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1 Introduction

Reinforcement Learning (RL) learns to control a complex, unknown environment through interaction.
RL algorithms were highly successfully applied to various domains. Policy gradient methods optimize
directly a parameterized policy by computing gradients of the value function and updating the
parameters. Policy gradient methods have been highly successful in many applications areas (such
as playing GO |[Silver et al.|2016] and robotics |[Deisenroth et al.[2013]) and are among the most
effective methods in Reinforcement Learning.

The policy gradient theorem [Sutton et al.|[1999] gives a method of computing the gradient as
a function of the observable quantities in the MDP. Using Monte-Carlo methods and Reinforce
Williams| (1992) or actor-critic methodology give popular implementations of the policy gradient
methodology. However, those fundamental results do not derive convergence bounds or performance
guarantees.

Our starting point is the work of |Agarwal et al.| (2020b)) which studies the number of gradient
steps required to reach an e approximation of the optimal value function, assuming we receive exact
gradients. The main contribution of our work is to avoid the assumption of exact gradients, and
directly approximate the gradients from observations and in addition derive vanishing regret bounds.

More specifically, this work focuses on finite horizon Markov Decision Process (MDP) with
tabular policy parameterizations, i.e., there is a parameter per state-action pair. Our policy gradient
algorithms approximate the policy gradient using episodes sampled from the MDP, i.e., we do not
assume direct access to exact policy gradient.

We analyze the algorithms with respect to the regret, i.e., the difference between the expected
return of the optimal policy and the expected return of the policies chosen by the online algorithm
(which is running a policy gradient algorithm). We stress that our focus is on understanding the
performance of the widely used policy gradient methodology and not on deriving new algorithms
or new performance guarantees. (See the related work section for a variety of regret minimization
algorithms.)

We consider two parameterized policy classes (similar to |Agarwal et al| (2020b))). The first, direct
parameterization, simply encodes the policy using a lookup table. The second, softmaz, encodes a
weight per state-action, and selects an action using a softmax function of the weights. At a high
level, our algorithms work in phases, where during each phase they sample episodes using the current
policy, and at the end of the phase compute an approximation of the policy gradient and update the
policy.

In the direct parameterization for every state-action pair s, a the parameter 0, , is the probability
to choose action «a in state s. In every phase we perform a policy gradient update of the parameters,
and project the new parameters to the policy simplex. For the direct parameterization we show a
regret bound of O(K & H&|S|3|A| %D) where K is the total number of episodes, S and A are the set
of states and actions, H is the horizon, and we have an MDP parameter D which we will define later.
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In the softmax parameterization we use a variant of the natural policy gradient algorithm, where
for a parameter vector 6 € RISIXI4l the probability of choosing action a in state s is proportional to
exp(6s,,). In the softmax setting, in order to have efficient approximations of the policy gradient, we
need to make some assumption about the MDP:

e In the first setting we assume that with some probability A > 0, the initial state of the MDP
is uniformly chosen and a random action is performed. After this, the algorithm follows the

current policy. The regret of the policy gradient with softmax parameterization in this setting
~ 1 2 1
is bounded by O(H?|S|5|A|5 K3\~5).

e In the second setting, where potentially A = 0, we assume a reset for the initial state. Namely,
the algorithm can choose an initial state and action to start from. To ensure a “meaningful” regret
bound, the return of episodes not starting at state sq are ignored in the regret analysis. The regret
of the softmax policy gradient algorithm in the this settings is bounded by O(H % /[S| [A]K1).

While our results apply to tabular policy parameterizations, we believe that they shade light on
the success of the policy gradient in general. Having a vanishing regret is a very stringent requirement,
which highlight the soundness on the policy gradient methodology.

1.1 Related Works

Regret minimization using the optimism in face of uncertainty principle: There is a vast
literature on regret minimization in RL for the tabular setting, that mostly builds on the optimism
in face of uncertainty principle.

Jaksch et al|(2010) Presents the UCRL2 algorithm, using the approach of optimism in the face
of uncertainty. That is, it defines a set of plausible MDPs given the observations so far, chooses
an optimistic MDP with respect to the set of models, and executes it. In the regret analysis they
use a notation of average reward, which means every episode instead of the random reward that
the agent received, they use the expected value of the reward given the MDP and the policy. They
define the diameter D of an MDP, which is the maximal path between any two states, and prove a
regret bound of O(DS VAK) after K steps assuming average reward, and show it is near optimal by
presenting a lower bound of Q(v DSAK) for every online learning algorithm.

Bartlett and Tewari (2009) presents an algorithm called REGAL, which is inspired by the
UCRL2 algorithm. The algorithm obtains a O(cSvAK) regret bound in the larger class of weakly
communicating MDPs, where ¢ is the bound on the span of the bias function.

Fruit et al.| (2018) presents the SCAL algorithm, with a regret bound of O(cx/ I'SAK), where
I" < S possible next states for every state, and c is the bound for the span of the optimal bias function
(Similar to the value of ¢ in [Bartlett and Tewari (2009)).

Abbasi-Yadkori et al. (2019) presents the POLITEX algorithm, using a model-free settings and
function approximation. They assume that the value function error after running a policy for 7 time
steps scales as €(7) = € + O(y/d/T), where € is the worst-case approximation error and d is the
number of features in a compressed representation of the state-action space. They show a regret
bound of O(d1/2K3/4 + e K).

Regret minimization with finite horizon MDPs |Osband et al.| (2016) presents a randomized
least-squares value iteration (RLSVI) algorithm using linearly parameterized value functions. They
present a regret bound of O(vVH3SAK, where H is the finite horizon.

Dann et al.| (2017) presents a new framework for theoretically measuring the performance of RL
algorithms. To show the benefits of the new framework they present an algorithm called Uniform-PAC
with a regret bound of O(H 2VSAK + S3A?), and simultaneously achieves the optimal regret and
PAC guarantees except for a factor of the horizon.

Azar et al.|(2017) show that an optimistic modification to value iteration achieves a regret bound of
O(VHSAK) assuming K is large enough (K > H3S3A) and SA > H. They define Bernstein-based
"exploration bonuses" that use the empirical variance of the estimated values at the next states.



Jin et al.| (2018)) addresses Model-free RL, and show that a Q-learning algorithm with UCB
exploration achieves a regret bound of O(vVH3SAK).

Zanette and Brunskill (2019)) presents an algorithm for finite horizon discrete MDPs which not
only conforms with the previously known state of the art regret bound of O(VHSAK ), but also
provably obtains much tighter guarantees if the domain has a small variance of the the quality
function QQ* distribution, or a small bound in the possible achievable reward.

Efroni et al.| (2019) focus on model-based RL in the finite-state finite-horizon MDP, and establish
that exploring with greedy policies can achieve tight regret bound of O(\/ HSAK). Therefore,
full-planning in model-based RL can be avoided, and by doing so the computational complexity
decreases by a factor of S.

Cai et al.| (2020) presents an Optimistic variant of the Proximal Policy Optimization (OPPO)
algorithm, which follows an "optimistic version" of the policy gradient direction. They assume that
the MDP is linear, i.e., that the transition dynamics are linear in a feature map, and show a regret
bound of O(Vd2H3K), where d is the dimension of the feature map and H is the episode horizon.

Zhang et al| (2020) presents the Monotonic Value Propagation (MVP) algorithm, which relies on
a new Bernstein-type bonus. To handle long planning horizon problems, they present a regret bound
of O(\/ SAK + S%A), which has only logarithmic dependence on the horizon H. This regret bound
approaches the Q(vSAK) lower bound of contextual bandits up to logarithmic terms.

Sample complexity: Works on sample complexity can be traced back to |[Kearns and Singh|/2002,
Brafman and Tennenholtz]|2002] [Kakade|/2003|. [Dann et al.| (2019) presents an upper bounds for the
PAC model: 5(%2]{2 + @) while [Dann and Brunskill| (2015)) gives a lower bound of ﬁ(%f?)
Additional sample complexity bounds bounds appear in [Lattimore and Hutter||2012} |Azar et al.||2012,
Dann et al.|2017].

Policy gradient in non-tabular setting: The work of|Shen et al.| (2019)) gives a sample complexity
bound of O(e~?) in the non-tabular case to reach a stationary point. [Yang et al|(2020) presents a
second order stationary point with a sample complexity of 6(6_9/ %), which is guaranteed to converge
to a local maxima.

Policy gradient in tabular setting: In the works of Kakade and Langford| (2002) they assume
to have an e-greedy policy chooser that chooses a next policy that maximizes the expected advantage
function of the new policy w.r.t. the previous policy. They prove a convergence bound of V(7*) —
V(m) < =772 Doo Where Do is similar to our definition of D, and + is the discounted return factor,

after O(e~2) calls to the e-greedy policy chooser.
Mei et al.| (2020) shows that with a softmax parameterization, the policy gradient algorithm

converges to V*(p) — V™(p) < € after O(ec(ﬁlv)c

distribution, p is the starting state distribution used by the RL algorithm, and ¢ is defined as:
¢ =infsegi>1 m(ax*(s)]s).
Cen et al.| (2020) analyses the Natural Policy Gradient algorithm using entropy regularization

Doo||%||oo) assuming p is some starting state

and show that 5( (ELI;‘;LQ) samples are needed to find an e-optimal policy.

Shani et al.| (2020) presents the Uniform Trust region policy optimization (TRPO) algorithm,
and shows that the algorithm finds an e-optimal policy using the regularization constant A given
5(%) samples. In Trust Region methods a sum of two terms is iteratively being minimized:
a linearization of the objective function and a proximity term which restricts two consecutive updates
to be ‘close’ to each other

As mentioned before, the work of |Agarwal et al.| (2020b) analyzes the sample complexity of policy
gradient in tabular setting for discounted return, assuming access to the true policy gradients. For the
direct parameterization, they bound the number of the gradient updates by O(D2,|S||A|(1—v)~%~2),
where D, is similar to our definition of D, and + is the discounted return factor. For the softmax
parameterization, they bound the number of gradient updates by O((1 —~)2¢71).



We stress that our aim is not to improve the best regret bounds but to understand the performance
of the widely used policy gradient methods.



2 Model

Markov Decision Process (MDP) are defined by M = (S, so, A, P,r), where S is a finite set of states
and sg € S is the initial state, A is a finite set of actions, P is the transition probability function,
where P(s’|s,a) is the probability of reaching state s’ when we are in state s and performing action
a, and r is the expected reward, where r(s,a) € [0,1] is the expected reward of performing action a
in state s.

We consider the finite horizon return, which is the sum of the first H rewards. We assume,
W.l.o.g.ﬂ that the state space is levelled, i.e., the state space S is partitioned to H + 1 subsets
Sos ... SH, where So = {so}, Sy = {su} and we can move only between adjacent levels. Formally,
for any s; € S; and s; € S;, where j # i+ 1 and for any action a we have that P(s;|s;,a) =0. In
addition, we assume w.l.o.g. that any state s is reachable from sg.

A policy is a mapping of states to a distribution over actions, i.e., w: S — A(A), where A(A) is the
set of distributions over A. An episode using a policy 7 is a sequence (Sg, G, 70, S1, - - - SH—1, GH—1,TH—1, SH)s
where a; is sampled using 7(-|s;) and s; 41 is sampled using P(-|s;, a;), and r; = r(s;, a;). The return
of an episode is ZiH;Ol r;. We denote by Pr"[-] the probability distribution generated by sampling
using policy m and by E™ the expectation w.r.t. Pr".

Policy Parameterizations - We consider two different policy parameterizations:

Direct Parameterization: Policies are parameterized by 6 € [0,1]/51%141 and 7(a|s; 0) = 05 4, where
for any state s we have ., 0s4 = 1. A p-stochastic policy has 6 € [p, 1)181x141 e, for such
policies m we have m(als;#) > p. The set of p-stochastic policies is denoted by II,,.

