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Abstract

An n-vertex graph G is c-Ramsey if it contains neither a complete nor an empty
induced subgraph of size greater than clogn. Erdés, Faudree and Sés conjectured that
every c-Ramsey graph with n vertices contains Q(n5/ 2) induced subgraphs any two of
which differ either in the number of vertices or in the number of edges, i.e. the number
of distinct pairs (|V(H)|,|E(H)|), as H ranges over all induced subgraphs of G, is
Q(n®/?). We prove an Q(n*3%%) lower bound.

1 Introduction

For a graph G = (V,E), call a set W C V homogenous, if W induces a clique or an
independent set. Let hom(G) denote the maximum size of a homogenous set of vertices of
G. For a positive constant ¢ > 0, an n-vertex graph G is called ¢-Ramsey if hom(G) < clogn.

Ramsey theory states that every n-vertex graph G satisfies hom(G) > (logn)/2, and for
almost all such G, we have hom(G) < 2logn. In other words, in a random graph G, the
value hom(G) is of logarithmic order. Moreover, the only known examples of graphs with
hom(G) = O(logn) come from various constructions based on random graphs with edge
density bounded away from 0 and 1. Therefore it is natural to ask whether c-Ramsey graphs
look “random” in some sense.

This question has been an object of intense study. The first result in this area is due to
Erdés and Szemerédi [11], who showed that the edge density of c-Ramsey graphs is bounded
away from 0 and 1. Not much later Erdés and Hajnal [10] proved that for a fixed integer
k, such graphs are k-universal, i.e. they contain every graph on k vertices as an induced
subgraph. This was improved by Prémel and Ré6dl in [12], where they proved that in fact
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c-Ramsey graphs are dlogn-universal, where the constant d depends only on ¢, which is
asymptotically best possible. A similarly flavored result was obtained by Shelah. In [13] he
proved that every c-Ramsey graph contains 29" non-isomorphic induced subgraphs, where
again d is some constant depending only on ¢, settling a conjecture of Erdés and Rényi.

A related question was asked by Erdés and McKay (see [7], [8]), who conjectured that
every c-Ramsey graph contains an induced subgraph with exactly m edges, for every 1 <
m < dn?, where again the constant d depends only on c¢. The conjecture is still open, and
the best currently known result is due to Alon, Krivelevich and Sudakov [3].

In this paper we tackle a similar problem, first posed by Erdds, Faudree and Sés (see [7],
[8]), who stated the following conjecture:

Conjecture 1. For every positive constant c, there is a positive constant b = b(c), such that
if G is a c-Ramsey graph on n vertices, then the number of distinct pairs (|V(H)|,|E(H)|),
as H ranges over all induced subgraphs of G, is at least bn®/?.

At the time the conjecture was stated, its authors knew how to prove an (n*?) lower
bound. The same lower bound was also obtained as a corollary of a much stronger result
of Bukh and Sudakov in [6]. Very recently it has been improved to £2(n?) by Alon and
Kostochka in [2]. Here we further improve this bound to Q(n!tV30/4-€) & ((n23693—¢),

Theorem 2. For every positive constants ¢ and €, there is a positive constant b = b(c, €), such
that if G is a c-Ramsey graph on n vertices, then the number of distinct pairs (|V(H)|,|E(H)|),
as H ranges over all induced subgraphs of G, is at least b+ a pp?23693—c

Remark. In fact, as it will become clear in the proof of Theorem 2, we prove a bit stronger
statement. Namely, we show that for ©(n) different values of k, there are k-vertex induced
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subgraphs with Q(n different sizes.

The paper is organized as follows. In Section 2 we introduce some notation and state a
few older results that we will repeatedly use throughout the paper. At the end of Section
2 we formulate Theorem 12, a rather technical statement, from which we are able to quite
easily derive the main result, Theorem 2. This is done in Section 3. Finally, in Section 4 we
prove some technical lemmas that will later be used in the proof of Theorem 12, which we
postpone till Section 5.

2 Basics

For a graph G we denote the number of vertices of G by v(G), and the number of edges
by e(G). The (edge) density of G is a(G) = e(G) (”(f))_l. For any v € V(G) and a subset
W C V(G), let d(v,W) be the number of neighbors of v lying in W. Similarly, if H is an
induced subgraph of G and w € V(H), then dy(u) = d(u, V(H)) will denote the degree of u
in the subgraph H. The relation H < GG will always mean that H is an induced subgraph of
G. For a subset A C V(G) we denote the subgraph of G induced on A by G[A]. To increase
clarity of presentation, if G is clear from the context, we will abbreviate e(G[A]) by e(A).
Finally, for every integer k, with 0 < k < v(G), we define the following quantities:

P(k,G) = max{e(H)—e(H'): H H <G with v(H) =v(H') = k},
o(k,G) = |{e(H): H<G withv(H)=k}|.
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Note that the number of distinct pairs (|V(H)|,|E(H)|) as in Conjecture 1 can be now
written as

v(G)
{((H),e(H)): H< G} =" o(k,G).
k=0

Erdés, Goldberg, Pach and Spencer ([9]; see also [5] and [2]) derived the following bound
on ¢(k,G) for graphs with edge density bounded away from 0 and 1.

