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Chapter 1

Abstract

We consider non-stationary multi-arm bandit (MAB) where the expected reward
of each action follows a linear function of the number of times we executed the
action. Our main result is a tight regret bound of ©(T*/5K3/%), by providing
both upper and lower bounds. We extend our results to derive instance dependent
regret bounds, which depend on the unknown parametrization of the linear drift
of the rewards.
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Chapter 2

Introduction

The multi-armed bandit (MAB) problem serves as a fundamental framework
in decision-making under uncertainty, spanning various domains in machine
learning. At the heart of the MAB problem lies the delicate balance between
exploration and exploitation, where at each step, the agent decides which arm
to pull, seeking to maximize cumulative rewards over time. There are many
real world applications for MAB, such as online advertising, recommendations
and more. In much of the literature, the rewards of the MAB are assumed to
be stochastic and stationary (see, |Slivkins| (2019)); [Lattimore and Szepesvari
(2020)).

In the non-stationary MAB, the payoff associated with each arm may change
over time. An extreme case is an adversarial environment, where the reward
sequence is arbitrary. There is a vast literature on this topic, bounding the regret
to the best action, in hindsight. The HEDGE |[Freund and Schapire| (1995)), in
the full information case, and EXP3 |Auer et al.| (1995)), in the bandit case , are
two classical algorithms for the adversarial setting.

There are also non-stationary stochastic setting, such as, persistent drift
Freund and Mansour| (1997), Brownian motion [Slivkins and Upfal (2008), un-
certainty over timing of rewards distributions changes |Garivier and Moulines
(2008), bounded reward variation [Besbes et al|(2014), and more. A general class
of non-stationary stochastic MAB, where the payoffs changes are coordinated or
correlate are the rested and restless bandits. In the rested bandit, the payoff of
an action depends on the number of time it was executed, and in the restless
bandit the reward depends on the time step (see, |Gittins et al.| (2011)).

The Rested MAB (RMAB) framework captures the phenomenon of monoton-
ically changing efficiency with continued execution of the action. For instance,
increased experience in performing a given action may lead to improved effective-
ness over time. Under RMAB we have two different settings, depending whether
the rewards decrease of increase. The Rotting RMAB problem abstracts rewards
which decrease monotonically with the number of pulls (Levine et al.| (2017);
Seznec et al.| (2019)). The Rising RMAB [Heidari et al.| (2016), captures rewards
that increases monotonically.
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Rising rested MAB with linear drift is the case that the non-stationary
expected rewards of each arm have a linear parameterization. To see the
challenges in the model, consider two identical arms with linear increasing
rewards. If we play each arm about half the times, we might get a linear regret.
In contrast, for a stationary MAB with two identical arms, any policy have zero
regret. As a motivation we can consider hyperparameter search over multiple
algorithms. As we are modifying parameters of each algorithm, we expect the
overall system performance to improve. By selecting between the algorithms we
are exploring to find the best overall algorithm. Having a linear rate of increase
is a natural modeling assumption, both as a starting step for the theory and a
simplistic empirical model.

It is customary to measure the performance of online algorithms using the
notion of regret, the performance difference between the online algorithm’s
cumulative rewards and that of a benchmark. We highlight three common
notions of regret’s benchmarks, static, dynamic and policy regret. Static regret
uses the performance of the best fixed arm as a benchmark. Dynamic regret
uses as a benchmark the performance of the best sequence of arms. Policy regret
(Arora et all& [2012) uses the best policy and allows the environment to react
to the policy.

