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Abstract

Let X = {1,2,...,n} be a ground set of n elements, and let S be a family of subsets of X,
|S| = m, with a positive cost c¢g associated with each S € S.

Consider the following online version of the set cover problem, described as a game between
an algorithm and an adversary. An adversary gives elements to the algorithm from X one-by-
one. Once a new element is given, the algorithm has to cover it by some set of S containing it.
We assume that the elements of X and the members of S are known in advance to the algorithm,
however, the set X’ C X of elements given by the adversary is not known in advance to the
algorithm. (In general, X’ may be a strict subset of X.) The objective is to minimize the total
cost of the sets chosen by the algorithm. Let C denote the family of sets in S that the algorithm
chooses. At the end of the game the adversary also produces (off-line) a family of sets Copr
that covers X’. The performance of the algorithm is the ratio between the cost of C and the cost
of Copr. The maximum ratio, taken over all input sequences, is the competitive ratio of the
algorithm.

We present an O(logmlogn) competitive deterministic algorithm for the problem, and

log nlogm
log log m+log log n
and n. The techniques used are motivated by similar techniques developed in computational
learning theory for online prediction (e.g., the WINNOW algorithm) together with a novel way

of converting the fractional solution they supply into a deterministic online algorithm.

establish a nearly matching (2 ( ) lower bound for all interesting values of m

1 Introduction

The set cover problem is defined as follows. Let X = {1,2,...,n} be a ground set of n elements,
and let S be a family of subsets of X, |S| = m. A cover is a collection of sets such that their union
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is X. Each S € S has a non-negative cost cg associated with it. The goal is to find a cover of
minimum cost. The set cover problem is a classic NP-hard problem that was studied extensively
in the literature, and the best approximation factor achievable for it in polynomial time (assuming
P # NP)is ©(logn) [11, 12, 14, 16].

Consider the following online version of the set cover problem, described as a game between
an algorithm and an adversary. An adversary gives elements to the algorithm from X one-by-one.
Once a new element is given, the algorithm has to cover it by some set of S containing it. Denote by
X' C X the set of elements given by the adversary. Our assumption is that the set cover instance,
i.e. the elements of X and the members of S, is known in advance to the algorithm. The objective
is to minimize the total cost of the sets chosen by the algorithm. However, the algorithm does not
know in advance the set of elements X' given by the adversary, i.e., X’ may be a strict subset of X
in general. Let C denote the family of sets in S that the algorithm chooses. At the end of the game
the adversary also produces (off-line) a family of sets Co pr that covers all the elements belonging
to X'. The performance of the algorithm is defined to be the ratio between the cost of C and the cost
of Copr. The maximum ratio, taken over all input sequences, is defined to be the competitive ratio
of the algorithm.

The online set cover problem captures many practical scenarios. Consider, for example, servers
in a network that provide a service. There is a set of potential clients that may need the service
and each server can provide the service to a subset of them. (E.g., the subset is determined by the
distance from the server.) There is a setup cost, or activation cost, associated with the operation of
a server. The clients arrive one-by-one. Upon arrival of a client, the network manager has to decide
which server to activate so that the client receives the service it requested. The network manager
knows in advance the set of potential clients and the set of servers, however, it does not know in
advance which clients will indeed request the service.

1.1 Results

Our main result is an O(logm log n)-competitive algorithm for the online set cover problem. We
first present the algorithm for the unweighted case, i.e., when all sets have unit cost. Then, we
generalize the algorithm for the weighted case, achieving the same competitive ratio. If each element
appears in at most d sets, and all sets have unit cost, then the competitive ratio of our algorithm can
be improved to O(log dlogn).

The algorithm associates a weight with each set, initially all weights are equal. In each iteration
of the algorithm, when the adversary gives a new element, all the sets containing the element mul-
tiply their weight by a factor (which depends on the cost of the set, among other parameters). We
define a potential function that depends on the weight of the uncovered elements, the cost of the sets
already in the cover, and the cost and weight of the sets not belonging to the cover. The heart of our
analysis is the claim that whenever we increase the weight of a set that is not chosen to the cover
yet, then either taking it to the cover or not taking it to the cover does not increase the potential
function. Thus, during the execution of the algorithm the potential function is non-increasing. This
is proved by analyzing a suitable randomized experiment in which we place the set in the solution
with probability roughly proportional to the increase in its weight. We note that knowing the set
cover instance in advance is crucial for making the online algorithm deterministic.

