H-free subgraphs of dense graphs maximizing the number of cliques
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Abstract

We consider the structure of H-free subgraphs of graphs with high minimal degree. We prove
that for every k > m there exists an € := e(k,m) > 0 so that the following holds. For every
graph H with chromatic number k from which one can delete an edge and reduce the chromatic
number, and for every graph G on n > no(H) vertices in which all degrees are at least (1 — €)n,
any subgraph of G which is H-free and contains the maximum number of copies of the complete
graph K, is (k — 1)-colorable.

We also consider several extensions for the case of a general forbidden graph H of a given
chromatic number, and for subgraphs maximizing the number of copies of balanced blowups of
complete graphs.

1 Introduction

The well known theorem of Turdn ([19]) states that a Kj-free subgraph of the complete graph
on n vertices with the maximum possible number of edges is k — 1-chromatic. Erdds, Stone and
Simonovits show in [14], [12] that for general H with x(H) = k the maximum possible number
of edges in an H-free graph on n vertices is at most o(n?) more than the number of edges in a
k — 1-chromatic graph on n vertices. In [4] it is shown that the same holds for H-free subgraphs
of the complete graph that have the maximum possible number of copies of K, for a fixed m such
that £k > m > 2.

Looking at subgraphs of general graphs G it is clear that a K,,-free subgraph of G with the
maximum possible number of edges has at least as many edges as the largest m—1-partite subgraph.
In [11] Erdés asked for which graphs there is an equality between the two. In [1] it is shown that
this is the case for line graphs of bipartite graphs. In a different direction, in [8] it is proved that if
a graph has a high enough minimum degree then any subgraph of it which is K3-free and has the
maximum possible number of edges is bipartite. In [7] a stronger bound is given on the minimum
degree ensuring this. Before stating a generalization of these theorems we introduce some notation.

For a graph G, fixed graphs H and 7" and an integer k let G)q,4(x), 7 be a k-partite subgraph of
G with the maximum possible number of copies of T" and let G, (T, H) be the family of subgraphs
of G that are H-free and have the maximum possible number of copies of T'. Let N (G,T) denote

*Sackler School of Mathematics and Blavatnik School of Computer Science, Tel Aviv University, Tel Aviv 69978,
Israel. Email: nogaa@tau.ac.il. Research supported in part by an ISF grant, a GIF grant and the Simons Foundation.

fSackler School of Mathematics, Tel Aviv University, Tel Aviv 69978, Israel. Email: clarashk@post.tau.ac.il.
Research supported in part by an ISF grant.



the number of copies of 7" in G. Call a graph H edge critical if there is an edge {u,v} € E(H)
whose removal reduces the chromatic number of H.

In [3] the following theorem is proved, generalizing the results in [8] and [7]. Throughout the
paper we denote by §(G) the minimum degree in the graph G.

Theorem 1.1 ([3]). Let H be a graph with x(H) = k + 1. Then there are positive constants
v:=~(H) and p = p(H) such that if G is a graph on n > ng(H) vertices with 6(G) > (1 — pu)n
then for every Gey € Gey (Ko, H)

1. If H is edge critical then N'(Gpari(r), iy K2) = N(Gez, Ko2)
2. Otherwise, N(Gpart(k),ng KQ) < N(G6x7 KQ) < N(Gpart(k),Kga KQ) + 0(77,2_7).

In the present short paper we prove two theorems for H-free subgraphs assuming H is edge
critical. The first is for subgraphs maximizing the number of copies of K,, and the second for
subgraphs maximizing the number of blow-ups of K,,. We also establish a proposition concerning
graphs H that are not edge critical.

Theorem 1.2. For every two integers k > m and every edge critical graph H such that x(H) =k
there exist constants € := e(k,m) > 0 and ng = no(H) such that the following holds. Let G be a
graph on n > ng vertices with 6(G) > (1 — €)n, then for every Gey € Gex(Kpm, H) the graph Gey is
(k — 1)-colorable.