2.1 Our results

In this paper, we study the regret of Rising Rested MAB with linear drift, i.e.,
the expectation of the reward function of each arm is linear with respect to the
number of times the arm was played. Our main results:

e We show that the dynamic, static and policy regrets are identical for rising
rested MAB with linear drift.

e We design R-ed-EE (Rested Explore Exploit) algorithm, and show a regret
bound of O(T'3 (®K)? In(®KT)3 ), where T is the number of time steps, K
is the number of actions and ® bounds the expectation of the arm rewards.

o We design R-ed-AE (Rested Arm Elimination) and HR-re-AE (Halted
Rested Arm Elimination) algorithms. Algorithm R-ed-AE gives an in-
stance dependent regret bound. Algorithm HR-re-AE, extends R-ed-
AF, and has, in addition to the instance dependent regret, a worse case

O (T#(®K)? In (BKT?)* ) regret.

e We show a lower bound of Q(K3T3) for the regret. This, together with
R-ed-EE and HR-re-AE shows tight regret of ©(K3T5) for the Rising
Rested MAB with linear drift problem. (This is in contrast to the classical
O(V/T) regret bounds in stochastic stationary settings).

e We design FIR-ed-EE (Full Information rested Explore Exploit) algorithm,
1
showing a worse case bound of O(T'3®3 In (PKT)?) for the full information
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rising rested MAB with linear drift algorithm problem. Using the proof
from Chapter EI we show a tight bound of O(T'5).

e We design two algorithm DR-ed-LD (Deterministic Rested Linear Drift), R-
ed-LD(Rested Linear Drift), algorithm DR-ed-LD return the optimal policy
for the deterministic rested MAB with linear drift problem. Algorithm R-ed-
LD solve the non-deterministic rested MAB with linear drift problem using

1
algorithm DR-ed-LD, obtaining a worse case O (Té (®K)5 In (PKT?) 5)
regret. Concluding tight regret of ©(T K %)

e We design algorithm R-es-BEE (Restless Block Explore Exploit) for the
restless rising MAB with linear drift. Showing a worst case regret of

O(min {T%K%,K\/T,T}).

2.2 Related Works

Stochastic stationary MAB There is a vast literature on this topic (see,

eg. (2019)).

Non-Stationary MAB the Non-Stationary Markovian MAB was studied by
, who showed that an index policy characterizes the optimal policy
for discounted return. Following |Gittins| (1974)), numerous works have explored
the domain of rested MAB (e.g/Whittle| (1981)); Bertsimas and Nino-Mora/ (2000);
Nino-Mora, (2001))).

introduced the Restless MAB, which also has an optimal
index policy. There are works that assume a certain structure to the change
in rewards for Restless MAB. [Freund and Mansour| (1997) consider persistent
distributions drift which is a linear drift. |Slivkins and Upfal (2008)) studies a
Brownian motion of the rewards. Besbes et al.| (2014) have a regret bounded as
a function of the total variation of the rewards. |Jia et al.| (2023) consider smooth
non-stationary bandits.

Tekin and Liu| (2012) introduced rested MAB, where the arm’s reward
distribution depends on the number of times it was executed. A special case of
rested MAB is rotting MAB, where the expected reward of an arm decreases
with the number of pulls of the arm (Levine et al|(2017); Seznec et al.| (2019)).
[Seznec et al.| (2020)) consider both rested and restless rotting MAB.

Rising rested MAB Most related to our problem is the rising rested MAB
problem, where the expected rewards of the arms are monotonically non-
decreasing in the number of times the decision maker played the arm. The
non-stochastic version of this problem addressed by Heidari et al.| (2016);
for the static regret. The stochastic case assumes that the payoffs
follows a known parametric form. The Best Arm Identification framework of
this setting was done in [Cella et al.| (2021); [Mussi et al.| (2023)). It should be
noted that both papers measure the performance of their best arm identification
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algorithms as a function of the optimal arm and the arm the algorithm chose.
In contrast, we measure the dynamic regret with respect to the entire run of the
online algorithm when compared with the optimal sequence of arm selection.

Metelli et al.| (2022)) considered the stochastic rising MAB both for restless
and rested, where the payoffs are increasing and concave. For the rested instance
the dynamic regret is equivalent to policy regret. They designed UCB based
algorithms with instance dependent expected regret. However their algorithm
for rested MAB suffers, in some cases, a linear regret. Specifically, for our lower
bound instance their algorithm has a linear regret.