Theorem 3. For any positive 0 < € < 1/2 and k and n satisfying 5/e < k < n/2, and

for any graph G on n vertices with density satisfying € < a(G) < 1 — €, we have ¥(k,G) >
1074322,

Suppose that each vertex v € V(@) is given a nonnegative weight w(v). For a subgraph
G’ of G let its weight be defined as w(G') = e(G') + 3, cy(y w(v). Generalizing the above
definitions to weighted graphs we introduce a new parameter

6.k, G) = Hw(G): G <G with v(G') = k}.

Also, for a vertex v, let d“(v, W) = d(v, W) 4+ w(v) and similarly dy;(u) = dg(u) +w(u). We
will refer to these values as weighted degrees.

In the sequel we will repeatedly use the following results of Alon and Kostochka [2].
Although Theorem 4 does not appear there in the form in which it is stated below, it can
be inferred from the proof of the main result of 2] (see concluding remarks in [2]).

Theorem 4. For every 0 < € < 1/2 there is an ng = ng(€) so that the following holds. Let
n > ng and let G be an n-verter graph with € < a(G) < 1—e. Assume that k < G and every
vertex v € V(Q) is given a weight w(v) € [0,z - (k,G)/k], where x > 1. Then

¢u(k,G) >107°
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Moreover one can find 1078k /x distinct sizes of induced k-verter subgraphs of G, such that
the difference between consecutive weights is at least mx, where m = 500¢(k, G)/k.

Definition 5. Let G be a graph on n vertices and let 0 < k < n. Define

m=m(k,G) = 500@.

For a k-element subset W of V(G), call a vertex v € V(G) W -typical if
|d(v, W) = a(G)(k —1)| <m+1.

Theorem 6. Let G be a graph on n vertices and let W be a k-element subset of V(G), with
20 < k <n/3. Then, all but at most |W|/5 vertices inside W are W -typical, and all but at
most |W|/5 vertices outside W are W -typical.

It is also good to keep in mind the following simple observation:



Observation 7. Let G be a graph, and W a k-element subset of V(G). If each vertex of G
is given a nonnegative weight w, then every W -typical vertex v satisfies

(v, W) — a(G)(k —1)| < m+w(v) + 1.

In particular, if the weights are in the range [0, x - (k, G)/k] for some x > 1, then all typical
vertices satisfy

|d“ (v, W) = a(G)(k — 1)|| < 2ma.

The two main definitions we are about to state are motivated by the following result of
Erdés and Szemerédi from [11]:

Theorem 8. For every positive constant ¢, there is some € = €(c) > 0, such that if G is an
n-vertex c-Ramsey graph, then € < a(G) < 1 —e.

Assume that G is a graph on n-vertices and H is an induced subgraph of G of order
n®. Tt is clear that hom(H) < hom(G). Therefore, if G is c-Ramsey, then H is c¢/J-Ramsey,
so in particular a(H) is bounded away from 0 and 1. Informally, all large subgraphs of a
c-Ramsey graph have edge density bouded away from 0 and 1. It makes sense to define a
similar property for an arbitrary graph.

Definition 9. For 0 < e < 1/2 and 0 < § < 1, let D(e,d) denote the family of graphs G,
such that all induced subgraphs H < G with v(H) > v(G)° have density e < a(H) < 1 —¢.

Having defined the class D(e,d), it is immediate to derive the following corollary of
Theorem 8:

Corollary 10. Let ¢ and § be positive constants. There are constants 0 < € < 1/2 and ng
(depending on ¢ and §), such that every n-vertex c-Ramsey graph with n > ng belongs to

D(e,d).

Keeping in mind the statement of Corollary 10, from now on we can concentrate our
attention on graphs in classes D(e,d). Our aim will be to show that large enough graphs
in D(e,d) have many induced subgraphs that differ either by number of vertices or weight
(for a reasonably chosen weight function). The following definition should make this a little
more precise.

Definition 11. For every 0 < e < 1/2 and 0 < 6 < 1, let P(e,0) be the set of pairs («, 3),
such that for some positive constants C, D, F' and ng the following holds:
All G € D(e, 6) with n > ny vertices satisfy

Eo o (k)
ook, G) > Cmmm{k ,< ’ ) } (1)

forall k € |5, 5] and weight functions 0 < w < x - (k,G)/k, where v > 1.

We will be working only with graphs whose edge density is bounded away from 0 and 1,
and for all such G, Theorem 3 guarantees that (¢¥(k,G)/k)? > Q(K?/?) for all k € [ <]

1007 3
Therefore if o < 3/2, the minimum in (1) is equal to &%, and can change only by a constant

multiplicative factor when we decrease 3 to 2. Since we do not care about the constants,



but only the order of magnitude of ¢, (k,G), we can always assume that whenever (o, 3) €
P(e,0), we have o > /2.

