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is realized by some set of 2k� 1 linear orders. This concept arises in social choice theory, where eachlinear order represents the preferences of a voter among candidates, and the tournament representsthe results of head-to-head contests between pairs of candidates.Let k0(n) be the minimum k such that every n-vertex tournament is a k-majority tournament.McGarvey [14] showed that k0(n) is de�ned for each n, i.e., that every tournament is a k-majoritytournament for some k. Sterns [16] showed that k0(n) = 
(n= log n), and that k0(n) � n+ 1. Erd}osand Moser [10] improved the upper bound to k0(n) = O(n= log n). Later, Alon [2] showed that, forevery n-vertex tournament, there is a set of 2k = O(n logn) orders, so that for every edge uv, u liesabove v in at least k +
(k=pn) of the orders.This paper is concerned with the size of a minimum dominating set in a k-majority tournament.Of course, as �rst shown in [9], there are tournaments whose minimum dominating set is arbitrarilylarge but, as conjectured by H.A. Kierstead and W.T. Trotter, this turns out not to be the case ifwe con�ne ourselves to k-majority tournaments for some �xed k.Accordingly, let F (k) be the supremum of the size of a minimum dominating set in a k-majoritytournament (where the supremum is taken over all k-majority tournaments, with no restriction ontheir size). Trivially F (1) = 1. We show below that F (2) = 3, and that F (3) � 4, but we have notfound a way to generalize these arguments. We do, however, show that F (k) is �nite for each k,proving the conjecture of Kierstead and Trotter; in fact, we give two proofs of this conjecture. The�rst proof demonstrates the result to be a simple consequence of a geometric result of B�ar�any andLehel [5], but the upper bound obtained on F (k) from this proof is rather large. Our second proofyields that F (k) = O(k log k); we also show that F (k) = 
(k= log k), so our bounds are reasonablyclose. A similar upper bound applies to tournaments de�ned by orders in a more general way. Thetechnique in our second proof has several additional applications, including an improvement on theresult of B�ar�any and Lehel mentioned above.A tournament has no dominating set of size t if and only if it satis�es the property St: every setU of t vertices is dominated by some vertex not in U . The question of existence of such tournamentswas raised by Sch�utte, and �rst studied by Erd}os in [9], where he proves existence by a (by now)simple probabilistic argument. To demonstrate lower bounds on F (k), we have to construct familiesof linear orders realizing tournaments with property St.The concept of k-majority tournaments is strongly related to that of dice tournaments. It is wellknown that the faces of three standard dice can be assigned distinct numbers so that the �rst ismore likely to beat the second (has a higher number with probability exceeding a half when they arerolled against each other), the second is more likely to beat the third, and the third is more likelyto beat the �rst. In other words, the tournament determined by such a set of three \non-transitive"dice satis�es property S1.Here is an example of a set of three non-transitive dice: one die is labeled with �ve 3's and a 6,one with �ve 4's and a 1, and one with three 2's and three 5's. The owner of such a set can o�er toroll against a victim, \generously" allowing the victim to choose �rst which of the three dice theyprefer. (A set of dice with these labels was provided to each participant at the Fourth Gathering forGardner|one of a series of meetings in honor of Martin Gardner.)2



If the goal is to handle t victims at the same time|much as a chess master puts on a simultaneousexhibition|one would need a set of dice with the property that, for any subset of t dice, there isa die in the set that beats them all. This is always possible if t < F (k) and at least 2k � 1 facesare available on each die. Indeed, let T be a k-majority tournament on n vertices (dice) satisfyingproperty St. The i-th face of each die is assigned a number in the range fni+1; ni+2; : : : ; n(i+1)gaccording to its rank in the i-th order of a realizer of T . The same construction shows that anyk-majority tournament can be realized by dice with 2k � 1 faces. Let G(k) denote the supremumof the minimum dominating set in a tournament realized by dice with k faces. By the discussionabove, G(2k � 1) � F (k) for all k, and hence our lower bound for F (k) together with the obviousmonotonicity of G(k) implies that G(k) � 
