish. Though we apparently don’t need these equations, they will be
useful for the proof. In what follows we denote by Y the set of equations A1,..., Ax_1, B1,..., Br_1,
and C1,...,Ck_1. We will need the following well known result that follows from Cramer’s rule and
Hadamard Inequality (see, e.g., [16]).

Lemma 4.3 Let U be a set of p homogenous linear equations in q variables. If p < q and each
of the coefficients in these equations has absolute value at most r, then ¥ has a non zero solution
{ou, ..., a4}, where all the a;s are integers with absolute value at most (r2p)P/2.

The set T consists of 3k — 3 homogenous linear equations in 2k — 1 unknowns aq,...,Qor_1.
Observe, however, that for 1 <i <k — 1,

Therefore, Y is equivalent to a set of 3k —3 — (k — 1) = 2k — 2 linear homogenous equations in 2k — 1
unknowns, which consists of equations B;, C; . Observe also, that each of the coefficients in T has
absolute value at most d* (recall that 1 < py,...,prr1 < d). By Lemma 4.3, we are guaranteed that
there are integers ayq, ..., asi_1 not all of them equal to zero, whose absolute value is upper bounded
by (d2%(2k—2))F~1 < d2® such that in a linear combination of the above equations the coefficients of
all the variables but ag, by, co vanish. We now claim that in such a combination either the coefficient of
bo or the coefficient of ¢y does not vanish. An important observation is that as the integers py, . .., Pr+1
are distinct, the k linear equations By, ..., Br_1 that require the coefficients of by, ..., br_1 to vanish
are linearly independent. Hence, their only solution is a3 = 0,...,ar_1 = 0,asr_1 = 0. Similarly,
the k linear equations Cy,...,Ck_; that require the coefficients of co,...,cg, to vanish are linearly
independent. Hence, their only solution is o = 0, ..., asr_1 = 0. Thus, if the coefficients of by and
co vanish we may conclude that we must have used a linear combination with a; = ... = agr_1 = 0,
which contradicts our choice.
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Note, that as in each of the equations of ® the sum of the coefficients in the right hand side is
equal to the sum of the coefficients in the left hand side, this property must also hold in a linear
combination of ®. Hence, there is no linear combination in which the coefficient of precisely one of
ag, by, co does not vanish. It also follows that if the coefficients of precisely two of ag, by, cg do not
vanish, then they must be equal. However, if for example ag = by, then we can "replace” by with
ag in the last equation of ®, and use the last k equations of ® to infer that for 1 < ¢ < k — 1 we
have a; = ¢;. We would thus get that ag = by = by, which satisfies the requirement of the lemma.
The other two cases are similar. As in the previous paragraph we have ruled out the possibility that
the coefficients of ag, bg and cg vanish, the remaining possibility is that the coefficients ag, by and cg
do not vanish. In this case, we can use again the fact that in the resultant equation the sums of
the coefficients in each side are equal to infer that we must get the required equation. Finally, as
the coefficients «; are bounded by d2d2, the coefficients in the linear combination are bounded by
(2k — 1)d2¥ < @3¢, |

4.3 Intuition for Lemma 4.2

We give some explanation as to why, or more precisely when, Lemma 4.2 is not trivial. Consider for
simplicity the case of k = 2, that is, when T* is simply a triangle, and D is a K, (a clique of size 4).
In this case, the lemma says that we can construct a graph on m vertices that contains |Z|? essential
copies of K4 that are pairwise edge disjoint, and such that each triangle in the graph belongs to one
of these copies of K4. Note, that if |[Z| = 1 this statement is trivial as we can simply take a single
copy of K4 in order to construct such a graph. However, if |Z| = m*=°M) | the lemma claims that we
can construct the following non trivial graph: It has m vertices and |Z|? = m2°() essential copies
of K4 that are pairwise edge disjoint, such that each triangle in the graph belongs to one of these
copies of K. As each K, contains at most 4 triangles, this graph contains less than m? triangles.
As any triangle appears in at most m copies of K4 such a graph has at most m?> copies of K,. Note
that any trivial such construction (e.g. random) will contain roughly m*=°() copies of K4. The fact
that we can construct graphs that contain many induced copies of a graph, where each two copies
have at most 1 common vertex (or k — 1 vertices in the case of k-graphs) while containing relatively
few copies of it, will be crucial in the proofs of Theorems 1 and 2.

4.4 Proof of Lemma 4.2

We define a k-graph F', similar to the one used in Lemma 4.1. The vertex set of F' consists of d
pairwise disjoint sets of vertices Vi,...,Vy, where, with a slight abuse of notation, we think of each
of these sets as being the set of integers 1,...,m/d. We define the edge set of F' by specifying the
edge sets of |Z|F copies of D that we put in F. In what follows we refer to the d vertices of D as
integers in {1,...,d}.

For every set of (not necessarily distinct) integers zo,...,zx—1 € Z, we put a copy of D in F
spanned by the vertices v1 € Vi,...,vq5 € Vy, where for 1 < i < d we choose v; = E(z0,...,2k_1,1)-
In order to specify the edges of this copy, we simply regard the vertices vy, ..., vq as if they were the
vertices of a regular copy of D and put the corresponding edges. Namely, for every edge (p1,...,pr) €
E(T), we put in F' an edge that contains the vertices

E(ZOW")Zk—lapl)e‘/pp E(Z07“'7Zk—17p2)6‘/;)27 7E(207"‘7Zk—17pk)€‘/pk‘
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In what follows we denote by C(z, ..., 2zk_1), the copy of D defined using the integers zg, ..., zx_1.
This defines |Z|* copies of D. These |Z|* copies of D will be the essential copies of D in F in
the statement of the lemma (but we will still have to show that they are induced copies of D in
F). Observe, that any essential copy D has precisely one vertex in each of the sets Vi,...,Vj.
Note also, that as Z C [m/d*+?], for every zg,...,2,_1 and 1 < i < d, the function E satisfies
1< E(20,...,251,1) < kd*"'m/d**2 < m/d, thus the vertices "fit” into the sets Vi,..., Vy.

We now turn to prove the assertions of the lemma. Let vy,...,v; be k vertices that belong to
one of the essential copies of D in F. As the vertices of an essential copy belong to different sets V;,
there are distinct integers 1 < p1,...,pr < d, such that v; € Vj,,..., v, € V. From the definitions
of F' and the function E in (19), there are zo, ..., zx_1, such that the following equations hold:

w+pizF izt AP 2 = B2, 201,01) = v,

20 + P21 +pi22 +... +p£_1zk,1 = FE(z0,...,2k-1,Pk) = V-
If we view the following equations as a set of k linear equations with unknowns zy, ..., 2x_1, they
correspond to the matrix equation Az = b, where b = {v1,...,v;}, ¢ = {20,...,2k-1}, and A; ; =
pg ~!. As A is an invertible Vandermonde matrix (here we use the fact that the p;s are distinct),
we conclude that zg,...,z,_1 are uniquely defined by this set of equations. Hence, they belong to
precisely one of the essential copies of D, namely, C(zp,...,2,—1). We have thus shown that each

pair of essential copies share at most £k — 1 common vertices. As F' is a k-graph, the essential copies
of D are in particular edge disjoint. As by definition, every edge in D belongs to one of the essential
copies of D, we conclude that the essential copies of D in F' are in fact induced. We have thus proved
items (1) and (2).

