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THE CRITICAL STATE STABILITY

R. G. MINTS* and A. L. RAKHMANOV*

ABSTRACT

A review of the theory of flux jump nucleation in hard
and composite superconductors is presented. Stability cri-
teria for some special cases are established. The basic
physical ideas and quantitative methods of stability investi-
gation are outlined.

1. INTRODUCTION

The critical state stability against flux jumps in hard
and composite super conductors has been discussed in a num-
ber of theoretical and experimental papers. In this report
we intend to review the theory of magnetic instabilities, in
particular the recent progress on this question.

Before the quantitative theory will be given an outline of
the basic physical ideas is helpful. The flux jump may be
thought of as a coupled perturbation of a temperature T and
a magnetic field H. This process is accompanied by the
release of heat and by the enlargement or re-distribution of
the magnetic flux captured in the superconductor. The heat
and magnetic flux propagation may be described in terms of
appropriate diffusivity coefficients, @, = 02/4ntrf , the
magnetic diffusivity, and @, = x/v the heat diffusivity.
Here oy is the flux flow conductivity, v the specific heat and
k the thermal conductivity of the superconductor.

It is convenient to denote the ratio @/@,, as 7. The
values o7 and «k are not too large in the case of hard super-
conductors, and it may be assumed that 1<« 1. Therefore,
the magnetic diffusion occurs in a time short compared to
that for the thermal diffusion, so that to the first order in
7 « 1 the flux jump is an adiabatic process. The experi-
ments give a reliable confirmation of this fact. (See for
example Refs. 1-3.)

The opposite situation where t>>1 usually takes place
in superconducting composites. In this case when @y >> P,
or 7 — the magnetic flux in the sample is almost frozen in
during the heating of the material. The explanation of this
fact is evident. The normal current excited in the composite
by the change of magnetic field compensates in part for the
decrease in the critical current density caused by the tem-
perature rise and prevents magnetic flux propagation in the
sample.

On the basis of this intuitive speculation one may obtain
the qualitative stability criteria.

First consider the case of a hard superconductor (7 «1).
Let us assunie that some fluctuation of the field, tempera-
ture, ete., results in the initial temperature rise and the
corresponding energy dissipation is Qy=vfy. The magnetic
flux and the current re~disfribution gives rise to the addi-~
tional energy dissipation Q1. Assuming j,>>0f E we have:

Q= [i B &

where j , is the critical current density, E is the electric
field. ff the flux jump does not occur, the sample passes
into a new equilibrium state with the temperature T= T0+ 9;
where T, is the initial temperature. Since @y <Py, one
may suppose that:

Q=10 =Qy+Q, = v6,+Q; @
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To evaluate @ we use Eg. (1) and Maxwell's equation:
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Assuming for simplicity 8j,/6H=0 (Bean's critical state
model?) it follows that 9j,/0t=-(8j,/6T)6'. Since IV2E |~
E/b2, where b is some typical length for each sample we
obtain:

g, Amb® 9,|a’_c|
c2 T

and
1 47b

2 aj
_ [, _ 1 . 1%
Ql’IJcEdt“,yz Z JcIaT

Here the constant 'yz ~1 depends on the sample geometry, the
field and current distribution. Inserting the expression for
Qq into (2) we have:

[}

0= —2 (4)

1-8/v
where
47b"%j  ;9j
- cl_-¢c

B - 2 IBT | (5)

ey

1t follows from (4) that the temperatyre rise § becomes
infinite, or critical state unstable at §/v“ ~— 1. Thus the
stability criterion may be written as follows:

p<v’ ©)

The formula similar to (8) for a semi-infinite flat supercon-
ductor was first given in Ref. 5 where analogous qualitative
speculations were made. In that paper the length b corre-
sponds to the depth £ of the shielding layer of external mag-
netic field. The value £ is defined by the equation H({) =
Hy~4mljo/c = 0,1 and inequality (6) becomes:
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Let us determine the analogous stability criterion for
the case of 7>>1 (superconducting composites), Now the
heating occurs while the magnetic flux is frozen in as dis-
cussed before. This implies aj/at =0, and as j=j,+0E, one
gets:
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and the power dissipated per unit volume Q' is:
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fWe assume here that there is no internal flux in the sample,
i.e., H;=0 in Fig. 1.