Softmax Parameterization: Policies are parameterized by 6 € RISI*I4l where

exp(fs.q)
Za’EA eXp(es’a’)

We will use interchangeably the notation 7 and 6 to denote the policy.

We define the standard value functions for an MDP as follows. Given a policy m and a state
s € S the value of V7 (s) is the expected finite horizon return, when we start at state s and run until
we reach sy, i.e., for a state s € S; we have

m(als; 0) =

H

VT(s) =FE" Zr(sj,ajﬂsi =3

j=i

where a; is sampled using 7(-|s;) and s;41 is sampled using P(-|s;, a;). Note that V7™(s) < H.

Given a policy 7, and a state-action pair s, a, the value of Q7 (s, a) is the expected finite horizon
return, when we start at state s and perform action a, and follow the policy 7 until we reach sg, i.e.,
for a state s € S; we have

H

Q" (s,a) =FE~ Zr(sj7aj)|si =s,a;,=a

j=i

where a; is sampled using 7(-|s;) and s;j41 is sampled using P(-|s;, a;).

The advantage function for a policy m and a state-action pair s, a is the difference between the
V7(s) and Q™ (s,a), i.e., A™(s,a) = Q7 (s,a) — V™ (s).

Let 7* be the optimal policy, i.e., 7" = argmax_ V™ (sg), and denote V™ , Q™ and A™ by V*,
Q* and A*, respectively.

Definition 2.1 The regret of an algorithm, over K episodes, using policies 71, mo, ..., Tk, 1S:

K
Regret = Z V*(s0) — V™ (s0)
=1

2To avoid the assumption we can create an equivalent MDP, where there are H levels and each level includes all S
states. Every edge will be as in the original MDP, only the edges move from one level to the next. The new MDP will
be equivalent, and the number of states will increase by a multiplication of H



Given a policy m we define the vector of occupancy measure d™ as follows. For a state s € S we
have that d7 is the probability that we reach state s when we start from state sy and generate an
episode using policy 7, i.e., df = Pr"(s; = s). Observe that for any policy 7, » .qdi = H. For
a level ¢ € [H] the levelled occupancy measure d7* = Pr™(s; = s), which is a distribution over the
states in level 4, i.e., S;.

For an MDP M and a parameter p, we define the parameter D, = max ey, max; %

Notations: A function f: X — Y is S-smooth, for § > 0, with respect to a norm | - || if for all
x1,22 € X we have ||V f(x1) — Vf(z2)] < B|lz1 — 22|

For an integer n > 1 let [n] = {0,...,n — 1}.

For a matrix A € R™*™, the Moore Penrose pseudo-inverse matrix is denoted by Af.
The indicator function I(-) equals 1 when the condition holds, and 0 otherwise.

3As discussed in |[Agarwal et al|(2020b), this parameter is essential to overcome some inherently hard to learn
MDPs, such as combination locks. The difference with Doo in|Agarwal et al.| (2020a)) is due to their discounted return,
and their requirement that the initial state distribution has full support



3 Direct parameterization

At a high level the policy gradient algorithm works as follows. It has N phases, and in each phase it
samples m episodes to estimate the policy gradient, and uses the policy gradient estimate to update the
parameters. Overall there are K = Nm episodes. In each phase ¢, using the m episodes, we compute

an estimator VoV (sq) and show that with high probability |[VeV ™" (so) — VoV™ (50)/lee < €.

In order to create an unbiased estimator for the policy gradient, we would need approximately
m = O(1/¢*) episodes every phase, where ¢ = minses qea 7'(als). This bound would become
infeasible as ¢ becomes a near-deterministic policy, i.e., w¢(als) ~ 0. To overcome that, we consider
p-stochastic policies, which lower bound the probability of an action by p, and hence m = O(1/p?).
We stress that we do not assume that the optimal policy is p-stochastic.

In each phase ¢ we compute an unbiased estimator for the gradient VoV'™ (s0), which we denote

by VoV 7" (s0). The estimator is composed by averaging m unbiased estimators, one for each episode
we run in phase t.

—_~—

After we compute the estimator VoV 7' (sq), we update the policy parameters to 6+ = prox, (6" +

nVeV™ (s0)) where prox,(0): = argming ey {1|0" — 0]|3} is a projection operator to the class of
p-stochastic policies.

For the final regret bound, we optimize the regret with respect to p and e. In the following we
elaborate on each component of the algorithm, and in the supplementary material we provide detailed
proofs.

3.1 Approximating the Gradient

We bound the number of episodes m needed to approximate the gradient VoV 7 (sg), with error € in
norm L, where € is a parameter we will later optimize. The policy gradient theorem states:

Theorem 3.1 (Sutton et al.| (1999)) For a policy m which is parameterized by the parameter 0:

VoV™(s) = > Prils; = s|so =s] »_ Vor(als';0)Q (s, a) (1)

s'esS a€A

For p-stochastic policies, given a parameter § € II, the gradient Vgm(als; ) is a unit vector that
equals 1 at the (s,a) coordinate, and 0 at all other coordinates. The following Lemma is well known
(see, e.g., |Agarwal et al| (2020b)), and follows from the policy gradient theorem and the value of
Von(als; ). We give the proof for completeness.

Lemma 3.2 For a policy m and a state-action pair s,a, we have VoV™(s0)s.q = dTQ™(s,a).

Consider m episodes, 79,71, .., Tm—1, sampled using a policy = € II,. For each episode 7; =
(sb,ab,ré, sty .. st | aly | rh | st) we define a vector X™(7;) which is an unbiased estimator of
the policy gradient. For a state s € S; (a state in level [) and an action a € A the entry s,a in the
vector X7 (1) is defined as:

H
2 1 TR i
X™(Ti) 60 = (als) ]Z:;le(sl =s,a; =a) (2)

Note that since the state space is leveled, no state can be reached twice in a single episode, therefore
this is an unbiased estimator for the return from s.

Given the m sampled episodes, 79,71, ..., Tm—1, using the policy 7, we define an estimate of the
policy gradient as:

VoV7(s0) (X7 (10) + -+ X (Tm-1)) (3)

1
T m

The next theorem gives a high probability bound on the deviation of the estimate from the true
gradient. It establishes the required number of episodes, m, as a function of the error, €, and the

confidence, §.

10



Lemma 3.3 Fiz e >0, 6 >0 and let m = Hi‘;})ﬂs' log(Q‘A‘(‘sle). With probability at least 1 —§, for

—_~

all phases t € [N] we have, [|[VoV™ (s0) — VaV™ (50)]|oe < €.

3.2 Regret analysis

In the following section we sketch the analysis of the regret. We will assume that in each of the N
phases we approximate the gradient with error at most e. We will derive a general regret bound as a
function of all our parameters, and then we will optimize over those parameters. The final regret
bound would be as follows.

Theorem 3.4 Let K be the total number of episodes, the number of phases be

N = K'Y3(H|AP|S| log(wn’l/3 and the number of episodes in each phase be

m = K2/3(H|A|5|S|log(w»1/3. For the parameters n = (3|A[H® + 1)7" and p =
|S|2/3H1/2log(Q‘AU;s‘K)l/G

TAR/3 RI7e we have, with probability 1 — §, that the regret is bounded by:

1 72|Al|S|k
Regret < 9K & D, H#|S|3|Al* log? (%)

Our proof strategy will be to show first that the difference between the value function of the
optimal policy and the current policy is bounded by the gradient of the current policy in some
direction (as in |[Kakade and Langford| (2002)), |Agarwal et al. (2020b)]). Note that z is an arbitrary
stochastic policy, and not limited to a p-stochastic policy.

Lemma 3.5 For any policy m,

* T DP T T
V*(s0) — V™ (s0) < T ZerAn(;%ls‘(z —m) VoV (s0)

The above lemma bounds the regret of a policy 7 as a function of its gradient VoV ™ (sp), using
an inner product with an arbitrary policy. In order to bound the inner product we first prove that
the value function is S-smooth (similar to |Agarwal et al. (2020b))).

Lemma 3.6 The function V™ (sq) is 8 = §|A|H3-smooth with respect to norm || - ||2. Le, for all
7,1 € A(A)S! we have,

/ 1
IVaV™(s0) = VoV (s0)ll2 < S A[H?[|m = 7'll2 = Bllm — ']} (4)

Next we introduce a notion of approzrimated gradient mapping which is defined as follows:

—_~ 1

Gn(rt) = p {proxp (ﬁt + nV9m50)> - Wt] , (5)

—_~—

where 7' is the policy used in phase ¢t. We note that in the special case where 7* +nVoV 7™ (s9) € II,,

—_~—

Le., prox,(mt + nVeV™ (s0)) = " + nVeV ™ (s0), then the approximated gradient mapping equals

the approximated policy gradient, i.e., G"(7t) = VoV ™" (s0).
The following lemma bounds the term max,¢a(a)is| VoV™(s9) T (2 — 7) as a function of the norm

of the approximated gradient mapping, i.e., ||G"(7)||2 and the smoothness parameter 5.

Lemma 3.7 For a phase t, assuming |[VoV™ (so) — VoV ™ (50)|lee < €, then

max VoV (s0)T(z = 7') < H2APp + 2V/[8] | (08 + DG (7|2 + VIATISTe]

2€A(A)IS]
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The regret is the sum of the difference between the expected return of the optimal policy and
policies selected in the algorithm. Lemmas and bound the difference at any phase as a
function of the norm of the approximated gradient mapping. The next lemma bounds the sum of the
norms of the approximated gradient mapping, deriving an upper bound on the regret.

—~—

Lemma 3.8 Assuming for all phases t we have |[VoV™ (s0) — VoV (s0)|lsc < €, then

N —_
S DGtz < v+ Jjagsive ©
t=1

To complete the proof of the regret, we set the parameters as follows. The smoothness is
15|

ARN and

B = £|A|H?, the learning rate is 7 = (28 + 1)~!, the minimal action probability is p =

maximum error is € = 4 /W. The regret bound of Theorem follows by combining Lemmas

and using the above parameters.

12



4 Softmax parameterization

For the softmax parameterization we will need to be able to induce exploration. A similar issue was
in the direct parameterization, and there we imposed on the policies to be p-stochastic. Here we take
the approach of keeping the policy purely softmax (and not mixing it with the uniform distribution
over actions) but adding additional assumptions about the starting state distribution of the MDP or
the ability to manipulate the start state.

Computing the policy gradient The following two Lemmas are well known (see, e.g., Agarwal
et al.| (2020b))), and we give the proof for completeness. Given the softmax function we can compute
the partial derivatives as follows:

Ologm(als) __ I(S _

s/,u./

Lemma 4.1 For a policy m, and two state-action pairs s,a,s’,a’, we have
s')I(a = a') —m(a's))

We can relate the value of the policy gradient, for softmax parameterized policies, using the
advantage function and the occupancy measure, as follows:

Lemma 4.2 For a softmaz policy m we have VgV (s0)s,q = dIm(als;8)A™ (s, a).

The above lemma shows that we only need to approximate the advantage function A™(-,-) in
order to approximate the policy gradient VoV ™ (sg). We do not need to approximate directly d7 but
rather we can sample states following the policy 7w and they will be distributed according to d”.

It would seem we can easily use an episode sampled from the MDP as an unbiased estimator for
the policy gradient. In the works of |Agarwal et al.| (2020a)), they present a gradient ascent algorithm
in the form 00+ = () 4 pV,V™ (s0), and conjecture it takes an exponential number of policy
gradient steps to converge, even with exact gradients. Therefore we use a variant of the Natural
Policy Gradient Ascent algorithm |[Kakade|[2001] presented by |Agarwal et al.| (2020al), which takes a
small number of phases to converge, assuming access to exact gradients.