For integers m and t let K,,(t) denote the t-blow-up of K,,, that is, the graph obtained by
replacing each vertex of K, by an independent set of size ¢ and each edge by a complete bipartite
graph between the corresponding independent sets.

Theorem 1.3. For integers m and t and every edge critical H such that x(H) = m+1 there exist
constants € := e(m,t) and ng := no(H) such that the following holds. Let G be a graph on n > ng
vertices with §(G) > (1 — €)n, then every Gey € Gex(Km(t), H) is m-colorable.

Finally, for graphs H which are not edge critical we prove the following.

Proposition 1.4. For every integers m < k and t and graph H such that x(H) = k there exists
€ :=¢e(m,t, k) and ng := no(H) such that the following holds. Let G be a graph on n > ngy vertices
with §(G) > (1 — €)n and assume that t =1 or k = m+ 1, then every Gey € Gex (K (t), H) can be
made k — 1 colorable by deleting o(n?) edges.

Theorems 1.2 and 1.3 cannot be directly generalized to graphs H that are not edge critical as
we can add to any k — l-partite graph an edge without creating a copy of such H. On the other
hand, we believe that the error term o(n?) in Proposition 1.4 can be improved to O(n?~%) for some

d:=06(H).

The rest of this short paper is organized as follows. In Section 2 we state several known results
and prove some helpful lemmas. Section 3 contains the proof of of Theorem 1.2. Theorem 1.3
is proved in Section 4 and the proof of Proposition 1.4 appears in Section 5. The final Section 6
contains some concluding remarks and open problems.



2 Preliminary results

We start by stating several results about H-free graphs with high degrees and by deducing a
corollary. Some of the theorems stated are simplified versions of the original results.

The first result about Kj-free graphs is by Andrasfai, Erdés and Sos.

Theorem 2.1 ([6]). Let G be a graph on n vertice. If G is Ky-free and §(G) > (1 — 52 )n then
X(G) <k-—1.

A generalization of Theorem 2.1 proved in [13] is the following.

Theorem 2.2 ([13]). Let H be a fized edge critical graph which is not Ky, and assume x(H) = k.
If G is a graph on n > no(H) vertices which is H-free and contains a copy of Ky then §(G) <

(1— ﬁw)n +0(1).

This implies that if n is large enough, §(G) > (1 — z25)n > (1 — kfgm)n +O0(1), and if G is

H-free for some edge critical graph H with x(H) = k then it must also be Kj-free. Together with

Theorem 2.1 we get the following corollary:

Corollary 2.3. Let H be a fized edge critical graph such that x(H) = k. Let G be a graph on
n > no(H) vertices which is H-free and satisfies §(G) > (1 — 525)n, then x(G) <k —1.

We next state the graph removal lemma as it appears in [9] (see also [2], [18] and [16]) and
prove a simple lemma using it. Throughout the paper we denote by v(G) the number of vertices
in the graph G.

Theorem 2.4 (The graph removal lemma). For any graph H with v(H) vertices and any € > 0,
there exists a 6 > 0 such that any graph on n vertices which contains at most én®) copies of H
can be made H-free by removing at most en? edges.

Throughout the paper, for fixed graphs 7" and H and an integer n we denote by ex(n,T, H) the
maximum possible number of copies of T" in an H-free graph on n vertices.

Lemma 2.5. Let H be a fized graph such that x(H) = k and let G be an H -free graph on n vertices,
where n > ng(H). Then G can be made Ky-free by deleting o(n?) edges.

Proof. Note, first, that the number of copies of K in G is o(n*). Indeed, in [4] it is shown that if
a graph H is a subgraph of a blow-up of a graph T' then ex(n, T, H) = o(n*1)).

Since x(H) = k, H is contained in a blow-up of K}, and hence N'(G, K},) < ex(n, Ky, H) < o(n*).
By the graph removal lemma G can be made Kj-free by removing o(n?) edges, as needed. O

We next prove two additional more technical lemmas.

Lemma 2.6. Let G be a graph on n wvertices satisfying §(G) > (1 — €)n for some fized ¢ > 0, and
let m < k and t be integers.

