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Abstract. Sequences of spatially interchanging 0- and π-shifted Josephson junctions are
encountered in superconductor-ferromagnet-superconductor heterostructures, asymmetric grain
boundaries in thin films of YBCO, and YBCO/Nb zigzag junctions. In this paper we
demonstrate existence of Josephson vortices in applied fields much higher than the Josephson
penetration field. The high-field vortices exist in narrow field intervals near equidistant fields
Hn. When the applied field is in any of these intervals, the flux per junction is nφ0, where n
in an integer. We show that high-field vortices are much longer than the vortices carrying flux
in each of the 0- or π-shifted junctions. As a result the field within the vortices is much lower
than the background field. High-field vortices carry one flux quanta or half-flux quanta and
are free to move, unlike the semi-fluxons in low fields that are pinned by the contacts between
0- and π-junctions. In the presence of a transport current the high-field vortices are subjected
to the Lorentz force and move to one side of the chain, reflect, move to the other side, etc.
This periodic motion generates constant voltage across the chain with resonances similar to the
zero-field-steps. If the vortices carry half-flux quanta, the resonances will appear at half the
voltage one would expect for zero-field-steps.

1. Introduction
Long chains of 0- and π-biased Josephson junctions with the critical current density changing
sign, were first considered for the ferromagnet-superconductor-ferromagnet heterostructures and
later on for the grain boundaries in thin films of high-temperature superconductors (the geometry
of the problem is shown in Fig. 1) [1-10]. These composite tunnel junctions with spatially
alternating critical current density are interesting and important for fundamental and applied
physics of superconductivity [5, 6]. Indeed, spontaneous flux observed in these junctions in
equilibrium was one of the first convincing evidences of the d-wave nature of the order parameter
in high-temperature superconductors [7-11]. In many cases the typical length of the 0- and π-
biased fragments (∼ l) is much less than the Josephson penetration depth Λ in each of the
fragments [10]. The dense chains (l ¿ Λ) of 0-π junctions can be considered using the mean-
field approximation [12]. In particular, this approach predicts existence of splinter vortices
carrying unquantized flux [12]. Based on this prediction splinter vortices were observed at
asymmetric grain boundaries in thin YBCO films [13]. It is worth mentioning that splinter
vortices can propagate along the composite Josephson junctions with critical current density
rapidly alternating (l À Λ) along the junction. This important feature is in contrast to the
properties of the semi-fluxons, which exist if l À Λ, carry flux φ0/2, but are strongly pinned
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at the contacts between the 0- and π-fragments. It was also shown that in Josephson junctions
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Figure 1. Schematic diagrams showing
the geometry of the problem: (a) compos-
ite Josephson junction with periodically in-
terchanging 0- and π-biased fragments; (b)
alternating critical current density.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

φi/φ0

�

92 96 100 104 108

φa/φ0

�min

(a)
φa/φ0=L/l

transition piont
(b)

φi/φ0=L/l

φi=φa

  

Figure 2. Spatial distributions of free energy.
The critical current density is assumed to be
sinusoidal with L = 100 l, and L = 8πΛl: (a)
the dependence of free energy on the internal
flux at H = Hl, the phase is considered to be
linear; (b) the minimal value of free energy as a
function of the applied field.

with rapidly alternating critical current density the maximum values of the supercurrent Im(H)
across the junction are achieved not at the applied field H = 0 but at the side-peaks located at
H = ±nHl, where n ≥ 0 is an integer and Hl = φ0/2λl. It is worth mentioning here that the
field Hl corresponds to one flux quanta per each of the 0- and π-biased fragments [13-17]. In
conventional junctions with constant critical current density, Im(H) is given by the Fraunhofer
pattern, which has a maximum at H = 0. The side peaks in the dependence Im(H) were first
observed in asymmetric Josephson grain boundaries in YBCO thin films [10].

In this paper we study composite Josephson junctions with critical current density rapidly
(l ¿ Λ) alternating along the junction. We show that if the applied field is in narrow intervals
near the side peaks H ∼ nHl À Hs ∼ φ0/4λΛ (Hs is the first flux penetration field), then
the equilibrium state of composite junctions is similar to the equilibrium state of conventional
Josephson junctions in low fields. The main features of these equilibrium states are: (a) existence
of moving fluxons, (b) magnetization curves that are similar to the magnetization curves of
conventional junctions in the Meissner state, (c) steps in the I-V characteristics that are similar
to the zero-field steps, and (d) specific Josephson length and flux penetration field.

