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Finite thermomagnetic instabilities are studied in the critical state of type-II supcrconductors under

various heat input conditions. A thin plane-parallel plate in an external magnetic field parallel to the
plate surface is considered. A study is made of how the contact of the superconductor with a normat
metal influences the effect. Finally, we find the conditions under which a series of successive finite
magnetic-flux jumps, i.e., oscillations of the clectromagnetic ficld and tcmperature, can be obscrved in the

specimen and we estimate their number and period.
PACS numbers: 14.60.Ge, 74.701p

INTEODUCTION

Hargd and composite type-IT superconductors in the
critical slale arc known to display characteristic in-
stahilities, l.e,, magnetic~flux jumps, Pertinent stability
criteria have [requently been discugsed in the literature
(see, e,fr,, Refs, 1=5), In mast papers on this subject a
study was made of the conditions under which, notwith-
standing the presence of pinning centers, there is an ava-
lanchelike motion by the vortex structure, with an atten=-
dant high heat release and ending with the total penetra—
tion of the magnetic field into the specimen. When con=-
sidered from the macroscopic point of view, thiy problem
reduces to one of studying the character of the perturha-
tions which develop in the cleciromagnctic field and tem-
perature in a superconductor in the oritical state, The
stability criteria so obtained provide an extremely satis-
factory description of the body of the pertinent experi-
mental data,’" A muchless-investigated question is that
of the conditions under which finite instabilities occur,
leading to the partial pevnetration of magnetic flux into the
specimen, Processes of this kind have been observed by
many authors (see, e,g., Refs, 8-10}.

In the present paper, in the linear approdimation we
find the range in which finite magnetic-flux jumps exist
and we determine the conditions under which il is possible
to obgerve a series of successive instabilities of this
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kind, i.e., ascillations of the electromagnetic field and
temperature in g spccimen.” A planc-parallel plate is
congidered in an external magnetic field parallel to the
surface of the specimen. A detailed study is made of the
role of external cooling and the influence of the coniact
of & superconductor with a normal metal and an estimate
ias obtained for the maximum possible number of oscilla-
tions,

1. FORMUTATION OF THE PROBLEM AND THE
FUNDAMENTAL EQUATIONS

The development of perturbations of the temperature
@ and the electric (E) and magnetic (H) fields is described
by the heat transfer equation and Maxwell's equations

in dj |
AE=75 55

. 1

l"*s@ ’ :“'«de -+ iEe ( )
where vg and wg are the heat capacily and thermal con-
ductivity, respectively, of the superconductor and j is the
current density.

Let us consider the dependence of j on E, H, and @,
Since we are interested in the development of fluctuations
such that the vortex structure goes into motion (entry or
exit of magnetic flux), the value of E iz different from
zern, In this case, j can be written as®

|jl=i=7(T, HY+ in(E), (2

where jq is the density of the critical current and jy is
the density of normal currents. As the equation of the
critieal state {the dependence of jp on H, T) we choose
the model given by Bean,'? i,e., we set 8jo AH = 0, This
condition substantially simplifies calculations, while not
qualitatively changing the resultg,” The characteristic
dependence of j on E is plotted in Fig, 1. To begin with,
lat us cansider the development of perturbations in which
everywhere E = Ey(T), where Ey(T) is the limit of the
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linear segment on the curve jy - jN{E). Then, jy = o¢E
{og is the conductivity of the superconductor in the resis-
tive mode), Expanding jec in the small guantity ® (€@ «
Te — Ty, where Tp is the oritical temperature, T is the
initfal temperature of the specimen), we get the following

expression for j:

. 0/,
f=iTo +atE— 5?'9- @)
Let us note that the magnatic-flux jumps, a5 ig known, are

posgible only when (9j./dT) < 0 (Ref, 13), The solution of
Eq, (1) will he sought in the form

E = E (r[b) exp {tﬂ}
e =0t e {7},

where tg = bgh®/Wg is the characteristic thermodiffusion
time of the specimen, 2b is the plate thickness, and X is
the eigenvalue to be determined in the problem.