The critical state is obvmusly stable if the value Q' does not
exceed q= KVZT or:
i-6 ,9j .
q= szT >_°_l...‘_c. =Q

since 2T | ~9/b2 one can put the stability criterion in the
form
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Here the constant 'Vl“’ 1 depends mainly upon sample geom-~
etry. The expression (8) may be rewritten as follows:

i<t (®)

Note, the formulas (8) and (9) were derived assuming ideal
external cooling (or isothermal boundaries). The criterion
similar to (8) was first found by Hart.5, :

2. HAKD SU?ERCONDUCTbRS
Ina ngorous treatment, one has to 1nvest1gate the

étabxhty of Maxwell's equations- combined with the heat
equation, -as is clear from the qualitative considerations

above. The electric field E and the tempera.mre perturba-
tion 6 will have the form
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where A is the elgenvalue to be defermmed Let us intro-
duce the notation:
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Usmg expressions (10) and (13) one may find a set of equa-
tions for 8y and Eg for the flat sample of Flg. 1 as follows:
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The equations (12) reguire four boundary conditions.
We shall consider the external magnetic field Hﬂ to remain
constant during the fluctuation*:

‘ BH(Eb) _ 0

o ,  Elen=o0 (13)

The two other boundary eohditions can be found from the
surface cooling equations:

6(xb) _
Wo06b) + k=5 =0

or

wBo(:hl) + 01(e1) = 0 (14)

*Thig implies that (0Hy / at)tJ «Hy where t; is the rise time
-of the flux jump. Since t] ~ 10-% +10™° Sec the assump~
tion is usually valid.
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where w=wgb/x is the heat transfer coefficient from the
conductor to the coolant.

In practice, the solution. Eo and 6 is found in two

regions which differ by the direction of the current (see Fig.
1). And the usual matching conditions must be formulated.

He>.HP

'He‘ HP

. |

-8 S8 O g8-¢ 6
. f‘ig. 1. The flat sample.

It is expedlent to take the current density on thelr boundary
as equal zero. Denoting this boundary 3 , we have for the
electric field:

f@’ )=0 (15)

Also th_g temperature 6 and heat flux xVé must be continu-
ous at §:

90(75’+ 0) = eo(?s’- 0)
Ve

. — . (16}
@+ = Vo,(E-0)
The spe'ctrum of eigénvalues b7\=?\(B,,’T', 5,W, ... ) may

easily be deterimined for the equations (12) with boundary
conditions (13) to (16). The instabﬂity corresponds to A >0.

The equations (12) contain constant coefficients at
a(x)=0 (Bean's critical state) and may be readily solved.
The spectrum of eigenvalues A=A(8,7) for 7=0 and T« 1 has
been investigated8-10 and as was outlined in these papers
the disturbances with A « 1 (or adiabatic one) are responsi-
ble for the magnetic instabilities in hard superconductors
(r«1).t This fact may be proved for any critical state
model (or @ >0) by use of WKBJ method. 11 However, it
seems to us ev1dent from the quahwtwe speculatmns

Since the stability is determined by. the perturbatlons
with A>> 1 it allows us to s1m811f the calculations to the
first apprommatlon in T «1.1 -14 g follows from (12)
that 6y ~ (1/0) (b 2Ey/x) , and if the term on the right in
the first of the equations (12) is small (~1/A), it can be
neglected. The value Ar « 1 (see the last footnote), and to
the first approxunatlon instead of (12) we have:

Ej+ (@ E) + B E, an

{Using the method of Ref. 10 one may find the v ues of

at which the flux ]ump occur: A=A,= (1r2/4) T

2 (w=0)
and X=2 —(1:/2)4/ +1/3 @w>s1).
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This equation must be supplied with electrodynamical bound-
ary conditions (13) and (15). The stability is violated if a

nontrivial solution exists for the equation (17) with boundary
conditions (13) and (15).

It is convenient to introduce a new variable y:

Hﬂ - Hx)
Y -
HI’. Hi
and Eq. (17) becomes:
e,
5+ BE (18)
dy
here
2
o~ (Hﬂ B Hi) : Jc
Fram Ty Ty = EWE
The boundary conditions (13) and (15) transform to:
\ dE,
E (1) = —— =0 (19)
0 dy =0
The value T is independent of H if j,(H, T) =j,(T)¢ (H). The

equation (18) may be solved analytically in this case and the
stability criterion has the form:

(H, -H; ) 72
T ie | <7 (20

To solve (18) in a_more general case one may apply the
WKBJ approximation. Using the standard WKBJ proce~
dure and boundary conditions (19) one gets the stability cri-
terion:
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" The accuracy of the formula obtained may be evaluated as

follows:
2
oT
2{1 0
<T_0 —d-ﬁ-> «1 (22)

The inequality (22) is usually valid throughout the total
range of external fields except for the fields very close to
H This results from the usual relations between the

parameters in (22). Thus, the stability criterion (22)
is applicable for any critical state model,

1
— -1y
T
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The WKBJ approximation may be used for stability
investigations of samples having different geometrical con-
figurations. For example, the case of the cylindrical sym-
metry is studied in the Ref. 15.