L N (Gart(h—1). i Km) > (14 0(1))(1 = 20=e) (471 (25 )™

m

2. Letk=m+1 then ./\/'(Gpart(m),Km(t), Kn(t) > (1+0(1)(1 - c’ze)nmtw
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where cy == ch(m,t).

Proof. To prove part 1 note that as §(G) > (1 — €)n the number of copies of K,, in G is at least

m(m—1) 1

ne(—em-(1—2n... (1—(m-— 1)6)71% > (1+ o)1~ "=

m!

Randomly partitioning the graph into k — 1 sets yields a graph in which the expected number
of copies of K, is a least:

mm—-1) 1 k=2 k=3 k—-m
7 i k=1 k=1 k-1
m(m — 1) (k—2)!
2 6)m!(k:—1)m—1(l<:—(m+1))!

~a oy -2y (F 1) (e

(I+o(1))n™(1 -

=(1+o0(1))n™(1 -

Thus Gpare(k—1),k,, should have at least as many copies. This proves (1).

Similarly to prove part 2 observe that the number of copies of K,,(t) in G is at least

1 mt

W(n)t((l —te)n)p ... (1= (m—1te)n), > (1 + 0(1))W(1 — che).

Randomly partitioning G into m parts gives a graph in which the expected number of copies of
K, (t) is at least

mt
, n 1 m—1 1 1 1
(1+o(1))(1 — Czﬁ)m!(t!)m (mt—l ) 1) <EF)

1 m!
_ L mt
=14 o0(1))(1 — cye)n TI(E) i

1
— mt

and thus Gpari(m), Kk, Must have at least as many copies of Kp,(t). O

Lemma 2.7. Let G be a graph on n vertices with §(G) > (1 — €)n for some fized € > 0 and let t
and m < k be integers. For a set U C V(G) satisfying |[U| > an for some fized o > 0 let f1m+(U)
be the maximum number of copies of K, (t) in a k — 1-partite subgraph of G[U]. Then there exist
constants c¢1 := c1(k, m,a) and ca := ca(m, t,«) such that for every v € V(G)\ U

L frpa(UU{0}) > fmpa(U) + (1 +o(W)U[™ ("1 iy (1= cre)

m

2. fm,m—f—l,t(U U {U}) > fm,m+1,t(U) + (1 + 0(1))’U‘mt71 (t!&nf)m (1 - 626)

Proof. Let |U| = q > an. We first prove part 1. Fix a partition of G[U] into k — 1 parts with
fmk1(U) copies of Ky,. By Lemma 2.6, part 1 the number of copies of K, is at least:

o - M=o (F ) L



Averaging we get that there is a vertex, say w € U, so that the number of copies of K, it takes
part in is at least

(o) =" =N (U 1) A = o a0 e (U )

Let Uy, ..., Uk_1 be the above fixed partition of U which has f, 1.1 (U) copies of K, and assume,
without loss of generality, that w € Uip_;. We add v to Ug_; and bound from below the number of
copies of K,, we add by doing this. Let b; = |U;| and let d; be the number of neighbors w has in
U; which are not neighbors of v. Note that Zie[k—?] d; < en and Zie[k—Z] b; = q.

For each U; we estimate the number of copies of K, in which w takes part that use vertices
from U; that are not neighbors of v. There are d; of those, and in the worst case each such vertex
is connected to all of the sets U; for j # i,k — 1. Thus the number of copies of K, that w takes
part in and v does not is at most

k—2

di > biy - bj_s)

i=1 {jt,edmabClE—2)\i
<(di+ -+ dp—2)(by + -+ bpo)" 2

1
Sen‘ qm—2 S *Eqm_l
«

1
(m —2)!

And so by adding v the number of copies of K, added is at least

(1 + o)1 - M= (k - 1) 1

2 m

k—1 1
=(1+o0(1))g™ ! —— (1~
(1+0(1))q ( m )(l{:—l)m( c1€)

The proof of (2) is similar. By Lemma 2.6 part 2, in any partition of G[U] into m parts in
which the number of copies of K, (t) is fim,m+1,.(U), this number is at least

mt

(I1+0(1)) (1 — che)g™.