Also, since ¥(k,G) < k(k — 1)/2, trivially (¢(k,G)/k)? < kP. Therefore if a > 3, the
minimum in (1) is equal to (¥ (k, G)/k)?, and will not change when we decrease a to 3.
Therefore we can also assume that all pairs («, 3) € P(e, d) satisfy a < f.

Finally, we are able to state the main theorem, from which the main result, Theorem 2,
will be derived as a simple corollary.

Theorem 12. Suppose that («, 3) € P(e,0). Then (%, QTH> € P(e,0/10).

We postpone the proof of Theorem 12 till Section 5. Instead we will now show how it
implies the main result of this paper.

3 Proof of Theorem 2

First note that by Theorem 4, for all 0 < ¢ < 1/2, the pair (0,0) is in P(¢’,1). Define

, B+2 a+1l 9 a+5 28+7
= -—, — d note that = .
00 = (50225 ) anduotethat o, 8) = (250 2D

Now it is easy to see that both coordinates of the sequence i*"(0,0) are increasing and
bounded, and hence the sequence converges to a pair («, [3) satisfying

o+ 2647

= d = —
o= ™ 0=

namely

(a, 3) == (v/30 — 5, @ —2) &~ (0.4772,0.7386).

By iteratively applying Theorem 12, we get that for every positive constant e there is some 9,
such that (a«—¢, 5 —¢) € P(¢,0) for every € > 0. Let G be a c-Ramsey graph with n = v(G)
large enough. By Corollary 10, G € D(¢,9) for sufficiently small €. By the definition of

P(',6), if we set x = 1 and w(v) = 0 for all v € V(G), then for all k € [2, <2

o> g (54

log” n
O (k: - min{k*"¢, k(ﬁe)/2}>
logD n
0 (min{k‘Ho‘_Qe, kl—i—ﬁ/Q—e})
0 (k;@—> ,
where the first inequality follows from Theorem 3, the second inequality holds because k =

O(n) and hence log” n = o(k), and the last one is due to 3/2 < a. Hence the number of
distinct pairs (v(H),e(H)) can be bounded as follows:

v

v

Y]

n

o) = Y G(k,G) = QT ).

= kel 5]



4 Technical lemmas

Theorem 13. Let M; denote the family of all n(n —1)-...- (n — j+ 1) ordered subsets
A ={ay,...,a;} of [n] of cardinality j. Let F' : M; — R be a real function, and suppose
that if for A and B = {by,...,b;} € M;, the number of indices i for which a; # b; is at most
2 then |F(A) — F(B)| < 1. Let p = E(F) denote the expected value of F(T), where T is
chosen randomly and uniformly in M;. Then, for every A > 0,

Pr|F(T) — p| > A/5) < 272,

Proof. We apply the method in [1], Lemma 2.2, which is based on known arguments, see,
for example, Chapter 7 in [4]. Define a martingale Xy, Xy, ..., X; on the members T" of M;,
where X;(T') is the expected value of F(T") as T ranges over all ordered subsets T of size j
satisfying ¢; = ¢{,...,t; = t;. Thus Xy = p is a constant and X;(T") = F(T). This is clearly
a Doob martingale. We claim that if two ordered sets A and B agree on their first ¢ elements
and differ in element number i + 1, then | X;41(A) — X;41(B)| < 1. Indeed, there is a one to
one correspondence 7 between all ordered sets 7' € M; that agree with A on their first ¢ + 1
elements and all those that agree with B on their first ¢ + 1 elements, so that the symmetric
difference between T and 7(7T') is at most 2 for all T. (In this correspondence one simply
swaps b;11 and a;41). Thus the two averages X;,1(A) and X;,(B) differ by at most 1. This
easily implies that | X;1(7) — X;(T")| < 1 for all ¢, as X;(7T') is the average of numbers of the
form X;.1(7") any pair of which differ by at most 1. The result now follows from Azuma’s
inequality (see, e.g., Theorem 7.2.1 in [4]). O

From the above it is easy to get the following:

Lemma 14. Let s be a fized integer. Let G be a graph on n vertices and let Ny, ..., Nys C
V(G), with N; having size 0 < n; < n. Then there is an ordering (vy,...,v,) of the vertices
in V(G) such that, if we let S; = {vy,...,v;}, we have
(1) for each 1 < j <n and every 1 <i <n®, |S; N N;| differs from the expectation, % My,
by at most 2j1/%1/2(s + 1) log(2n),

(i1) for each 1 < j < n, the number of edges in G[S;| differs from the expectation, (;) :

e(G) (,21)—1; by at most 25%/%1/21og(2n).