We chooge the coordinate system in the fellowing
manner: The external magnetic (icldH, | 2 and the xy plane
is parallel to the surface of the specimen, In this case
the distribution of the magnetic field and current in the
plate is of the form shown in Fig. 2. Of interest to us is
the one-dimensional perturbation &{r h) = &x), F{r/b) =
E@), with E ~ {0, Ey{x), 0). Letus emphasize that the
very concept of the critical state implies that the current
density j and the electric field density are parallel; there-
fore, since jNIIE only solutiong with E > 0 arc allowable
solutions,

Now, with Eqs. (1) and (3} it ig casy to obtain en equae-
tion for determining @ (Rcfs. 14 and 13):

AV Al 98" —A(p—An8 =0, (4
at,| 142 Am Op%, b,
e _v:. =5 ._—_E:, and D¢ and Dy, are
the coeflicients of thermal and magnetic diffusion, respec-
tively, Here and in what fallows the differentiation is per-
formed with respect to the dimensionless variablex (-1 =

where p = :_;

X = 1). The relation hetween the electric field and ® is of
the form
" xs
£=— (88 {5

Maturally, we are interested in the solution which is sym-
metric with respect to the x axis: @) = @(—x}. If we are
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to determine @ = 6(x) and the dependence of A on (g,

Ty ...}, W& must supplement Eq, (4§ with boundary condi-
tions. Since the electric field vanishes whenx=1 - L/b
(L = eHy/4xjc is the depth of penetration of the magnetic
fleld), we have E(1 — L/b) = 0 and, therefore, by virtue of
Eq. (5,

M —8" o =0. (6}

At the boundary of the superconductor the magnetic field
can be assumed to be constant during development of in-
stability, i.e., H(1l) = 0, which is equivalent {from Max-
well's equations) to the condition E'(1)= 0 or

AD' — @7 | =10 (7)

Since the temperature and heat flux are continuous when
x=1—L/b, it i5 not difficult to find that

0 =Wa | {8)
where
@ - VELh[VK(i —-})J (9

At the outer boundary of the superconductor the corre-
sponding relation is of the form
8 = Wy, a9
where W = Wb/ ng and W, is the coefficient of heat trans—
fer from the superconductor o the coolant. If the speci-
men is covered with a layer of normal metal with a thick~
ness d (Fig. 3), then conditions (6) and (8} obviously do not
change, Since the magnetic field on the surface x - (b +
d) /b can now be considered constunt during development
of an Instability, it 1s easy to use Maxwell's equations to
get

)., =~V (i), =

where v, = Top/og and oy 18 the electrical conductivity
of the normal metal. Such a calculation, if one proceeds
from the heat transfer squation, leads to the missing con-
dition of the form

et g & ¥
'e‘L=|— Wa 12
where
Wy = V55 TV At (V3 )
VW v+ VA
X -~ v ¥ (13,
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FIG. 4.

and rp and wp are the heat capacity and thermal conduc-
tivity, respectively, of the normal metal.

In the present paper we consider the case of a thin
plate, b - L b, In this case canditlon (8) 15 replaced by

G'l‘:I_% =0. aa

The opposite limiting case will be considered in a sep-
arate paper.

2. TIE PIYSICAL PICTURE OF INSTABILITY
DEVELODPMENT

The development of instability is in many ways de-
termined by the ratio = of the coefficients of thermal and
magnetic diffusion. IHard superconductors are charac-
terizedby small values of 7 (T <« 1), In compositic super-
conducting materials (matrix of a normal metal with cne
configuration or other of superconducting strands inter-
spersed in It) v >> 1 beecause of the high conductivity of
the normal metal.’® Boundary conditions play a signifi-
cant rale along with 7,

Let us consider a qualitatively simpler casey ¢ « 1,
L="h., Inthe range of parameters of interest to us (im-
mediately before a magnetic-flux jump) perturhbations
whose development in the fundamental approximation pro-
ceeds adiabatically,!1i,e,, 'A| > 1, prove to be charac-
teristic, With the same accuracy it followe from Eq. (35
that

MB

-i:b-z—ﬁ.

E=

Suhstituting the last relation Into Maxwell's cquation, we
get for E the equation

19
E".l_ pE:O_ (

1t follows fram Eg. (15} and the boundary conditions that

152 2
"fast" perturbations ([d! > 1} first arise at § = “T%_* = “;
(a half-wave fits into a plate thickness).