(thmt)m
Let U = Uy U...U U, be such a partition. By averaging there must be a vertex, say w € U,
such that the number of copies of K,,(t) it takes part in is at least:

mt 1

(14 0(1) %" m

(thmt)m

(L= che) = (L+0(1))g™ "

mim (1 — che)

Assume, without loss of generality, that w € U,,, and let us add v to U,,. Let b; = |U;| and let
d; be the vertices in U; that are neighbors of w and not of v. Then the number of copies of K, (t)
in this partition that w takes part in and v does not is at most

(")5a(") I ()

j€Mm—1]\7

m—1
q _



where the last inequality is true for some ¢ := ¢§(m, t, «). Thus when adding v to U,, the number
of copies of K,,(t) added is at least

mt

" iy

(1= che) —che] = ¢

t—1_ Mt
m (t!mt)m (1 — 626)

as needed. O

3 Maximizing the number of cliques

In the proof of Theorem 1.2 we use the following result from [4].
Proposition 3.1 ([4]). Let H be a graph such that x(H) =k > m then

n

ex(n, Ko, H) = (14 0(1)) (k - 1) ()

m

Proof of Theorem 1.2. Let G and H be as in the theorem and let Gep € Gey (K, H). If §(Gez) >
(1= 525)n, as H is edge-critical, by Corollary 2.3 x(Ge;) < k — 1 and we are done. Thus assume

towards contradiction that 6(Gez) < (1 — 52)n.

As any partition of GG into k — 1 parts is H-free, by Lemma 2.6, part 1, the number of copies of
K, in G.; must be at least

(o= =D (£ )y 0

2 m

Consider the following iterative process of removing vertices from Ge,. Put Gy = G, and
ng = n. Let vy € V(G) be an arbitrarily chosen vertex of Gy satisfying d(vg) < (1— 52 )no. Define
G1 = G—wvp and ny =ng— 1. For j > 1 if the minimum degree in G; satisfies 6(G;) > (1— z25)n;
then stop the process, otherwise take a vertex v; € V(Gj) of degree dg,(v;) < (1 — %%4)71]- and
define G411 = Gj —vj and nj41 =n; — 1.

We first show that this process must stop after at most n/2 steps. To see this note that the
number of copies of K, removed with each deleted vertex is exactly the number of copies of K,,_1
in its neighborhood. By Proposition 3.1 for any (k — 1)-chromatic graph H', ex(n, K,,—1,H') =
(140(1)) (:1__21) (25)™ 1. As Gey is H-free, the neighborhood of any vertex should be (H — v)-free,
where v € V(H) is such that x(H —v) =k — 1.

(1—=—3_
Thus at step j (starting to count from j = 0), at most (1 + 0(1))(::_21)(%)7”_1

of K,, have been removed.

copies

As the following equality holds

1 . 3 1 1
o1 _3k—4)k—2_(3k—4)(k—2)(k:—1)

one can choose § = §(k,m) > 0 so that ((1 — ﬁ)ﬁ)mfl = m(l —0). Thus the number

of copies of K, removed at step j is no more than:

k—2
m—1

(1+ 0(1))@—1( )Wu —6) = (1+ o(1))nm! <lC - 1) ﬁa P TS

m



Together with the fact that

n/2—1
> =) S (o)) —
r=0

we conclude that the number of copies of K, removed during the first 5 steps is at most

n/2—1

o 1 k—1 m B
(o) 3 o ("D o)
<(1+ o(1))(1 - §) (k;l 1) (,f_ll)m(l — g

The graph G, /5 has at most ew(%n, K, H)= (1+o(1))(k_1) (% (kﬁl))m copies of K,,, and hence
the total number of copies of K, in G¢, is at most

(1+ o(1))n™ (1 — 6) <k;L 1) (k—ll)m(l - 2%) + (L + o(1))n™ (kﬂ; 1) (k_ll)m;n

=1+ o(1))n™(1 —6(1 — 2%)) (:L__a) (k:—ll)m

But if € is small enough this contradics (1). Thus the process must stop after r +1 < & steps.