An Approximated Natural Policy Gradient (NPG) algorithm The Approximated Natural
Policy Gradient algorithm is a variant of the Natural Policy Gradient Ascent algorithm presented by
Agarwal et al. (2020al). The approximated NPG algorithm step is defined by:

F(0) = EoaEanr( o) | Vo log(n(als: 0)) (Vo log(n(als: )" o
0D — g | (D) T,V (o)

Where M1 is the Moore-Penrose pseudo inverse matrix. The main insight is that an equivalent form
for the algorithm update is:

9(t+1) — g(t) 4 H?]F (8)
The following lemma shows that the two updates are equivalent.

Lemma 4.3 The algorithm step @ and (@ are equivalent.
The proof is similar to the proof given by |Agarwal et al.| (2020a). We first define the loss function:

L™ (w) = H]EswdwEGNﬂ(.‘s)Vg log(7(als) (wTV9 log((als)) — A\;(s, a)) H2

and show that for the vector w’ = ;l;(, ) the loss function is L™ (w') = 0. We show by a

property of the Moore-Penrose pseudo inverse matrix that w = %F ()W V™ (s0) is also a global
minimizer. We then prove that the loss of both vectors is 0. This implies that the vectors w and w’
have the same values up to a value that’s independent of the action. Finally, by the definition of the
softmax parameterization, adding such value does not affect the policy, therefore the update given in
is equivalent to the update given in .

13



The Policy Gradient algorithm: a variant of NPG As before, we have N phases and in each
phase m episodes. The starting policy at phase 0 will be the uniform policy, where 7(a|s) = % for
every state-action pair s,a. At the end of each phase ¢, using the m episodes, we compute A™, which
is an approximation to the advantage function A (We later show how to compute A™ given the

m episodes.) Given the approximation A™ we update the parameters as defined in :
o+ = 9(t) 4 FpA

Note that since any vector 6 represents a valid policy, there is no need for a projection after the
update, unlike the case of direct parameterization.

We now show how to compute the approximation A™ to the advantage function using episodes
sampled using the MDP. We will do it in two cases, depending on the properties of the MDP.

4.1 MDP with random start state

In this section we will assume that the MDP is A random start state. This implies that every episode
of the MDP, with probability 1 — X starts at state sg, and with probability A\ starts at a random
s € S, performs a random action a € A and continues by following the given policy w. (We can
encode the random action selection also in the policy, but it is simpler to consider it as part of the
random start state.)

Since the episode can start at an arbitrary level, we assume that from state sy any action has
zero reward, which will allow us to complete an episode of length H and have the return depend only
on the rewards in levels before level H.

Approximating the Advantage function: Recall that we are considering A random start state
MDP, where with probability A we start at a random state and perform a random action. In each
phase t we sample m episodes, and about mm of the m episodes are starting at each state-action

pair s, a. The sum of the rewards observed in such an episode, which starts with (s, a), is an unbiased
estimator for Q™ (s,a). The average of those unbiased estimators sampled in a single phase is used as

the approximated Q-function and denoted by @V” (s,a).

Given the unbiased estimator Q7 (s, a) we define the functions %, A to be, for a state-action
pair (s, a), as follows:

Vr(s)= Y w(d|s)Q7(s,a')  and  A7(s,a) = Q7 (s,a) — V(s) (9)

a’€A

Note that ‘7’(3) and ;4\;(5, a) are unbiased estimators of V7 (s) and A”(s,a), respectively.
The following lemma gives a high probability bound on the error of our estimate:

Lemma 4.4 Fiz m >

4H26‘QS)\HA| log(Q‘Al(lsle). With probability at least 1 — &, for every phase t we

have ||F — A" o < 2e.

The above lemma bounds m with a dependency proportional to 1/¢2 and 1/\. The 1/e? comes
from the requirement to approximate the advantage function to accuracy 2e. The 1/\ dependency
comes from the requirement to sample each state-action pair enough times, and the probability is at
least A (due to the A random start state property).

Regret Analysis: Define the notation V™ (u), where p is the distribution over the starting states and
actions. If the MDP starts at state sg (which happens with probability 1 — ), then V™ (u) = V7 (s0)
and if the MDP starts at the state-action pair s, a, then V™ (u) = Q™ (s,a). Since we are using each
policy 7! in phase t for m episodes, the regret is Regret = m(Zivzl V() — V™ (1)). The following
theorem bounds the regret in the softmax parameterization for a A random start state MDP.
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Theorem 4.5 Let K be the total number of episodes, the number of phases be

N = K'Y3(\/4]8||A] log(w»l/3 and the number of episodes in each phase be

m = K?/3(4)S||A| 1og(W)//\)l/3. For n > log(|4|), with probability at least 1 — ¢, the regret of
the softmax policy gradient for a A\ start state MDP is bounded by:

4|S|A|log<“f”(>>3 e
A

Regret < 6H? (

Our proof strategy for the regret borrows ideas from |[Agarwal et al.| (2020b). For a policy =

and a state s € S we define the function Z(s) = D acaTl(als) exp(nHE(s,a)) and show that
nttl(als) = 7rt(a|s)%’:)(‘m». We then show that Z?;l Egor log(Zye(s)) < nH3(H + 2Ne)
where 2¢ is the approximation error of the A-function. Namely, for every phase ¢t € [N], and a

state-action pair s,a we have, [|[A™ — A™ || < 2e. We then bound the regret as follows:

log(]A|) 1 —
Regret <m | 2eN + —— + —— Esrr log(Zyt(s . 10
( Ho Hon ?:1: (Zre( ))) (10)

Setting € = % and the rest of the algorithm parameters as specified in the theorem proves

Theorem

4.2 Softmax parameterization with resets

In this section we remove the assumption that the MDP is A start state. However, in order to allow
for efficient exploration, we assume that the algorithm can restart the MDP at any given state s
instead of sq for the start of the episode. Allowing reset require modifying the definition of the regret.
The issue is that some high reward states might have a small probability to be reached by any policy
running in the MDP. To avoid this issue, every episode that the algorithm restarts the MDP at some
state s # sg, the algorithm will have a 0 return for that episode. This incentives the algorithm to
minimize the number of resets.

The algorithm: As before the algorithm will work in N phases, and in each phase we will have m
episodes. During a phase the algorithm would split the m episodes to m; reset episodes, where it
will select a random start state s # sy and action a, and m — m; episodes where it will start from
the initial state sq.

In each phase ¢ we will have a current policy 7!. In the reset episodes, each state-action pair (s, a)
will be sampled approximately my/(]S||A4]) times as the initial state and action. After performing
action a in state s the current policy 7t would be run for the remaining episode. In the remaining
m — my episodes the current policy 7f would be run from the initial state sg.

Approximating the Advantage function: As discussed in section the sum of the rewards
given in the m; episodes sampled from restarting the MDP at (s,a), is an unbiased estimator
for Q™(s,a). The average of those unbiased estimators sampled in a single phase is used as the
approximated Q-function and denoted by @77 (s,a). As before, given Q‘; (s,a) we define

Vr(s) = Y w(d|s)Q(s,a')  and  A7(s,a) = Q" (s,a) — V(s)

a’€A
Note that V7 (s) and A7(s,a) are unbiased estimators of V™ (s) and A™(s,a), respectively.

At the end of the phase, the parameters 6 would be updated to §**!, as in the approximated
NPG algorithm presented in . Namely,

oD — g®) 4 AT

15



The following lemma abound the error in the approximation A™ of A™ as a function of the
sample size m;.

2H?|S||A| 2|A[|S|K
ps> log(==5=)

Lemma 4.6 Fix my > . With probability at least 1 — §, for every phase t we

have || A™ — A™ || < 2.

Regret Analysis: The regret analysis is similar to that of Section and the regret bound is
summarized in the following theorem.

Theorem 4.7 Let K be the total number of episodes, the number of phases be

N = K'Y%((4/3)H|S|?|A|?)~Y*(log(2|A||S|K /6)) '/, and the number of episodes in a phase be
m = K3/4((4/3)H|S|?| A|*)"/4(log(2| A||S| K /8))'/* and my = (3K/H)"/?log(ZAUEEN /4 For >
log(|A]), with probability 1 — §, the regret of the softmazx policy gradient for an MDP with resets is
bounded by:

9 3 21 A K i
Regret < 13H%\/[S][A]K 4 <1Og(||gg))

Every phase t, the m; episodes which use resets for the regret analysis are assumed a return of 0.
The other m — m; episodes receive a similar return as in section (since the algorithm and the
advantage function approximation is the same). Therefore the regret bound as shown in can be
applied here, with a slight change.

N
log(|A 1 —
Regret <miNH + (m —my) <2€N + 0g]§|n|) + e E D log(wa,(s))> .
t=1

We use the bound shown in section .1t
N —
> Eamn-10g(Zre(s)) < nH*(H + 2Ne)
=1

where 2¢ is the approximation error of the A-function. Namely, for every phase ¢t € [N], and a

state-action pair s,a we have, ||[A™" — A lloo < 2€. Optimizing the algorithm parameters as specified
in the theorem proves Theorem [4.7]

4.3 Comparing the two softmax settings

The two settings presented above are two different methods to ensure sufficient exploration for the
agent. —

In each algorithm update the parameters are updated by #(¢+1) = 9(t) 4 HyA™  as shown in .
The expected number of visits to every state-action pair depends on the MDP and can be very low.
Therefore, in order to achieve a sufficient approximation for the advantage function, we need to add
some assumptions either on the MDP itself, or on the agent. Both settings includes starting the
MDP at some state s in the middle of the episode, i.e., if s € S;, the episode will be of length H — 1.

In the first setting (Section we make an assumption about the starting state distribution of
the MDP. Specifically, we assume that start state distribution gives some minimal probability for
each state, namely A/|S|. This assumption guarantees sufficient exploration, since any state can be
an initial state, and no other modification to the algorithm is needed.

In the second setting (Section introduce an assumption about the agent ability to resent the
initial state to any specific state. Since the agent controls the start state, it can improve the expected
payoff, compared to starting at sg. In order to negate this agent’s advantage, in the regret analysis,
any episode which the agent restarts not at so will have a payoff of 0 (for the regret analysis). Note
that the modified regret upper bounds the true regret.
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5 Conclusion and limitations

In this paper we analyzed two known tabular policy gradient algorithms in terms of regret. As
presented in |Agarwal et al| (2020b) the algorithms had known convergence bounds given exact
gradient, and we did not aim to improve those bounds. Our goal was to purpose methods to
approximate the policy gradient using sampled episodes, and give a regret bound.

The first algorithm using the direct policy parameterization does converge according to [Agarwal
et al.| (2020b), yet the convergence rate is worse than most algorithms they presented. As expected,
the regret bound presented presented in our paper for the policy parameterization algorithm was far
from optimal. Yet the direct policy parameterization method allowed us to have sufficient exploration
to approximate the policy gradient. Therefore we were able to bound the regret of this algorithm
with no assumptions on the MDP.

The second algorithm using the softmax policy parameterization has a constant convergence rate
according to |[Agarwal et al.| (2020b)) which does not depend on the size of the state space at all. As
we need to approximate the policy gradient in every state-action pair parameter such result is not
possible for the regret bound of course, but the algorithm seems promising for a small regret bound.
As it turns out, to perform the algorithm step one needs to explore every state a sufficient number of
times, which might not be possible in every MDP. To overcome that and analyze the algorithm that
achieved such good convergence bounds by |Agarwal et al.| (2020b]) we presented two different settings,
each with different assumptions on the MDP, to enable us to perform the sufficient exploration. We
still did not manage to reach the state of the art regret bounds (v'K).
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A Proofs for section 3l

Algorithm 1: Policy Gradient with direct parameterization
Input: MDP K, J;
6= ﬁf; /* The dimension of the vector is |S||A| */

N = KO (H]| ]| S| log (2A2) =15,
m = K03 (| AP og( 24415 /5
n=(3|A|H?+1)7";
_ ISP/PH/? 10g(AAUSUE 0
- [A|273K1/6 )
forn=1,2,...,N do
VgV (s9) = 0;
fori=1,2,...,mdo
Run policy mp on the MDP and get (s}, af, 1, st, ..., sb_1, a1, 18, s4);
for s,a € S, A do
I =The level of s;

Vﬁe/ 1 H il(si—s ai — a):
0 (30)37({" = .. Zj:l Ty (5] = s,a; = a);

end
end

0 = prox,(0 +nVeV™(sg)) ; /* The function prox, is the projection function,
which is described in Section */

end

Using the definition of the occupancy measure d™ and the policy gradient theorem , we get:

VoV™(s0) = HEyqr Y Vor(als';0)Q(s',a) (11)

a€A

Observe that d™ is not a distribution as ) _qdf = H. For simplicity we use the notation s ~
d™ instead of s ~ %d”. Given the parameter 0, the policy 7 is: w(a|s;8) = 05, in the direct
parameterization. Observe the gradient of the policy w.r.t.