A high level description of the design of the algorithm is as follows. First, a fractional solution to



the problem is produced online. Fractional solution (at least for the unweighted case) is motivated
by similar techniques developed in computational learning theory for online prediction [17, 13].
For example, in a classical learning algorithm called the WINNOW algorithm, one is trying to learn
an OR function with r relevant features out of n features. The algorithm is given a vector = of
n coordinates and needs to predict wether it satisfies the unknown OR function. The techniques
used for learning the unknown subset of features is closely related to the one that we use here to
“learn” the unknown optimal fractional set-cover. See also [10, 5, 6] for related techniques and
additional references. Fractional solutions can often be converted into randomized algorithms, but
it is usually impossible to perform this conversion online. In our case, however, this conversion
is possible, because of the way the fractional solution evolves in time. Finally, the randomized
algorithm is converted into a deterministic one by using an appropriate derandomization technique.
This derandomization is non-standard, as it has to apply to the online setting. The requirement to

maintain the properties of the online solution obtained leads to the potential function used.
lognlogm
log log m—+loglogn

tiveness of any deterministic algorithm for the online set cover problem for a wide range of the
parameters m and n, and observe that this range cannot be extended significantly. Thus, our upper
and lower bounds almost match for all interesting values of the parameters.

We note that the problem considered here is different from the online set cover problem dis-
cussed in [4]. There, we are also given m sets and n elements that arrive one at a time. However,
the goal of the online algorithm is to pick k sets so as to maximize the number of elements that
are covered. The algorithm only gets credit for elements that are contained in a set that it selected
before or during the step in which the element arrived. The authors of [4] showed a randomized
O(log mlog ) competitive algorithm for the problem, where the bound is optimal for many values
of n, m, and k. This problem is different from our problem here, as it deals with maximum benefit,
whereas we consider minimum cost. Indeed, it is easy to see that in contrast to our case, the problem
in [4] does not yield any non-trivial deterministic algorithm, and the algorithms and techniques for
the two problems seem to be totally unrelated, despite the similarity in the description of the two
problems.

Our result is nearly tight. We prove a lower bound of €2 ( ) on the competi-

2 The Unweighted Case

We describe in this section an O(log m log n) competitive algorithm for the unweighted case, i.e.,
when all sets have unit cost. Recall, that n is the number of elements and m is the number of sets in
the set cover instance.

The algorithm maintains a weight wg > 0 for each S € §. The weights can only increase
during the run of the algorithm. Initially, wg = 1/(2m) for each S € S. The weight of each
element j € X is defined as w; = > ¢ s5; WS where S; denotes the collection of sets containing
element j. Initially, the algorithm starts with the empty cover C = . Define C' to be the set of all
elements covered by the members of C. (Initially, C' = ().) The following potential function is used
throughout the algorithm:

¢ = Z n*vi

JgC

We now give a high level description of a single iteration of the algorithm in which the adversary



gives an element j and the algorithm chooses sets that cover it.

1. If w; > 1, then do not add any new set to C and do not update the weights of the sets.
2. Else, (wj < 1), perform a weight augmentation:

(a) Let k be the minimal integer for which ok . w; > 1. (Clearly, ok . wj < 2.)
(b) Foreachset S € §;, wg 2k . wg.

(c) Add at most 4 logn sets from S; to C so that the value of the potential function ® does
not exceed its value before the weight augmentation.

In the following we analyze the performance of the algorithm and explain which sets to add to
the cover C in the weight augmentation step.

Lemma 1. The total number of iterations in which a weight augmentation step is performed is at
most |Copr| - (logm + 2).

Proof. For each subset S, wg < 2 always holds, since the algorithm maintains in all iterations
that w; < 2 for all elements j. Consider an iteration in which the adversary gives element j. A
weight augmentation is performed in this iteration if and only if w; < 1. When doing a weight
augmentation, the weight of at least one set belonging to Copr is multiplied by a factor greater
than or equal to two. Since the weight of each set is initially 1/(2m) and at the end at most 2, it
follows that each set can participate in at most log(4m) iterations in which a weight augmentation
is performed. Hence, the desired result follows. O

Lemma 2. Consider an iteration in which a weight augmentation is performed. Let 5 and ®. be
the values of the potential function ® before and after the iteration, respectively. Then, there exist
at most 4logn sets that can be added to C during the iteration such that &, < @,

Proof. The proof is probabilistic. Suppose that the adversary gives element j in the iteration. For

each set S € §;, let wg and wg + dg denote the weight of S before and after the iteration, respec-

tively. Define 0; = Zsesj ds. The algorithm maintains that w; + §; = ZSeSJ_ (wg + 0g) < 2.
We now explain which sets from S; are added to C.