As §(Gy) > (1—52;)n, and H is edge critical, Corollary 2.3 implies that x(G,) < k—1. Define
V(G,) = V.

The k — 1 partite subgraph of G[V,] with the maximum possible number of copies of K, has
at least as many copies of K,, as GG.. By Lemma 2.7, part 1 we can now add the vertices removed
during the steps of the process starting from j = r — 1 until j = 0, keeping the resulting subgraph
(k — 1)-partite, where with each such vertex we add at least (1 + o(l))ngnfl(kn;l)ﬁ(l — C1€)
copies of K,,. Assuming that € is small enough to ensure, say, cje < §/2 it follows that in each such
step the number of added copies of K,,, exceeds the number of copies removed in the corresponding

removal step.

When all the vertices are back we obtain a k—1 partite subgraph of G containing more copies of
K, than G,,. This subgraph is H-free, contradicting the maximality of G¢;. Thus the inequality
§(Gez) > (1 — 52 )n must hold and the desired result follows. O

4 Maximizing the number of blow-ups of cliques

To prove Theorem 1.3 we first need a good estimate on ex(n, K, (t), H) for H satisfying x(H) =
m+ 1.

Proposition 4.1. For integers m and t and any fixed graph H such that x(H) = m + 1,

ex(n, Kp,(t), H) = (1 + 0(1))( ;



Proof. To show that ex(n, K,,(t),H) > (1 + o(l))("ém)m it is enough to take the m-sided Turan
graph (i.e. the m-partite graph with sides of nearly equal size). As x(H) = m + 1 it is H-free and

has (1 + 0(1))("/tm)m copies of K, (t).

As for the upper bound, in [4] it is shown that the graph which is K,,;+1 free and has the
maximum possible number of copies of K,,(t) is a complete multipartite graph. It is not difficult
to see that the Turdn graph maximizes the number of copies of K,,(t) among these. Thus

ex(n, Km(t), Kms1) = (14 0(1)) <”/tm>

Let H be as in the proposition, and let G be an H-free graph on n vertices with the maximum
number of copies of K,,(t). By Lemma 2.5 G can be made K, 1-free by deleting o(n?) edges, and
with them at most o(n?)O(n™2) = o(n™) copies of K,,(t). Let G’ be the graph obtained by
removing those o(n?) edges.

As G is Ky 1-free we get
(1+o(1))ex(n, Km(t), H) = (1 + o(1))N(G, K (T)) =

=N(G', Kn(t)) <ex(n, Kn(t), Kmi1) = (1 +0(1)) (n/)fm)

and so ex(n, K, (t), H) < (1+ 0(1))(71/;")m as needed. O
The idea of the proof of Theorem 1.3 is similar to the one of Theorem 1.2 but some of the
estimates are more involved.

Proof of Theorem 1.53. Let G be a graph with 6(G) > (1 — €)n and let Gy € G(Kpn(t), H). If

§(Gez) > (1 — 5-25)n then by Corollary 2.3, X(Gez) < m, as H is edge critical and we are done.

Assume towards contradiction that §(Gez) < (1 — ﬁ)n Consider the following iterative
process, similar to the one in the proof of Theorem 1.2. Put Gy = G, and ng = n. At step 7 >0
if G; satisfies 6(G;) > (1 — 3-2+)n; then stop the process, otherwise take v; € V(G;) of degree
da;(v;) < (1— 5-2—)n; and define G;41 = Gj — v; and nj41 = nj — 1. We show that the process
must stop after at most & steps.

To bound the number of K,,(t) removed at each step we take care of two cases. If in a copy of
K, (t) there is a vertex in the same color class of v; that is a neighbor of v; in G;, call this copy
dense. If all of the vertices in the color class of v; are non-neighbors of it in G; call the copy sparse.

First we estimate the number of dense copies. Let K:rn_l(t) be the graph obtained by taking
Kp,—1(t) and adding to it a vertex that is connected to all of the other vertices. The number of
dense copies of K,,(t) containing v; is at most N'(G[N (v)], K\, (t))nt2.