We now turn to prove item (3). Suppose v, ...,vx+1 are k + 1 vertices that span a copy of T,
namely, they span r > 3 edges. As any member of T* contains at least 3 edges, T is a core (recall
Definition 2.1). Hence, there are distinct p1, ..., pg4+1 such that v1 € V..., 0541 € Virsr- Suppose
the  edges of T are e; € C(20,1,...,2k-1,1),---,€r € C(204,-..,2k—1,). In order to show that each
copy of T belongs to one of the essential copies of D we may show that for 0 < i < k — 1 we have
Zi1 = ...= 2,. This will mean that the r edges belong to C(zp, ..., z;—1). For ease of notation we
show that 211 = ... = 21,. The other cases are completely identical.

An important observation at this point is that the subgraph of F' induced on Vj,,..., V), is
precisely the k-graph S defined in Lemma 4.1 with Py = {p1,...,px+1}. Consider any three distinct
integers ji1, jo, j3 € {1,...,7}, such that 21 5, < 21, < 21,5,. By Lemma 4.1, either 21 j, = 215, = 21,5,
or there are positive integers 31, 82 < d3? such that the following equation holds

Brz1,4, + Bozijs = (1 + B2)21,4s-

Assume first that for some choice of ji, j2,j3 € {1,...,r} we have 21 ;, = 21, = 21,j, and assume
for simplicity that j; = 1,jo = 2, j3 = 3. Consider any other 4 < j < r and assume without loss of
generality that z11 < 21 ; < 2z12. By the above, either 211 = 212 = 21 ; or there are positive integers
0G1, 02 < 3 such that Bi1z11 + Pazi2 = (1 + [2)z1,5. However, as by assumption 211 = 212 and
B1,B2 > 0 we can conclude that in this case we also have 211 = 212 = 21;. We thus conclude that

in this case we have 211 = z12 = ... = 21,
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Assume now that none of ji,jo,j3 € {1,...,r} are such that 2z ; = 21, = 21,,. Suppose we
rename the integers z11,...,21, such that 217 < ... < z1,. By Lemma 4.1, we have for every
2 <7 <r —1 that there are positive integers 3;,, Bi, < 43¢ such that

Binz1i-1 + Bisz1,i41 = (Biy + Biy) 21, (20)

holds (Note that by our ordering of zj1,...,21, we satisfy the requirement of Lemma 4.1 that
a; < ¢; < b;). But this means that z; 1, ..., 21, satisfy the (r, d3d2)—gadget E=A{ea,...,e,_1} where

ei = Bixi—1 + Biyxit1 = (Bi, + Biy)Ti

(it is easy to verify that this is indeed a (r, d3d2)—gadget). However, as by assumption Z is (r, d3d2)—
gadget-free, the integers z11,...,21, cannot be distinct. Assume, without loss of generality, that
211 = z1,2. As 211, 21 2, 21,3 satisfy the linear equation given in (20) and as by assumption 21 = 21,2
it must be the case that z1 3 = 211 = 21,2. This contradicts our assumption that there is no triple of
equal integers 21 j,, 21, j,, 21,j5 - |

5 Extremal Hypergraphs and Lower Bounds for Pj

5.1 The main results of this section

Our main goal in this section is to prove the following lemma

Lemma 5.1 Let D be a fized k-graph on d vertices, which contains a copy of T € T* with r edges.
Suppose we can find, for every integer m, a (r, d3d2)—gadget—f7‘ee subset Z C [m/d* 2] of size m/ f(m).
Then, for every small enough ¢ > 0, and every large enough integer n, there is a k-graph H on n
vertices that is e-far from being induced D-free, and yet contains only O(n?/q(€)) copies of D, where

g(€) = max{m : (1/f(m))* > e}.

We also need the following lemma, which follows from the canonical graph property tester of
Goldreich and Trevisan in [15] (see also [3]).

Lemma 5.2 Suppose there is a k-graph on n vertices that is e-far from satisfying Py, (or Pp) and
yet contains O(n/q(€)) copies of D. Then the query complexity of any one-sided error property-
tester for Py, (or Pp) is Q(q(e)Y/?), where d is the size of D. In particular, if q(€) is super-polynomial
in 1/e, then so is the query complexity of any one-sided error property-tester for Py, (or Pp).

As is evident from the statement of Lemma 5.2, in order to obtain a high lower bound for
testing P7), one would want to apply it to a k-graph H that is e-far from satisfying P}, and contains
O(n?/q(€)) copies of D with ¢ growing as fast as possible. Inspecting the statement of Lemma 5.1
we see that it supplies such a k-graph, but in this case the function f should grow as slow as possible
(in some sense q is f~!). Note, that one can use the output of Theorem 6 as an input to Lemma
5.1. Finally, requiring f in Lemma 5.1 to grow slowly, means requiring the set Z in Theorem 6
to be as large as possible. Finally, observe that we can use the number theoretic construction of
Theorem 6, which supplies such a set of size n/f(n) with f being sub-polynomial. This will give
a super-polynomial ¢, and thus super-polynomial lower bounds, which are our ultimate goals. In
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Section 6 we indeed apply the above two lemmas, along with Lemma 4.2 and the number theoretic
construction of Theorem 6, In order to prove Theorems 1 and 2. The reader can find further intuition
for Lemma 5.1 in the following Subsection. The proofs of Lemmas 5.1 and 5.2 appear in the following
subsections.

5.2 Intuition for Lemma 5.1

Going back to the discussion following the statement of Lemma 4.2 we see that using Lemma 4.2
with a set Z of size n'=°() gets us very close to the requirements of Lemma 5.2, with two important
differences. Returning to the example of K4 from Subsection 4.3, we see that on the one hand the
k-graph of Lemma 4.2 contains at most m?3 copies of K, on m vertices, which is far better than the
n*/q(¢) copies on n vertices, which Lemma 5.2 expects to get. On the other hand, however, the input
k-graph to Lemma 5.2 must be e-far from being induced Ky-free while the k-graph in Lemma 4.2 is
only m~°M_far from being induced Kj-free as it contains only m2=°(1) copies of K,. Thus, Lemma
5.1 can be viewed as a bridge between the extremal hypergraph construction of Lemma 4.2 and the
lower bounds that we can obtain using Lemma 5.2.