The quantfty A 1s defined, as usual, as the ralio be-
tween relaxalion processes, In the given case these are
the normal currents and thermal diffusion. In the linear
approximation, the normal currents do not affect thermal
diffusion and in proportion to the term o E « A TY compen~
sate the perturbation of the current density, §j « 5@, As
a result, 6j = (g — Ar)®, In a characteristic time £ ~ tyx/X
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the temperaturae at the given point decreases by a valuz
proportional to &/ A because of thermal diffusion. When
this is taken {nto account the estlmate for 4j becomes

aja:(ﬁﬂg—h)e- (16}

Bimilar to the condition above is the following condition
far the anset of "fast" perturbations:

ﬁ! "!
—m—E=2
P gy (xmn

Eguation (17) serves te determine the function A = A (3, 7
{in the range [A| > 1) which, cbhviously, is of the form

4 (18}
It follows from Eq. {19) that in the range of g values
: 3 s
= Pe<h<B=F0+2KD),

the quantity A turns out to be complex: A = A, + iA,, with
Ao > 0. Istus note that when 5 = fi;, we have A=ir%(4-
¥TT 1Ag, Ae = A{H5c). A real positive value A = A, first
appears al £ = g which thus detcrmiocs the stability
eriterion far magnetic—flux jumps. *** The plot of & =
x({g, 7} iz shown in Fig. 4.

Iet us now conegider qualitatively the role of thermal

~ boundary conditions. The parameter g contains the char-

acteristic spatial scale I of the perturbation,? 1In the
case of adiabatic boundary condifions I = L =b. In the
case of isothermal houndary conditions, the perturbation
developing with the characteristic time t = fx/Ais prac-
tically absent in a layer with a thickness of the order of
b /X near the surface. The characteristic dimension !
which determines the parameter 3 also changes corre-
spondingly. As a result, the estimate for 4j now iz of the
form 8j « (8 —~ *7 — 25/v)@ and the equation of interest
to us for determining the function A = A( 3, 7} is:

fs—m—-%- "{ aw

Let us note that here the main term (with respect to |A [ »
1} is ihe term corresponding to the change In scale (in pro-
portion to 1 /Y1), The correction of the order of 1/

which is associated with the redistribution of heat proves
to be of a higher order of smallness and we thus discarded
it. The solution of Eg. (19) obviously is similar in form

to that pictured in Fig, 4, differing only in the valueg of the
parameters A =2,31(1/7)% for g = g, = (#&/8)(1 +0.971/3);

S B

2: E T X
1:1,,:[%; ‘o ﬁ:pcrz’:ﬂ o 2,271,

Thus, hefare a magnetic-flux jump there may be os-
cillations of the electric field and the temperature (let us
reeall that g = 3, corresponds to a magnetic-flux jump).
Let us congider this situation in greater detail, All of the
relations which we have chtalned zre valid only when there
is a linear relation betweean the current density j and the
electric field E, Since the condition E = E (T} must be
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satisfied if this 1s to be the case, the magnitude of the
elactric fleld in the specimen has a significant influence
on the character of the effects obgerved, Indeed, If from
the outset there is no electric field in the specimen, then
cven a quite large fluctuation inthe time t« ti/ Ay w1 de—
crease to such an extent that the condition E <«
E,(T) is gatisfied and the perturbation will certainly be
extinguished., Thus, in this case the inftial growth of fluc-
tization with an increment Ay/ty will lead to a change in the
magnetic flux in the spevimen only by a finite value. Con-
sequently, finite magnetic~flux jumps with an amplitude
which is proportional to the initial perturbation will be ch-
served experimentally.

Suppose now that the stability of the eritical state is
studied in an alternating magnetfc field. Then, from the
very outset an electric field of the order of E~ (L/)H (H
is the rate of change of the external field) exists in the
specimen. I H > (¢/b)E,, then electric-field oscillations
with an amplitude of up ta (b/c}H can in fact be ohserved
in the specimen., The characteristic rales of change of the
external field, as a rule, are always low in comparison
with the rate of change of the magnetic [ield during a flux
jump, This makes it possible to estimate the number of
oscillations N observed at a given value of . Let M =0
in the range Apg = go — f; = Be of values of the pavam-
eter g.¥ The corresponding range of values of the mag-
netic fleld AH is

AR o AR
AH = s =25

where Hj is the field of the magnetic-flux jump [ (Hj) =
Sgl. The value of the external magnetic field lies in this
range for a time At~ AH/H, whence N is of the order