(k= log k). On the other hand, our methods here enableus to show that G(k) � O(k log k).Some of the questions addressed in this article arose during a summer class on challenge problemsfor in-service high school teachers taught by the third author.2 2-Majority tournamentsIn this section we prove that F (2) = 3.Theorem 1. Every 2-majority tournament has a dominating set of size at most 3. Moreover, if Tdoes not have a dominating set of size one, then it has a dominating set of size 3 that induces adirected cycle.Proof. Consider a 2-majority tournament T = (V;A) de�ned by the three linear orders Pi = (V;>i),i 2 [3]. Choose the least vertex c in P3 such that there exists a vertex d �3 c dominating the setU = fx 2 V : x >3 cg of vertices strictly above c in P3. If U is empty, i.e., c is the top element of P3,then there is no vertex dominating the set fcg, so c! V . Thus we may assume that U is nonempty.Let D = fx 2 V n U : x! Ug be the (nonempty) set of vertices not in U that dominate U , andlet R = V n (U [D [ fcg) be the set of remaining vertices. Let ui be the maximum element of U inPi, i 2 [2], and �x any d 2 D (see Figure 1.)No element of D can dominate c, since otherwise c's immediate predecessor in P3 would havebeen preferred in the de�nition of c; hence c ! D. Any element x 2 V n U satis�es x <3 u1; u2.So, if x dominates both u1 and u2 then it satis�es u1; u2 <i x for both i 2 [2], and thus dominatesall of U . It follows that D = fx 2 V n U : x >1 u1 and x >2 u2g = fx 2 V n U : x ! fu1; u2gg,and therefore fu1; u2g dominates R. Thus fc; d; u1; u2g dominates T , but we can do better. LetRi = fx 2 R : x <i uig, i 2 [2]. Then R = R1 [ R2 and ui dominates Ri, i 2 [2]. Since u1; u2 <i dfor both i 2 [2] and c dominates d, there exists i 2 [2] such that ui <i c: we may suppose u2 <2 c.Then R2 is also dominated by c, since c is above R in P3. It follows that fc; d; u1g is a dominatingset for T .Note also that if c 2 D then c >1 R1, and so c! V . Otherwise c! d! u1 ! c.The following example completes the proof that F (2) = 3.3



Figure 1: The orders <1, <2 and <3Example 2. There exists a 2-majority tournament T with property S2.Proof. Let T be the quadratic residue tournament whose vertices are the elements of the �nite�eld GF (7) in which ij is a directed edge if and only if i � j is a quadratic residue, i.e., (i � j)mod 7 2 f1; 2; 4g. It is apparent that T satis�es S2 since 2 ! f0; 1g, 4 ! f0; 2g, 4 ! f0; 3g andedges are preserved under translation. Moreover it can be checked that T is realized by the ordersP1 = 0 < 1 < 2 < 3 < 4 < 5 < 6P2 = 4 < 6 < 1 < 3 < 5 < 0 < 2P3 = 5 < 2 < 6 < 3 < 0 < 4 < 1:The example shows that, with an appropriate set of (seven) 3-sided dice, we can handle twovictims at once; Theorem 1 implies that two is the maximum. In other words, no matter how many3-sided dice are o�ered, a group of three \victims" can select one die each so that no choice fromthe remaining dice beats all three. To see this, let ai � bi � ci be the numbers labeling die i, and letA, B and C be the orderings on the set of dice given by faig, fbig and fcig respectively. We claimthat if die 1 lies above die 2 in at least two of these orders, then die 1 beats die 2. Indeed, if a1 > a2and b1 > b2, then also a1 > b2, a1 > c2 and b1 > c2, so die 1 beats die 2 in at least 5 cases out of 9.The case where b1 > b2 and c1 > c2 is symmetric. If a1 > a2 and c1 > c2, then we also have a1 > b2,a1 > c2 and b1 > c2 so again die 1 wins. It follows that the dice constitute a 2-majority tournament,4