Omg(als)
s 4

or(als; 0)

=1 d ' d
and V(') # (s,0), o=

=0 (12)

Therefore Vg (a|s;0) is the unit vector that equals 1 at the (s,a) coordinate, and 0 at all other
coordinates.
Proof:[Of Lemma [3.2] Fix a policy 7 and a state-action pair s, a.

VoV (s0)s,a = HEg mgr Z Vor(d'|s';0)s,.Q7 (s, a’)

a’'€A
= HEg g~ Z Q™ (s',a)I(s=5s,a=d)
a’'€A
= d:Q(Sa a)
Where the first step follows by and the second step follows by . a

Lemma A.1 For a policy w: =
Err[X™(7)] = VoV (s0)

Where iﬂ(T) is the the vector defined by a trajectory as in (@
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Proof: Fix a policy 7, a € A, k € [H], s € Sk,

H
ETNﬂ[)f”(T)]S,a =din(als) Err Zr sj,a;)I(sp = s,ar = a))
j=k
=d;Q(s,a)
= VoV (50)s,as

where the second step follows directly from the definition of the @Q-function and the third step follows
by Lemma [3.2} O

Lemma A.2 Fore >0 and 61 > 0, a state-action pair s,a, and a policy m € II,, when sampling
my > 2 2 log( ) trajectories T, To, ..., Tm, Using ™, and averaging them to get an approximation of

the gradient VQV’T(SO) as given in (@ we get:

P( ’ (VgV”t (so0) — V@Vﬂ(80)> > 6) <d (13)
s,a

Proof: Fixe > 0, §; > 0, a state-action pair (s, a), a policy 7 € II,, and trajectories 71,72, . .., Ty,

sampled using 7. As ﬁIS) < %, the value X’ 7(7;) which is defined in is non-negative and

bounded by %. As the gradient V,V 7 (so) is non-negative the following bound holds: |(X7(r) —
VoV™(50))s,al < %. Using Hoeffding concentration bound (Theorem D completes the proof. O

Define € := VoV 7™ (s0) — AV EE (so). The policy gradient algorithm can be written as:

w5t = proz,(mh +nVeV™ (s0)) = prox,(mh +n(VeV™ (s0) + 7))

and with high probability we have ||€]|oc < €
2
Proof: [of Lemma \ Let 6; = 6|AHS|K, and m = HEL‘L;L‘S‘ 1og(2‘A‘(‘SS|K). Using Lemma

for a state-action pair (s,a) and a phase t € [N] after sampling % log(%) episodes we have

’(ngso) — VgV”t(so)) <e

s,a

with probability 1 — d;. o
Using the union bound, sampling m trajectories at every phase t € [N], the bound ||[VoV ™" (s¢) —
VoV™ (50)]|se < € will hold for all ¢ € [N] with probability 1 —|A||S|N&; =1 — L5>1-4. m
In the definition of the occupancy measure d™ we assume the execution starts at sg. We expand
the definition of the occupancy measure to d™*, where  is a starting state distribution. Since the
episode can start at an arbitrary level, we assume that from state sy any action has zero reward,
which will allow us to complete an episode of length H and have the return depend only on the

rewards in levels before level H. We first prove the following Lemma (similar to [Kakade and Langford
(2002), |Agarwal et al| (2020a)]).

Lemma A.3 For any two policies w, 7' and a starting state distribution p,

VT () = V™ (1) = Zdwm| ™ (s,a)

SESaEA

Proof: Fix two policies 7, 7’. Let s’ be some starting state at level k (i.e., s’ € Sk), such that
s > 0. Define 7 ~ (7, s) to be an episode sampled using the policy 7 assuming the starting state is
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m
L

VAS) = V() = Brnran [ 2 rlsia)] = V7 (s))
~ ,L_Iifl H—-1 , H—-1 ,
= IETN(T“S/) ( r(si,ai)> + < v (Sl)> - (Z VT (81)> ] -V (S/)
“\i=k i=k =k
_/H-1 —1 , H-1 ,
= IETN(TF’S/) <Z r(si,ai)> + < \% (Si)> - (Z \% (&)) :|
" \i=k i=k+1 i=k
_/H-1 -2 , H-1 ,
=Eri(r,s) I (Z T(Slaai)> + < VT (Si'f‘l)) a (Z Ve (sl)> }
i=k i=k i=k
/H-1 H-1 H-1
=Ernimsn | <Z T(Si,ai)> + < VT (5z+1)> - <Z VT (Sz)> }
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=
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Ll

=— > dr*n(a|s)A" (s,a)

s€S,a€A

The fifth equality follows by the fact that V™ (sg) = 0 as sy is the end of the MDP, the seventh
equality follows by the fact that s; 4 is sampled with the distribution P(|s;, a;), and since for all
state-action pair s, a it follows that: Q“'(s, a) =r(s,a)+ ES/NP(.‘SWU[V’rl(s’)]. The eighth equality
follows directly from the definition of the A™(s,a) function.

As the above is correct for all starting states s’, observe:

V) =V () = 3 e (V) = VT (S)

s'esS
1 T S/ 7T/
= Z s ﬁ Z ds7 7T(CL|S)A (s,a)
s'esS s€S,acA
1 / Y
=g m(als)AT (s,a) Z psrdi®
s€S,acA s'eS
1 /
=q dT P (a|s)AT (s,a)
s€S,acA
Where the last transition holds since ) > ¢ ,usrd’sf’s/ is exactly the definition of d7*. O

Lemma A.4 For a policy ™ and a state s € S,

Z m(als)AT(s,a) =0

acA
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Proof: Fix a policy m and a state s € S.

Y mlals)AT(s,a) =Y w(als)(Q(s,a) = V7(s)

a€A a€A
= (Z 7T(CLlS)CB’T(S,Cl)) - (Z 7T(CLIS)V’T(S)>
acA acA
= Earvfr(-\s) |:Q7r(5a CL):| - VW(S) Z 7T((L|S)
acA

=V(5) = V7 (s)
=0

Where the third transition holds since V™(s) does not depend on a, and the fourth transition holds

since ), .4 m(als) = 1. O
Proof:[Of Lemma [3.5] Fix a policy = € II,,.

V*(s0) — Z AT w*(a|s)A™ (s, a)

SGS acA
< % éeg&qdﬂ *(a]s)A™ (s, a)
= % GA(A)IS\ GSZG:M a7 (als)A7 (5, )
= B i T Ll
- % (A)IS\Z ;4 (als) = m(a]s))A"(s, )
- 2 ™ EIX?X)IS\ Z (;4 — mlals)Q"(s,a)
_7WEA(A \S\Z ;4 ) = mlals))V7(s)
=22 B z 2;4 ~(als))Q" (s, a)
- max segeAdw(aw) — n(als)Q" (s, )
D

_ P /I T s
= F 7 )TV ),
where the first step follows by Lemmal[A-3] the fifth step follows by Lemma[A-4] since the lemma shows
that for a state s € S, ), .4 7(als)A™(s,a) = 0, the seventh step follows by 3, 4 (7’ (a|s) —7(als))
0 and since V™ (s) does not depend on a, and the last step follows by Lemma since the lemma,
shows that for a state-action pair s,a, VgV ™ (s0)s,a = d7Q7(s,a). O
The proof of Lemma [3.6] is in section [C.4]
Define & = VoV (s50) — VoV ™ (s0), and note that ||e;]|oo < € with high probability.

Lemma A.5 The set 11, = {0 € [0,1]9%4 : 6, , > p, > 4 (0s.0) = 1} is convex.

Proof: Let there be z,y € II, and A € [0,1]. Define z = Az + (1 — A)y. For s € S,a € A we have
Zsa = Mg o+ (1= A)ysq. Asz,y € II, we can see that 2z, > Ap+(1—AN)p=p, 250 <A+(1-X) =1
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and Za/GA Zs,a’ = Za’GA AT qr + (1 - )‘)ys,a’ =A Za’GA Ts,a’ (1 ) Za’GA Ys,ar = A+ (1 - )‘) =1,
therefore we can infer that z € 1I,, which completes the proof that II, is convex. a
Proof:[Of Lemma Fix a phase ¢ and the gradient step size 1. Let 7! be the policy at phase

t and let the policy at phase t + 1 be: w'*1 = prox, (7t + VeV ™ (s0)).
Since 7' = prox, (' + nVoV ™" (s0)) and Lemma |A.5] Lemma gives us:

Vz eI, (x! +n(VeV™ (s0) + &) — )T (z = 7'*1) <0
Define u = VoV™ ' (so) — VoV™ (s0) — é — %(Wt — 7t*1). Reorganizing that we get:
Vz e I, (nVV™ " (so) —nu)T (2 — 7*1) <0
Which is equivalent to:
Vz eI, V(;V’THI(SO)T(Z — ) <ol (z —altth

We upper bound u" (z — 7t+1). As z, 71! € A(A)!S] we have that ||z — 7?71y < 24/]S], which
means that u' (z — 7¢*1) < 2./|S|||ull2. That implies that:

Vz €L, VoV™  (s0)T (2 — o) < 24/]S]|ull

We upper bound ||ul|2:
rttt wt — 1 t t+1
lullz = [1VoV™ " (s0) = Vo™ (s0) = & = - (" = )]l2
1
< Bllat*t — 'l + VIA[[S]e + Wﬂtﬂ — 2

= B+ 1)|G(x")]l2 + VI A]|S]e,

where the second step follows by the fact that V7 (sg) is S-Smooth with respect to norm || - ||2 (as
shown in Lemma , and the last step follows by the definition of the gradient mapping .
This gives us:

vz eI, VoV (s0) (2 - 1) < 21T [0 + DG (=)l + VIATSI]  (19)

Note that for any z’ € A(A)! there exists z* such that (2’ + z%) € II, and ||z || < |A|p. Lemma
[3.2) gives us that for a state-action pair s,a, VoV ™ (s0)s,a = dZQ™(s,a). We see that:

VeV (sl = 3 VeV ™ (s0)s.al

s€S,acA

Zd;r Z Q" (s,a)

ses a€A

<> dI|AlH

ses
= |A|H?.