5.3 Proof of Lemma 5.1

An s-blow-up of a k-graph T' = (V(T'), E(T)) on t vertices is the k-graph obtained from T by replacing
each vertex v; € V(T') by an independent set I; of size s, and each edge (vj,,...,v;,) € E(T), by a
complete k-partite k-graph whose vertex classes are I;,,...,I;, (A complete k-partite k-graph has
as its vertex set k sets Vi,..., Vi, and its edge set is {{vi,...,vx} : v1 € Vi,... ;v € Vi}). Note
that if we take an s-blow-up of T, we get a k-graph on st vertices that contains s’ induced copies of
T, where each vertex of the copy belongs to a different blow-up of a vertex from 7" (simply pick one
vertex from each independent set). We call these copies the special copies of the blow-up. As each
set of k vertices in the blow-up is contained in at most s‘~* special copies of T, it follows that adding
or removing an edge from the k-graph can destroy at most s‘~* special copies of T. We conclude
that one must add or remove at least s'/s~* = s* edges from the blow-up in order to destroy all its

special copies of T.
Proof of Lemma 5.1: Given a small ¢ > 0, define
m = q(e). (21)

Let Z C [m/d**?] be a (r, d3d2)—gadget—free, and let F' be the output of Lemma 4.2, given D, T, m
and Z. Recall that F' has m vertices. Let H be an s-blow-up of F', where

vt - 2]

If necessary, add some more isolated vertices to make sure that the number of vertices of H is
precisely n. Claims 5.1 and 5.3 below complete the proof of this lemma |

Claim 5.1 The k-graph H defined in the proof of Lemma 5.1 is e-far from being induced D-free.
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Proof: Consider two essential copies of D in F'; D; and Ds. By item (2) in Lemma 4.2, D1 and Do
share at most & — 1 vertices v;,,...,v;,_, in F. It follows that their corresponding blow-ups in H
will share at most £ — 1 independent sets I;,, ..., 1;, ,, which replace the vertices v;,,...,v; , from
F'. Now, consider the blow-ups of D1 and D, in H, denoted T7 and T5. As Ty and T, share at most
k — 1 common independent set, and each of the special copies of D in T} /T3 has precisely one vertex
in each of the independent sets that replaced the vertices of F', we get that a special copy of D in Ty
and a special copy of D in T5 share at most k — 1 vertices. Thus, adding or removing an edge from
H, can either destroy special copies of D that belong to 17, or special copies of D that belong to
T5 (or not destroy any induced copies at all). By item (2) in Lemma 5.1 each of the essential copies
of D in F' is induced, thus, as we explained above, in order to destroy all the special copies of an
s-blow-up of D, one needs to add or remove at least s* edges from the blow-up. As |Z| = m/f(m) we
have by Lemma 4.2 item (1) that F' contains m¥/f*(m) essential copies of D. Therefore, H contains
mF / f¥(m) blow-ups of copies of D. We may thus infer that one has to add or delete at least
skmk n¥ &

Frm) ~ 70m) =" >
edges in order to turn H into an induced D-free k-graph, where the inequality follows from our choice
of m in (21) and the definition of g(e¢). Thus, H is e-far from being induced D-free. [ ]

In what follows we denote by I, the independent set of vertices in H that replaced vertex v from
F. As H is a blow-up of F' it is clear that {v1 € I,...,v; € I;,} is an edge in H if and only if
{t1,...,t} is an edge in F. We remind the reader that by assumption D contains a copy of T' € T*,
which contains r > 3 edges. We need the following simple claim:

k+1

Claim 5.2 The number of copies of T in H is s times the number of copies of T in F'.

Proof: Assumew; € Iy,...,vpy1 € Iy, span a copy of T"in H. As T'is a core the sets Iy,,..., Iy, .,
are all distinct. As H is a blow-up of F' we get that ¢1,...,tx 1 span a copy of T in F.. We conclude
that a copy of 7" in H is obtained only by picking a single vertex from each one of the k + 1 sets
Ly, ... Iy, such that t1,... k41 span a copy of T in F. As H is an s blow-up of F', we conclude
that the number of copies of T in H is precisely s*t1 times the number of copies of T in F. |

Claim 5.3 The k-graph H defined in the proof of Lemma 5.1 has O(n?/q(€)) copies of D.

Proof: Note, that as D contains at least one copy of T', and each copy of T belongs to at most
") < ndk=1 copies of D, it is enough to show that H contains at most n**+1 /g(e) copies (induced
d—k—1

or not) of T. By Claim 5.2, the number of copies of T'in H is precisely s**! times the number of

copies of T' in F. By item (3) in Lemma 4.2 each copy of T' belongs to one of the essential copies

of D. As each copy of D can contain at most (kil) < d*+1 copies of T, and F contains precisely

mF / f¥(m) essential copies of D, we get that H contains at most

ALk kL gkl ok kL gkl ket

L R L (T BT

= O(n** /q(e)) (24)

copies of T, where the first equality is due to our choice of s in (22), and in the last equality we used
the definition of m in (21). [ ]
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5.4 Proof of Lemma 5.2

We need the following result of [15], mentioned already in [3].

Lemma 5.3 ([3],[15]) If there exists an e-tester for a graph property that makes q queries, then
there exists such an e-tester that makes its queries by uniformly and randomly choosing a set of 2q
vertices and querying all their pairs. In particular, it is a non-adaptive e-tester making (22(1) queries.

In [15] the authors measure the query complexity of a property tester by counting the number
of edge queries. As we measure query complexity by the the number of vertices sampled, assuming
we always query all possible edges within the sample, we infer from Lemma 5.3 that we can simply
assume that the property tester first samples a set of vertices, queries about all the edges, and then
proceeds to perform some other computation. Also, the proof of Lemma 5.3 was described in [15]
for graphs, however, precisely the same argument carries over to k-graphs.

Proof of Lemma 5.2: We describe the proof with respect to Pf,. The proof for Pp is identical. By
Lemma 5.3, given a one-sided error e-tester for testing Pj, we may assume, without loss of generality,
that it queries about all k-subsets of a randomly chosen set of vertices. As the algorithm is a one-
sided-error algorithm, it can report that H is not induced D-free only if it finds an induced copy
of D in it. Observe, that if the tester picks a random subset of x vertices, and an input k-graph
contains only O(n?/q(¢)) copies (induced or not) of D, then the expected number of induced copies
of D spanned by z is O(z%/q(¢)), which is o(1) unless = = Q(q(e)'/%). By Markov’s inequality, unless
z = Q(q(e)'/%), the tester finds an induced copy of D with negligible probability. [ |

6 Proofs of Theorems 1 and 2

6.1 A lower bound for (almost) all k-graphs

In this section we apply the number theoretic construction of Theorem 6, the construction of the
extremal k-graphs of Lemma 4.2 as well as Lemmas 5.1 and 5.2 in order to prove Theorem 1. We
first need the following claim in which we denote by D the complement of D, that is, a k-graph that
contains an edge if and only if D does not. We also call a k-graph D, strongly T*-free, if neither D
nor D contains a copy of T*.

Claim 6.1 There are no strongly T3-free 3-graphs on at least 7 vertices. For any k > 3, there are
no strongly T*-free k-graphs on at least k + 1 vertices.