Proof. Take a random ordering of the vertices of V(G). For every fixed j, the set S; is a
uniform random subset of size j of the set of vertices of G. Fix 1 < i < n°. By applying
Theorem 13 to the function F(T) = |T N N;|/2, we get that

J 1/2 1
Pr [“Sj N N;| — o ni| > 2j 2\/2(s + 1)log(2n)} < )T
Using the union bound we show that the probability that our ordering does not satisfy (i)
is at most n®-n - 1/(2n)*t = 1/2°71 < 1/2.
Similarly, applying Theorem 13 to the function F(T') = e(G[T])/(2|T) yields

Pr [\«a(G[sj]) ~<(@)- (3) (’;)\ > WM] <L

Again the union bound implies that the probability that our ordering does not satisfy (ii)
is at most n - 1/(2n) = 1/2. Hence the probability that a random ordering of V(G) satisfies
both (i) and (ii) is greater than zero. O



Finally, we need a folklore lemma, whose proof we present for the sake of completeness.

Lemma 15. Given I,...,I, open bounded intervals, there exists a set J C [n], such that
(I;)jes are disjoint and
1 n
) =1lJn = 51(U 1;),
jeJ jeJ j=1

where I(I) denotes the length of 1.

Proof. First let us delete all “redundant” intervals, i.e. every time some I; C |J 215, we
remove [;. Since the union of all intervals does not change after any such deletion, without
loss of generality we can assume that the family Iy, ..., I, contains no redundant intervals.
We may also assume that the left ends of our intervals form a non-decreasing sequence. It
easily follows that also the right ends form a non-decreasing sequence, or otherwise some
Iiy C 1.

Now observe that whenever j > i+ 1, the interval I; lies to the right of I; (so in particular
they are disjoint), or otherwise I;1; C I; U ;. Hence all the intervals with even indices
are pairwise disjoint, and similarly all the intervals with odd indices are pairwise disjoint.
Obviously one of those families has to cover at least half of the entire union. O

5 Proof of Theorem 12

Fix some §,¢ > 0 and any pair (o, 3) € P(e,d). Let v = (6 +2)/(8+5) and C, D, F be
as in Definition 11. Recall that by the remark following this definition, we can assume that
(/2 < a < . Furthermore let G € D(e,/10) with n vertices and fix any k € [{G5, §]. For
each v € V(Q), let w(v) be its weight, satisfying 0 < w(v) < x-¥(k, G)/k for some x > 1. To
simplify the notation we let m = 500¢(k, G)/k. Throughout the proof we will assume that
n is big enough. We will also omit all ceiling and floor signs, as they are not crucial. Finally,
in order to avoid tedious constant computations, C’, D', F',C", D" F" ... will denote some
constants that depend only on d,¢,a and 3, and not on k,n,w or G. In order to limit the
number of different symbols in the proof, these constants will be often “recycled”. We hope
this does not cause too much confusion. Similarly, C,C5,... will denote some constants
depending only on d,¢,« and 3, but their values will remain fixed throughout the entire
proof.

Theorem 4 guarantees the existence of a sequence Hj, ..., Hip-s;/, of k-vertex induced
subgraphs of G such that w(H,,1) — w(H;) > ma for every 1 < i < 107%k/x.

Before we start, let us outline our general strategy. First, for each ¢ in the above range, we
will find an interval I; centered at w(H;) that contains some N; different weights of k-vertex
induced subgraphs of G. Then, using Lemma 15 we will find a large family of pairwise disjont
I;’s (thus making sure that they all contain different weights) and add up the corresponding
N;’s. The sum we obtain will surely be a lower bound on the number of distinct weights of
k-vertex induced subgraphs of GG. In order to prove the promised lower bound, we will make
sure that for all 4, the ratio of N; and the length [([;) of the interval I; will satisfy

N‘ Cl 1+«
. — min{k”,m 2 }, 2

and the total length of this disjoint family of I;’s will be of order Q(k - m).
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Fix some i. By Theorem 6, at least 0.8k vertices in V(H;) are V(H;)-typical. Hence we
can find either a sequence uq,...,uqsxy of typical vertices with different weighted degrees
dy, or aset B; C V(H;) of typical vertices with the same value of d , say d;, of size at least
k'=7. Similarly, there are either typical vertices vy, ..., vosp» € V(G) — V(H;) with different
weighted degrees d”(v;, V(H;)) or aset A; C V(G)—V(H;) of typical vertices with the same
value of d¥(—,V (H;)), say d;, of size at least k7.

Assume first that we have found a sequence uy,...,ugspr € V(H;) of typical vertices
with different weighted degrees d; . Let v be an arbitrary V' (H;)-typical vertex from V(G) —
V(H;). Either at least 0.25k" vertices in the sequence (u;) are adjacent to v, or at least 0.25k7
vertices in that sequence are non-neighbors of v. Without loss of generality we can assume
that the former holds and us, . .., up256r € Ng(v). Consider graphs H; ; = G[V (H;) +v —u;l.
Then for a fixed 4

w(H;;) = w(H;) + d*(v, H;) — 1 — df (uy)

are all distinct as j ranges from 1 to 0.25k7. Moreover, since both u; and v are V' (H;)-typical,
by our assumption on w and Observation 7,

lw(H; ;) — w(H;)| < [d(v, Hy) — df, (u;)| + 1 < dSma.