Observe that for all 2/ € A(A)!SI:

t+1

VoV (SO)T(ZI - 7Tt+1) _ VgVﬂHl(So)T((—ZjL) + (Zl 4.t 7Tt+1))
< IVoV™ " (s0)l1]l2 T Nloo + VoV ™ " (50) T (2 + 2 — wtHY)
< H?|APPp + V@V”Hl (s0) " (z' 4+ 2T — =t
< H|AP2p +2y/1ST |08 + DG () 12 + VIATISTe] .
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where the third transition follows by ||[VaV 7™ (s0)|l1 < |A|H? and ||2||o < |A|p, and the last transition

follows by (14), as (2 + 2F) € 1. O
Proof:[Of Lemma |3.8] Fix a phase t, the gradient step size 7, the policy 7!*! which is chosen
as: w1 = prox, (7t + nVeV ™ (s0)). Since V™ (sg) is S-smooth with respect to norm || - ||2 (as shown

in Lemma and Lemma Lemma gives:

t+1

VT 50) 2 VT (s0) + VoV ™ ()T - (rF — ) — Ottt (15)

Since 7t = prox, (7t + nVeV™ (s0) +1é) and 7t € 11, and Lemma Lemma gives:
(' + VeV (s0) +né — 7T - (' =7t <0

After some rearranging the above is equivalent to:
; 1
VoV (so)T - (x'* —xt) > &1 - (xt — atHY) + Z||xt T — 7|13 (16)
n

Combining and gives us:

B

1
VT <80>—V’”<so>Zef-<wt—wt+l>+5||wf+l—wtn%—f 1 rt)|2

i

As the above is correct for all ¢ € [N], we sum over the the episodes, and have:
N 1
v ( ) 7r ZET 7Tt_ﬂ_t+1 +Zf ”ﬂ_t—i-l_?rt”%
t=1 =1
Using the gradient mapping definition and the fact that V™" (so0) — V’To(so) < H, we have:
N
Soa1 - ZhGn 3 +Z (nt —att) < H
t=1

As for any two vectors (z+y) (z+y) =2z +22"y+y'y, observe:

N
S (-t =
t=1

(e + 7" — 713 = l&ll3 — =" — 7" *13)

N | —
M=

o~
Il

1

(Il — Iz — 7" I3)

IV
N | =
[]=

1

~
I

I\/
l\D\»—l

N
Z 1G (x5 - *IAHS\NG
Where the second transition holds since a norm is non-negative. This gives us:

N
H=Y n(l- DG (at H2+Z (mt =7

t=1
N
(B+1)n
> (- T)HG”( w13 — *\AIISIN ?
t=1
Rearranging the above completes the proof. O

25



Proof:[of Theorem [3.4] We show a bound on the regret with probability 1 — ¢:

N
Regret = mz V*(so) — V”t(so)

t=1

m N
< r_ T t
~ H ;Dpw/erga()lsw(ﬁ ™) VeV (s0)

m N—-1 P
< 2D, >~ (H214Pp+2/18] |08 + )G (7)o + VIATSTe] )

t=1

- %DP <H2|A|2pN +2Ne/[A]|S|+

1+n8 .
+2/B Z\/ 1/3+1))||G<>||2>

<2Zp, <H2|A|2pN+2Ne\/WS|
+ 24181, - LBy in(lﬁJrl) )||G77?7?>|%>
ﬂ+1)77 Vi =1
< %D <H2|A| pN +2Ne\/[A]|S|+

N ENE ! +”5W,/H+ |A|S|N52>
6+1 n

where the second step follows by Lemma [3.5] the third step follows by Lemma [3.7] the fifth step
using Cauchy-Schwarz’s inequality and the sixth step follow by Lemma [3.8]

The value of 7 affects the value: \/% 1\?75 . We minimize that value by choosing n = 57—~ Blﬂ.

since 8 = 3| A|H? we get: /5 1(5Hn1+nﬂ V2IA[H? +2 < 2\/|A[H?.

The regret is therefore upper bounded by:

4 3
Regret < %Dp <H2|A|2pN +2Ne/|A||S| + 4V/|S||A|H*VN + ﬁ|5||A|H2Ne)

< 2D, (H*|APpN + 45| A|HE Ne + 4V/[STATH*VN)
=KD (H|A|2p+4|5||A|\Fe+4 |S|A|H\/N>

Where the third transition holds since K = mN. It’s clear that to minimize the Regret bound,

_ /_H — /sl
we choose € = |SHA‘Nandp— RN -

For simplicity, we define a new parameter ¢; and find the optimal ratio between m and N to get
the average regret below €1:

1 1
ERegret < D,9H+/ |S||A\\/—N < e, (17)

which occurs when:

1
N > 81H2|A||S|D§€—2
1
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Namely, we perform N = 81 H?|A||S| D22 gradient steps. In each gradient step m = Hi';i‘z‘s‘ log( 2|A|(ISS‘K)
1

samples are sampled. Since € is chosen as € = ,/ W, and p is chosen as p = lAl‘lle the total

W) Observe that

number of episodes taken every policy gradient step is m = N2H|A|*|S|log(

the above is equivalent to K = N3H|A[5|S| log(wx which means that:

1
H|AP|S| log( 241K

Wl

N = K5( )

and since m = % the value of m is:

2|A||S|K

m = K3 (H|AP|S|log(=—5—))}

The final regret is bounded by:

K

VN

< 9K¥D,H?%|S|3|Al5 logs (

Regret < D,9H+/|S||A|
2|A[|S Ik‘)
1)

For completeness we show that D, is well defined.

Lemma A.6 For a state s € S and a policy ™ € 11, in the direct parameterization, the occupancy
measure is positive. Namely, d7 > 0.

Proof: Fix a state s € S, and let j be the level where the state s is. Namely, s € S;. From
the assumption that all states are reachable from sy, there exists s;_; and an action a;_; such that
P(s|sj—1,a;-1) > 0. Doing the same for every i € [j] we can generate an episode from sy to s:
50, 30,70, S1, .-, 8j—1,@;j—1,Tj—1, S;, where s = s;, such that for every i € [j — 1], P(si|s;—1,a;-1) > 0.
It is clear that:

dzr = PTW(SJ' = S) > Hg;éw(al\sl)P(sl_‘_ﬂsz,al) Z ij{;éP(sHﬂsi,ai) >0

Where the third step holds due to m € II, and the fourth step follows by P(s;|s;—1,a;,—1) > 0 for all
i € [1, 7] as stated above. O
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B Proofs for section 4]

Algorithm 2: Policy Gradient with softmax parameterization - with random start state

Input: MDP K, 4, \;

0= ﬁf ;

N = KY/3(\/4]5]| Al log (AU ) 1/3
m = K2/3(415]| Al log (242 ) /)12 4

/* The dimension of the vector is |S||A| */

n = log(|4]) ;
fort=1,2,...,N do
Q' =0;
Vt=0;
At = 0;
fori=1,2,...,m do S _ _ o
Run policy mg on the MDP and get (sp, af, 1y, S5, -+, Sy_1, @g_1,70, S%);
for s,a € S, A do
[ =The level of s;
Qi+ = L3 (s = s,af = a);
end
end
for s € S do
for a € A do
‘ Vt8+ = ﬂ-a(a|S)Qes,a
end
for a € A do
‘ Z/ts,a = ,Q\/ts,a - i/v\?s
end
end
0=60+nAt
end

Proof:[Of Lemma [4.1] Fix a policy 7, and two state-action pairs s,a, s’,a’.

If s # §', m(a|s) does not depend on 6y 4/, so

If & = s, and a’ # a,

dlogm(als) __ 0
({)eslyal - .

dlogm(als) ,
805/70‘/ - _7T(a ‘8)
If s =5, and @’ = a,
Olog(als)
_— — 1 —
2] 1 r(als)

Lemma B.1 For a policy m and a state-action pair s, a,

Eo/r(]5:0) ) IOg(ﬂ—(a/|53 9)]s,a =0
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Algorithm 3: Policy Gradient with softmax parameterization - with resets

Input: MDP,K, §;

0= ﬁf; /* The dimension of the vector is |S||A| */
N = K'Y*((4/3)H|S||A]*)~1/*(log (2| A||S|K /6))~*/* ;

m = K34 ((4/3)H|S||A]*)'/* (log(2| Al| S| K /6))1/* 5

ma = (3K/H)"/? log(AAFE) /%,

n = log(|A]) ;
fort=1,2,...,N do
G=i
Vi _
=0

if i <mj then
Run policy g on the MDP starting from a random state and choosing a random
first action, and get (s§,ab, g, st, ..., sy 1, a1, rh, s%);
for s,a € S, A do
I =The level of s;

Gt = 2= (5] = 5,0} = a;

m g=l"J
end

else
| Run policy mg on the MDP starting from s

end

nd
or s € S do
for a € A do

‘ Vt5+ = 779(0/|5)Q98’a
end
for a € A do

‘ 2475,(1 = @25@ - ‘723
end

=0

end

9:94-77:47
end

Proof: Fix a policy 7w and a state-action pair s, a,

Eo/mn(-|s:0) [V log(m(a'[s;0))], , = Z m(d'|s;0)(I(a = a') — m(als; 0))

a’'€A
= m(als;0) — > m(a'|s;0)m(als; 0)
a’'€eA
= m(als;0) — w(als;0) Y w(d'|s;0)
a’eA
= m(als; ) — m(als; 0)
=0

Lemma B.2 For a policy my,

VoV™ (50) = HESNd"EaNW(-|s;9) [VQ log(ﬂ-(a‘s; Q)Aﬂ(sv a)}
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Proof: The policy gradient theorem states that:
VoV (s0) = HEsarEor(|s:0) [Vo log(m(als; 0))Q7 (s, a)] (18)

We have that:

VoV (s0) = HEsnarEarn(|s:0) [Vo log(m(als; 0)Q™ (s, a)]
= HE;grEqrr(.is;0) [Volog(m(als; 0)Q™ (s,a) — Ve log(m(als; )V ™ (s))]
= HEswavEor(|50) [Volog(m(als;0)(Q™ (s,a) — V7 (s))]
[ als; 0)

= H]Esrvd”EaNﬂ” (+]s;0) Vo IOg( ( Aﬂ(sv a))] ’

where the second transition follows by Lemma since Eqor(|s:0) [Vo log(m(als; #)] is the 0 vector.
O
Proof:[Of Lemma [4.2] Fix a policy 7 and a state-action pair s, a.

VoV (50)s,a = HEgy nan EBoron(|s;0) [Vo log(m(a'|s’;0) 5,0 AT (s, a'))]
= HEy g Y m(a'|s;0)Volog(n(a'|s';0)s4AT (s, a'))

a’€A

=d7 Y m(a'|s;0)Velog(m(a'|s;0))s.aA™(s,a"))

a’€A
=dj Y w(d]s;0)(I(a=d) —(a|s)A™(s,a)

a’€A
=din(als;0)A™(s,a) — dT Z 7(a’|s;0)w(als)A™ (s, a’)

a’€A

=din(als;0)A™(s,a) — din(als; 0) Z m(a’|s;0)A™ (s,a’)

a’€A
=dlm(als;0)A™ (s, a),

where the first transition follows by Lemma the fourth transition follows by Lemma [4.1] and the
last transition follows by Lemma [A-4] which does not depend on the parameterization. O

Lemma B.3 For a policy m and a state s € S,

Z 7r(a|s);47r(s, a) =0

acA

Proof: Fix a policy 7 and a state s € S.

> w(als)A(s,a) = Y w(als)(Q7(s,a) — V7(s))

acA a€A

= Z m(als)Q™ (s, a) — Z m(als)V7(s)

acA acA

= Z 7r(a|s)@;r(s,a) — %(S> Z m(als)

acA a€A

= n(als)Q(s,a) - V7(s)

acA
=V7(s) — V(s)
=0,

where the first transition follows by the definition of A as in @, the third step holds since T’/V’T(s) does
not depend on a, the fourth step follows by the fact that 7(-|s) is a distribution, i.e., Y ., 7(als) = 1,

and the fifth step follows by the definition of 177(5) as in @ O
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Definition B.4 Define the approzimated policy gradient as:

VoV (s0) Zd’f (als;0)Vg log(r(als; 0)) A7 (s, a) (19)

The same as in Lemma we get that for every state-action pair s, a and policy

—~—

VoV (50)s.a = di(als; 0) A7 (s, a) (20)

Proof:[Of Lemma [4.3] Consider the loss function:

LO(w) = H]ESNdWEaN,,(,‘S;g)vg log((als; 0) (T Vo log(m(als; 0)) — 47(s,0)) H2

Let w' = ;ﬁ(, -). Observe that for a state-action pair s, a:

Volog(n(als)) T’ — A7(s,a) = 3 (I(a = ') - n(d|s)) A7(s,a) ~ A7(s,a)

a’€A
= A™(s,a) — Z m(d'|s)A™(s,a') — A (s, a) (21)
a’'€A
-0,

where the last transition follows by Lemma Therefore L?(w') = 0. Reorganizing the loss function,
we get that:

LP(w) = HF(@)w — EsarEqnn(.|s;0) Vo log(m(als; 0));1\’;(5,(1)“2

Since L?(w') = 0, we know that w’ is a global minimizer of L?, and that Lf(w) = 0. Consider the
vector wy which satisfies the following:

F(0)wg = EsogrEqr(.|s;0) Vo log(m(als; 0))A7 (s, a).