N - -FE:_ *
It is seen that N 3 1 1f the rate of change of the external
magnetic field is in the range

Next we shall make a detailed analysis of the range of the
gpectrum of eigenvalues A (A, = 0, A, = 0) for arhitrary
1, thickness of the layer of metal of the coating, and ther-
mal boundary conditions. (n the general case, complex
values of A with A, = 0 do obviously exist If Ao = 0. Tn~
deed, in thig case in the vicinity of g8 = 3. the eigenvalue
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A can he rewrliten as

1=?&,{1 ial/ﬂ—_;:—ﬁ;},

where ¢ is some real number. It is seen that when B<Be,
the value X, = 0.

1. EXISTENCE DOMAIN OF FINITE INSTABILITIES

The range of values of the parameters 3, v, W, and d
in which finite instabilities exist is determined, as is
clear from the preceding section, by

lﬁ{ﬁ' T: W‘ d) ;‘3 0-
or

ll{B! T, Wv d)?‘-‘ﬂ

Bufr, W, d) <P < Pulr, W, ).

Tn order to find the function » = 2({g, 7, W, d) it is
necessary to write the condition of the existence of a non=
trivial solution of Eq. {4y with the necessary boundary con-
ditions. When the corresponding determinant 1s equated to
zero the result is an involved equation which, in the gen-
eral case, can be solved only by computer, liere we con-
slder two limiting cases admitting analytic solution: 1 «
1 (hard superconductors) and 7 > 1 (composite supercon-
ductors). In each limiting case we derived (with the re-~
quired accuracy) a simple algebraic ammation for the func-
tion A = A{g, T, W, d), the values of the parameters, g,
Aes Aes Wg = hy(Fy, and the maximum possible number of
oscillations N. The order ol exposition is specified by the
character of the external heat transfer,

a. Adiabatiec boundary conditions {W =

0). The speetrum of eigenvalues A = A (g, ) is given in
this casel! by the equation

ke (] — WA by = &y (R - M th Ky,

(20}

where

] 4 A1
Bom Y Ap—an + LT 4 2030,

In hard superconductors (r « 1) flux jumps occur
rapidly {\o * 1}, which allows Eq. {20} to be solved ana-
lytically. The relation A = A(g, t) (in the range 'A| > 1)
iz of the form of Eq. ({18) and for the value N we have the
estimate

A 8, i

N o~——T2
IR R

When v = 7o = ¥4, the quantity X vanishes!® at the point
Be = By =3b/L. Therefore, In the range (1o — 7)/ To 5 1
we have Ap <« 1 (the flux jump proceeds slowly}. Then, to
within 1 inelusively, it is not dillicult to get an eguation
from Eq. (20) for determining the spectrum % = A (3,
(A ] «1):

{21}

T,—7

2210 i 3([3-[:{9]1—1?5(5-«5:)- 0.

Te

The cbvious soluiion of Eq. (21) leads to the following esti-
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mates:

To=T
=25 T, i fo=Pu
w,=7.5]/“1:'; Bo=pr— 0332,

%
N T, —% ‘hi
¥ He,

1.et us note that under these conditions the characteristic
period 2nty/ wy of the ogcillations is shorter than the time
tw/Apof the flux Jump.

When T > 7 the quantity A = 0 and, therefore, oscil-
lations 28 well &s finite instabilities of the nature under
study are absent.

Iet us consider a2 superconductor covered with a
layer of normal metal {see Fig. 3), with adiabatic bound-
ary conditions on Its outer boundary, Of greatest interest
here is the case of hard superconductors since the effect
of the normal metal with a high conductivity is significant
only with respect to "fast” perturbations.¥ The equation
for determinlog A = A(g, 7, d) when 7 « 1 is of the farm

Wa Vit (VI5 £ 8+ 4D (B tg £+ th k)

— — d 1 !
+ V1, th (1/ A, T) x [m} —EDthe tgk +2 (1 —m) kfk:j
kaka
by (B - R Ky th iy — By tE &yl + W [zm
(22)

+ iy (6 + B 4 Kk 0 — R) te R th iy | = 0.