Repeat 4 log n times:

choose at most one set from S; such that each set S € §; is chosen with probability
ds/2. (This can be implemented by choosing a number uniformly at random in [0, 1],
since §;/2 < 1.)

Consider an element j € X such that j' ¢ C. Let the weight of j’ before the iteration be w;/
and let the weight after the iteration be w;» + 0,. Element j" contributes before the iteration to the
potential function the value n?¥i’. In each random choice, the probability that we do not choose

.. .- 6.1 o . .
a set containing element j' is 1 — —J-. The probability that this happens in all the 4log n random

. . 6, —9§.
choices is therefore (1 — = )41g" < p 2051



Therefore, the expected contribution of element j’ to the potential function after the iteration is
at most
n—2§]/n2(w]/+§]/) — n2’LUj/ .
By linearity of expectation it follows that Exp[®.] < ®,. Hence, there exists a choice of at most
4logn sets such that ., < P,. O

Theorem 3. At the end of the algorithm, C is a feasible cover of X" and |C| is O(|Copr|logmlogn).

Proof. Initially, the value of the potential function @ is less than n-n = n?. It follows from Lemma
2 that ® is non-increasing throughout the iterations. Therefore, if w; > 1 for an element j during
the algorithm, then j € C, otherwise & > n?wi > n2. Hence, C is a feasible cover. It follows
from Lemma 1 that the number of iterations is at most |Copr| - (logm + 2). By Lemma 2, in each
iteration we choose at most 4logn sets to C. Therefore, the total number of sets chosen by the
algorithm is as claimed. O

Remark: If every element appears in at most d sets, then the algorithm can be modified by starting
with the weights wg = 1/(2d) for each S € S, and the competitive factor can be improved in this
case to O(log dlogn).

3 The Weighted Case

We describe in this section a deterministic O(log m log n)-competitive algorithm for the weighted
case. For each set S € S, a positive cost cg is associated with the set. Let ¢(Copr) denotes the
cost of the optimal solution. We design an algorithm that given a value « > ¢(Copr) produces a
feasible solution with cost O(«logmlogn). In case the algorithm is given a value o < ¢(Copr) it
may fail.

Given such an algorithm our main algorithm guesses the value ¢(Copr) by doubling. We start
by guessing @ = mingescs, and run the algorithm with this value. If the algorithm fails we “forget”
about all sets chosen so far to C, update the value of o by doubling it, and continue on. We note
that the cost of the sets that we have “forgotten” about can increase the cost of our solution by at
most a factor of 2, since the value of o was doubled in each step. In the final iteration the value
of a is at most 2¢(Copr) and thus our actual cost is at most 4 times the cost of our sub-algorithm.
Given a value o > ¢(Copr) our algorithm ignores all sets of cost exceeding «, and also chooses all
sets of cost at most ar/m to C. Thus, we assume that all costs are between ar/m and «, and further
normalize the costs so that the minimum cost is 1 (and hence the maximum cost is at most m).

We now describe an online algorithm with competitive factor (6 + o(1)) log m log n, (given the
value ), where the o(1) term tends to zero as n and m tend to infinity. It is worth noting that the
constant 6 4+ o(1) can be improved to 2 + o(1) by being somewhat more careful, but we prefer to
describe the algorithm with the inferior constant, to simplify the presentation. ;From now on, all
o(1) terms denote terms that tend to zero as n and m tend to infinity. All logarithms are in the
natural basis e.

As in the unweighed case, the algorithm maintains a weight wg > 0 for each S € S. The
weights can only increase during the run of the algorithm. Initially wg = 1/m? for each S € S.



The weight of each element j € X is defined as w; = > g s5; Ws» where §; denotes the collection
of sets containing element j.

Initially, the algorithm starts with the empty cover C = (). Define C to be the set of all elements
covered by the members of C. The following potential function is used throughout the algorithm:

1
o = Z n?Yi 4 n - exp (204 Z(chc(S) — 3wgcg log n)) .

jac Ses

The function x¢ above is the characteristic function of C, that is, x¢(S) = 1if S € C, and x¢(S5) =
0 otherwise.