Hence if we set I; = w(H;)+(—bmx, 5mx), all the weights w(H, ;) will belong to ;. Therefore
N; > C'k", and so (2) is satisfied.

We deal with the case when we can find a sequence vy,...,v95:v in a similar fashion,
exchanging v;’s in turn with some fixed V(H;)-typical vertex u € V(H;), again obtaining
at least 0.25k" different weights in the interval I; = w(H;) + (—5mx,5mx). Hence for the
remainder of the proof we assume that there are sets A;, B; and numbers d;, d;, as described
above.

Let t = k*(=7)/3_ Fix an arbitrary subset B! of B; of size t. We can find a t-element
subset A; C A; such that the (non-weighted) degrees d(—, B}) of every pair of vertices of A}
differ by at most v/¢. It is possible since

1A > t3/2:t~—i|,

Vit

Let d; be the edge density between A and B, that is

) d(v, Bj)
o= >, =5
vEA]

Then by the choice of A}, we have |d(v, B}) — td}| < /t for all v € A]. Applying Lemma 14
to the graph G[B]] and the neighborhoods of vertices from A’, or rather their traces on B,
one gets the following statement.

Claim 1. We can enumerate B = {by, ..., b}, such that for all 1 < z < t:
(i) le(S.) — @[ (3)] < 2:52/2TogF,
(i1) |d(v,S,) — zd;| < 221/2\/5logk for allv € Al

where S, abbreviates {b,...,b.} and a; = e(G[B])/(}).



Proof. Let A = {v1,...,v} and then define N; to be the set of neighbors of v; in the set
B!. By the remark preceeding the statement of this Lemma, we have

— |N;| = d(v;, B)) € [td} — /L, td + V1) (3)

Lemma 14 applied to the graph G[B]] and sets Ni, ..., N; yields the desired enumeration

= {b1,...,b}. To see that (i) holds, it just suffices to note that ¢ < k, so log(2t) < logk.
For (ii), Lemma 14 (i) guarantees that

|d(v;, S,) — in]| < 22124 /4log(21), (4)
and combining (3) with (4) gives the desired bound. O

What we would like to do now is to obtain many k-vertex induced subgraphs of G with
different weights by exchanging the set of vertices S, C B! with many subsets of A, possibly
for many values of z.

To get started and see how this idea works in practice, let T, be some set of z vertices
from A., and let H!(z) = G[V(H;) UT, — S.]. We compute the weight of this graph.

z

W(H](2)) = w(H) =Y (w(by) +dp (b)) S.)+ Y (w(v) +d(v, H; = 5.)) +¢(T2)

j=1 veT,
= w(H;)—dz+e(S +Z ) +e(T,)
veTy,
= W(H;) + ANiz +e(S:) + e(T2) — Y d(v, Sz), (5)
UETZ

where A; = d; — d}, € [-4mx,4mx]. If all the degrees d(v, S,), where v ranges over A, D T,
were equal, for fixed i and z the weight of H!(z) would depend only on e(7,). Even though
it does not have to be the case (our last claim only guarantees that d(v, S,) are all “close”
to dfz), this will not be a big issue for us, since, as we will later see, by assigning carefully
chosen weights to vertices in A}, we can compensate for the possibly uneven distribution of
the degrees.

Fix some z > n'/1°. Let d"™(z) = max,ea d(v,S.) and for each v € Aj set w'(v) =
d*(z) — d(v,S,). If we again let T, be some z- subset of AL, then

ST = o)+ 3 W) = e(T) = 3 dv, S) + d™(2) - = (6)

veT, veT,

Hence if we combine (5) with (6), the weight of H/(z) = G[H; UT, — S,] can be written in
the form

w(H(2)) = w(H;)+Aiz+e(S,) —d"™(z) -z + ' (T,),
where only the last term depends on the choice of T, as a particular z-subset of A..

Claim 2. There are positive constants Cy and Dy, such that for all n'/1° < 2 < t' = t/3,

we have
o Ciz (e AN
¢w’(za G[Az]) > 1 D min {Z ) (—) } : (7>

og 'n z




Proof. Let A be any (3z/¢)-element subset of A} that contains some z vertices spanning the
most edges among all z-vertex subsets of A, and some z vertices spanning the least edges
among all z-vertex subsets of A}. By construction, ¥(z, Af) = ¢(z, A}). Since we assumed
that z is big enough, G € D(¢,0/10) implies that G[A!] € D(¢,6). By our assumption
(o, B) € Ple, ), we have

bur(z, GIAY]) > C—/zmin{za, (@)B}

log? = - logf' n
since from Claim 1 (ii) and Theorem 3 it follows that (provided n is large enough) 0 <
W' <logn-(z,AY)/z. Finally, (7) follows because A7 C Al and therefore ¢, (z, G[A]]) >
bur (2, G[AT]). -
Let us again rewrite formula (5).
!/ / < / <
SHIE) = i)+ A d(3) + s - (5)
+e(T.) = Y (d(v, 8.) — d;z) — d; 2°.
’l)ETz
Now let a; = a(G[A)]) and recall that z > n'/1°. Since:
e le(S.) —a)(})| < 22*%y/2logk by Claim 1 (i),
o |d(v,S.) — diz| < 22Y/2\/5logk by Claim 1 (ii),
o e(T.) —a;- (3)] < (2, Al) by the definition of ¥ and
o (2, A}) > 107%"/223/2 by Theorem 3 and the assumptions on G and z,
we conclude that w(H/(z)) — w(H;) lands in the interval
L) = Bt (b (3) -+ Cologh (v DV AD). ®

where C is some constant depending only on e. In particular, the following is true.

