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Abstract

We consider both analytically and numerically the effect of inhomogeneity of Josephson properties of grain
boundaries in YBCO thin films on unquantized (splinter) vortices. It is shown that in general a smooth inhomogeneity
breaks the complementarity condition ¢, + ¢, = ¢, relating magnetic fluxes ¢, and ¢, carried by adjacent splinter

vortices.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The recent observation of spontaneous flux
structures at asymmetric grain boundaries in
YBa,Cu;0,_, thin films reveals fragments with
unquantized vortices (splinter vortices) [1]. This
observation is a notable exhibition of unusual
Josephson properties of these grain boundaries.

A consistent understanding of the spatial
structure of the spontaneous flux [2,3] located at
the asymmetric grain boundaries in YBa,Cu;07_,
involves into consideration the d,._,» wave sym-
metry component of the superconducting order
parameter [4—12] and the fine-scale facetted struc-
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ture of the grain boundaries [8,13-16]. These two
well established facts are of a special importance
for the asymmetric 45° [0 0 1]-tilt grain boundaries
in YBa,Cu3;0,_, thin films. In this case the com-
bined effect of the d-wave symmetry and facetting
results in Josephson’s critical current density j.(x)
alternations along the grain boundary line (x-axis).
The typical length-scale / (facets size) of these
alternations is of the order of 10-100 nm and the
average (j.(x)) is almost zero [17].

The spatial alternations of j.(x) is the physical
reason of the spontaneous flux arising at the
grain boundaries in YBCO thin films [2]. It has
been predicted theoretically that if j.(x) is peri-
odic, then the spontaneous flux patterns may in-
clude fragments consisting of pairs of splinter
vortices carrying unquantized fluxes ¢,, ¢, [3]. The
values of ¢, and ¢, obey the complementarity
condition
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¢+ ¢y = ¢y, (1)
where ¢, is the flux quantum, ¢, < ¢,/2 and ¢, >
bo/2.

The recent observation of the splinter vortices
[1] confirmed the basic theoretical results. At the
same time it follows from the experimental data
that the flux carried by a pair of adjacent splinter
vortices does not necessarily match the comple-
mentarity condition. This mismatch is an impor-
tant fundamental problem which has to be solved
in order to have a comprehensive understanding
of flux patterns caused by the spatial alternations
of j.(x) along grain boundaries in YBCO films
[2], zigzag-shaped Josephson junctions between
YBCO and Nb [18§], etc.

We claim that the broken complementarity
condition is caused by spatial variations of the
facets size /(x) and the amplitude of alternations of
Je(x), this amplitude we define as one half of the
absolute value of the peak-to-peak difference of
Je(x) values.

In this paper we report on analytical and
numerical analysis of flux patterns including
fragments with broken complementarity condition
for adjacent splinter vortices [19]. Specifically, we
treat the effect of smooth inhomogeneities of the
facets size /(x) and amplitude of alternations of
Jje(x) on the fluxes carried by the splinter vortices.
In other words we assume that the values of (x)
and amplitude of j.(x) alternations vary slightly
along a grain boundary with a typical length
scale L > A; (smooth variation), where A; is of
the order of a splinter vortex length given by the
effective Josephson length [3]

o cohy
Y=\ 6wl 2

and A is the London penetration depth.

Our qualitative and quantitative studies demon-
strate that the smooth inhomogeneities lead to a
dependence of the fluxes ¢, and ¢, on the splinter
vortices location. This, in general, breaks the
complementarity condition and allows for exis-
tence of adjacent splinter vortices carrying a cer-
tain flux ¢, less than the flux quantum ¢,. The
value of ¢, depends significantly on the location of

the splinter vortex. It is also worth noting that the
inhomogeneities under consideration have to be
weak enough not to destroy the correlated state
which is the background for splinter vortices and
strong enough to break the complementarity
condition.