thus the victims can choose a dominating set of size 3, the elements of which cannot be beaten byany one die in the set.3 3-Majority tournamentsWe have not been able to determine the value of F (3), but the following result shows that F (3) � 4.Theorem 3. There exists a 3-majority tournament with property S3.Proof. Consider the simplex consisting of all vectors a = (a1; : : : ; a5) in R5 with ai � 0 for each i,and P5i=1 ai = 1. Now take a �nite subset A of this simplex, with the property that, for any vector(x1; : : : ; x5) with xi � 0 for each i and P5i=1 xi = 10=11, there is some element a of A such thatai > xi for each i. The �ve co-ordinate orders induce linear orders on this �nite set A; we can assumethat there are no ties in these co-ordinate orders among elements of A.These �ve linear orders on the set A realize a 3-majority tournament that may well already haveproperty S3, but it is easier to work with an augmentation of A. We de�ne the set [A] by taking,for each element a of A, a 7-tuple [a] = fa0; � � � ; a6g. We call [a] the set of \clones" of a 2 A. Thelinear orders on [A] inherit the order on A, and the tournament induced on each [a] is a copy of thequadratic residue tournament of Example 2, with property S2.We claim that the tournament realized by these linear orders on [A] has property S3, i.e., forevery triple U = fai; bj ; ckg of elements of [A], there is some other element of [A] that dominates allthree.Let us �rst deal with some easy cases. If all three elements are in the same [a], then we can readily�nd one element in A that dominates a, and then any of its clones dominates U in [A]. Suppose twoelements of U are clones of a, and the other is a clone of a di�erent element b; if a! b, then by theproperty S2 of [a] there is some other clone of a that dominates U , while if b ! a then some cloneof b dominates U . Thus we can assume that all of a, b and c are distinct elements of A. If, say, adominates both b and c in A, then some clone of a dominates U .Therefore we can assume that a ! b ! c ! a in A; we must show that there is some otherelement of A dominating fa; b; cg. From now on, we work entirely with the family A of vectors inR5 .Consider how the co-ordinates of a, b and c can be arranged. If there are three co-ordinates iwhere ai is the highest among fai; bi; cig, then a! c which is a contradiction. And if there are threeco-ordinates i where ai is the lowest among fai; bi; cig, then b ! a which again is a contradiction.So two of the elements, say a and b, are lowest in two of the �ve linear orders each, while c is lowestin the other. Suppose next that a is in the middle in two of the �ve linear orders: to get a! b! cwe need b bottom in those two orders, and ahead of c in all the others. That gives us, possibly after
5



a renumbering of the orders: c1 < b1 < a1b2 < a2 < c2b3 < a3 < c3a4 < c4 < b4a5 < c5 < b5 Case 1.The case where b is in the middle twice is impossible, as we can't then have b ! c. So the otherpossibility is that a and b are in the middle just once each, and c is in the middle three times. Thenwe clearly must have: c1 < b1 < a1b2 < a2 < c2b3 < c3 < a3a4 < c4 < b4a5 < c5 < b5 Case 2.We will show that we can always �nd a non-negative vector x = (x1; : : : ; x5) so that P5i=1 xi �10=11 and, for d = a; b; c, we have xi � di in at least three co-ordinates i. By the construction of A,there is then some element of A that is above x (strictly) in all �ve co-ordinates, and so dominatesall of a, b, c.We start with Case 2, as it is slightly cleaner. The ten vectors below are candidates for x, in thatthey are non-negative vectors that at least match each of a; b; c in at least three co-ordinates each.(a1; c2; c3; a4; 0) (a1; b2; a3; 0; c5) (b1; 0; a3; b4; a5) (c1; a2; 0; b4; b5)(0; c2; b3; c4; b5) (c1; c2; b3; a4; b5) (c1; b2; a3; b4; a5) (a1; b2; b3; c4; c5)(b1; a2; c3; c4; a5) (b1; a2; c3; a4; c5)If all ten of these vectors have a co-ordinate sum greater than 10=11, then the total sum of all the�fty entries is greater than 10� (10=11). But this sum is3 5Xi=1(ai + bi + ci) = 9 < 100=11;which is a contradiction.For Case 1, we present 11 candidates for x (two of them are identical, but that doesn't matter):(c1; b2; a3; b4; c5) (c1; a2; b3; c4; b5) (b1; c2; c3; a4; 0) (b1; c2; c3; 0; a5)(b1; c2; c3; 0; a5) (b1; b2; c3; a4; c5) (c1; a2; 0; b4; b5) (c1; 0; a3; b4; b5)(a1; b2; b3; c4; c5) (a1; b2; 0; c4; b5) (0; c2; b3; b4; c5)As before, we are done unless the sum of the �fty-�ve entries is greater than 11� (10=11) = 10, butthat sum is2a1 + 2a2 + 2a3 + 2a4 + 2a5 + 4b1 + 4b2 + 3b3 + 4b4 + 4b5 + 4c1 + 4c2 + 4c3 + 3c4 + 4c4� 2X ai + 4X bi + 4X ci = 10;so we have a contradiction in this case too. 6