Proof: The case of k > 3 is simple. As in this case (k;gl) > 5, on any set of k 4 1 vertices either D
or D spans a copy of T*. For the case of k = 3, observe that D is strongly T>-free, if and only if each
set of 4 vertices spans precisely 2 edges. Fixing any set of 7 vertices, this set must span precisely
(1)2 /4 edges, where we count the number of 4-sets, multiply by 2 as each 4-set by assumption spans
2 edges, and divide by 4, because we count each edge 4 times. Since this is not an integer it is
impossible. Thus, on any set of 7 vertices either D or D spans a copy of T°. |

Proof of Theorem 1: Let D be a fixed k-graph on d vertices. A simple yet crucial observation
is that for every k-graph D, testing Pj, is equivalent to testing P%. Note, that this relation does
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not hold for testing Pp. It follows that in order to prove a lower bound for testing Pj,, we may
prove a lower bound for testing P%. By Claim 6.1 all the k-graphs in the statement of Theorem
1 (besides some 3-graphs on 4,5 and 6 vertices. See comment below on how to deal with them)
are not strongly T*-free, hence we may assume that D contains a copy of T € T* with at least 3
edges. By Theorem 6 (with k = 2 and h = d3%), there is a (3, d*")-gadget-free set Z C m/d*F+2
of size (m/dFt2)/ecVios(m/d"*2) — 1 jecv/logm g1 an appropriate ¢ = ¢(d). This means that we can
use Lemma 5.1 with f(m) = e“V!98™ Tt is easy to check that in this case q(¢) in the statement of
Lemma 5.1 satisfies

c’logl/e
) (25)

qe) = (

€

for an appropriate constant ¢ = ¢/(d). By Lemma 5.1 we get a k-graph that is e-far from being
induced D-free, and contains only O(n?/q(¢)) copies of D. By Lemma 5.2 the query complexity of
any one-sided error property tester for Py, is lower bounded by q(€)"/? which is (25), with ¢’ replaced
by ¢ /d. [ |

It is worth mentioning that there are strongly 73-free 3-graphs on 4,5, and 6 vertices. For 4
vertices there is a unique such 3-graph, which is D32 (which contains 2 edges) mentioned in the
statement of the Theorem 2. This is the only k-graph for which we do not know whether Pj, is
easily testable. For 5 vertices, it is easy to verify that the only strongly T3-free 3-graph has the edges
{(1,2,3), (2,3,4), (3,4,5), (4,5,1), (5,1,2)}. This 3-graph is better understood if one considers the
5 vertices on a cycle, and the edges as all triples consisting of three consecutive vertices on the cycle.
In what follows we call it Ds5. It is easy to check that Ds5 is a hyper-cycle (see Definition 2.2),
thus we can prove a version of Lemma 5.1 (namely, constructing a k-graph, which is e-far from being
D3 5-free and yet contains only O(n°/(1/€)¢1°81/€) copies of D3 5) that instead of using Lemmas 4.2
and Theorem 6, uses Lemmas 7.1 and 7.2, which are proved below. The details are very similar. For
6 vertices there are also some 3-graphs that are strongly 73-free, however, every 5 vertices of such
a 3-graph must span a copy of D35 thus we can again use the same arguments as for D35 to prove
that any such 3-graph is not easily testable.

6.2 The improved lower bound

Proof of Theorem 2: Observing, as in the proof of Theorem 1, that we may either prove a lower
bound for D or D, we recall that by Ramsey’s Theorem, for any integer k there is an integer r(k)
such that for any k-graph D on at least r(k) vertices, either D or D contains a copy of F*. Hence, we
may assume that D contains a copy of F*, which is a member of T% with k + 1 edges. By Theorem
6, there is a (k + 1,d3?")-gadget-free set Z C m/dF+2 of size

’Z’ > (m/dk+2)/ec’(log(m/dk+2))1/Uog?kl _ m/ec(logm)l/UOg?kJ

for an appropriate ¢ = ¢(d, k). This means that we can use Lemma 5.1 with f(m) = ecllogm)!/LoE2t]

It is easy to check that in this case ¢(e) in the statement of Lemma 5.1 satisfies

( ) 1 ¢ (log 1/e)log k]
()

: , (26)
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for an appropriate constant ¢ = ¢/(d). By Lemma 5.1 we get a k-graph, which is e-far from being
induced D-free, and contains only O(n?/q(¢)) copies of D. By Lemma 5.2 the query complexity of
any one-sided error property tester for Py, is lower bounded by q(€)"/? which is (26), with ¢ replaced
by ¢ /d. [ |

Note, that though the statement of Theorem 2 states the improved lower bounds only for k-graphs
on at least r(k) vertices, it should be clear that the same lower bound also applies to any k-graph
on less than r(k) vertices such that either the k-graph or its complement spans a copy of F k. This,
in particular, applies to F* itself, thus, as mentioned after the statement of Theorem 2, we indeed
get an improvement on the lower bound for testing P}, from [18]. It is worth mentioning that if one
is willing to replace |logk| with [log[k/2 + 1]] in the statement of Theorem 2, then one can obtain
this slightly weaker lower bound for any k-graph on at least k + 1 vertices, instead of k-graphs on
at least r(k) vertices. One just has to note that for any set of k + 1 vertices, either the k-graph or
its complement spans at least [k/2 4+ 1] edges. One then proceeds as in the proof of Theorem 2 by
taking a set Z, which is ([k/2 + 1], d3®)-gadget-free instead of (k + 1, d3®*)-gadget-free.

7 More on Linear Equations and Extremal Hypergraphs

In this section we prove Theorem 4. Analogously to our proof technique for P}, the first step in the
proof of Theorem 4 is to show that given a hyper-cycle D = (V| E) on d vertices we can construct a
k-graph that contains many copies of D such that from each copy of D we can infer a certain linear
equation. The main idea, as in Lemma 4.1, is to give an algebraic construction of such a graph, but
as we explain below, in this case we have some additional difficulties.

Let m be an integer, Z C [m]| and D a hyper-cycle of size d, whose vertices are numbered
{1,...,d} as in the definition of a hyper-cycle. We define the following k-graph F = F(D,Z) as
follows: the vertex set of F' consists of d pairwise disjoint sets of vertices Vi,..., Vg, where, with
a slight abuse of notation, we think of each of these sets as being the set of integers 1,...,d* lm.
We define the edge set of F' by specifying the edge sets of |Z|F copies of D that we put in F. For
every set of (not necessarily distinct) integers zp,...,zx_1 € Z, we define a copy of D denoted
C = C(z0,...,2K-1): As the vertex set of C, we choose d vertices v € V1,...,vq € Vg, where for
1 <t < d we choose vy = E(z0,...,2r-1,t), and E is the function defined in (19). Note, that for
any choice of zp,...,zk_1 € Z we have E(zp,...,2r-1,t) € [dk“m], thus the vertices "fit” into the
sets Vi,...,Vy. As for the edges of C, we simply regard the vertices v1 € Vi,...,vq € Vg as if they
were the vertices 1,...,d in D, namely, if (¢1,...,tx) € E(D), we put in F an edge that contains the
vertices

E(ZO,...,Zkfl,tl) S th, E(Z(),...,Zkfl,tg) S ‘/;52, ,E(zo,...,zk,l,tk) S V;gk

The main technical step in this section is the proof of the following lemma, whose role in the proof
of Theorem 4 is analogous to the role of Lemma 4.1 in the proof of Theorems 1 and 2.