2. Basic equations
Consider a Josephson junction with critical current density jc(x) periodically alternating along
the junction (x axis) with a period, l ¿ Λ. At equilibrium the phase ϕ(x) is given by

Λ2ϕ′′ =
∞∑

n=−∞
gnei2πnx/l sinϕ, Λ2 =

cφ0

16π2λ
√〈j2

c 〉
, 〈f〉 =

1
L

∫ L

0
f(x)dx (1)

with the boundary conditions ϕ′|0,L = 4πλH/φ0 defined by the applied field.
We assume that l ¿ Λ and claim that at equilibrium the flux inside the junction is constant

if the applied field |H − nHl| ≤ Hsn = φ0
√

gn/4πλΛ. The outline of our reasoning is as follows.
First, we write the internal flux φi as φi = φ0 〈ϕ′〉l/2π. If φi is not an integer multiple of φ0,

then we introduce the averaged phase as ϕ̃ = 2πφix/φ0l+θ0 where θ0 is a constant. If φi = nφ0,
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where n is an integer, then we write ϕ̃ = 2πφix/φ0l + ψ(x) and for ψ(x) we have

2Λ2
nψ′′ = 2 sin(ψ − θn)− γn sin 2(ψ − αn) , (2)

Λn = Λ/
√

gn, θn = arg(gn), and

γne−i2αn =
(

l

2πΛn|gn|
)2 ∑

q 6=0

gn+qgn−q

q2
. (3)

In both cases the spatial distribution of the phase ϕ(x) in equilibrium is approximately linear.
This linearity ”breaks” in a surface layer of the width ∼ Λn.

It remains to show that near a resonant field Hl, a constant flux minimizes the free energy.
If the aplied field is near Hl, then the free energy F in units of H2

snL/8π is given by

F ≈
(

Ha

Hsn

)2

− Λn

L

Ha

Hsn

4πmφi

φ0
+

∫ L/2

−L/2

[
Λ2

nϕ′2 − 1
2

sin
(

2πn

l
x + θn

)
cosϕ

]
dx

L
(4)

where m = L/l. For a linear phase ϕ = 4πλHix/φ0 + π/2, the energy is given by

F =
1

H2
sn

(Ha −Hi)2 − 1
πnL/l − πmφi/φ0

sin
(

πnL

l
− πmφi

φ0

)
(5)

(up to a correction of order l/Λ ¿ 1). If Ha is from the intervals −Hsn+nHl < Ha < nHl+Hsn,
then the internal field that minimizes the energy is approximately nHl which is equivalent to
φi = 2nλLHl = nLφ0/ml. When changing the applied field so it crosses nHl ± Hsl, a phase
transition occurs and the internal field equals to φi ' φa/m = 2λLHa/m, see Fig. 2. Moreover,
from the above reasoning it is clear that near the resonant field, the phase is given by Eq. (2).

3. High-field steps
An intriguing property of the phase evolution near resonant fields is the possibility of having
single vortices, fluxons. Indeed, the equation for the average phase (2) is a standard sine-
Gordon equation having fluxon solutions. In the vicinity of the m-th resonant field the length of
a single fluxon is given by Λm. We have simulated the phase evolution near a few resonant fields
(m = 1, 3, 5) for junctions with stepwise dependence of the critical current density, see Fig. 3.
For even resonant fields, the junction admits fluxon solution with half-integer flux quanta [19].

It can be shown that if a low enough voltage is applied to a junction in a field-synchronized
state, then the averaged phase is described by Eq. (2) with an addition of dissipation term, and
of a bias current. This new equation is the conventional sine-Gordon equation which is known
to have the moving fluxon solutions. A fluxon which moves with velocity v is contracted by a
”Lorentz” factor [1− (v/cs)2]1/2. Since the current produced by a moving fluxon is proportional
to the contraction and the applied voltage to the velocity, we get steps at the IV characteristics
at V = mφ0cs/L, where m is the number of fluxons inside the junction, see Fig. 4. For fields
with half integer fluxons, the steps will be at V = mφ0cs/2L. These “high field steps” are
equivalent to the zero field steps of conventional junctions [19-22].

4. Conclusions
To summarize, we demonstrate existence of equilibrium high-field states for Josephson junctions
with periodically alternating critical current density. We show that in these the high-field states
the field in the junction is constant, there is enhancement of the maximum supercurrent, and
moving single fluxons can exist. These fluxons lead to high-field steps in the IV characteristics
similar to the zero-field steps.
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Figure 3. The effective phase ϕ̃ at three
different resonant fields H = mHl , m =
1, 3, 5. (a) The difference between the phase
and the linear background mkx, k = 2π/l.
(b) The coordinate is normalized by Λn.
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Figure 4. The dependence of the voltage
on the normalized bias current is shown for
a junction with alternating critical current
density. The applied field equals to the
resonant field Hl (open circles) and to 2Hl

(open triangles). The first two half-steps are
clearly seen.
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