Claim 3. We can find k-vertex induced subgraphs of G with at least ¢ (z, G[AL]) different
weights in the interval w(H;) + 1;(2).

In the remainder of the proof we will carefully estimate the number of different weights
in all these intervals. Recall that n'/10 < » < ¢/ = < is the number of vertices we want
to exchange. For the sake of brevity let |I;(z)| denote max{|inf I;(z)|,|sup ;(2)|}, i.e. how
much the weight of H/(z) can possibly differ from the weight of H;, and

c(Ii(2) = Aiz+ (d+a) (;) — 2 9)

will denote the center of the interval [;(z).
Before we proceed with the counting, first let us prove a technical lemma.

10



Claim 4. For all z > n*/'° the centers c(I;(z + 1)) and c(I;(2)) satisfy
le(Ii(z + 1)) — c(I;(2)) — Ay] < 5z.

In particular,
|A;| =5z < |e(Li(z4+ 1)) — e(Li(2))] < |Ai| + 5z.

Proof. Looking at the definition of ¢(;(z)) in (9), it is easy to see that the difference § =
c(I;(z+ 1)) — c(I;(2)) can be computed as follows:

o = actlara) (T3 - ()t - e
= A;+(a;+a;)z — d;(2z + 1).
Hence,
60— Ai] < (a)+a)z+di(2z+1) <4z +1,
where the last inequality holds because a;, a;, df € [0, 1]. ]

We will now analyze the function z +— |I;(z)| and split the proof into several cases. First,
recall that m = 500¢(k, G)/k and z is in the range n/1® < z <t = et/3.

5.1 Case 1. max, |[;(2)| < 3mzx.

In particular [;(t') C (—3mx,3mzx). We set [; = w(H;) + (—3ma,3maz) and note that by
Claims 2 and 3,

t AN\
N, > ot G[A]) > Cll) min { ('), vt A)
log™' n t
> O minfrhae phoarhy - O (10)
~ log”'n log” n

since v > 3/2 and (1 —~)(1 + g) = 7. Finally, note that [([;) = 6ma and therefore
inequality (2) is satisfied. This completes the proof in Case 1.

5.2 Case 2. max, |[;(z)| > 3mz.

Let zp be the minimal z such that |[;(z)| > 3mz. First we show that |I;(z)| is in fact not
much larger than 3max. To make it precise, let us prove the following claim.

Claim 5. If zy > n'/1°, then there is a constant Cs depending only on €, such that
|[Z(Z(]>| < Cgmll.

Proof. Minimality of 2z, implies that |¢(/;(z0 — 1))| and Cylogk - ¥(z9 — 1, Al) are at most
3mazx. By Claim 4,

lc(Ii(2z0))] < 3max + Al + 5z < C'ma,

11



where the second inequality holds since, by Theorem 3, we have 3mxz > (zg — 1, A)) =
Q(z2/*) and, by Observation 7, we have |A;| < 4ma (recall that we work only with typical
vertices). Finally, note that (2o, A}) differs from (2o — 1, A}) by at most zy and therefore

|I:(20)| = |e(Ii(20))| + Calog k - (20, A%) < C'ma + C"log k - (29 — 1, A}) < Cyma.

From (8) it easily follows that

z

L < A+ ) (]

) - &+ Calogik- (e, ), (1)

and therefore we can split the proof into further subcases, depending on which of the three
terms on the right-hand side of (11) is the “dominant” term.

5.2.1 Case 2a. Cylogk - (29, A}) > mux.

logk 2
I = w(H;) + (=Csmz, Cymzx) O w(H;) + I;(2). Finally by Claims 2 and 3,

20 . 20, Al p
N; > ¢u(20,GIA]) > ClD mm{(ZO)a’ (¢< Az)) }

First note that zy = Q(, /%), simply because 1 (z,—) < (;). Claim 5 allows us to set

log™”*n 20
Ch . (14+a) np 1-8
— D mln{ZO 7¢(20a Az) 20 }
log™' n
' o 1— C’ a
> —5— min{(mx)l%, (mz)P(mz) 2 } = T(m:p)%, (12)
log™ n log™ n

since a < 3. The length of I; is I(I;) = 2C3mz, hence the inequality (2) is satisfied. This
completes the proof in Case 2a.