Lemma 7.1 Let m be an arbitrary integer, Z C [m] and D a hyper-cycle on d vertices. Construct
F = F(D,Z) as above. Suppose v1 € Vi,...,vq9 € Vg span a copy of D, with v, playing the role of
vertex t in D. Suppose that for 1 < i < d —k + 2 edge e; belongs to C(zo4,...,2k-1:). Then, for
every 1 < j < k —1 there are positive integers a1, ...,a4_r+1 < ¢ = c(d) such that

ar-zj1+az- zj2+ ..o Ga—pt1 - Zjd—k+1 = (@1 F a2+ .o A Qd—kt1)  Zjd—k42
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In order to apply Lemma 7.1, we need another notion of linear equations suitable for it, which we

formulate as follows: a set Z C [m] = {1,2,...,m} is called (k, h)-linear-free if for every k positive
integers aq,...,a; < h, the only solution of the equation

a1z + ...+ apzg = (a1 + .o+ ag) 241, (27)
which uses k + 1 integers from Z satisfies 21 = ... = zx41. That is, whenever ay,...,ar < h, the

only solution to (27) from Z, is one of the |Z| trivial solutions. Similar to our proof technique of
Theorems 1 and 2, in this case we will also need a dense (k, h)-linear-free sets of integers, with which
we will apply Lemma 7.1.

The main difficulty in proving Lemma 7.1 is two fold; While we still have to show that we can
extract a linear combination of the integers, as we did in Lemma 4.1, we are faced with the following
problem; suppose we manage to extract a linear equation but it is of the form z; + z0 — z3 = z4. In
Lemma 4.1 this was not an issue, as in that lemma the required equation only relates 3 integers, thus
if we get an equation of the form, say, 3a — 2b = ¢, we can simply ”shift” 2b to the other side and
get the required equation. This is not possible in our case. The problem is even more serious; as we
mentioned above (and analogously to our proof technique for P7)), our ultimate goal will be to apply
Lemma 7.1 with a (k, h)-linear-free set of size m!'=°(), However, it follows from the pigeon-hole
principle that the largest size of a subset of [m] without solutions to z; + 29 — z3 = 24 is O(y/m).
Thus, we must make sure that all the coefficients in the linear equation we extract are positive. One
may also ask, why we cannot prove our lower bounds for Pp by using only linear equations with 3
unknowns, like we use for Pj,. The main reason for that is that for P, we can prove a lower bound
either for D or its complement, and one of them must contain a copy of T%. For Pp, however, we
cannot use this reasoning and have to deal with D itself, which does not necessarily contain a copy
of T*.

The proof of Theorem 4 will follow by using Lemma 7.1 together with arguments similar to
those used in the proofs of Lemmas 4.2, 5.1 and 5.2. The proof Lemma 7.1 appears in the following
subsection, and the proof of Theorem 4 appears in Subsection 7.2.

7.1 Proof of Lemma 7.1

For the proof of Lemma 7.1 we need the following simple observation:

Claim 7.1 For a given set of p < r distinct integers t1,...,t, bounded by r, let A be the matriz
(A)ij = tf“fj — (t; — 1)P*1=7 (1 < i,j < p). Then, there is a non-zero integer vector v, all of
whose entries are bounded (in absolute value) by r*", such that for 1 <i < p—1 (Av); = 0, while
(Av), > 0.

Proof: As the integers t1,...,t, are distinct, the Vandermonde matrix (V);; = tg ~!is invertible.
As A can be obtained from V by rank preserving operations, A is also invertible. By Claim 4.3 there
is a non-zero integer vector v, all of whose entries are bounded by (r2p)P/2 < (rp)? < r?", such that
for 1 <i <p—1 we have (Av); = 0. As A is invertible and v is non zero, it cannot be the case that
(Av), = 0, and if (Av), < 0 we can replace v by —v. [ ]

As a first step towards the proof of Lemma 7.1 we prove the following claim.
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Claim 7.2 Let m be an arbitrary integer, Z C [m] and D a hyper-cycle on d vertices. Construct
F = F(D,Z) as in Lemma 7.1, and denote by i the vector (i,i%,...,i*"1) and by Z the vector

(21,i, 22,05 - 2k—1,i)- Then the following equation holds
- C-D+ .. 4z d—k+2—d—k+1)=Zgp - (d—k+2-1). (28)
Also, for every 1 <i<d—k+1andi+1<t<i+k—2 the following equation holds
T T-D) -7 (FT1-1) =0 (29)

Proof: Let vy € V4,...,v5 € V4 be d vertices spanning a copy of D, with v; € V; playing the role
of vertex ¢ in D. For every 1 < i < d — k + 1 consider the vertices v; € V; and v;+1 € Vi1 and
recall that by the definition of a hyper-cycle they belong to e; € C(204,...,2k-1,4). If we regard
v; and v;41 as integers we get from the definition of F' that v; = E(z04,...,2k—1,,¢) and that
viy1 = E(204,...,2k-1,,1 + 1). From the definition of E in (19) this means that (note that zp;
disappears)

Vi1 — v =215 (1) —8) F 22 (G+1)2 =)+ bz - ((+DFE =R, (30)

As in the statement of the claim, let the vector 7 denote (7,42, ... ,ik_l) and let the vector z; denote
(21,i, 22,45 - - - » Zk—1,i). Therefore, we can write for every 1 <1i < d — k + 1 the vector equation

Vip1 — v =% (1+ 1 —1). (31)

As egq_j+2 contains the vertices vg_gi2 € Vi_gto,...,v4 € Vg we have for every d—k+2<i<d-—1

Vit1 =V = Zgka - (1 + 1 1) (32)

Summing (31) for 1 <i<d—k+1and (32) ford— k+2 <i <d— 1 we obtain

Vg — V1 :Z'(Q_T)+...+Zd7k+l'(d_k+2_d_k+1)+zd7k+2'(E_d_k+2>. (33)
As eq_j1o contains the vertices v1 € V; and vg € Vy, we also have by the same reasoning
vg — V1 = Zg_grz - (d—1). (34)

Combining (33) and (34) we obtain (28).

In order to obtain the other equations, for any 1 <+i < d — k 4+ 1 consider edge e; and recall that
it contains the vertices i,...,7 + k — 1. Note that for every i + 1 <t <1i+ k — 2 vertices t and t + 1
belong to both e; and e;y1. By the same reasoning used to obtain (30) and (31) we can write for
every i+ 1<t<i+k—2

Vi1 — v =% - (t+1—1) (35)

t+1-1) (36)
Combining these equations we get (29) for every i +1 <t < i+ k — 2, thus completing the proof. B

t
Vi1 — Ut = Zj41 - (

For the rest of the proof let us use the following notation: for every ¢ +1 <t < i+ k — 2 denote
by &+ the equation of (29). Note, that for every 1 <i < d — k + 1 we have k — 2 equations &; ;. To
illustrate the main ideas of the proof the reader may want to consider the special case where d = 6
and k = 4 depicted in Figure 1.