The organization of the paper is as follows.
First, we review briefly the flux patterns developed
by a periodically alternating Josephson critical
current density j.(x) [3]. Using the two-scale per-
turbation approximation we find the fluxes ¢, and
¢, in the form which allows for a qualitative
analyzes of the effect of smooth inhomogeneities of
the facets size /(x) and of the amplitude of alter-
nations of j.(x) on the splinter vortices. Second, we
demonstrate the main results of our numerical
simulations of the spontaneous flux patterns at the
grain boundaries with j.(x) having a smoothly
varying amplitude of alternations and period /(x).
The results of these numerical simulations are in a
good qualitative agreement with the flux patterns
that were recently observed for the splinter vorti-
ces [1]. Finally, we summarize briefly the obtained
results.

2. Splinter vortices

Consider a plain asymmetric 45° [0 0 1]-tilt grain
boundary in a superconducting YBa,Cu;0;_,
film. We model this grain boundary by an ideal
one-dimensional Josephson junction with a peri-
odically alternating critical current density j.(x)
[3]. It is convenient to write j.(x) as

Je = (]c>[1 +g(x)]7 (3)
where (j.) is the average value of the critical cur-
rent density, the dimensionless function g(x)
alternates with a period / and has a zero average:
(g(x)) = 0. The phase difference across a grain
boundary ¢(x) then satisfies

A3¢" —[1 + g(x)] sin @ = 0. (4)

It follows from the experimental data [1,2] that the
typical value of the effective Josephson length
Ay ~ 10 pm, ie., [/ < A;. This means that the
problem under consideration has two very differ-
ent length scales and thus can be effectively treated
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in the framework of the two-scale perturbation
theory [20,21]. In this approach, we write the total
phase difference ¢(x) as a sum ¢(x) = ¥(x) + &(x),
where the smooth phase y/(x) has a length scale A,
and the fast alternating phase ¢(x) has a length
scale / and a small amplitude |é(x)| < 1. As a re-
sult we have for the phases y(x) and £(x) the fol-
lowing equations [3]:

A" — siny + ysiny cosy = 0, (5)
E(x) = & (x) siny, (6)

where the function &,(x) and parameter y are de-
fined by

A58, = g(x), (7)

y = —(g()&(x) = 43(&;) > 0. (8)

The value of y depends only on the spatial distri-
bution of j.(x) and thus characterizes individual
Josephson properties of a particular grain boun-
dary. It is also worth mentioning that the two-scale
approach is valid only if j.(x) is a periodic func-
tion [21]. A spontaneous flux pattern at a grain
boundary with a randomly alternating j.(x) is very
complicated and can be treated only numerically.

A single Josephson vortex is described by a
solution of Eq. (5) matching the two standard
boundary conditions y'(d00) = 0. Using Eq. (5)
these two conditions transform into siny_ (1 —
ycosy,) =0, where ¥, = y(£oo) and the flux
carried by a vortex is ¢ = ¢,(Y. — _)/2m.

If y <1, then there is one vortex-type solu-
tion (¥, =0,y_ = 2n), which describes a single
Josephson vortex carrying one flux quantum ¢,. If
y > 1, then there are two vortex-type solutions
describing two splinter vortices. For the first
splinter vortex the phase i(x) increases from yy_ =

—y, to . =, where
Y, = arccos(1/y), 9)

the phase difference is given by ¢, —y_ =2y,
and thus this vortex carries the flux ¢, =, ¢,/m <
¢y/2. For the second splinter vortex we have y_ =
¥,, ¥, =2n —y,, the phase difference is given by
271 — 2y, and thus this vortex carries the flux ¢, =

2n
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Fig. 1. A phase pattern for a pair of “ideal” splinter vortices
located at a grain boundary with a periodic alternating critical
current density, gy = 125. The fluxes ¢, =0.328¢, and
¢, = 0.672¢, carried by these vortices match the complemen-
tarity condition given by Eq. (1).

(1 =4, /m)py > ¢y/2. These two splinter vortices
are complementary as ¢, + ¢, = ¢@,.

In Fig. 1 we show results of our numerical
simulations of the main Eq. (4) for the spatial
distribution of the phase difference ¢(x). This
fragment of the phase pattern ¢(x) contains two
adjacent “ideal” splinter vortices. The simulations
were performed for a model dependence g(x) =
gosin(2nx /1) with gy = 125 and 7 = 0.14;, which
results in ¢, = 0.328¢, and ¢, = 0.672¢, match-
ing the complementarity condition.