3. SUPERCONDUCTIVE COMPOSITES

Now we shall discuss the stability of the superconduc—
tive composites, i.e., the conductors consisting of normal
(matrix) and superconducting (filaments) metals.

The presence of a high conductivity metal in a com~
posite leads to the damping of perturbations with A>> 1 and
as a result to an improvement in the stability.

The methods described in the previous section allow us
to investigate the stability of an individual filament covered
with a normal metal layer of an arbitrary thickness d.

As shown before, the increase in d leads to a considerable
stability improvement unless d is smaller than some critical
value d,. For example, under isothermal boundary condi-
tions d may be evaluated as do= (3c2vb)/4nkoy, where oy,
is the normal metal conduct1v1ty As an illustration, the
dependence of the maximum fransport current on the radius
R of the wire is shown in Fig. 2 both at d=0 and d>d,,.

T/T.
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Fig. 2. The dependence of Im = 1rR2jc,
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Next, we discuss the stability of a whole superconduc-
ting composite containing a large number, N>> 1, of fila-
ments. In such samples the instability may be initiated by
collective effects or a connection between filaments even in
the case when every separate filament is stable.

To derive the quantitative results one has to examine
the equations describing a small perturbation in 2 compos-
ite. We shall treat the composite as a continuum with
properties at a point given by the average over a volume in
the neighborhood of the point, the volume element being
large enouﬁh to contain a large number n(l «n<«N) of fila-

ments. After averaging one has for 6y and E:
Bk 0
aGE? B=AT =~
Ej+ aEp + (B-A1) E oz
: J
0
9 (23)
igP
— g =
O A )
K

and the relation between current and electric field becomes:

j=jy* OF (24)

The values v, j,, 0, k are the specific heat, superconducting
current density, electric and heat conductivities averaged
over the composite and it is assumed that the current j does
not change its direction within the volume of averaging.
Denoting the fraction of superconducting material as xg and
the normal one as x,, such that x, +x4=1, we have:

p=X v +X U

j.=%Xj 3 0=xX0 +X0
n'n s's Jo sle § n n

st



The heat conductivity transverse with respect to the filaments
may be evaluated as & ~(1-./Eg)ky, (here ky is the normal
metal heat conductivity). The accurate value of k ig deter~
mined by the detailed structure of the composite.

To find A=A(B, T, . ..) the equations (23) must be fur-
nished with usual thermal and electrodynamical boundary
conditions (see (13) - (16)). The value of the parameter 7
for the composites can vary from T7~1up to 104+10 For
@=0 (Bean's model) the system of differential equatmns (23)
contains only the constant coefficients. In Ref. 18 the
spectrum of eigenvalues A=A(g, 7) and the stability criterion
in the form (flat plate) were determined:

2 4

3<1'Z-?+3(%> /31'-2/3

(w>>1) (25)

Now the stability is violated by perturbations with
A=A, «1.* This fact is independent of the critical state
model as can be proved by WKBJ method. Since A, «1 and
XCT >>1, * the equations (23) are reduced to a second order
dlfferenual equation to the first approximation in 7 >>1. To
show this let us rewrite the first of the equations (23) in the
form:

- szo
oy + £ 6y- M = =~ ——= (Ej + &E}) (26)
T ATK
for AT>>1 and A« 1 it becomes
1 E =
on+Log =0 @0

s
And the stability bireaks down if a nontrivial solution
exists for the equation (27) with boundary conditions (14) and
(16) as is clear from the preceding ar; ents. An equation

similar to (27) has been found by Hart® by making use of
qualitative considerations. In the case jj=jo(H) to solve
equation (27) one can apply the WKBJ method. Thus, for the
plate of Fig. 1 the stability criterion may be easily found

Ui

(28)

=1

This ineduality is valid for w>1/7 and allows us to analyze
the stability with respect to external cooling.

Comparing the stability criteria for the filament and
for the whole composite one may obtain the critical number
N, of filaments, that is, when N>N, the superconductmg
composite cons1st1ng of individually stable filaments is

unstable. For w-—« we have
-z v
N <Nc =T ;}-{—- (29)
s
and for 7~ law« 1t
N<N =21 _v (30)

*For example for the case of a flat sample A= (w/2)2/3.
F1/3 (w1, wi>>1) and Ag= (/2% 3771/3 w1y,

7In practice real composites with the copper matrix cooled
by liquid helium have the value wg1l. In principle the case
w>>1 may be realized for composites clad with a suffi-
ciently thick layer of high purity copper.
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4. CONCLUSIONS

The methods developed in the references 5-18 allow us
to carry out a quantitative investigation of the stability of
super conducting materials against flux jumps, with respect
to the critical current density dependence on temperature
and magnetic field, sample geometry, thermal and magnetic
diffusion, external cooling, etc.
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