We also need the following claim. For its proof, the reader may find it useful to refer to the
example given in Figure 1.
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211 + 3291 + 7231 + 212 + 5222 + 19230 + 213 + 7203 + 37233 = 3214 + 15204 + 63234
211 + 9221 + 19231 — 2129 — 5292 — 19232 =0
211 + Tzo1 + 37231 — 212 — T222 — 37232 =0
21,2+ Tz09 + 37239 — 213 — T223 — 37233 =0
212 + 9299 + 612320 — 213 — 9293 — 61233 =0
21,3+ 9223 + 61233 = 214 + 9204 + 61234
21,3+ 11293 + 191233 = 214 + 11294 + 191234

Figure 1: The linear equations (28), 5172, 8173, 52’3, 52,4, 8374, 53’5 when d =6 and k = 4.

Claim 7.3 For every 1 < i < d — k + 1 there is a linear combination of (28) and equations
Eiit1s - Eivk—a with integer coefficients, in which the coefficient of z;1 is positive, while the coef-
ficients of zi2,. .., 2 x—1 vanish.

Proof: Let oy, ..., aj—1 denote the unknown coefficients of (28) and &; ;11, .. ., & i+k—2, respectively,
in the linear combination, which we seek. Suppose we write k£ — 1 linear equations ej,...,ex_1 in
unknowns ai,...,ax_1, where equation e; requires the coefficient of z;1 to vanish in the linear
combination of (28), & it1,...,E& i+k—2 With coefficient ay,...,a;_1. Observing the coefficients of
2y Zh—1, 10 (28) and in & j41,. .., & ipk—2 it is easy to see that the entries of the (k—1) x (k—1)
matrix A, whose i*" row contains equation e; satisfies the properties of Claim 7.1. We can now take
the entries of the vector v, whose exitance is guaranteed by Claim 7.1, to be the required integer

coefficients aq, ..., op_1. |

Proof of Lemma 7.1: We first observe that (28) is an equation in z;;, where for 1 < j < k—1 and
1 <7 < d—Fk+1 we have z;; in the left hand side of the equation, and for every 1 < j < k—1 we have
2j.d—k+2 on the right hand side. Furthermore, all the coefficients in this equation are positive. Finally,
for every 1 < j < k—1 the sum of the coefficients of z; 1,. .., z; 4—x+1 is equal to (d—k+2)7 —1, which
is precisely the coeflicient of 24 g42. It thus follows that (28) is the sum of the k — 1 equations
that we need to obtain in order to prove the lemma. In order to simplify the notation we now turn
to show how to obtain the linear equation relating 211, ..., 21,y—k+2. The other cases are completely
identical.

To simplify the rest of the proof, when we later refer to fixing i we mean obtaining a linear
equation in which z9;,...,2;_1,; do not appear, while the coefficient of z1; is positive. Our main
idea of extracting from (28) the required linear equation relating z; 1, ..., 21 4—k+2 is the following:
For 1 <i < d—k+2, equation (28) contains the variables 21, ..., 25_1,, while we want an equation
in which only 21 ; appears. We thus need to fix ¢ for every 1 <i < d —k + 2. By Claim 7.3 we know
that for every 1 <i < d—k + 1 we can find a linear combination of (28) and & i41,...,& itk—2,
which fixes 7. The main problem is that we need a linear combination which simultaneously fixes
all the is. Suppose we first use Claim 7.3 in order to obtain a new equation, denoted &£, which fixes
i = 1. We would now want to reapply Claim 7.3 in order to fix ¢ = 2. The only difficulty is that we
would now want to take a linear combination of £33, ...,&  with £, and not with (28) as taking a
linear combination with (28) might "bring back” z91,..., zx—1,1-
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However, it is easy to see that we can also find a linear combination of & 3,...,&2; and &, which
fixes i = 2. By Claim 7.3, we know that there is a linear combination of & 3,...,& ) and (28),
which fixes ¢ = 2. Consider now the coefficients of z12,..., 2512 in equations (28), &1 2,...,E k-1
and &33,...,& . Note, that the coefficients, which appear in equations (28), £12,...,&2 -2 also
appear in equations (28), &3,...,& . To be more precise, the coefficients of z19,..., 2,12 in
equation &£ are precisely the coefficients of z19,...,25_12 in (28) and for every 3 < i < k —1
the coefficients of 219,...,2,-12 in equation & ; are precisely the coefficients of z12,...,2,_12 in
equation £ ;1. Thus, as £ is a linear combination of (28) and &1 2,...,& k1 we infer that if there
is a linear combination of (28) and &3, ..., & &, which fixes i = 2, then there must be such a linear
combination of £ and &3,...,& . It is finally important to note that as 2q1,...,21,-1 do not
appear in equations &3, ..., &2 then in the new linear equation 7 = 1 remains fixed.

Note that the above argument can be generalized to any 2 < i < d — k + 1 as equations
Eiit1s---+ & ivk—2 do not contain the unknowns zqp,...,z;-1, for any p < 4, and the coeffi-
cients of 2 1,...,% x,—1 appearing in (28) and &_1;,...,&—1,+k—3 also appear in equations (28)
and & ;t1,...,& iyr—2. Hence, we can apply an iterative procedure, where in the ith step we add
to (28) an appropriate linear combination of equations & ;11,...,&; i+x—2, which fixes i. Moreover,
later iterations of this procedure will not change the coefficients of 21 p,..., 251, for any p <i. In
particular, if in iteration p we fixed ¢ = p, then we will also have this property at the end of the
process. We have thus established that for 1 < ¢ < d — k + 1 our process obtains in iteration i a
linear combination in which for every p < the coefficient of 21, is positive, while the coefficients of
22p, - -+, Zk—1,p have vanished. We now observe that as both in (28) and (29) the coefficient of 2; g_ 2
is equal to the sum of the coefficients of z;1,..., 2 4—x—1, it must be the case that after iteration
d — k + 1 the coefficient of 21 4_j9 is positive while the coefficients of 23 g_gy2, ..., 2k—1,d—k+2 have
vanished, thus i = d — k + 2 is also fixed. This means that we have obtained the required equa-
tion relating 211,212, ...,21,d—k+2. As for the size of the integers in this linear equation, note that
the coefficients of (28) and (29) are bounded by d* < d?. As we apply the above iterative process
d—k +1 < d times, Claim 7.1 guarantees that when we are done the coefficients are bounded by a
function of d only. [

Corollary 7.1 For every d, there is ¢ = ¢(d) such that if we construct the k graph F in Lemma 7.1
with a (d — k + 2, ¢)-linear-free set Z, then F contains precisely | Z|? copies of D spanned by vertices
v1 € Vi,...,uq € Vg, with vs playing the role of vertex t in D.