Here, WQ is the heat transfer in the coating and it can be
found from Eg. (13) sinve W = 0:

w,— Virn{yipd),
As the thickness of the coating increases, the eigenvalues
A decrease and the curve A = A {g) > 0 shifts to the region
of higher 3. Beginning from some value d = d; {see below
for definition) A, vanishes, The evolution of A = A(p) as
d varies Is shown In Fig. 5. The behavior of the curve
A = A (g, d) as described here is vbvious since when the
thicknesa of the layer of normal metal is quite large
{greater than the thickness of the skin at the appropriate
frequency) "fast" perturbations are suppressed hy the
normal currents, Consequently, "slow" perturbations
hecome characteristic; their development ls affected by
the contact with the normal metal only in proportion to
the heat transfer inside the coating, Le., very weakly.

In the case d =< d; the values A ~ Ay of interest to va
gatisfy the condition |A] > 1 and, from Eq. {22} we can
easily find, with the necessary accuracy, an equation for
determining » = A (g. d, 7):

1‘:(1 +2ﬂ)_(ﬁm"£)k [ =0

51 (23)

The corresponding eigenvalues of the parameters are

at | . ..-.12 _ r.r,ta’\_
Y
g Py N~
p=het o=y B,
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When (dg —d)/de « 1, we have Ag <« 1 and from Eq.
(22) we can easily find a simple equation for determining
the spectrum A = A (g, 7, d) in the vicinity of the point
A = fp=3}1 + &/blon/vs)] mote that A (g, = 0 for any
thickness of the coating}:

:u_141[3(§—|3.)+d—‘-;—d]-295(|3—ﬁ.1=0.

Here®
g8 b
¢ 3 Ny jw, - i0aTy ©

Accordingly, the parameter valuea of lnterest to us
are;

de_d_ ) . ivn .
a 1 ﬁr"'ﬂs—a(}-l-b;)'
i—d d—d,
trJu — 10 Vﬂcdgd; ﬁD e ﬁ=_0.33 dc r
¢, —dy" Hy
~ (e

he =7

Note that here, as in the case v — 1p, the character—
istic perlod of the oscillations is greater than that of the
flux-iump time and, therefore, the maximum number of
ogeilletions is relatively small.

h. Isothermal boundary conditions (W =
=). With cooling, the value of A is always different
from zero?; thus, there always exists a range of param-
eters in which finite instabilities or oscillations can ap-
pear,

The equation for determining the function A = A {3, *)
is of the form?®

ks 0.+ A3 () — B+ ok L0 4 B + (B — N2
s chi cosky + (B — &%) (6F — ) (&2 = A)shk, sink, = 0. (2D

An analyviic solution of Eq, (25) can be obtained in two
limiting cages: 7 <« 1land T3 1, In the first case, the
elgenvalues 'A{ >»1 and the function A = A(3, T) are de-
scribed according to the T« 1 approximation by Egq. (19,
For the maximum number of oscillations we can easlly
find the expreasion

H;

1
N~1"’Ht, ’

In the second case, the eigenvalues ‘A | « 1 which, essen~
tially, according to the r > 1 approximation, leads to the
equation

1 , ¥
1t g (ﬁ — "T-r)).lm -+ 5"2—1:”8 0. (26}
Accordingly, the values of the parameters are

L s .
peom (0] (2) o= Fr + 220
g = 12605 By =Tt (1 + 0.9;
1 A,

L 0 .
N Hr
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Let us algo note that for v ~1 the domain of exiatence of
finite instsbilitles, A8/8c = (8¢ — A Se, i8 comparative-
ly large [of the order of unity), In particular, whent =1
oumerical computations yield

=3 B =176 @, =4; B, =B =88,

- Let ue consider a superconductor coated with a layer
of normal metal which has isothermal conditions on its
boundary (see Fig, 3). In this case, the function A = A(d,
8, 1) in the range {A| >> 1 undergoes congiderable changes
as the thickness of the coating increases from d ~d, =
bog/ap « b tod~ d'g = 3b/ 7’7, (Ref. 5. When the value
of Wy specifying the beat iransfer in the coating, Wq =
VAY cot (¥Xv d/b), isinserted in Eq. (22), we get an equa-
tion for determining A = A(3,7,d}. Inthe range d, < d <
dg In the main approximation with respect to I A] »1, 1t
reduces to a simple relation of the form of Eq. (1% with
the change r — 21,d/b, which makes it ¢asy to calculate
zll the characteristic paramaters of the problem, especial-
ly the maximum number of nacillations;

slia K.
N (?:?!:Tt) ; i (27)