7

As H is edge critical there is a vertex v € V(H) such that x(H —v) = m, let H = H —
v. By a result in [4] if H is contained in a blow-up of T then ex(n,T,H) = o(n*")). As the
neighborhood of v; must be H'-free and as H’ is contained in a blow-up of K, (t), it follows that
N(GNW)], K (1)) = o(|N(v)[m=D+1). Thus the number of dense copies of K, (t) in G
containing v; is o(nf"1).

As for the sparse copies, let A(v;) be the number of sparse copies of K,,(t) in G; containing v;.
Let N (vi) = V(Gi) \ (N, (vi) U{v;}) and d = dg, (vi), and let H' = H —v for v € V(H) such that



X(H'") = m. Using Proposition 4.1 we obtain the following bound on the number of sparse copies
of K, (t) containing v;

A(v;) < > ex(IN(vi) VN (ur) O NN (ue—1)], K1 (t), H')

u17...7u1_1gNgi (v4)

i—d—1
g(” . dl >e:n(d,Km1(t),H’)

=(1+ 0o(1)) <ntz_—1d> (d/(nﬂ;_ 1)>m—1

L t—1 t
<(1+o0(1)) (nzt _dl))! ((m il 1)tt!

)m—l

To bound this quantity consider the following function f(d) = d"=Y(n; — d)!~'. Note that
f(d) is a polynomial in d, f(d) > 0 for 0 < d < n; and f(n;) = f(0) = 0. Furthermore
f/(d) :(dt(m—l)(ni o d)t—l)/
=d"" D" (n; — d)' 2 [t(m — 1) (n; — d) — (t — 1)d]

Thus f/(d)=0ford=0,d=n;, d= (%)m = (1 - ;=1)n; =: B and is positive in [0, 3].
It follows that between 0 and n f(d) obtains its global maximum at the single values 0 < 8 < n
for which f’(8) =0, and it is increasing in [0, 5]

In our case d < (1 — %)nz
that f(d) < f((1 — 3=2+)n;). Plugging this value it follows that

1 >1-— m. We conclude

(g2gni) (0 2 )n;)
(t—1)! (m — 1)tt!

mt— 3 t— 3 t(m— 1
=(1+ o(1))n] 1(%7_1) L1 - 3m7_1) (m—1) (& — D)l(m — Dl D (aym1

A(vi) <(1+0(1))

)m—l

Next we bound (5-2)1(1 — 5-25)1m= D, As 3 = (3m£1)m + L the following holds:

(Bmig—lyil(l - %)t(mil) (% " Bm i 1)m )" 1(mn: - (B3m i 1)m)t<m71)
:mt{l (mT_l) MR 3m1— D0 G S(m - 1))t(m_1)
mtl—l(mT_l)t(m_l)(l m)t—le—t/(Sm—n
:mil (mT*l)t(mfl)[(l 4 m)efl/(?)mfl)](tfl)efl/(gmfl)
< (1 )

For an appropriate § := §(m,d) > 0, indeed such a § exists as e~ /=1 < 1 and (1 +
L )e /Gm=1) < 1 for m > 2.

3m—1



Therefore, the number of copies of K,,(t) (both dense and sparse) removed at step 7 is at most

(1+dnyﬁt%1ﬁnjlaiglwmARt—UKm—fﬂm1Mmm1%cwﬁt5
= (Lo~ - 0) 3)

mt

If the process continued for § steps, as Z:fﬁ)(n — )™= < (14 0(1))2 (1 — 52) the total

number of copies of K, (t) removed is at most
(n/2)-1
> (L+o0(1))(n—r)™"(1 - 5)

r=0

<(1+4o(1))n™ (1 - 8)(1

mt
mtm(thm

1 1
_iﬂﬁmmwwf

By proposition 4.1 in the graph G, /, the number of copies of Ky (t) is at most

1 1
mtm(t!)m w

o) (™) < o = 1k ot

mtt!
Thus the number of copies of K,,(t) in G, is at most

1

P (=80 = 3 )

in contradiction to the maximality of G¢;. And so the process must stop after n/2 steps.