4 A geometric proof that F (k) is �niteIn this section we o�er a simple but crude proof that F (k) is �nite, that is, that k-majority tour-naments cannot have arbitrarily large minimum dominating sets. This proof relies on a geometricresult of B�ar�any and Lehel. We start by describing this result.For two points x; y in Rd , let box(x; y) denote the smallest closed box, with faces parallel to thecoordinate hyperplanes, that contains both x and y. We say that this box is the box generated by xand y, which form two of its corners. Note that this box consists of those points z = (z1; : : : ; zd) 2 Rdsuch that for every i, 1 � i � d, zi lies between xi and yi. B�ar�any and Lehel proved in [5] that, forevery dimension d, there is a constant c = c(d) (depending only on the dimension), such that everycompact subset V � Rd contains a subset S of cardinality at most c, satisfyingV � [x;y2S box(x; y): (1)Their proof shows that c(d) � (2d2d + 1)d2d , but by plugging into it the result of [12] or [1], this canbe improved to c(d) � (2d2 + 1)d2d :Using the main result of [8], Pach [15] has improved this bound to 22d+2 . In Section 7 we use asimilar approach to obtain still better bounds, based on our techniques here.Let T = (V;E) be a k-majority tournament, and let P1; : : : ; P2k�1 be linear orders that realize it.Put d = 2k� 1 and identify each v 2 V with the point v = (v1; : : : ; vd) 2 Rd whose ith coordinate isthe rank of v in Pi. (This identi�cation will be useful later as well.) Thus V is a �nite set in Rd , andby the theorem of [5] this set contains a subset S of at most c(2k � 1) points such that (1) holds.Note that for each box box(x; y), with x; y 2 S, one of the vertices x or y beats every point z insidethe box in at least k of our linear orders (as z lies between x and y in each order). It follows thatthe set S dominates the whole tournament, completing the (�rst) proof.5 Improving the upper boundThe previous proof supplies a huge upper bound for F (k). Here we prove the following nearly linearbound. (We make no attempt to optimize the absolute constant 80 in the statement below.)Theorem 4. F (k) � (80 + o(1))k log k, where the o(1) term tends to zero as k tends to in�nity.Proof. For a vertex v in a tournament T , let D(v) denote the set consisting of v and all vertices thatdominate v. We start with the following simple lemma.Lemma 5. For every tournament T = (V;E) there is a probability distribution p : V 7! [0; 1] suchthat for every vertex w, the total weight of vertices in D(w) is at least 1=2.Proof. Consider the following two-person zero-sum game played on T . Each of the two players, Aliceand Bob, simultaneously picks a vertex of T , and the owner of the dominant vertex collects $1 fromthe other player. Suppose Alice is deemed to be the winner if the players pick the same vertex; then7



the game cannot be in Bob's favor, hence by the Minimax Theorem (see, e.g., [6], Theorem 15.1)there is a mixed strategy of Alice with non-negative expectation against any strategy|in particularany pure strategy|of Bob.This mixed strategy of Alice is a probability distribution on the vertices that satis�es the assertionof the lemma.Given a tournament T = (V;E), let H = H(T ) be the hypergraph whose vertices are all thevertices of T , and whose edges are all the sets D(v), v 2 V . The transversal number �(H) of H isthe minimum cardinality of a set of vertices that intersects every edge; since such a set is exactly adominating set of T , �(H(T )) is just another way to describe the size of a minimum dominating setof T .The fractional transversal number ��(H) of H is the minimum possible value ofPv2V f(v), wherethe minimum is taken over all functions f : V 7! [0; 