3. Splinter vortices and smooth inhomogeneities

Assume now that there is a smooth inhomoge-
neity of the amplitude of the critical current den-
sity or/and of the facets size, i.e., both quantities
vary along the grain boundary line with a typical
length-scale L > A;. In this case the spontaneous
flux patterns are very complicated and the two-
scale approximation is valid at the most for a brief
qualitative analysis [21]. Moreover, this analysis
has to be backed up by thorough numerical sim-
ulations of the exact Eq. (4).

If we write the total phase ¢(x) = y(x) + &(x)
and average the main Eq. (4) over a certain dis-
tance £, where L > £. As a result we arrive to the
system of Egs. (5)—(8), where the parameter
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y = p(x) varies along the x axis with a typical
length-scale L.

It follows from the analysis reviewed in the
previous section that a spontaneous flux pattern
can include the splinter vortices at the grain
boundary regions where y(x) > 1. The simplest
fragment of this pattern contains a pair of single
splinter vortices with fluxes ¢,(x;) < ¢,/2 and
0o/2 < Py(x2) < ¢y, where x; and x, are the coor-
dinates of the vortices. The phase difference ¢(x)
generated by these vortices is increasing from
=, (x1) to ¥, (x;) for the first vortex and from
W, (x2) to 2m — 1, (x2) for the second vortex. In
general, a “dilute” spontaneous flux pattern is a
certain sequence of single splinter vortices and
antivortices with fluxes —¢,(x;) and —¢,(x,).

If the distance between two adjacent vortices /,
is much less than L then the value of the parameter
y is the same for both vortices and the comple-
mentarity condition (1) holds locally. Indeed, the
flux carried by the two vortices is ¢ = ¢, (x) +
O, (x + 1,) = ¢ (x) + ¢,(x) = ¢, within error bars
o — ¢ol/ Py ~ I,/JL < 1. If the distance [, 2 L,
then the value of the sum of ¢, and ¢, depends on
the inhomogeneity of the Josephson properties of
the grain boundary and, in general, is different
from the flux quantum ¢,, i.e., in this case the
condition (1) is broken.

To confirm the above qualitative consideration
we perform numerical simulations of the main Eq.
(4) using for an alternating critical current density
the model dependence g(x) = go(x) sin [27x/I(x)].
In this case the phase difference across a grain
boundary ¢(x) satisfies [3]

A" — {1 + go(x) sin[2mx/1(x)]} sinp = 0 (10)

and the two scale approach applied to Eq. (10)
results in the following formula for the parameter

P(x) = g () (x)/87 A (11)

smoothly varying with a typical length scale
L> A,.

First, we use Eq. (10) to consider a grain
boundary with a varying amplitude go(x) of the
critical current density and with a fixed length of
the facets /. The function gy(x) we model as
go(x) = 112.5 4+ 12.5sin(27x/2004;), which means

that 100 < go(x) < 125 and the typical length-scale
L ~ 100A4;. Also, in these numerical simulations
we use [ = 0.14; and thus / < A <« L.

The results of our numerical simulations are
shown in Figs. 2 and 3 for two qualitatively dif-
ferent spatial distributions of the spontaneous flux
localized at the same grain boundary (solid and

-100 -50 0 50 100
Fig. 2. Two fragments of phase patterns obtained by numerical
simulations, L ~ 1004; > Aj. Three dotted lines depict the
reference dependencies —, (x), ¥, (x), and 2r — . (x). The solid
line shows a pattern with two adjacent splinter vortices sepa-
rated by /[, = 254; < L, the fluxes ¢, = 0.328¢, and ¢, =
0.672¢, match the complementarity condition. The dashed line
depicts a pattern with two splinter vortices separated by /, ~
10045 ~ L, the fluxes ¢, = 0.328¢,, ¢, = 0.791¢, do not match
the complementarity condition.
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Fig. 3. The spontaneously generated magnetic field H(x)
computed for the phase patterns shown in Fig. 2, H o d¢/dx.
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dashed lines). The dotted lines in Fig. 2 depict the
three reference lines —y, (x), ¥, (x), and 27 — v, (x),
where the dependence of the phase i, on the
coordinate x is a consequence of the dependence
(). The solid line is for the first spontaneous flux
spatial distribution ¢@(x), which includes two
splinter vortices located at a distance /, < L from
each other. The dashed line is for the second
spontaneous flux spatial distribution ¢(x), which
includes two splinter vortices located at a distance
/, 2 L from each other. In this case the fluxes ¢,
and ¢, are defined by two different values of 7,
i.e., y(x;) and y(x,) and therefore, in general, the
sum ¢, + ¢, is not equal to ¢, i.e., the comple-
mentarity condition (1) is broken. In Fig. 3 we
demonstrate the spatial distributions of the spon-
taneously generated magnetic field H « d¢/dx for
the splinter vortices shown in Fig. 2. This figure
allows for an accurate measurement of the dis-
tance between the vortices.