5.2.2 Case 2b. z > \/ma/3 (takes care of |(a}+ a;)(¥) — d; 22| > mz).

2 i

Note that |A;| < v/mazTogk or else the center of I;(z), where z; = /mz /log"* k < z, would
be at distance at least

mx

Viogk

from 0, contradicting the minimality of zp. From (11) and the above bound on |A| it

follows that |I;(y/mx/logk)| < C’\/% < 0.1mz. In the sequel we will combine this simple

observation with the following claim.

A =16 - (e (7 ) = it 2 matog! b - Oy > 3ma

Claim 6. For /mz/logk < z < zy, the intervals I;(z) and I;(z + 1) intersect.

Proof. By Claim 4, the distance § between the centers of these two intervals is at most
|A;] + 52, and (2, A}) > C'23/2 > (ma)Y?+1/6 > |A;|. Now we are done, since [(I;(2)) =
2Cylogk - (z, Al). O

12



The above observation, together with Claim 6 show that the family {I;(2) : /mz/logk <
z < z} covers an interval of length at least 2.9ma (either [0.1ma, 3m] or [—3m, —0.1mxz]).
Also, Claim 5 shows that [;(zp) (and by the choice of zj also all the other I;(z)’s in question)
is entirely contained in —w(H;) + I; = (—Csmaz, Csmz).

Again, by Claims 2 and 3, in each of the w(H;) + I;(2)’s we can find at least

b (2, G[A]]) > min{z""*,¢(z, A}) 2}

logP* n
!

> ———min{m 2", 1([(2))°m

log™ n

1-8

>}

weights. Lemma 15 ensures we can find a collection of disjoint [;(2)’s, indexed by z € Z, of
total length at least 1.45m. Hence

c’ . ita 18
Ni Z Zﬁmm{m 2 7[(L<Z))f6m 2 }
z€Z g n
! 1+ 1-6
> ——— min{m 2z , 1(I;(2))°m ™=
B RO MUCITES:
o ’
14+ 1—
> ——min{m =, | D I(Li(z)) | m= }
log™ n o
C” 14 —
> S mln{mg ,mﬁmlT}
log
c” o
log” n

where the third inequality holds because 0 < 3 < 1 and therefore y +— yﬁ is concave. Once
again, [(I;) = 2Cyma and therefore inequality (2) is satisfied. This completes the proof in
Case 2b.

5.2.3 Case 2c. |A;|zo > mz and 1(zp, A)) > |A.

We can easily assume that neither of the previous subcases holds, so in particular Cslogk -
(20, A}) < mx and zy < /max/3, which implies |A;| > v/3maz. It is not hard to see that
|A;|z0 cannot be larger than 8ma. If it was the case, i.e. |A;|zg > 8max, then by Claim 4,

le(L;(z0 — 1))| > 8ma — |A;| — 5z > 8ma — 4max — mx = 3mz,

contradicting the minimality of zy. Moreover, 2, is not too small either, since

22 > (20, A) > |Ay] > V3ma = \/1500z - ¥(k, G)/k > C'EV4. (14)
Before we proceed, we need the following claim.

Claim 7. For all z,/30 < z < 2z,

107%49(20, A7) < (2, A}) < 484(20, A7).

13



Proof. The first inequality follows from a simple averaging argument (see Observation 4 in

[2]), which implies that
o) 2 vl ) (5) /(%)

Finally, Lemma 6 in [2] yields that for every n-vertex graph G and all 0 < s < k < n/3, we
have ¢ (s, G) < 48y(k,G). This implies the second inequality. O

Claim 7 implies that 0 < ' < C'2'/%\/logk < logn - ¥(z, A})/z for all z in the range
[20/30, 20]. Moreover, recall that (14) implies that 2,/30 > n!/!°, and hence by Claims 2 and
3, in each interval w(H;) + I;(z) we find at least

bz, GlAY) 2 mm{za7 <M)ﬂ}

logP' n z

= O infete (x4

longn
> 1Ongmin{zui(z))”f‘,z<fz-<z>>ﬂzui<z>>lz}
- ey

0g

k-vertex induced subgraphs with different weights. Now recall that |A;]zgp < 8maz and
therefore

dmx  mzx mx
<
15 900 — 2

20 20\ 2
| <Al +3(5) <
|c(Li(20/30))] < |AZ|30 +3 (3()) N

Moreover, by Claims 4 and 7,
lc(Li(z + 1)) — c(L;(2))] < |Ai] + 52 < 2(20, AL) < Cologk - (2, AY) = 1(1;(2))/2,

so the intervals I;(z) and [;(z + 1) intersect and hence the family {I/(z) : 20/30 < z < 2}
will cover an interval of length at least 2.5mz. Lemma 15 ensures we can find a collection
of disjoint I;(2)’s, indexed by z € Z, of total length not smaller than 1.25m. By (11),

ILi(z0)| < |Ailz0 + 2% + Cologk - ¥(20, A) < 8ma + ma + ma,

and therefore all I;(z)’s in question are entirely contained in the interval (—10maz, 10mzx).
Hence, if we set I; = w(H;) + (—10mz, 10mx), we will have

N, > LD/,ZZ(IZ'(Z»HTQ > LDI, (ZZ(L(Z))) > Lm%“, (15)

~ log”' n

where the second inequality follows by concavity of y +— yHTa, since 0 < o < 1. Finally, let
us note that inequality (2) is satisfied. This completes the proof in Case 2c.
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5.2.4 Case 2d. |A;|zp > mz and ¥(zg, A)) < |A].
Recall that ¢’ = et/3. This time we have to let z be a little larger, i.e. we define

z = min{t’, min{z : ¥(z, A}) > |A|}}.