Recall that the Moore Penrose inverse of a matrix A satisfies AT = argmin,. 4,_, [|z[|2 (see Section
IC.4). Therefore

U}; = F(H)TESNd"]EaNﬂ(-\S;G) Vg 10g(7T((l|S; 9)):4\;(8’ a)] (22)
is a global minimizer of L?(w). By the definition of the approximated gradient , We get that:
1 —
wy = EF(@)TVQV’T(SO).

Note that the loss function is a norm of a vector, therefore as L? (wg) = 0, every coordinate in the
vector is 0. Consider the s, a coordinate:

0= %d;r Z m(d'|s)(I(a’ = a) — 7(als)) (wTVQ log(m(a’|s;0)) — E“(s,a’))

a’€A

= din(als) [(wTve log(m(a]s:0)) — A7(s,0)) — D w(a’ls) (w Vo log(m(a'|s:0)) - ?ﬁ<s7a'>)]

a’€A

Define the function B(s,a,w) = w' Vglog(m(als;0)) — ;ﬁ(s7 a). The above implies that B(s, a,w) =
Y weam(d|s)B(s,a',w). Therefore, B is independent on a, i.e., we can view B as a function of s
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and w: B(s,w). Define the vector v as v = wj — wy. For a state-action pair s, a, consider B(s, wp):
B(s,wy) = B(s,a,wp)
= Vylog(r(a|s; 0)) "wj — A7 (s, a)
= Vylog(r(als;0)) " (w) + v) — A7 (s, a)
= Vylog(m(als; ) "v
= Vg4 — Z m(a'|s)vs,ar,

a’€A
where the fourth transition follows by . Therefore,
vea = D w(d]s)vs + Bls, w)
a’€A

This implies that v, is independent of a, therefore we can view v as a vector that depends on the
state alone: v, yet it is still a |S||A| dimensional vector. Observe that for all state-action pair s, a
the algorithm step is equivalent to up to a value that does not depend on the action a:

0 = 010) + 1 [F(90) VoV (s0)]

= ogt()z + nngu),S’a
= agtz)z + nHuwpe , , +1nHvs
= 9?21 + nHF(s, a) +nHuvs

Where the second step follows by , the third step holds since v = wj — wj, and the forth step
follows by the definition of wj. Observe the effect of vy on the policy:

ea:p(ﬁgf()l + UHF(S, a) + nHus)
Za’GA Gl‘p(agfi, + UHF (Sv a’/) + nHUS)

exp(6%) + nHA™ (s, a))
S weacap(6), + nHAT (s,a'))

7t (als) =

This implies that the value of v is irrelevant for the algorithm, therefore the algorithm step is
equivalent to algorithm step . O

Proof:[Of Lemma \ Let m = Hilfl\A\ log(2|s‘(‘5A‘K) be the number of episodes sampled
every phase. At phase t of the algorithm, for every state-action pair s, a, let ms , be the number
of episodes where the MDP restarted at state s and action a. Note that m, , is a random number,

and E[m, o] = ﬁm =H>% log(W). We will use both Chernoff and Hoeffding concentration
bound (Theorem . We use Chernoff concentration bound to get a lower bound (with some
probability) on m ., and Hoeffding concentration bound on the approximation of the Q-function
assuming the bound on m , holds. Let 71, 7s,..., 7y, , be the episodes sampled by starting at state
s, taking action a and following the policy 7t, and let 7,79, ... yTm,., be the corresponding sum of
the rewards. Define

By the Chernoff concentration bound, for some state-action pair s, a, to assure that

H?  9|S||AIK

Mg > 52 log( 5 ) (23)
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2
with probability 1 — §, we would need that 0= e_(%) MMISTIAT S which is equivalent

to:

1
STAIR
2|S[|AlK )

5 )
Note that the requirement of the Lemma (m > H26|2SA”A‘ log(QlAI(‘SS‘K) fulfills condition

assuming that H2Ei2 > 8.
We presented a lower bound for the random number m ,, for every state-action pair s, a (23)), we

1
2|S|[AlK

1
m > 8|SHA|X log( (24)

can now show a bound for @;‘(s, a) — Q™ (s,a)| given a lower bound on the number of episodes my q.
For every i, E[r;] = Q”t (s,a), and 0 <r; < H, therefore we use Hoeffding concentration bound again
to show that for € > 0, a state action pair s,a and a policy m, with probability at least 1 — Wé,
we have that:

Q7 (s,a) = Q"(s,0)| < € (25)
using the lower bound of ms 4 (23). Using and and the union bound, with probability 1 — ¢

for every phase ¢ and state-action pair s,a, ms, > H?555 log(Q‘SH#) and ||Q\;r — Qoo <e.

can now bound the advantage function using the bound on the @Q-function:
|A™(5,0) — A7 (s,0)| = |Q"(s,a) = V™ (s) — Q7 (s, a) + V7 (s)|

<|Q7(s,a) — Q™(s,a)| +|V™(s,a) — V™(s)|
Set| Y md]9)(Q(s,a) — Qn(s.a)]

a’€A

<e+ Z 7(a’|s)e
a’€A
= 2¢

Where the first transition follows by the definition of A™(s,a) and AT (s,a), and the third transition
follows by . Therefore, for every phase t,

AT — A7)l < 2¢ (26)

O
Define for a phase t and a state-action pair s, a:

€100 =A™ (5,0) — A™ (s, ) (27)
By Lemma, with high probability, we have
l€t.s.a] < 2e. (28)

Definition B.5 For a policy m and a state s € S, define the function Z.(s):

Z(s) =Y m(als)exp(nHAl(s,a))

acA
To simplify the notation - we write Z; instead of Z,« during phase t.
Lemma B.6 For a phase t, a state-action pair s,a, and the policy gradient update (@

exp(nH;l\z(s, a))

7Tt+1(15 =7rtas —
(als) = 7" (als) 7o)
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Proof:Fix a phase t, and a state-action pair s, a:
exp(61)
> e cap(055)
exp(0! , + nHA! (s, a))
 Saeacap(Ol , +nHAN(s,a'))
exp(0! ,)exp(nH Al (s, )
Swea [milals)eap(nHA (s,0)) ¥ e p cam(6, )]
eap(0! ,)exp(nH Al (s, a))
S wren €op(0) ) Sren |milals)eap(nH A (s,a'))]
exp(nHZ?(s, a))
Swea |milals)exp(nH A (s,0')|
emp(nHAt(s a))
Zy(s)

Tt (als) =

= 7(als)

= 7(als)

Lemma B.7 For a policy m and a state s,
10g(Zx(s)) > 0

Proof: Fix a policy 7 and a state s,

log(Zx(s)) = log (Z w(als)exp(nH A (s, a)))

acA

> 3" n(als)log (exp(nH Al (s,a))

acA

= Z 7r(a|s)77H;lvt(s,a)
acA

where the second transition follows by Jensen’s inequality, (log() is a concave function and ) . , 7(als) =
1), and the last transition follows by Lemma O

Lemma B.8

; H2 Z > " dilog(Zi(s)) < H* + 2HTe (29)
t=1seS

Proof:From Lemma we have that for every distribution pu:
/ 1 ’
Vi) = V™ () = T Z dTP7(als)AT (s,a)

s€S,acA

Recall the notation d™* which equals the steady state distribution of the states assuming the starting
state is distributed according to u, and the episodes are run according to the policy w. Consider the
distribution d* = d™,

Vﬂ—t+l (d*) o Z dﬂ_t+1 d* Z ﬂ-t+1 7'r )

sES a€A
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o Zd”t+1 a” Z ' (als)er 5.0 + — I Zd’rﬂrl 4" Z 7' (als )A7r (s,a)

sES a€cA seS acA

de+1 d* Z ﬂ_t+1 a| log ( t+1( (| )8) (5)>

SES acA

= 2 + Zd”t+1 d Z KL(m t'H 7Tt(|8))

s€S acA

H2 Zdwt-H ,d* Zﬂwrl a| )log(Zt( ))

sES a€cA

—2e + — z:d”t+1 4 Z 71 (als) log(Zq(s))

SGS' a€A

1 ﬂ_t+1 d* —_—
—2¢ + H7277 sezs d; log(Z:(s)),

| \/

Y

Y

where the first transition follows by Lemma[A.3] the second transition follows by Lemma [B.6] and
7 the third transition follows by the definition of KL , the fourth transition holds since

KL(-,-) is non-negative by Lemma and the fifth transition holds since log(Z(s)) does not
depend on a, and ) 4 7t*1(a|s) = 1. When we sum over the phases, we get:

V™ (d*) = V™ (d*) > —2Ne + ngzd“ 4 og(Zy(s))

t=1 seS
Observe that d§t+1*d* > Ld*, therefor:
Ve (de) = VT (dY) > 2N6+7 Zd*log Zi(s
t=1seS
The fact that V™" (d*) — V™ (d*) < H finishes the proof. O

Lemma B.9 Assuming the algorithm is run for N phases, and in each phase the advantage function

s approximated with the approximation error: 2¢, i.e., ||A7Tt — FHOO < 2¢, then:
N
Z (1) < 3H(H + Ne).

Proof: Fix a phase t,

V() V' () = % S Y 7 (als) A7 (s, 0)

ses acA
i Tt <a| )Zy(s >>
dg m* a lo _—
o S (als) log [ T @T @l9) Zi(5)
=2 Jr S;gd ;4 [5)1 g( wt(als)m* (als) )

=2+ 5 H2p Zdﬂ <KL (-]s), 7" (-|s)) = K L(m*(:|s), 7" ( —|—Z7r (als)log Zy(s)

SES a€A

5 24 (KL (o). (\>>—KL(w*<~|s>mt+1<-|s>>+1ogz<s>),

sES
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where the first transition holds since |A™ (s,a) — A™ (s, a)| < 2c. When we sum over the phases, we
have:

ZW‘ ><MW~fZ§N”@L (1), 7 (15)) = KL(x" (1), 7 (|s)) + log Zi(s))

t=1 seS

=2eN + 775~ Zd” (KL (-|s), 7' (-]s)) = KL(w*(-|s), ¥™N+1( +Zlogz, )

SES

1 -
§26N+H—2172d5 (KL( (s +Zloth )

seS

< 26N+ Zd” <1og |A]) Zlog Zi(s )
SES

:26N+ |A‘ Zd“ Zloth
77 H2 SGS t=1

1 A
§2€N+M+H2+2HN€
Hn

log(|Al)
Hn ’

< H? +2(H + 1)Ne +

where the third transition follows by Lemma [C.13] the fourth transition follows by Lemma
assuming the starting policy is the uniform policy as states in the algorithm description, the sixth
transition follows by Lemma Assuming the step size is large enough: n > % log(|A]), we have
that loglgﬂ < H? which completes the proof. O
Note that the above lemma applies to both settings of the softmax parameterization.