We now give a high level description of a single iteration of the algorithm in which the adversary
gives an element j and the algorithm chooses sets that cover it.

1. If w; > 1, then do not add any new set to C and do not update the weights of the sets.

2. Else, (wj < 1), perform a sequence of weight augmentation steps as long as w; < 1.
In a single weight augmentation:
Foreach S € Sj,
(@) wg  ws - (1+ =)
(b) If S € C do nothing. Otherwise: add the set S to C if after adding it the value of the
potential function ¢ does not exceed its value before the increasing the weight of .S.

(c¢) If the value of the potential function before increasing the weight of .S exceeds its value
after increasing the weight of S and possibly choosing .S to C then return “FAIL”.

In the following we analyze the performance of the algorithm in the iteration in which v >
¢(Copr), and prove that the algorithm never fails in that iteration.

Lemma 4. The total number of weight augmentation steps performed during the algorithm is at
most

> (n-eg+1)log <m2 (1 + i)) < (2 + o(1))nalog m.

SeCopr

Proof. Obviously, for each subset S, wg < 1+ % always holds. Consider an iteration in which
the adversary gives element j. A weight augmentation is performed in this iteration as long as
w; < 1. When doing a weight augmentation, the weight of at least one set S € Copr is multiplied
by a factor of (1 + nlcs) Since the weight of each set is initially 1/m? and at the end at most
(14 1/n), it follows that each set S participates in at most (n - cs + 1) log (m? (1 + 1)) steps in
which a weight augmentation is performed. Hence, the desired result follows. O

Lemma 5. The following is maintained throughout the algorithm:

Z wges < (24 o(1))alog m.
Ses



Proof. Consider an iteration in which the adversary gives element j. We start with weights satisfy-

ing
Z ws < 1,

SGS]'

and increase the weight of each set S in S; by wg/(n - ¢g) in each step. Thus, the total increase of
the quantity ) s wscg in a step does not exceed

Initially, " g.g wscs < m - # -m = 1, and the result thus follows from Lemma 4 that bounds the
number of weight augmentation steps. O

Lemma 6. Consider a step in which the weight of a set S is augmented by the algorithm. Let ®; and
O, be the values of the potential function ® before and after the step, respectively. Then . < ®g.
In particular, when o > ¢(Copr) the algorithm never fails.

Proof. Consider first the case in which S € C. In this case the first term of the potential function is
unchanged. The second term of the potential function is decreasing and therefore the claim holds.

The second case is when S ¢ C. The proof for this case is probabilistic. We prove that either
including .S in C or not including it does not increase the potential function. Let wg and wg + dg
denote the weight of S before and after the step, respectively. Add set S to C with probability
1 —n~20s_(This is roughly the same as choosing S with probability dg /2 and repeating this 4 log n
times.)

We first bound the expected value of the first term of the potential function. This is similar to
the unweighted case. Consider an element j' € X such that j' ¢ C. If j' ¢ S then the term that
is suitable to this element is unchanged in this step. Otherwise, let the weight of j before the step
be w; and the weight after the step is w; + ds. Before the step, element ;' contributes to the first
term of the potential function the value n?“s’. The probability that we do not choose the set .S that
contains element j' is n~2%s. Therefore, the expected contribution of element j to the potential
function after the step is at most n 295 n2Wy+ds) — p2uws By linearity of expectation it follows
that the expected value of » jec n?"i after the step is precisely its value before the step.

It remains to bound the expected value of the second term of the potential function. Let

1
T =n-exp (204 Z(CsXc(S) — 3wgcg log n))

Ses

denote the value of the second term of the potential function before the step, and let 7" denote the
same term after the weight augmentation and the probabilistic choice of the set S. Recall that S ¢ C.
Then,

1 1
Exp[T'] =T - exp <_2a Z 3dgcg log n) -Exp [exp (QaCSXC/(S)ﬂ ) (D

Ses



Where x¢/(S) = 1 is the indicator to the event that the set .S is chosen to the cover which happens
with probability 1 — n =295, We bound this expectation in the following:

Exp [eXp (210[05)(0(5)”

_ 7255 _ *265 . Ci

= n + (1 —n"%) exp<2a) 2)
< 1-—26glogn + 265 logn exp (;—S) 3)

o

_ & _

= 1+42iglogn (exp (20) 1) 4
< 1+ 26glog 713ﬁ &)