1] such that for every edge of the hypergraph,the total weight of vertices in the edge is at least 1. The following is an immediate consequence ofLemma 5.Corollary 6. For every tournament T = (V;E), ��(H(T )) � 2.Proof. Let p : V 7! [0; 1] be as in Lemma 5, and de�ne f(v) = 2p(v) for every v.The Vapnik-Chervonenkis dimension or VC-dimension VC(H) of a hypergraph H = (V;E) isthe maximum cardinality of a set of vertices A � V such that for every B � A there is an edgee 2 E so that e \ A = B. We need the following result, which follows from the work of Vapnik andChervonenkis and of Haussler and Welzl (see [13], Corollary 10.2.7).Lemma 7. For every hypergraph H with VC(H) � h�(H) < 20h��(H) log(��(H)):Returning to our original problem, let T = (V;E) be a k-majority tournament, let P1; : : : ; P2k�1be linear orders realizing T , and let H = H(T ) be the hypergraph de�ned above.Lemma 8. If h =VC(H) is the VC-dimension of H, then (h + 1)2k�1 � 2h. Therefore h �(1 + o(1))2k log2 k, where the o(1) term tends to zero as k tends to in�nity.Proof. As before, we identify each vertex u of T with the vector (u1; : : : ; u2k�1) of length 2k � 1whose ith coordinate is the rank of u in Pi. Let A = fu(1); u(2); : : : ; u(h)g be a set of h verticesof T and suppose that for each B � A there is an edge D(v) of H such that A \ D(v) = B. Foreach i 2 [2k � 1], the ith coordinates of the u(j)'s split the range of possible ranks in Pi into h + 1intervals. Thus, if we know for each i the interval in which the ith coordinate of a particular vectorv is found, we can determine precisely which u(j) lie in D(v) and which do not. It follows that thetotal number of possibilities of the intersection A \ D(v) cannot exceed (h + 1)2k�1, implying thedesired result. 8



Combining Corollary 6, Lemma 7 and Lemma 8 we conclude that every k-majority tournamentcontains a dominating set of size at most C(2+ o(1))k log2 k(2 log 2) � (80+ o(1))k log k, as claimed.6 A lower bound on F (k)The following theorem shows that F (k) � (13 + o(1))k= log k.Theorem 9. For every integer t � 2 there exists a 3tdlog2 te-majority tournament that satis�esproperty St.Proof. Example 2 proves the case t = 2. Let t � 3. Let a = tdlog2 te and k = 3a. We shall constructa k-majority tournament T = (V;E) with property St, that is, in which every dominating set hassize greater than t. Let V be the set of pairs (A;B) where A is a subset of [k] of size a and B asubset of [k] n A of size b = dlog2 te.Fix any linear order L = (V;�) on V . For all j 2 [k] de�ne the linear order Pj = (V;>j) to agreewith L except that all (A;B) with j 2 A are placed on top, and all (A;B) with j 2 B are placednext. In other words, (A;B) >j (A0; B0) if and only if eitherj 2 (A \A0) [ (B \B0) [ �([k] n A n B) \ ([k] nA0 n B0)� and (A;B) � (A0; B0)or j 2 (A n A0) [ (B nA0 n B0):We also de�ne companion orders Qj = (V;>j) which are consistent with the dual of L, except that(A;B) with j 2 B are placed on the bottom and (A;B) with j 2 A are placed next going up. Thus,(A;B) >j (A0; B0) if and only if eitherj 2 (A \A0) [ (B \B0) [ �([k] n A n B) \ ([k] nA0 n B0)� and (A0; B0) � (A;B)or j 2 (B0 n B) [ �(A0 [B0) nA nB�:The orders are pictured in Fig. 2.Let 
 = fPj : j 2 [k]g [ fQj : j 2 [k]g. Then the number of orders in 
 in which (A;B) beats(A0; B0), minus the number in which (A0; B0) beats (A;B), is exactly twice jA \ B0j � jA0 \ Bj. LetT be the k-majority tournament generated by the 2k � 1 orders in 
 other than P1; then we have(A;B) ! (A0; B0) whenever jA \ B0j > jA0 \ Bj (and in some cases when the two quantities areequal).We claim that T satis�es property St. To see this, consider a t-set S = f(Ai; Bi) : i 2 [t]g ofelements of V : we need to �nd an element (A;B) of V that dominates S. Choose A of size a so thatSi2[t]Bi � A. We now wish to choose B � [k] nA so that B * Ai for all i 2 [t]. Since j[k] nAj = 2a,we have �2ab � candidates for B, and each Ai contains at most �ab� of them. Note that �2ab � > 2b�ab�if b � 2, and this is the case since t � 3. As 2b � t, this implies that we can choose B * Ai forall i 2 [t]. Now indeed (A;B) dominates S, since jA \ Bij = jBij = b = jBj > jAi \ Bj for eachi 2 [t]. 9