Proof:[Of Theorem Using Lemma observe the regret:

N
Regret = mz V*(u) = V() < 3mH(H + Ne)

t=1

To minimize the regret, we optimize € to € = % From Lemma

4H2|SHA| o (2\A||S|K) B 4N2|S||A] o (2|A||S|K)
2 Y S
Multiplying both sides by N gives:
4N3|S||A 2|A||S|K
K=mN = |)\|| |log(| ‘(|$| ).

This implies

, A 3
N=K3 ,
@mmmg“Wﬂ>

and

m=— \

=

K:Kgﬁmmma“mﬂ>

|
Proof:[Of Lemma \ Let mq = 2H26|.29HA\ 1Og(2|A|(|SS|K) be the number of episodes sampled by
restarting the algorithm at some state s # sg every phase. At phase ¢ of the algorithm, for every
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state-action pair s, a, let 7, 72,...,7_m1_ be the trajectories sampled by starting at state s, taking

[STIAT,
action a and then following the policy wt. Let ri,7s,.. ST be their corresponding sum of the
rewards. Define

ST

0 S|1A]

Q0 (s,) = ALY )

Observe that for every i, E[r;] = Q®(s,a), and 0 < r; < H, therefore we use Hoeffding concentration
bound (Theorem [C.15) to show that for € > 0, a state action pair s, a and a policy m, with probability
at least 1 — W(S , we get the following approximation of the gradient

\@T(s,a) - Qﬂ(sva)l < €, (30)

Using the union bound we get that with probability 1 — 4, for every phase ¢ the following bound
hold: [|Q™ — Q™' ||os < €.

We define the approximated value function V™ and the approximated advantage function AT
using the approximated Q-function just as before. For a state-action pair s, a:

Vi(s)= > w(d|s)Q7(s,a')  and  A7(s,a) = Q7(s,a) — V7(s)

a’€A

And similar to we get that
|A™ — A™|| oo < 2e.
Proof:[Of Theorem As in Lemma [B.9}
N
ZV*(SO) —V'(s0) < 3H(H + Ne)

Observe the regret:

N
Regret = ZmlH +ma(V*(s0) — V'(s0)) < HmiN + 3(m — m1)H(H + Ne)

t=1

To minimize the regret we take ¢ = % As my is defined using € in Lemma we see that:

1
Regret < H*m— + 6(m — ml)H2
€

21A||S|K ., 3
= 2H3\/2|S||A 1og(%)m§ +6(m —mq)H?
< 2H3\/2|S||Alo (m)m1 +6mH?,

where the second transition follows by Lemma as € = \/QHzls”A‘ log(Q‘A‘lle) We optimize my
to be:

Wl

45 3
<H2|S||A log<“!f'K>> (31
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Note the value of m as a function of N. Since we optimized € to be € = % and my in 1} we get
that:

2|A\|S\K)
0

3
2H?|S||AI\? /2 2|A||S|K
= (AN 2121t AL

(N A g a2 fro ZAISIE
—(51) griseiary o)
= 21521 frog TSI o

Multiplying both sides by N gives us:

K =Nm= gH\S|2|A|2\/log(72|A‘(|SS‘K)N4

m=m} J 2 H215]] A os(

This implies

1
N_Ki( - AllS ) ’
AH|S|2| A2/ log(2ALSIE

K s[4 2[A||S|K | "
= =K1 | =H|S]?|A]?}/log(—/————
m= 5 (B ISP|AP |/ log(=—=57=)

Which yields the final regret bound:

and

Regret < 12mH?

< 12K} <§H9|S|2|A|2\/log<2"‘”('f”(>>
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C Additional Proofs

C.1 The projection algorithm w.r.t. the euclidean norm

We show how to implement the projection operation for the set II, = {z € [0, 1]¢: Zf:_(]l 2z =1,Vi €

[d] z; > p}. We assume that p < é, otherwise 1I, would be the empty set. Given a vector y € R4,
we would like to compute its projection to II,, i.e., 6" = argmin_y;, ||z — y||2. For simplicity and
w.l.o.g., we assume that yg < y1,... < yg_1-

For each m € [d] define ™ as follows, 2" = p for i <m — 1 and 2" = y; — Ay, for i > m, where

Am = ﬁ(zizm(%) +mp —1). Let

0 = argmin [|z™ — y/|2. (32)
m:x™ell,

We show that there exists at least one value m for which 2™ € I, and that § = 6" = argmin_ .y ||z —
yll2

Lemma C.1 Let 0" = argmin, ¢y ||z — y||3, we have that:
Vi, 9? < 9:+1

Proof: Assume for contradiction that there exists k < j such that 6 > 07. Define a vector
z which equals the average of ¢} and 07 in the &k and j coordinates, and equals 6* in every other

coordinate, i.e., z, = z; = $(6; + 0%) and z; = 07 for i ¢ {j, k}. Clearly, z € TI,,. It follows that that:

d—1 d—1
. . . 05 + 0% 0; + 07
O —yi)? =) (zi—wi)? = (05 —yw)® + (0 —y;)* = ( 3 L —y)? = ( 5 L —yy)?
i=0 =0
= 0" — 205k + 9j2 — 20y — 591% - 59?' — 0705 + (yx +y;) (0, + 07)
1 * * )% 1 * * * * *
1 * * * *
= i(ek - 9]‘)2 + (0F — oj)(yj — Yk)
1 * *
2 5(91« —0;)?
>0
where we use the fact that y; > yj and 6 > 67. This contradicts to the optimality of 6*. a

Lemma C.2 Let 0 <m < d—1 be the number of values in 0* which are p. Then z™ €11,

Proof: First we show that Zj;ol =1

d—1
Dol =mpt 3y (A=A =mpt 3y = Dy —mp+1=1
=0

i>m i>m i>m

Assume by contradiction that there exists j such that 7" < p. Clearly j > m, since 7" = p for
i<m-—1 Ifm+1=dthena™ = (p,...,p,1 —p(d—1)) €II,, and 1 — p(d — 1) > p because of
the assumption p < é as stated above. We can now assume that m 4+ 1 < d. For ¢ > m, we have
" < xfyy since T =y — A S Yir1 — Am = T Since we assume that j > m and scgn < p, we
have that y,, — A < yj + Am = 27" < p. Consider the expression (|A| —m)(p + Ay — Ym) which is
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strictly positive. We have,
0 <(d=m)(p+Am —ym) = (d=m)p+ (d—m)Apm = (d = m)ym
=(d-m)p+ Y _ yi+tmp—1—(d—mym

i>m
d—2
Sdp—1+yd_1—ym+2yi—ym
i=m

Sdp_]-—’_yd_ym

Where the second transition follows by the definition of A, = ﬁ(Zizm y; +mp —1). This implies
that yg—1 > 1 —dp + ym.

By Lemma [C ]} since the values are non-decreasing in §* we have that 6; =--- =0}, = p

We define 2z’ which equals 0* except that we reduce the m coordinate to p and increase the
d — 1 coordinate accordingly, i.e., look at 2/, where 2, = p, 2, | =605_, + 0} — p, and z] = 0 for
i & {m,d —1}. Clearly Z?:_Ol zi=1and z[ > pso 2’ €1II,.

Define a = 6}, — p > 0 and look at:

(07 —vi)* - Z(z; —y)?=(p+a—ym)’+ (01 —va1)’ — (0 —ym)® — (011 + @ —ya1)*

= 2pa — 20y, — 2001 + 20y4-1
=2a(p — Ym — 031 + Ya-1)
>20(p = Ym — 051 + 1 —dp+ ym)
=2a(p— 05, +1—dp)
(1
(

=2a(1 - (d —l)p—Gd 1)

:20429* —1p ed)
Z 0; —(d—1)p) >0

i<d—1
which implies that ||0* — y||2 > ||z’ — y||2, contradicting the optimality of 6*. O

Theorem C.3

0* = argmin ||z — y||2
m:x™ell,

Proof: First, by Lemma we have that there exists m such that 2™ € 1I, where m is the
number of coordiantes of value p in 6*. We will show that 8* = x™.

Second, by Lemma we have that the coordinates of 8" are non-decreasing, i.e., 07 < 07,

Assume for contradiction that §* # z™. Since 2™, 60" € II, and o™ # 6* there exists k # j such
that 07 = 27" + a and 0] = 27" + b where ab < 0 and |a| < [b|. Consider z which is equal to §* in all
the coordinates except k where we subtract a and coordinate j where we add a. We first show that
z € Il,. It’s clear that 2, = 0} —a =z} and z; = 9;‘ +a =2z +a+b. It is clear that Zle zi = 1.
As z, =z} it is clear that z; € [p,1]. If b is negative then 0] = z; —a < 2; < z; — (b+a) = 27’
then it is clear that z; € [p, 1] (since both

7 7,07 are in the valid range), and if b is positive then
' <zl +a+b=z; <z —a=0j then it is clear that z; € [p, 1]. This gives us that z € II,.
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We now consider the difference in the norms

d—1 d—1
D67 =) =D (zi = y)® = (0] — i) + (O —)* — (0] +a—y;)* — (67 —a—y)’
i=0 i=0
= (Ui = Am + 0= y;)? + (Yo — A+ a — y1)?
— (Y —Am+bta—y)? = (g — An +a—a—y)’
=(b—An)?+(a=Ap)? = (a+b—Ap)* = A2,
= —2ab>0
Which is a contradiction to the optimality of 6*. O
This gives us that among x°, 2!,..., 24! is the optimal solution. Which means that in order to find

1 d—1

the projection for the vector y, we need to calculate z°, z!, ..., 2% 1, remove the vectors who are not

in IT,, and take the one that minimizes ||z° — y||2.

C.2 Definitions

Definition C.4 For a matriz A € R"*™, the Moore Penrose inverse matriz is At, which follows
the following properties:

1. AATA=A 2. ATAAT = AT (33)

3. (ATA)T =ATA 4. (AAT)T = AAT (34)

5. ATb = arg min ||z||2 (35)
x, Ax=b

Where 3, 4 only holds when the values of A are real.

C.3 General vector proofs
Lemma C.5 for x € R" and y = argmin, ., ||z — z||3 assuming C is convez, we have:

.
— —<
max(z —y) (z—y) <0

Proof: Let there be z € C, ¢t € (0,1] and define z; := tz + (1 — t)y. As C is convex it is clear
that z; € C. We observe:
lz = yl3 = llz = zl3 = llz = yl3 = (@ —y) + (v = 2)3
lz = yl3 = [z = yl3 + lly — 23 +2(z —9) " (y — 20)]
= —lly = zl3 +2(z —9)" (2 — v)
=2t(z —y) (2 —y) — |y — 2|3

Where the last equality follows by: 2z —y =tz + (1 —t)y —y = tz — ty = t(z — y). because
y = argmin, ¢ ||z — z[3, we get: ||z —y||3 — [lz — 2|3 <0 so:

26(z —y) " (z —y) <y — 2113
Dividing by 2t gives:
t
-
(@—y) (z-y) = 5lly - 2|3
As this is true for every ¢ € (0, 1], we get the the wanted inequality. O

Lemma C.6 Let f: R™ — R be a B-smooth function with respect to norm || - ||2, where dom(f) is a
convex set. then for every x,y € dom(f):

F) 2 F@)+ V@)~ )~ Sy - I3 (36)
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Proof: Fix z,y € dom(f). By the fundamental theorem of calculus,

) — fla) = / Vi@ + by — 2) Ty — z)dt

Therefore:

1

fl6) = (@) = V1) (=) + [ (Vfa+tly =) = V1) (0= o)
Since V£ ()T (y — &) does not depend on ¢. Taking the absolute value of the above:
10~ 1)~ V1@ =) =] [ (V5 4ty ) 91D T
< [ 1+ ty =) - @) T - o
< [ I+t~ 2) - V@l ~
< [ Bttty = ) ~ ol ol

