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Abstract
For every  > 0 and every integer m > 0, we construct explicitly graphs with O(m/) vertices and maximum degree O(1/2 ),
such that after removing any (1 − ) portion of their vertices or edges, the remaining graph still contains a path of length m. This
settles a problem of Rosenberg, which was motivated by the study of fault tolerant linear arrays.
© 1988 Published by Elsevier B.V.

1. Introduction
What is the minimum possible number of vertices and edges of a graph G, such that even after removing all but 
portion of its vertices or edges, the remaining graph still contains a path of length m? This problem arises naturally
in the study of fault tolerant linear arrays, (see [18]). The vertices of G represent processing elements and its edges
correspond to communication links between these processors. If p, 0 < p < 1 is the failure rate of the processors, it
is desirable that after deleting any p portion of the vertices of G, the remaining part still contains a (simple) path (=
linear array) of length m. Similarly, if , 0 <  < 1 denotes the failure rate of the communication links, it is required
that after deleting any  portion of the edges of G the remaining part still contains a relatively long path. The objective
is to construct such graphs G with a small number of vertices and edges, since these will give rise to efﬁcient networks.
Some variants of this problem are discussed in [14,9,19]. In this note we prove the following result.
Theorem 1.1. For every  > 0 and every integer m 1 there is a graph G, which can be explicitly constructed, with
O(m/) vertices and maximum degree O(1/2 ), such that even after deleting all but -portion of its vertices or all but
-portion of its edges, the remaining graph still contains a path of length m.
This settles the problem raised by Rosenberg [18], and is also related to the study of size Ramsey numbers (see
[10,4]). We note that the edge version of the above theorem for  = 21 was proved by Beck [4], and his proof can be
modiﬁed to give the general case, without explicit construction. Our main contribution here is to obtain an explicit
construction by combining the arguments of Beck [4] with some of the eigenvalues technique of [1–3] and the recent
construction of expanders given by Lubotzky et al. [16].
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2. The proof of the main result
For a graph H = (V , E) and S ⊆ V , let NH (S) denote the set of all neighbors in H of vertices of S. Pósa [17] proved
the following useful lemma which provides a relation between the expanding properties of a graph and the size of the
longest path it contains. (See also [15] for a simpler proof.)
Lemma 2.1. Let H = (V , E) be a nonempty graph. If |NH (S) − S| 2|S| − 1 for every vertex subset S ⊆ V of
cardinality |S|k, then H contains a path of length 3k − 2.
The following simple lemma is an old folklore result (see, e.g. [4]):
Lemma 2.2. Any graph G on n vertices with average degree d contains an induced subgraph H such that for every
vertex-set S of H the number of edges incident to vertices in S is at least d|S|/2.
Next we need a relation between the eigenvalues of a graph G and the density of its induced subgraphs. Let A = AG
be the n by n adjacency matrix of a d-regular graph G = (V , E) on V = {1, 2, . . . , n}. Clearly d is the largest eigenvalue
of A and its eigenvector is the all 1 vector. Suppose that the absolute value of any other eigenvalue of A is at most .
For S ⊆ V let e(S, S̄) denote the number of edges of G between vertices of S and vertices of S̄ = V − S, and let e(S)
denote the number of edges that join two vertices of S.
Lemma 2.3. In the above notation, for every subset S ⊆ V of cardinality |S| = n
|e(S) −

1
2

d2 n| 21 (1 − ) · n.

(2.1)

We note that the term 21 d2 n is roughly the expected number of edges in an induced subgraph of G of size  · n.
Thus, for small , every such induced subgraph has about the same number of edges.