When d » d'c an approximate algebraic equafion can
also be obtained for determining the function A = A8, r,
d) since here, toa, finite instabilities develop "rapidly”
{A] > 1

f 3, e
A nt — ) —2n* '\?1) +oi=0 {28)

It follows from Eq. (28) that

A, =ntt;; B, = “3(1 - a%ltll;

mosgi Bo -n’(l——nf—rl);
Hn‘
N--};:-

c. Arbitrary thermal boundary condi-
tions. Calculation of X = A (5, , W) for arbitrary val-
ucs of W is an extremely complicated undertaking which,
in the general case, can be accomplished only with a com-
puter, Note that in the case W 3 1, the character of the
curve A = A8, T, W) is gqualitativcly the same as for W =
=, If W < 1, then for > 1, the eigenvalues A satisfv the
eondition | A] « 1 and the situation can be considered ana-
lytically. It 1s not difficult to find that for hard supercon-
ductors with T < 7 < I the relation 2 = A{4, v, W) in the
main approximation with respeect to [A] «1 is deserfbed
by

L2G— )W+ (B —HA + 3w =0
It follows from Lg. (29) that

(29

=16 L;L)%: Be=—=Br+ 38 (W (v —3 )|

T
@y =A; Py=fiy:
N—w I
Fili

2
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As 15 seen from the formulas given above, the character-
istic flux-jump time tj ~ ty/Ae (and therefore, the oscil-
lation pericd) can be relatively large (within the bounds
of Ag! = 1), a8 was apparently observed in Ref, B,

For composite superconductors under the conditions
of weak cooling, the function X = A{8,r, W} can be found
from

st L (W —B) WM + Wi =0 ao

Equation (30) was obtained with the condition that 1 /7 <
W« 1. It is now easy to find the values of the param-
eters:

T g [ 4 1 1.
- (?) tVs; B, = Wx{14 l‘g(v-:)‘faJ'

1 -
0y = 1,264 ; i, =Wt [1 + O.SW},
i H,
— ‘gh'!}.':—‘-.

CONCLUSICN

A study was made of the domain of existence of finite
instabilities or oscillations in type-iI superconductors,
Various conditions of heat input and contact of the super-
conductor with a normal metal are considered. It is shown
that in the case of an adiabatically thermal-insulated speci-
men finite instabililies are obsevrved ina narrow range of val-
ues of an external magnetic field lin proportion to (Te—T
or{de—dicnlywhen T <7, 2ndd < 4, Oscillations can
always be observed when there is external heat transfer.
If the heat transfer is low, however, then the range of ex-
ternai magnetic field in which cscillations are chasrved Is
correspondingly small, Tt is shown that the oscillation
period (apart from the range {(7g — T /1o «1lar (de —

d) /d; « 1) 13 of the arder of the characteristic magnetic-
flux-jump time. This is accordance with the experimental
data obtained in Refs. & and 9 {the results of Refs, 5 and 9
will be analyzed in detail and compared with theory sep-
arately when the case L «b is considered).

NOTATION

Here, 2b denotes the fllm thickness; ® is the tempar-
ature perturbation; Tg is the critieal tamperature of the
superconductor; H 1z the magnetic fleld; 11 ie the rate of
change of the external magnetic field; E is the electric
field; jo is the critical current density; W, is the heat
transfer coefficient; vg, ng, og and vy, up, o, are the
heat capacity, thermal conductivity, and electrical conduc-
tivity of the superconduecting and normal metals, respec-
tively,

M4 preliminary repunt ou this work was pubiished in Ref, L1
Tiglier: L = b, ‘Le parameter A should be defined es” f1=‘-;?} a—h f.

; s R o |IT | v,
Usinee b v 0, we have 8 o HY,
tThe coating has pracdcally no effect on the charzcter of the devetopment
of flux jump io comhbined seperconductors (7 » 217, regardless of the ther-
mal houdary conditions?
®iin 2 similar calculation given in Ref. 14 no account was taken of the heat
trarster in the coaczing and ihis led to an iocorrect resulr,

'R Haucox, Phys, Lem. 18, 208 (1968),
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