4o
< oxp <3556510gn> ' (©)
2c

Here, (3) follows since forallz > 0andz > 1,e ™"+ (1—e ).z < 1 —z+x- z, (5) follows since
eV —1 < 3y/2forall 0 <y < 1/2% and (6) follows since 1 + = < e” for all z > 0. Plugging in
(1), we conclude that the expected value of the second term after the augmentation step and random
choices is at most

1 1
Exp[T'] =T - exp (—2& Z 30scs log n) - exp <2a35sCs log n> <T.
Ses

By linearity of expectation it now follows that Exp[®.] < ®,. Therefore, either choosing S to the
cover or not choosing it to the cover does not increase the potential function. We conclude that after
each step ¢, < ®,. ]

Theorem 7. Throughout the algorithm, the following properties hold.
(i)Every j € X of weight wj > 11is covered, that is, j € C.
(ii) Y gee ¢s < (6 + o(1))alogmlogn.

Proof. Initially, the value of the potential function ® is at most n - n?/™ 4+ n < n2, and hence
it stays smaller than n? during the whole algorithm. Therefore, if w; > 1 for some j during the
process, then j € C, since otherwise the contribution of the term n2%i jtself would be at least n2.
This proves part (i). To prove part (ii), note that by the same argument, throughout the algorithm

1
n - exp (204 Z csxe(S) — 3wgceg log n) < n?.

SeS
Therefore,
Z csxe(S) < Z 3wgcs logn + 2alogn,
SeS SeS
and the desired result follows from Lemma 5. O

*Note that here we use the fact that & > ¢(Copr), since we ignored all sets with ¢s > «.



4 Lower Bound

In this section we show that for every fixed § > 0 and every m and n satisfying

nl/2-38

logn<m<e , @)

there is a family F of m subsets of X, | X| = n, so that the competitive ratio of any deterministic
online algorithm for the (unweighted) online set cover problem with X and F is at least

0 log nlogm ‘ @)
log logm + loglogn

Before describing the proof, we note that the assumption (7) is essentially optimal. Let OPT
denote the value of the optimum (off-line) solution to the problem. Note, first, that the problem
has a trivial algorithm with competitive ratio m (that simply takes all sets after the first element
appears), showing that for m < (logn)~¢ the above lower bound (8) fails. (In fact, we may always
assume that m > logy n, since all the elements that lie in the same cell of the Venn diagram of
the sets in F can be replaced by a single element, without any change in the problem.) It is also
easy to see that the problem has a simple algorithm with competitive ratio O(y/n); when the first
element arrives, we pick, repeatedly, all sets that cover at least /n members of X among those not
covered so far. Note that after this process terminates, there are at most O PTy/n yet uncovered
elements that can appear, and hence even if from now on we pick an arbitrarily chosen set for each
new element, the algorithm will choose at most v/n+ O PT\/n sets altogether. (By being a bit more
careful we can actually get an O(/n/OPT)-competitive algorithm this way. The details are left to
the reader). This discussion shows that for m > en'/2re
both inequalities in the assumption (7) are needed.

the lower bound (8) also fails. Therefore,

Proposition 8. Let X = {0,1,2,...,n — 1} be a set of n = 2* elements. For each 1 < i < k, let
F; be the set of all elements j of X so that the ith bit in the binary representation of j is on, and let
F be the family of all k sets F;. Then, the competitive ratio of the best deterministic algorithm for
the online set cover problem (X, F) is | F| = k = logy n.

Proof. The adversary starts by giving the number n — 1 in which all bits are on. If the algorithm
covers it by F;,, then the adversary gives the number in which all bits are on besides the 7;th bit.
The algorithm covers it by Fj, and the adversary gives the number in which all bits are on besides
the ¢1th and ¢2th bits, and so on. Clearly, the algorithm will have to choose this way all k sets, while
the optimal solution consists of only one set: the last set chosen by the algorithm. O

The above proposition and some obvious modification of the family F for bigger values of m
implies that the lower bound (8) holds for all m satisfying, say, logon < m < (logyn)3. It thus
remains to establish the lower bound for pairs n, m satisfying (logn)? < m < "> This is done
in what follows.