Proof. Deﬁne a vector f : V → R by f (i) = −1/|S| if i ∈ S and f (i) = 1/(n − |S|) if i ∈
/ S. Since ni=1 f (i) = 0,
i.e. f if orthogonal to the eigenvector of the largest eigenvalue of A, we conclude that |(Af , f )| (f, f ), where ( , ) is
the usual scalar product. One can easily check that
(Af , f ) = 2



f (i) · f (j ) = d

ij ∈E

n


f 2 (i) −

i=1



(f (i) − f (j ))2 .

ij ∈E

For the speciﬁc f deﬁned above
n


f 2 (i) =

i=1

Thus

1
1
+
|S| n − |S|

and




(f (i) − f (j ))2 = e(S, S̄)

ij ∈E

1
1
+
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2
.
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e(S, S̄)

|S| n − |S|
|S| n − |S| 
|S| n − |S|

which implies, by substituting |S| = n, that
|e(S, S̄) − d(1 − )n|(1 − ) · n.

(2.2)

Since G is a d-regular graph,
2e(S) + e(S, S̄) = d|S| = dn,
i.e.
e(S) =

1
2

dn 21 e(S, S̄).

This and inequality (2.2) imply inequality (2.1). This completes the proof.
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Proof of Theorem 1.1. Lubotzky et al. [16] showed that if p and q are primes congruent to 1 mod 4, with p a quadratic
non-residue mod q, then there is an explicitly constructed d = p + 1 regular graph G√
with n = q(q 2 − 1)/2 vertices,
such that the absolute value of each of its eigenvalues but the ﬁrst is at most  = 2 d − 1. We next show that for
properly chosen p and q, G satisﬁes the assertion of Theorem 1.1. We ﬁrst consider the case of deleting vertices.
Suppose we delete all but a set V of  · n vertices of G. By Lemma 2.3 the induced subgraph of G on V contains at
least 21 d2 n − 21 (1 − )n edges, i.e. has average degree at least d − (1 − ). By Lemma 2.2 this graph contains
an induced subgraph H in which every vertex set of cardinality x hits at least 21 (d − (1 − )) · x edges. Let S be an
arbitrary vertex subset of H, of cardinality x = n n, where  < 19  will be chosen later. We next show that for a
properly chosen d:
|NH (S) − S| > 2|S|.

(2.3)

Indeed, otherwise, if T = NH (S) − S, then |S ∪ T | 3x and there are in H (and hence in G) at least 21 (d − (1 − )) · n
edges joining vertices of S ∪ T . However, by Lemma 2.3
e(S ∪ T )  21 d92 n + 21  · 3(1 − 3) · n
and therefore the inequality
d − (1 − )9d + 3(1 − 3)
√
must hold. Since  2 d − 1 this implies
√
2 d − 1(4 −  − 9)
d
.
( − 9)
Hence if we choose d such that


4 −  − 9 2
d >4 ·
 − 9

(2.4)

(2.5)

then (2.4) is violated for all   and hence (2.3) holds. By Lemma 2.1 we conclude that H contains a path of length
1
3n − 2. Therefore if we choose e.g.  = 18
 and we choose the primes p and q in the construction of G such that
 2
8
d = p + 1>4


and

n=

q(q 2 − 1) 6
 (m + 5)
2


(2.6)

we conclude that even if we delete all but  · n vertices of G, the remaining part still contains a path of length m.
This completes the proof for the case of deleting vertices. The case of deleting edges is somewhat simpler. Indeed,
if we delete all but an -portion of the edges we are left with a graph of average degree  · d. This graph contains,
by Lemma 2.2, an induced subgraph H in which any set of x vertices hits at least d 21 x edges. Hence if S is any