Figure 2: The orders L, Pj and Qj7 Improving the B�ar�any-Lehel estimateThe technique used to prove Theorem 4 enables us to give a new, simple proof of the main resultof B�ar�any and Lehel [5], stated in Section 4. The resulting bounds are better than any previouslyobtained.Theorem 10. Every set V of n points in Rd contains a set of at most22d+d+log d+log log d+O(1)pairs of points pi; qi, such that V is contained in the union of all boxes box(pi; qi).Proof. We �rst claim that there is an " = "(d) > 0 such that every set V of n points in Rd containstwo points p; q so that jV \ box(p; q)j � "n: Indeed, by a well-known (but unpublished) result ofN.G. de Bruijn (c.f., e.g., [3]|the result itself follows by iterating the Erd}os-Szekeres Theorem, thefact that it is tight requires a construction), every set of m = m(d) = 22d�1 + 1 points containsdistinct points p; q; r such that r 2 box(p; q). This implies, by the known estimates for the Tur�annumber for 3-uniform hypergraphs (see [7]), that there are at leastn3(3 + o(1))m2 � n34m2triples as above, since otherwise the hypergraph whose vertices are all points and whose edges areall such triples would contain an independent set of size m, which is impossible. By averaging, the10



same pair p; q appears as the two corners of the box in at leastn3=4m2�n2� � n2m2triples, giving the required claim with "(d) = 12m2 . By duplicating some of the points, if needed,we conclude that the claim holds with weights as well; for every set V of n points in Rd , and everyprobability distribution on the points, there are p; q 2 V so that the total measure of jV \ box(p; q)jis at least " = "(d). Duality now implies that there is a probability distribution on the boxes, so thatfor every point v, the measure of all boxes that contain v is at least ".Consider the hypergraph H whose vertices are all boxes box(p; q) with p; q 2 V , where the edgesare all sets Rv = fbox(p; q) : v 2 box(p; q)g. Our objective is to bound the transversal number �(H) ofthis hypergraph by a function depending only on d. By the above discussion, ��(H) � 1="(d) � 2m2is bounded by such a function. Hence, to complete the proof we only have to bound the VC-dimensionof this hypergraph. This, however, is easy, as h boxes split the space into at most (2h + 1)d pieces,showing that if the VC-dimension is h then (2h+ 1)d � 2h and implying that h � (1 + o(1))d log d.Plugging in Lemma 7 we conclude that every set V of n points in Rd contains a set of at most20(1 + o(1))d log d(2m2) log(2m2) � 22d+d+log d+log log d+O(1)pairs of points pi; qi, such that V is contained in the union of all boxes box(pi; qi).As noted in [5] (and as follows from the fact that de Bruijn's result is tight), 22d�1 points is alower bound for B�ar�any and Lehel's theorem. This translates to 1222d�1 pairs of points in Theorem 10above.8 Dice tournamentsIn this section we observe that the method of Section 5 provides an O(k log k) upper bound for G(k),the supremum of the minimum dominating set in a tournament realized by dice with k faces.Theorem 11. There are two absolute positive constants c1; c2 such that c1k= log k � G(k) � c2k log kfor all k > 1.Proof. The lower bound follows from the lower bound for F (k) obtained in Section 6, together withthe fact that any k-majority tournament is realizable by dice with 2k � 1 faces each. This impliesthat G(2k� 1) � (13 + o(1))k= log k. It is not diÆcult to see that G(k) is a monotone non-decreasingfunction of k, and thus the lower bound follows.To prove the upper bound using the method of Section 5, �x a tournament T realized by dicewith k faces, and �x a set of such dice realizing it. Let H = H(T ) be the hypergraph correspondingto T , de�ned as in Section 5. Its vertices are the vertices of T , and its edges are all the sets D(v).By Corollary 6, the fractional transversal number of H is at most 2. It thus suÆces to show that itsVC-dimension is at most O(k log k). Given a set A of d vertices of H, consider the kd numbers on11