Proof: The main idea is simply to show that the only such copies of D belong to the same copy of
D defined for some choice of integers zg,...,2x_1 € Z. Consider any copy of D spanned by vertices
v € V1,...,vq € Vg, with v; playing the role of vertex ¢t in D. Suppose for every 1 <i<d—k+ 2
edge e; of D belongs to C(zo,. .., 2x—1,). Lemma 7.1 guarantees that for every 1 < j < k —1 there
are positive integers ay, ..., a4-+1 < ¢ = c¢(d) such that the the following equation is satisfied

ai-zj1+azg-zjo+ ...+ ad—k41 - Zjd—kr1 = (a1 +ag+...+ag_g4+1) - Zj.d—k+2-

Therefore, if we use a set Z, which is (d — k + 2, ¢)-linear-free it must be the case that for every
1<j<k—1,wehave z;1 = zj2 = ... = 2j 4—k+2. To complete the proof we just have to show that
we also have zp1 = 202 = ... = 20, d—k+2 as this will imply that all the edges of D belong to the same
copy defined using z0,1,21,1,...,2k—1,1. To show this we observe that for every 2 <t < d — k + 2,
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vertex v; € V; is common to both e;_1 and e;. This means that

E(z0t—1,--+,2k—1t-1,t) = v = E(204, ..., 2k—14,1).

As we already know that for every 1 < j < k — 1 we have z;; = 2,41, the above equation implies
that zp;—1 = 204 holds for every 2 <t < d — k + 2, thus completing the proof. |

7.2 Proof of Theorem 4

Given Lemma 7.1, the proof of Theorem 4 follows by going along the lines of the proofs of Lemmas
4.2 and 5.1, with one key difference, which we shall explain. In order to avoid repeating the same
arguments we will just sketch them, while assuming that the reader is familiar with the proofs of
Lemmas 4.2 and 5.1. As in Lemma 5.1, we will also need a large set of integers that does not satisfy
linear equations similar to the one we extract by using Lemma 7.1. We will thus need the following:

Lemma 7.2 For every k and h there is ¢ = c(k, h), such that for every n, there is a (k, h)-linear-free
subset Z C [n] ={1,2,...,n} of size at least

m

eV logm

By using Behrend’s technique [7], this lemma has been proved in [5] and [9] for the case of k = 3
and arbitrary h, and in [1] for the case h = 1 and arbitrary k. As the proof of the above lemma
simply combines the ideas of [1] and [5], we do not include it here.

1Z] = (37)

Proof of Theorem 4: (sketch) To further simplify the proof, we will use ¢ to indicate (possibly
distinct) constants that depend only on d. Let D be a fixed k-graph on d vertices, whose core L,
contains a hyper-cycle R, of size r (< d). Denote by ¢ (< d) the size of L and assume we rename its
vertices such that a copy of R is spanned by the first r vertices of L, with every vertex 1 < i < r
playing the role of vertex i of R. As in the proof of Theorem 1, the main idea is to apply Lemma
5.2 by constructing a k-graph H that is e-far from satisfying Pp, and contains only n?/q(¢) copies
of D, with g(e) > (1/€)¢l°81/¢. To this end, we will first construct a k-graph F (as in Lemma 4.2),
and then take an appropriate blow-up of it (as in Lemma 5.1).
Given ¢, let m be the largest integer satisfying

ecvieem /e, (38)
It is easy to see that
m > (1/e)cls 1/, (39)
Let Z be a (r — k + 2, ¢)-linear-free subset of [m]. Note, that by Lemma 7.2 we have
m

eV logm

Define a k-graph F as follows: It has ¢ clusters of vertices Vi,. .., V; of size d**?m each (thus, F has
¢d*+2m vertices). For each set of k integers 2, ...,2;_1 € Z we put a copy of L in F spanned by
the vertices vy € Vi,...,vp € V; with v; playing the role of i, and v; = E(zy,..., 2x_1,1), with the

e

30



function E define in (19) (note, that the vertices fit into the sets Vi,...,V;). As in Lemma 4.2 item
(2), one can easily show that we have thus defined

mk

ecwlogm

copies of L, with each pair sharing at most k— 1 vertices. In particular these copies are edge disjoint.
It will also be important for the rest of the proof to note that the subgraph of F', which is spanned
by the first r vertices, is precisely the k-graph defined in Lemma 7.1 (with R being the hyper-cycle
D in the statement of the lemma). We thus get by Corollary 7.1 that if we took an (r — k + 2, ¢)-
linear-free set Z, with a sufficiently small ¢ (in terms of d), then there are |Z|" choices of vertices
v1 € Vi,...,0, € V. such that vy,...,v, span a copy of R with v; playing the role of vertex t or R.
In what follows we call such copies of R nice.

Suppose we construct an n vertex k-graph H, by taking an n/(¢d‘"2m) blow-up of F' (recall that
F has £d“*?m vertices). By repeating the argument of Claim 5.1, it is not difficult to see that as

=

F contains at least m”/e“V1°8™ edge disjoint copies of L, we may infer that H contains at least
nk /ecV198™ edge-disjoint copies of L. By our choice of m in (38) we get that H is e-far from being
L-free. It can be easily shown that as L is the core of D, in this case H is also e-far from being
D-free.

We are thus left with showing that H contains relatively few copies of D. By repeating the
argument of Claim 5.3, it can be shown that as F spans at most |Z|* nice copies of R, then H spans

at most , .
k n k n _ r
21 (i) <" (sgtars ) = Ol /m)

nice copies of R (observe that we always have r > k). Assume we prove that every copy of D spanned
by H contains a nice copy of R. It would thus follow that as each copy of R is contained in at most
(,",) < n" copies of D, that H spans at most O(n?/m) copies of D. By (39) we would get the
required upper bound on the number of copies of D spanned by H.

We thus only have to show that every copy of D spanned by H contains a nice copy of R. Given
a copy of D in H, consider the following homomorphism ¢ : V(D) +— V(L): suppose v € V(D) is
one of the vertices (in H) of the independent set that replaced vertex i/ € V;, then we map v to
i. Note that this is indeed a mapping from V(D) to V(L). Also, note that if (i,...,ix) & E(L)
then in F' there are no edges connecting vertices of V;,,...,V;,. As H is a blow-up we infer that ¢
is indeed a homomorphism. As L is by definition a subgraph of D, ¢ induces a homomorphism ¢/,
from L to itself. By the minimality of L (recall Definition 2.1), we may infer that ¢’ is in fact an
automorphism, that is (i1,...,i) € E(L) < (¢'(i1),...,¢ (ix)) € E(L). This means that ¢’ maps
some copy of R C D to the subgraph of L spanned by vertices 1,...,r. Finally, by our definition of
o this means that this is a nice copy of R. |

8 Proof of Theorem 3

We start this section with the proof of Theorem 3 part (i). To this end, we need the following well
known lemma of Erdds and Simonovits.
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Lemma 8.1 ([10]) For every t and k, there are constants ng =
v(t, k) > 0 with the following properties: For every tl,...,tk <
vertices, which contains §(n) - n* > n*=7 edges, contains at least c
tr=t1-...-trandt =1t + ...+ ts.

no(t, k) , ¢ = c(t,k) and v =
t, ev ery k- gmph on at least ng
§(n)" " nt copies of Ky, 4, , where

We comment that the proof of this lemma is described in [10] for the case ¢; = ... = t;. However,
simple modifications of the argument give the above lemma. Observe, that a k-graph, which is e-far
from being D-free, where D = K,  ; , must contain at least enk > nk—v edges. From the above
lemma we infer that such a k-graph must contain ce!" n? copies of K. Hence, as observed in (18],
there is a one-sided error property-tester for Pp that simply samples O((1/€)!") sets of T vertices,
and accepts iff it finds no copy of D. By the above claim it finds a copy of D with high probability.
As we now show, we can improve this simple upper bound and show a lower bound, which is nearly
tight in many cases.