2

vertex subset of cardinality nn of H, where  < 19 , and if d satisﬁes d > 4 3−9
one can check, as before, that
−9
|NH (S) − S| > 2|S|. Thus, by Lemma 2.1, H contains a path of length 3n − 2. It is easy to check that the previous
choice of p, q given in (2.6) sufﬁces to guarantee a path of length m in this case, as well. (In fact, here a slightly smaller
d is enough.) By the standard results about the distribution of primes (see e.g. [8]), there is a choice for p and q for
which (2.6), as well as the estimates n = O(m/) and d = O(1/2 ) hold. This completes the proof. 
3. Related problems
3.1. Size Ramsey numbers
The size Ramsey number s (G) of a graph G is the least number of edges in a graph H with the property that any
two coloring of the edges of H contains a monochromatic copy of G. Size Ramsey numbers were ﬁrst considered in
[10], and several results on them can be found also in [6,12,13]. Beck’s result [4], mentioned in Section 1, resolves the
problem raised by Erdös of estimating the size Ramsey numbers for paths. Beck’s construction, however, is probabilistic.
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Typically, explicit constructions are much more difﬁcult to ﬁnd than random ones for Ramsey type problems (see [13]).
Our construction supplies an explicit example showing that the size Ramsey number for paths is linear.
3.2. Fault tolerant graphs for bounded degree trees
A natural extension of Theorem 1.1. is obtained by replacing the requirement for paths of length m by a requirement
for all trees of maximum degree k and size m. Beck [4] proved, without an explicit construction, that there exists a graph
G with O(k · m · (log m)12 ) edges, such that any set of half of its edges contains every tree of size m and maximum
degree k. Very recently, Friedman and Pippenger [11] gave, for every  > 0 and m, k 2, an explicit construction of a
graph G with O(mk 2 /) vertices and maximum degree O(k 2 /2 ) such that any set of an -portion of its edges contains
every tree of size m and maximum degree k. Their construction is based on an interesting generalization, of Pósa’s
theorem (Lemma 2.1) from paths to trees. Some other related results can be found in [5,7].
References
[1] N. Alon, Eigenvalues and expanders, Combinatorica 6 (1986) 83–96.
[2] N. Alon and V.D. Milman, Eigenvalues expanders and superconcentrators, 25th Annual symposium on foundation of computer science (1984)
320–322.
[3] N. Alon and V.D. Milman, 1 , isoperimetric inequalities for graphs and superconcentrators, J. Combin. Theory Ser. B 38 (1985) 73–88.
[4] J. Beck, On size Ramsey number of paths, trees and cycles I, J. Graph Theory 7 (1983) 115–130.
[5] S. Bhatt, F. Chung, T. Leighton and A. Rosenberg, Optimal simulation of tree machines, Proc. 27th FOCS (1986) 274–282.
[6] S.A. Burr, A survey of noncomplete Ramsey theory for graphs, Ann. NY Acad. Science 328 (1979) 58–75.
[7] F.R.K. Chung and R.L. Graham, On universal graphs for spanning trees, Proc. London Math. Soc. 27 (1983) 203–211.
[8] H. Davenport, Multiplicative Number Theory, Second Edition, revised by H.L. Montgomery (Springer Verlag, Berlin, 1980) Chapter 7.
[9] P. Erdös, R.L. Graham and E. Szemerédi, On sparse graphs with dense long paths, Comp. and Math. with Appl. 1 (1975) 365–369.
[10] P. Erdös, R.J. Faudree, C.C. Rousseau and R.H. Schelp, The size Ramsey number, Period. Math. Hungar. 9 (1978) 145–161.
[11] J. Friedman and N. Pippenger, Expanding graphs contain all small trees, Combinatorica 7 (1987) 71–76.
[12] R.J. Faudree and J. Sheehan, Size Ramsey numbers involving stars. Discrete Math., to appear.
[13] R.L. Graham and B.L. Rothschild, J.H. Spencer, Ramsey Theory (John Wiley and Sons, New York, 1980).
[14] J.P. Hayes, A graph model for fault-tolerant computing systems, IEEE Trans. Comp. C-25 (1976) 875–884.
[15] L. Lovász, Combinational problems and exercises (North Holland, New York, 1979).
[16] A. Lubotzky, R. Phillips and P. Sarnak, Ramanujan graphs, preprint (1986).
[17] L. Pósa, Hamiltonian circuits in random graphs, Discrete Math. 14 (1976) 359–364.
[18] A.L. Rosenberg, Fault-tolerant interconnection networks, a graph-theoretic approach, Workshop on graph-theoretic concepts in computer
science (1983) (Trauner Verlag, Linz) 286–297.
[19] W.W. Wong and C.K. Wong, Minimum k-Hamiltonian graphs, IBM Report RC-9254 (1982).