the faces of the dice that realize them. These numbers split the real line into kd + 1 intervals, andknowing the location of the k numbers on the faces of a die corresponding to any other vertex v inthese intervals, determines precisely which members of A lie in D(v) and which do not. As there are�kd+kk � ways to choose the location of k numbers in the intervals, it follows that there are at mostthat many possibilities for the intersection A\D(v), and hence if d is the VC-dimension of H, then�kd+kk � � 2d, implying the desired estimate.9 Additional Remarks1. The notion of k-majority tournaments can be extended as follows. Put K = f1; 2; : : : ; kg, andlet F be an arbitrary collection of subsets ofK such that for every A � K, either A or its complementA lies in F , but not both.Given k-orders P1; P2; : : : ; Pk on a �nite set V , de�ne a tournament on V by letting uv be adirected edge if and only if fi 2 K : u precedes v in Pig 2 F . Thus, if k is odd and the set Fconsists of all subsets of K of cardinality bigger than k=2, we get the previous notion of a (k+1)=2-majority tournament. More generally, we can consider any probability distribution on the set K,such that no subset has measure exactly a half, and let F consist of all subsets of K of measureexceeding a half.Our proof extends easily to show that for each F and for every set of k linear orders, thecorresponding tournament has a dominating set of size O(k log k).2. Let T = (V;E) be a tournament in which the smallest size of a dominating set, t, is large. Asmentioned in the introduction, such tournaments have �rst been studied by Erd}os in [9], motivatedby a question of Sch�utte. It is easy to see that for a random tournament on n vertices, t is roughlylog n, and there are several explicit constructions of tournaments in which the smallest dominating setis of size �(logn). Most of these constructions have some pseudo-random properties. In particular,it seems plausible to suspect that if indeed, t is large, then the tournament must contain a largenumber of pairwise non-isomorphic sub-tournaments on s vertices, for some s that grows with t.This, indeed, follows from Lemma 7. If t is large, then the VC-dimension h of H(T ) is at least t=30,so there is a set A of h � t=30 vertices such that, for every subset B � A, there is a vertex xBdominating all members of B and no member of A n B. Let C be the set consisting of all the 2hvertices xB, and consider all the subtournaments arising by taking A together with h elements fromC: there are �2hh � such subtournaments, and each isomorphism type occurs at most �2hh � times, sowe have 2
(d2) pairwise non-isomorphic subtournaments on s = 2h vertices. On the other hand, itis easy to see that k-majority tournaments can have only (s!)2k�1 < s2ks distinct isomorphism typesof induced subtournaments on s vertices, showing (again, but essentially with the same proof) thatF (k) = O(k log k).3. As mentioned in the Introduction, Alon [2] investigated the problem of �nding a family of linearorders realizing a tournament T so that, for every edge uv of T , u is above v in substantially more12



than half of the orders. The same issue arises for representations of a tournament by dice.We de�ne the quality of a representation of a tournament by dice to be the largest " > 0, suchthat for every two vertices u; v of the tournament, with u ! v, the die of u beats that of v withprobability at least 12 + ". It seems plausible to suspect that if a tournament T satis�es propertySt for large t, then it does not have a high quality representation, namely, for some directed edgeu ! v, the die of u will be only slightly superior to that of v. It can be shown that this is indeedthe case. Here is a sketch.Let T have property St, and �x a dice representation of it of quality ". By the previous remark,each such tournament contains 2
(d2) pairwise non-isomorphic subtournaments on some d = �(t)vertices. For each such subtournament, if we throw the dice corresponding to its vertices we get alinear order, and every directed edge of the tournament is consistent with the order with probabilityat least 12 + ". Thus, if we take randomly some 2k� 1 = C="2 such linear orders, for an appropriatelarge constant C, then most of the edges of the subtournament will be consistent with those ofthe k-majority tournament obtained. It follows by a simple counting which is omitted, that onecan get some 2