Assume that we have stopped at step r < n/2 and let V;, = V(G,). By Corollary 2.3 G, must
be m-partite, thus the m-partite subgraph of G[V,]| with the maximum possible number of copies
of K,(t) has at least as many copies of K,,(t) as G,.

By Lemma 2.7, part 2, we can return the vertices removed in the process in a reverse order
(starting from v,_1 until vy) keeping the graph m-partite and adding with each vertex v; at least
1+ 0(1))n§”t_1%(1 — c9¢€) copies of K, (t). Assuming that € is small enough to ensure, say,
coe < 0/2 it follows that with each vertex v; we add more copies of K,,(t) than were removed at

the corresponding step.

Thus when all vertices are returned we obtain an m-partite graph with more copies of K,,(t)
than G¢;. As an m-partite graph is H-free this contradicts the definition of G.,. Thus it must be
that 0(Gez) > (1 3 _)n and G, is m-partite. O

T 3m—1

5 Forbidding graphs that are not edge critical

The proofs of Theorems 1.2 and 1.3 actually give a stronger result than stated, as follows

Lemma 5.1. Let m < k and t be integers, let G be a graph on n vertices such that 6(G) > (1 —e€)n,
where € := e(k,m,t) > 0 is sufficiently small, and let Gey € Gey (K (t), Ki). Assume that k = m+1
ort = 1. Then for every Kj.-free subgraph of G on the same set of vertices, say G* C G, at least
one of the following holds:
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1. N(GY Em(t)) € AN (Gery K1) for some v = y(k,m, 1) < 1.

2. G can be made k — 1-chromatic by deleting o(n?) edges.

Proof. If §(G') > (1 — 525 )v(G") then by Theorem 2.1 G' is k — 1-chromatic and hence case (2)

holds and we are done. If §(G') < (1 — %—4) v(G') we consider a similar process to the one in the
proofs of Theorem 1.2 and 1.3. For step 7 = 0 of the process define G(l) = G, for steps j > 0 let vj
be a vertex of minimum degree in Gjl;1 and define G} = G}q —vj. The process stops when either
5(G]1~) (1— 3250 (Gjl) or when U(G}) = an for a := a(y) small enough.

The calculations in the proofs of Theorems 1 2 and 1.3 (see equation (2) and (3)) yield that
when removing a vertex of degree less than (1 — 5> o )V (Gl) the number of copies of K, (t) removed

with it is at most

mt

o= o ()

Assume that the process stops at step r. If 7 = o(n) then by Theorem 2.1 the graph G} is
k — 1-chromatic. In these r steps o(n) vertices were deleted and with them no more than o(n?)
edges, thus case (2) holds.

If r = ¢en for some ¢ < 1 — « define the graph G, as follows. If c =1 — « take G, to be a k — 1-
chromatic subgraph of G' on the vertices of GL with the maximum possible number of copies of
K (t). Tt must be that N'(G,., K (1)) =N (GL, Ky, (t)) < o/n™ for an appropriate o/ = o/(a) which
tends to 0 as « tends to 0. If ¢ > a take G, = G, by Theorem 2.1 this graph is k — 1-chromatic.

As G, is k — 1-chromatic in both cases we can apply Lemma 2.7 to it and add back the vertices

removed in the process, starting from j =r — 1 to 5 = 1, while keeping the graph k£ — 1-chromatic.
We get that the number of copies of K,,(t) added with each vertex v; is at least

mt

R )

Let G? be the graph obtained after adding back all the vertices.

Assume that e is small enough to ensure that 6 — ce > ¢ > 0 for some ¢ := /(y). Let
nj = v(G}) = n—j, and note that > =0 ;”t ! =i g(n—g)"" L> (140(1))n™ L (1—(1—c)™).