! 2 B 2
— [ 48y - =l = Sy - 3
0

Where the third step holds due to the fact that for vectors xy,z2 we have |x1 "za| < ||z1||2/|z2/|2-
Since f(z) + Vf(z)"(y —z) — f(y) <|f(y) — f(z) — Vf(z)" (y — x)| and the above we get:

B
ﬂ@+Vﬂ@T@—@—f@%£jw—ﬂ@
Reorganizing that finishes the proof. O

Lemma C.7 For a matrix M € R"*"™  q vector x € R™, and a number L > 0, assume that
Sy ity (M 4)* < L, then we get:

M5 < Ll

Proof: Observe:

m

1Ml =) (Mix)®

i=1

m
<D IMil3 )3
i=1
m
= [lll3 ) [1M:l13
i=1

= [l3> 0> (M ;)
i=1 =1

< L3

Where M; is the i-th column in the matrix M. The second step follows by Cauchy-Schwarz’s
inequality. The last step follows by the assumption > . ; ETZl(Mm)Q < L. O
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C.4 Smoothness proofs
Lemma C.8 For a policy 7 € A(A)1° and a vector u € RISWAl such that for all states s € S,
lu. sll2 = 1, we get:

1
luT V2V (so)u| < §H3|A|

Where V? is the Hessian matriz, where for two state-action pairs: s,a and s',a’, V2V”(so)(s’a)7(5/,a/) =
9OV ™ (s0)
902,000, o1

Proof: Fix § € A(A)!S! and let 7 be the policy which is parameterized by 6. Let u € [0, 1]/5/14l
be such that for every state s € S, ||u. 5|2 = 1. For a scalar o let 7, = @ + au. For a state s € S:

dmy(als
and for all actions a € A:
d*7o(als) _o
(da)? |azo

Define the state-action transition matrix under 7 as follows:

[P(a)](s,a)f>(s’,a’) = Wa(a/|5/)P(5l‘3aa)'

It’s clear to see that for all n > 1 the vector P (O)”T consists of only non-negative values. This implies
that for an arbitrary vector x, a state-action pair s,a and a number n > 1,

x}
a=0 s,a

)

; (37)

s,a

[ﬁ(a)”

< el |[Pla)"1]

For a state-action pair s, a,

I‘s,a = Z ﬂ'(a'|5’)P(s’\s,a)

a=0 S'ES,G’EA

= Z P(s'|s,a) Z m(a'|s")

s'eS a’€A

= Z P(s'|s,a)

s’es
=1

Combining that with gives us that for a vector x, a state-action pair s,a and a number n > 1:

<zl

Which can also be written as:

< [zl (38)

a=0 ‘oo

Consider the first derivative of ?(a) at a = 0. For an arbitrary vector x, and a state-action pair s, a:

B dme(a’ls’)
a_ox] N Z do

s’eS,a’€A

dP(c)

o P(s]|s,a)zqr s

a=0

43



We bound the absolute value of the above:

dp dro(d'|s'
2P(a) ] SR R
@ la=o |, s'€S,a’€A @ =0
d o AN,
I s L
s'€S,a’€A o a=0
dme(a’ls’)
< ZP(S’Is,a)IIxIIOOZ B
s'esS acA
< Z P(s']s,a)[|z]lov/]A|
s'esS
= VA2l Z P(s'[s,a)
s’'eS

= VA2

Which can also be written as:

dP(«)
da

< VIA]||7]|so (39)

o0

X
a=0

When differentiating P(a) twice w.r.t.  at o = 0, we get for an arbitrary vector z:

Tl |2 e petee (0
<> M@)H L (11)
< x ‘”(di)') LCCEEN (12)
o))
_ %p(sqs,a)nxuma;‘ d 72@328 i (43)
-0 (44)

For some action a € A, let Q*(sg, a) be the corresponding Q-function for the policy 7, at state
so and action a. Observe that Q*(sp,a) can be written as:

H-1
Q% (so,a) = eST(W Z P(a)"r
n=0

Where r is the reward vector. Observe the absolute value of the first derivative of Q*(so,a) w.r.t.
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aat a=0:

H—-1n-1 jag
dQ(so,a) T = xdP() n—1—*k
R T R DD U 0
a=0 n=0 k=0 a=0
H—1n-—1 jad
~ dP
< el PO d(a) P(o)yr1=ky
n=0 k=0 « a=0
H—-1n-1

INA
3
[l
o
3 =
LI
=
=
3

T

I
<
ES
I
o

i%

N = 3

Where the third step follows by and .
observe the absolute value of the second derivative of Q%(sg,a) w.r.t. a at a = 0:

d*Q*(s0, a) ’_ —_a/a zdP = k11 dP(a) S yn—1—k
S, e Z L (BP0 o o
~ d2P(a) ~ 1o
(P(O)k da)? a:OP(O) 1=k

1
H-1n—1 /k—1
g ( e;’aﬁ(o)ld];(a) ﬁ(o)k—l—ld];(a) P(O)n 1_k7‘>
n=0 k=0 \I=0 @ la=0 @ Ja=0
~ L d*P(a)

T k P n—1—k
+< PO PO) )

e dP(a) dP(a)

! .ZS k ﬁ ! PO 1—-k—1-1

+< ; PO = 7| PO=5=|  PO) r

l
H-1n-1 /k—1 n—1—k—1
<> ( |A|||T|oo> + ( > |A|||Too>

1=0
<

Where the third step follows by , and .
Consider the identity:

Zwa also)Q% (so,a)

a€A

By differentiating IN/(a) twice w.r.t. a we get:

2V (a d?’mo(als o dra(alsg) dQ(sg,a d?Q%(sg,a
-y e e +23 olso) Ao )+2ﬂa(a|80)?d;)g :

acA
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Hence,

a2V ()
(da)?

d*7,(also)
(dev)?

<y

ac€A

+2)°

acA

+Z ‘7‘(’ CL|SO ’d Q (807 )

acA (da)

(SOaa)|

an (807 a)
do

a=0 a=0

dme(also)

(07

a=0 a=0

a=0

dme(also)

1
§0+2§H(H—1)\/|A|Z -

n %\A|H(H —1)(H -2) > |r(also)|
a€A

a€A

a=0

= H(H - 1)|A] + é|A\H(H —1)(H - 2)

H(H -1)(H+1)|A4|

dV(a) V™ O,
da s€S,acA aes’a aas’a
= Z a‘/(:)oa (80) uS,a
s€S,acA S,

Observe The second derivative of V(o) w.r.t. o

PPV(a)  d dV(e)

(do)  da  do

a 3 Ve (so)
agsa Us,a

s€S,acA
S
= A an Us,als’,a’
0 0 El il
s'€S,a’€A sES, eAa 5,.a00s o
=u' V2V ey

d?V (o)

Combining that and the fact that @a)2

<

3 H3|A| completes the proof.
a=0 0O

Lemma C.9 Let A € R"*™ be a symmetric matriz, and L > 0, such that for all eigenvalues A of A,
[\| < L. Then,

”nﬁax |Az|2 < L

Proof: Fix a symmetric matrix A € R"*". As A is symmetric, it has |S||A| eigenvectors

V1,V2,...,5[|a], Which form an orthonormal basis. Namely, for all i # j, vij = 0, and for

all vector z there exists ai,...,q|g)ja such that z = ElilllAl ; vZ Let A1, A2,..., A 5)4] be their

corresponding eigenvalue, and assume that for all i, [A;| < L. Let 2" = arg max,,=; [|Az|2, and let
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ai1,02,...,05) 4| be it’s representation with the eigenvectors. Namely, z* = ZLiqu Q;
max Azl = 42"
ISI1Al
=14 > awill2
i=1
[S]IA]|
= Y aAvs
i=1
[S]1A]|
= > arwills
i=1
e [S11A]
< max [ A > aivill
i=1
< Llje*2
=1L

v;. See that

Where the first transition follows by the definition of x*, the fourth transition holds since v; is an
eigenvector, the sixth transition follows by the assumption that the largest absolute value of the
eigenvalues is bounded by L, and the seventh transition follows since z* was chosen with a constraint

Lemma C.10 For a policy T,

Hnﬁax VoV (s0)x| < = |A|H3

d

Proof: Fix a policy 7 € A(A)!S. Let A be the eigenvalue of the hessian matrix V2V ™ (sq) whose

absolute value is the largest, and let v be it’s corresponding eigenvector. Let u = Wm

|uTV9V”(so) | = |2\U VoV™(s0)v]

o]
= A

|2\UT)\U\

o0l

lv ||2
= g
loll3 ™™
= [Al
Using Lemma[C.8] we get that
1 )
Al < Z|AlH?
3
Using Lemma[C.9] we get that:

max |VoV7(s0)z| < = |A|H3

llzll2=1

Lemma C.11 The function V™(sq) is 3| A|H®-smooth with respect to norm || - ||z.

m,m € A(A)IS
' 1
IVoVT (s0) = VoV (s0)|l2 < glA‘HBHT" — s
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Proof: Fix policies 7, 7’. For a parameter ¢ € [0, 1], define the function:
g(t) _ Vavﬂ"i’t(ﬂ'/iﬂ')(so)
It’s clear that

g'(t) = VEVTHE = (s0) (x' — 1)

Observe that [|g(1) — g(0)]|2 = HVgV”l (s0) — VgV’T(so)HQ. Using the fundamental theorem of

calculus, we get that:

|Vav™ (s0) = TV (s0) |, = lg(1) = 9(0)]

=HAJ@M&

1
= H/ VYT (s0) (n — )|z
0

1
: / V3V = (s0) (2 — ) lodt
0

1 /
— v2v7r+t(7r'77r) s H(?T - 7-‘-)”2 71_/ - dt
I S e TR B
! 2y mtt(w' —7) 1
= V VTr T S —_— 71'/ — T 7T/ — T dt
| |ve (o ™ ~ | 1 =l

1

max HV%V’TH(”,#F)(SOMH [(z" — )]l dt
0 llxll2=1 2

1
1
< [ gl - o
)
1 1
— Sl = mla [ 10t
0
1 3 /
= A" = m)ll2
Where the eighth step follows by Lemma [C.10] O

C.5 Kullback—Leibler divergence

Definition C.12 For two non-zero distributions z,y € R™, where for all i, x; > 0, y; > 0 and
Sor o xi=1,3"  y; =1, define the Kullback—Leibler divergence K L(z,y) as:

KWM=Z@M%) (46)

Lemma C.13 For all non-zero distributions x,y € R™

KL(z,y) >0
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Proof: Fix all non-zero distributions x,y

n ;
KL(z,y) =Y x;log(=")
i=1 Yi
=— Z x; log(ﬁ)
i=1 Yi

K2

121 i

= _Zyi +Z!Ei
i=1 i=1

=—1+1

=0

Where the third transition holds since for all ¢, log(c) < ¢ — 1, and the fourth transition holds since
x,y are distributions. O

Lemma C.14 For a non-zero distribution r € R™, let y = %T, then:
KL(z,y) <log(n)

Proof: Fix a non-zero distribution x € R", let y = %i then:
KL(z,y) = Z% log(;)
i=1 v
n
= Z x; log(nx;)
i=1
= Z x; log(n;)
i=1
=log(n) Y i+ Y w;log(z;)
i=1 i=1

= log(n) + Z x; log(x;)
i=1

< log(n)

C.6 Concentration bounds

Theorem C.15 Hoeffding Theorem - Let Xg, X1,..., Xq_1 be d independent random variables such
that for every i € [d], a < X; < b. Let X = ézg:—ol X;. Then with probability 1 — § we get that
[E[X] — X| < € assuming
(b—a)? 2
d> log(=

> 5 log(3)
Theorem C.16 Generalized Chernoff bound - Let X, X7 ..., Xq_1 be independent random variables
with X; € {0,1} and Pr(X; =1 =p, fori=0,...,d—1. Set X := Z?:_ll X; and = pd. Then, for
any § € (0,1), we have

PriX < (1— 68y < e 5n2
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