(d2) pairwise non-isomorphic tournaments on d vertices, each of which is realizableby some s = C="2 linear orders. As there are obviously only (d!)s < dsd ways to choose s linearorders on d elements, this implies that dsd � 2
(d2), implying that s � 
(d= log d) and hence that" � O(plog d=d) = O(plog t=t).4. The estimate in Lemma 8 is tight, up to a constant factor. To see this, let D(m) be themaximum VC-dimension of a hypergraph H arising from m linear orders. We show below thatD(4k+3) � 2D(2k+1)+2k for any non-negative integer k. As we also have D(4k+5) � D(4k+3),this implies by induction that D(2k + 1) � (k + 2) log2(k + 2) � 3k � 1 for any k, so D(m) �(12 + o(1))m log2m.Our aim is to construct a set of 4k + 3 linear orders on a set S of 2D(2k + 1) + 2k elements, sothat, whatever subset S0 of S we choose, we can \cut" each order into an upper and a lower segmentsuch that each element of S0 is in at at least 2k+2 of the lower segments, and each element of S�S0is in at most 2k + 1 of the lower segments: we say that these linear orders can exhibit every subsetS0. Take two disjoint sets A and B, each with D(2k + 1) elements, and let (L1; : : : ; L2k+1) and(M1; : : : ;M2k+1) be families of linear orders on A and B respectively, so that (L1; : : : ; L2k+1) canexhibit every subset A0 of A, and (M1; : : : ;M2k+1) can exhibit every subset B0 of B. Also letC = fc1; : : : ; c2kg be a further disjoint set of 2k elements. Set S = A [B [ C.For j = 1; : : : ; k, form the pair of linear orders on S:K2j�1 : Mj < Lj < C;K2j : (C � cj) < Mj < cj < Lj:For j = k + 1; : : : ; 2k, form: K2j�1 : Lj < Mj < C;K2j : (C � cj) < Lj < cj < Mj:13



Finally take three more linear orders:K4k+1 : B < L2k+1 < C;K4k+2 : C < A < M2k+1;K4k+3 : C < A < B:In the above, if no order is speci�ed among a set of elements, then it is immaterial.Now consider any subset S0 of S, with S0 = A0 [B0 [C 0, where A0 � A, B0 � B, C 0 � C. By thechoice of the linear orders, there are places to cut the Li and Mi to exhibit A0 and B0.For each j = 1; : : : ; 2k: (a) if cj 2 C 0, cut: K2j�1 at the appropriate point of Mj , and K2j at theappropriate point of Lj, (b) if cj =2 C 0, cut: K2j�1 at the appropriate point of Lj , and K2j at theappropriate point of Mj . Cut K4k+1 at the appropriate point of L2k+1, K4k+2 at the appropriatepoint of M2k+1, and K4k+3 above all of C.For an element a of A, each of L1; : : : ; L2k+1 is cut at the required point, so a appears in morethan half of the lower segments in these linear orders if and only if a 2 A0. In the other 2k+2 orders,a appears in the lower segment exactly half the time. Similarly for the elements of B.An element cj is in the upper segment in each of K1;K3; : : : ;K4k�1;K4k+1, and in the lowersegment in each of the other Ki except possibly K2j , where cj is in the lower segment if and only ifcj 2 C 0. Hence cj is in more than half of the lower segments if and only if it is in C 0. Therefore thischoice of cuts exhibits S0, as required.References[1] N. Alon, Piercing d-intervals, Discrete and Computational Geometry 19 (1998), 333{334.[2] N. Alon, Voting paradoxes and digraphs realizations, Advances in Applied Math. 29 (2002),126{135.[3] N. Alon, Z. F�uredi and M. Katchalski, Separating pairs of points by standard boxes, EuropeanJ. Combinatorics 6 (1985), 205{210.[4] N. Alon and J. H. Spencer, The Probabilistic Method, Second Edition, Wiley, 2000.[5] I. B�ar�any and J. Lehel, Covering with Euclidean boxes, European J. Combinatorics 8 (1987),113-119.[6] V. Chv�atal, Linear Programming, Freeman, 1983.[7] D. DeCaen, Extensions of a theorem of Moon and Moser on complete graphs, Ars Combinatoria16 (1983), 5{10.[8] G. Ding, P. D. Seymour and P. Winkler, Bounding the vertex cover number of a hypergraph,Combinatorica 14 (1994), 23{34.[9] P. Erd}os, On a problem of graph theory, Math. Gaz. 47 (1963), 220{223.14
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