Note that there are two distinct cases to consider, depending on which value in the above
minimum is smaller.

Case 2d-A. z; = t' and ¢(z, A}) < |A;| for all z < z.
First note that z; < (21, A)) < |A;], so

C([l(Zl)) Z ]Ai|zl — Z% 2 0.5’Ai|21,

and )
21 21
I <Az + (5) < 01]al.
(i1 /20) < A2+ (2) <0118
Claim 8. There are at least C'z1/logk pairwise disjoint intervals among {I;(z) : z1/30 <

z2 <z}

Proof. Since |A;|z “dominates” both z and [(;(z)), intuitively it is clear that whenever
29 — z1 is big enough, I;(z1) and I;(z2) are disjoint. Formally, by Claim 4,

c(li(22)) — c(li(21))] = (22 — 21) - [Ai] = 52a(22 — 21)
= (- 2) - (1A -5z 2 2= 2R,

and therefore whenever

[(i(21)) +1(1i(22))

Z9 — 21 Z 40210g/€2 s
A

the intervals I;(z;) and I;(z9) are disjoint. O

Note that for each z,
1L(2)| < |Agz + 22 + Cologk - (2, A)) < 2|Alz,

so (—2|A;|t',2|A;|t") contains all the intervals [;(z), with z;/30 < z < z;. Finally, 2z;/30 >
n'/1% and so by Claims 2, 3 and 8, if we set [; = w(H;) + (—2|A|t/, 2| A|t'), we will get

/ / AN B
N, > ¢ t Crt min{(t/)a7 (w(tt’/Ai)> }

log k . logPt n

1" 1
(kI prumady _ .

>t
log™ n log™ n

k7. (16)

Recall that we are exchanging only V' ( H;)-typical vertices and therefore |A;| < 4mz. Hence
I(1;) < 16mz - t' and therefore inequality (2) is satisfied. That completes the proof in Case
2d-A.

Case 2d-B. ¢(z1, A) > |A].
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We can simply rewrite the proof of Case 2¢ here, replacing zy with z;. The only change
is that [; = w(H;) + (—=C'Mx,C"Mx), where M = |A|z; and |c([;(35))] < 0.5Mx, and in
(15), m* 2" will be replaced by M 2%, Hence we consider Case 2d-B resolved.

To finish the proof, note that each time (see: (10), (12), (13), (15), (16)) we were able
to construct at least IN; graphs with different weights in the interval I;, such that the afore-
mentioned inequality (2) holds:

; ! e
Nz > C lta

— min{k”,m 2 }. 2
(L) — maf log” n { ! 2)

Moreover, the intervals I;, which are centered at w(H;), all have length at least ma. Therefore
these intervals cover the (disjoint!) family {w(H;) + [—0.5mz,0.5mz] : 1 < i < 1078k /z}.

Hence
1078k /x

(|J 1)>05-10"k - m.
i=1
By Lemma 15, we can find a subfamily of pairwise disjoint I;’s of joint length C’km. That
gives us at least

1+a
N‘ Ik o //kj k: 2
N e e PN L)

L) ~ zF'log” n " log?' n k

different weights, for some absolute constants C”, D', F’. This completes the proof.

6 Concluding remarks

It seems that the main reason why our argument fails to prove an Q(n°/?) lower bound is
the lack of deeper understanding of the behavior of the function z — (z,G). The only
estimates for 1(z, G) we are using in the proof, namely Q(z%?2) < (2, G) < O(z?), do not
exploit the dependence of ¥(z,G) and ¥(z',G) for different values of z and 2’ (except for
when z and 2’ are of the same order of magnitude, see Claim 7). Note that in a random
graph G(n,p), where p € (0,1) is fixed (independent of n), with high probability we have
U(z,G) = O(2%?) for all z = n?M),

Suppose we assume that there is some p = p(G) € [1/2,1], such that ¢(z, G) ~ z!** for
all z = ™M A simple (but lengthy and tedious) analysis of the proof shows that under
that additional assumption (which we will not try to make much more precise), Theorem 12
could be improved to (note that since the order of ¢(k, G) is known, the parameter [ is now
obsolete)

(a,%) € P(e,§) —> (iigz*) € P(e,5/10).

This in turn would imply an (n/?=¢) lower bound for the number of distinct sizes of induced
subgraphs. Further analysis shows that even a much more modest assumption of the form
Q(23/70) < (2,G) < Q(2%772), where at least one of py,ps is positive, would further
improve the current lower bound.
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