Thus the difference in the number of copies of K, (t) in G! and G? is at least

mt ,

N(G2, Km(t)) = NG, Km(t)) 2(1 + o1 Za i~ 1( 1) e

>(1+o(1)( —a) (1~ (1= )")n™ <k;1 1) (RO

=(14 o(1))(1 = NN (Gez, Km(t))

where ¢’ and o/ are chosen so that the last equality holds.

As G? is a Kj-free subgraph of G, N'(Gey, Kin(t)) > N(G?, K,y (t)) and thus YN (Geg, K (t)) >
N(G!, K, (t)) and case (1) holds, as needed.

11



The proof of Proposition 1.4 is now a simple corollary of the last lemma.

Proof of Proposition 1.4. Let G be a graph on n vertices with §(G) > (1 — €)n and let Gop(gy €
Geo(Kim(t), H). By Lemma 2.6 N(Gepipry, Km(t)) = ©(n™). By Lemma 2.5 there is a graph
G1 C Gey(ry Which is Kj-free and e(G (H ) —e(G1) = o(n?), and thus

)
N(Gez(rys Km(t)) = (1 +0(1))N(G1, Kin(t)).
Let Gey(ky) € G(Km(t), Ki). To apply Lemma 5.1 we show that
N(G1, K (1)) = (14 o(D))N(Gea (i), Kom (1))- (4)

By theorems 1.2 and 1.3 Gy (k,) is k — 1-chromatic, and so it is H-free. Together with the fact
that G is Ki-free, we get

N(G1, K (1)) € N(Gea(rcy)s Km(t)) < N(Gea(ary, Km(t)) = (1+ 0o(1))N(G1, Kin(t))

implying (4).

Thus case (1) in Lemma 5.1 does not hold for G, and so case (2) must hold, i.e. G; can be
made k — 1-chromatic by deleting o(n?) edges. As we got G from Gee(my by deleting o(n?) edges
we get the required result. O

6 Concluding remarks and open problems

e Corollary 2.3 and Theorems 1.2 and 1.3 cannot be directly generalized for graphs H which are
not edge critical. In [5] the following is shown (a weaker version of this statement is proved
in [3])

Theorem 6.1 ([5]). Let H be a fized graph on h vertices such that x(H) =k > 3 and let G
be an H-free graph on n vertices with 6(G) > (1 — 325 + o(1))n, where n is large enough.

2—1/(4(k—1)2/3h))

Then one can delete at most O(n edges from G and make it k — 1-colorable.

This suggests that a stronger version of Proposition 1.4, stating that any extremal graph G,
as in the proposition can be made k — 1-chromatic by deleting O(nQ_“(H )) edges for some
w(H) > 0, is likely to be true.

e Theorem 1.3 is limited to the case where x(H) = m+1, and from this we also get the condition
in Proposition 1.4. One of the problems in extending it to graphs H with higher chromatic
number is that of finding an explicit tight bound on ex(n, K,,(t), Kx) for &k > m + 1. In [4]
it is shown that the extremal graph is k — 1-partite. However, it is not difficult to check that
for £ > m + 2 such that m { k — 1 and large values of ¢, the parts are not of equal sizes.

e Theorems in the same spirit as those proven here may hold for other pairs of graphs 7" and H.
In [4] it is observed that if H is not contained in any blow-up of T' then ez (n, T, H) = ©(n*(1).
This of course does not mean that the extremal graph is a blow-up of T, but in cases it is a
similar behavior to that in the results proven here might be expected.

A notable example is the case T' = C5 and H = K3. In [15] and independently [17] it is
shown that when 5|n the extremal graph is the equal sided blow-up of C5. It might be true
that this behavior holds for subgraphs of graphs of high minimum degree and not only for

subgraphs of K, that is, the extremal subgraphs in this case may be subgraphs of the equal
sided blow-up of Cs.
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e The problem of obtaining the best possible bounds for the minimum degree ensuring that the

results stated in Theorems 1.2, 1.3 and Propositon 1.4 hold is also interesting, but appears to
be difficult. Even the very special case of Theorem 1.2 with H = K3 and m = 2, conjectured
in [7] to be 3/4 4 o(1), is open.
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