Proof of Theorem 3, part (i): Let ¢ and ny be the constants of Lemma 8.1. Given an input
k-graph H on n > ng vertices, the algorithm samples 10(; + . .. + t3)/(ce’” /™) vertices and declares
H to be D-free iff it finds no copy of D in the subgraph spanned by the set of vertices. Clearly, if
H is D-free, the algorithm accepts H with probability 1. So assume H is e-far from being D-free.
We wish to show that with high probability the set of vertices spans a copy of D. Recall that such
a graph must contain at least en® edges.

For a vertex v denote by 0(v) the degree of v, namely, the number of edges of H to which v
belongs. For a vertex v in H denote by H(v) the following (k — 1)-graph: we take all the edges to
which v belongs and remove v from them. Note that the number of edges of H(v) is precisely d(v),
and that H(v) obviously has at most n vertices. It follows from Lemma 8.1, that for some fixed
v >0, if §(v) > n*~1=7, then H(v) contains at least

t*/tk
()"

copies of the (k —1)-partite (k—1)-graph K, 4 ,, wheret =t;+...+t,_j and t* =t;-...-t;. On
the other hand, if §(v) < n*~177, then it might be the case that H(v) contains no copies of Ky,
at all. In any case, however, H(v) contains at least

. <<2](:i)1>t/tk - (T;)t*/tk> o (40)

copies of Ky, . 4, ,. Hence, all vertices v belong to at least this many copies of the k-partite k-graph
K = Ky,...t, ,1, where v plays the role of the single vertex in the last vertex class of K. Suppose
we sample t vertices uniformly at random from H. Let X, be an indicator random variable for the
event that these vertices form a copy of K along with vertex v, such that v plays the role of the
single vertex in the last vertex class of K. By (40),

t*/te t*/t
Prob[X, = 1] > max (O, c ( 5,&2) —c (1) k) )
n n?

Define X = )", X,. The expectation of | X| thus satisfies
6(v)

t/t
E(|X]) ZP?”O() =1]> Z (nk—l) ' — czn—’yt*/tk >

k—1
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S(v)\ !/t . . .
cn (E”k(v)> —en % > en(ke)t ™ — o(n) > 2enet
n
where in the second inequality we have applied Jensen’s inequality to the first summation, and in
the third we have used the fact that H must contain at least en® edges. Observing that | X| < n, we
conclude that
2enet ' < B(|X|) < ene’ /% 4+ n - Prob[|X| > cnet /™).

Therefore,
Prob||X| > cnet/t] > "/t

Hence, by Markov’s inequality, after sampling 10/ e/t sets of t vertices, with probability at least
9/10 we find at least one set of t vertices, which forms a copy of K with at least cnet” /e of the
vertices of H. After finding this set of ¢ vertices, all we need is t; vertices that form a copy of K
with this set of vertices, as together they would form a copy of D. By assumption, there are at
least cnet”/t vertices that form a copy of K with the set of ¢ vertices. By Markov’s inequality, after
sampling 10¢;,/(cet”/t) vertices, with probability at least 9/10 we find the required set of ¢, vertices.
In total, we sampled 10(t; 4 ... 4 t})/(cet /%) vertices, as needed. [ ]

Proof of Theorem 3, part (ii): As in the proof of Lemma 5.2, we use Lemma 5.3 in order to
assume, without loss of generality that a one sided error property tester for Pp samples non-uniformly
a set of vertices, queries all edges in the sample, and then proceeds to execute some computation.

Consider the random k-graph H (n,2k"e), that is, a k-graph on n vertices, where each set of k
vertices forms an edge randomly and independently with probability 2k*e. The expected number of
edges in H is obviously 2]{:’“6(2) > 2en®, hence, by a standard Chernoff bound, the number of edges
in H is at least %enk with probability at least 3/4 (in fact, the probability is 1 — 2-9(") but we do
not need this stronger estimate here). As by Lemma 8.1, every k-graph with gnk edges contains a
copy of D, we get that with probability at least 3/4 H is e-far from being D-free.

Fix a set of d = t1 + ... 4 t; vertices. The number of ways to partition this set into k subsets
of size k is at most d!. The probability that any of these partitions spans a copy of D is at most
(|Z‘)(2kke)|E|, where t* = t; -...-tg. Therefore, the expected number of copies of D in H(n,2k"e) is

at most
n t*
d! 2kkel Bl < pd(*akke) Bl
(d) (lm) ¢

By Markov’s inequality, the probability that the number of copies of D is 4 times its expectation is
at most 1/4. We conclude that there is a k-graph, which is both e-far from being D-free, and yet
contains less than

an?)(1/t*2kF¢) Pl

copies of D. By Lemma 5.2, the query complexity of a one-sided error property tester for Pp is
Q((1/e)lEl/dy, |

9 Concluding Remarks and Open Problems

e The most interesting problem related to this paper is to give a complete characterization of
the k-graphs D for which Pp is easily testable. We believe that the techniques presented in
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this paper should be useful in resolving this problem. It is known that for £ = 2, Pp is easily
testable iff D is bipartite. It seems likely that the "right” characterization is that for larger
k, Pp is easily testable iff D is k-partite. Using Theorem 1, we can rule out the possibility of
extending the characterization of k = 2 to, ”Pp is easily testable iff D is 2-colorable”. Indeed,
note that for & > 2, F¥, the complete k-graph on k + 1-vertices, is 2-colorable. On the other
hand, as Pp» is equivalent to Py, we get from Theorem 1 that Ppx is not easily testable.

In light of Theorem 1 one may hope to show that the only k-graphs D, for which Pj, is easily
testable are the single k-edges. This, however, is false. As shown in [5], in case D is a path of
length 2, P}, has a one-sided error tester, whose query complexity is O(log(1/€)/e). It would
thus be interesting to decide if D32 (see Theorem 1) is easily testable.

It would also be very interesting to improve the lower bounds obtained in Theorem 2. It should
be noted that using our techniques, one cannot obtain lower bounds that match the current
upper bounds. For example, the best known upper bound for testing Py, for D being a triangle,
has query complexity that is a tower of exponents of height polynomial in 1/e. As is evident
from the statement of Lemma 5.1, in order to prove a matching lower bound using our methods,
one would have to use an (3, h)-gadget-free subset of the first m integers of size Q(m/log* m)
(and observe that such a set contains no 3-term arithmetic progressions). However, by a result
of Bourgain [8], every subset of the first m integers of size Q(m/+/logm/loglogm) contains a
3-term arithmetic progression. Thus, the best lower bound one might hope to prove using these
techniques is roughly 2l°8(1/€)/ 62, which is very far from the current upper bound. Also, any
one sided error property-tester for P, = Py, with query complexity 20((1/9*) would imply an
improvement of Bourgain’s result.
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