Next, we use Eq. (10) to consider the effect of
the facets length variation on the single splinter
vortices. The results of our numerical simulations
are shown in Fig. 4 for the case of a grain
boundary with /(x) linearly increasing from [/ =
0.044; at x =0 to [ = 0.144; at x = 500A4;. This
phase pattern demonstrates the basic features of a
sequence of splinter vortices at an asymmetric
grain boundary with a smooth inhomogeneity of
its Josephson properties. In particular, the splinter
vortices appear only at x > 1004;, which is the
region where y(x) > 1. In addition, as shown in
Fig. 4 the value of ¢, decreases from ¢, at
x = 10045 to 0.5¢), at x = 5004y, and ¢, increases
from zero at x ~ 1004; to 0.5¢, at x ~ 500A4;, and
the complementarity condition holds only for the
adjacent vortices at x = 3504;.

Finally, we treat the splinter vortices at a
grain boundary where certain random variations
of I(x) and j.(x) are superimposed on smooth
variations of /(x) and j.(x). The phase pattern
shown in Fig. 5 is obtained numerically for a
grain boundary with a random sequence of the
lengths of the facets with a standard deviation 3/ =

\/(2) = (I)*> = 0.0054; < [(x). This short-range
randomness of the dependence /(x) is super-
imposed on the smooth dependence /(x) which

o X/ A_]

T T T T
100 150 200 400 450

Fig. 4. A fragment of a phase pattern obtained by numerical
simulations, the length of the facets /(x) is linearly increasing
from /(0) = 0.044; to /(5004;) = 0.144;, go = 135. The splin-
ter vortices exist for x > 1004, the flux ¢,(x) decreases from
¢,(1004;5) = ¢ to ¢,(5004;) = 0.5¢, and the flux ¢,(x) in-
creases from ¢,(1004;) =0 to ¢,(5004;) = 0.5¢,. The fluxes
of the adjacent pairs of splinter vortices match the comple-
mentarity condition at x 2 3504;.

is used to obtain the phase pattern depicted in
Fig. 4.

In Fig. 6 we show a phase pattern computed
for the model dependence g(x) = 112.5+ 12.5 x
sin(27x/2004;) + g.(x), where in addition to the
smooth dependence (the second term) we add a
term g,(x), which takes a certain random value for
each of the facets and (g,) = 0. The plot shown in
Fig. 6 obtained for the standard deviation dg, = 5
and / = 0.1A;. It is seen from Figs. 5 and 6 that the
random short-range variations of the lengths of
the facets result in wiggling of the phase ¢(x) with
a wide range of length scales shorter than A;. This
wiggling effectively masks the splinter vortices
carrying a small flux [1].
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Fig. 5. The effect of random variations of the lengths of the
facets on the phase pattern shown in Fig. 4.

-100 -50 0 50 100

Fig. 6. The effect of random variations of the amplitude of the
critical current density alternations on the phase pattern shown
in Fig. 2.

4. Summary

To summarize, we demonstrated that a smooth
inhomogeneity of the Josephson properties of the

grain boundaries in YBCO thin films result in
position dependent flux carried by the splinter
vortices and thus to the complementarity condi-
tion breaking. The short-range inhomogeneities
result in flux wiggling which can effectively mask
the splinter vortices.
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