Let k,r be positive integers. Suppose n > 2¥kr?, and let X1, Xo, ..., X2 be kr? pairwise
disjoint blocks of elements in X = {1,2,...,n}, each of size 2¥. For a block X}, and a bit location
t, with 1 < ¢ < k, let X3(t) denote the set of all elements in X}, in which the ¢th bit is on. For



each subset R = {by,ba,...,b,} of size r of {1,2,...,kr?}, with by < by... < b,, and for each
sequence of choices of bit locations I = (i1, 42, ..., 4,), where 1 < ¢, < k for all ¢, define

Frr = U1 X, (ir)-

Note that each such set contains elements from r blocks, and in each such block it contains half of
the elements. Let F denote the family of all sets F'r ; as above. Therefore, m = |F| = (kf)k’".

We next show that given any deterministic algorithm, an adversary can choose kr elements in
X, forcing the algorithm to pick kr sets from JF, while keeping the value of the optimum solution
to be 1. The adversary starts by picking a block, say the first one, and by following the strategy
described in the proof of Proposition 8 in this block. That is, the first chosen element is the member
of X in which all bits are on, when the algorithm covers it by a set in which the 7; is on in X7, the
adversary chooses the element of X; in which all bits are on besides i1, and so on. After k such
steps the algorithm used already k sets. These sets contain elements in at most 1 + (r — 1)k < kr
distinct blocks. The adversary will not choose any elements of these blocks from now on, pick
another block, and repeat the same process of making & choices in this block. This can be repeated
r times, while still enabling the adversary to cover all elements picked by one set, implying the
desired result.

By adding, if needed, some extra 2¥kr? elements and some of their subsets which we will not
use, this implies the following.

Proposition 9. For every positive integers k,r, and every n,m satisfying n > 2*1kr? and
k1.2 2 . . .

22k > > (k: )kr, there is an example of an online set cover problem with n elements and m

sets in which the competitive ratio of any deterministic algorithm is at least kr.

Suppose, now, that n, m are large and satisfy (7). If m < (logn)?, the required lower bound
(8) follows from Proposition 8, as mentioned after its proof. Otherwise, one can define r =
@(bgbgflg%) and k = Q(logn) such that n > 28+1kr2 and 227 > ;> (k:,z)/#. The
required bound now follows from Proposition 9.

S Concluding remarks

e We described a deterministic O(logm logn) competitive algorithm for the online weighted
set cover problem for a set X, | X| = n and a family F, |F| = m, and showed that this is
optimal, up to a log log n + log log m factor. For some families of subsets /-, one can obtain
online algorithms with better performance. It may be interesting to identify properties of the
family F that imply the existence of algorithms with better performance.

e In each weight augmentation step in the algorithm described in Section 3, the weight wg of
each set S is increased by a factor of (1 + %) The factor n appearing here is simply for
the sake of obtaining a better absolute constant in the analysis, and one can in fact augment
the weight of S by a factor of (1 + é) without any real change in the performance. This
is useful when we care about the efficiency of our algorithm, as it decreases the number of
steps in which we have to add sets to the collection C. In fact, it is possible to describe a
slightly modified version of the algorithm where after the adversary presents an element j

10



with w; < 1, the weight of each set .S containing j is increased from wg to wg - exp(%),
where x > 0 is chosen so that after the augmentation w; = 1. This, and the brief discussion
in Section 4, enables the algorithm to consider all the sets containing j only once after the
adversary presents it.

e The technique of converting an online fractional solution into a randomized algorithm (and
later a deterministic one) used here can be applied when the fractional solution is monotone
increasing during the algorithm. We believe that this method is likely to be useful in future
applications as well.

Since the preliminary version of this paper appeared in [1] the method of producing a mono-
tone fractional solution and rounding it in an online fashion was shown to be extremely useful. In
particular a sequent paper [2] by the same authors studied several online graph optimization prob-
lems. Following this work Buchbinder and Naor generalized this framework and presented a general
primal-dual approach that captures both covering problems as the online set cover as well as online
packing problems [9]. It was later shown in [8] that classic online problems such as the ski rental
problem and the dynamic TCP-acknowledgement problem [15] can also be viewed as online cov-
ering problems. In particular, it was shown how to derive the well known competitive algorithms
for these problems via the more general primal-dual framework. More recently, an extension of
the primal-dual approach were used to obtain a randomized O(log k)-competitive algorithm for the
weighted paging problem [7], where k is the cache size. The underlining structure of the paging
problem is basically also an online covering problem.
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