Chapter 3

Problem Setting and
Preliminaries

In this section we formalize our model of Rising Rested MAB with Linear Drift.

Non-stationary rested K-MAB An instance of a non-stationary K-MAB
is a tuple (K, T, D), where K = {1,2,..., K} is the set of K arms, T is the time
horizon, and for each arm ¢ and n < T we have a reward distribution D;(n) which
is the stochastic reward of arm i when it is performed for the n-th time, and its
expectation is p;(n). We assume that the distributions D;(n) are 1-sub-Gaussian,
i.e., Er~p,(n) [erBE—mi(m)] < e%z, for every A € R. Let ® > max;cic(pi(T)) be
an upper bound on the maximum expected reward of any arm. (Recall that the
expected rewards are non-decreasing.)

At each time ¢ the learner selects an arm I; = 7 and observes a reward
R; ~ D;(Ni(t)), where N;(t) = 32'_ 1(I, = i) is the number of times arm
i € K was pulled up to round ¢.

Rested MAB with linear drift A Non-stationary rested K-MAB has linear
drift, if for each arm ¢ € K there are constants L; and b; such that p;(n) = L;n+b;
for every n € {1,2,...,T}. An instance is called Rising Rested MAB with linear
drift if L; > 0 for every i € K.

Policies and regret A policy 7 selects for each time ¢ a distribution over the
arms, i.e., 7(t) € A(K) = {q € [0,1]%| 3, ¢; = 1}. The static regret of policy
m is,

T

T
Rstar = static — Regret(m) = maxz i (t) — ]E[Z Z s (N; () I[(2) = i]],
t=1

K
! t=1ick

11
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where I[-] is the indicator function. The dynamic regret of policy = is,

T T
Rayn = Dynamic—Regret(m) = E[> _ fir- o) (Ni(0)]-E[> > s (Ni()I[(¢) = i]],

t=1iek
where 7* € argmax, E[Zthl > ick Mi(Ni(t))I[m(t) = i]] is the optimal policy.

Remark 1. In our setting the rewards are history dependent, so our dynamic
regret is in fact a policy regret.

Characterization of the optimal policy Theorem [#4] in the supplementary

material, shows that the optimal policy for Rising Rested MAB with Linear Drift
. : L T

selects a single arm and always plays it. Namely, for i* = argmax;cxc >, pi(?),

shows that the optimal policy always plays arm ¢*. Therefore, in
our setting the dynamic regret is equal to the static regret.

Corollary 2. For Rising Rested MAB with Linear Drift the dynamic regret is
equal to the static regret. Namely, the optimal policy plays always arm i*.

Notations Let [k,m] = {k,...,m} and [m] = {1,...,m}. Assume we pulled
arm ¢ € K for m € [T] times and observed rewards r;(1),...,7r;(m).

e The estimated reward, given a window of [n/,n’ + M| C [1,m], where
M is an even integer, is M (n/ + &) = (1/M) ZZ:;L],M r;(n). Note that
pi(n' + ) = [ (n' + ).

(Note that for 4 (¢) we implicitly have n’ = ¢ — M/2.)

e The empirical slope is L2 = (1/M) (aM (33) — 4™ (). Note that
L; = E[L2M),

e Our estimate for the future rewards p;(n), given 2M samples for arm 1, is
WM (n) = (pM (B2) + oM (&) /24 (n— M)L?M . (Note that we might
have n < 2M).

e The cumulative expectation of arm ¢ € K during [n1,n2] is s;(n1,n2) =
222:"1 pi(n), and its estimation using 2M sample points is 2 (ny,ng) =

Yo, VP ().

We define the following parameters, which will be useful for our concentration

,/21n(%)

In(2
bounds: Let the confidence parameters be 72M = % + |n— M| 55—,

and T?M (nq,ny) = 222:711 M.



Chapter 4

Algorithm for Rising Rested
MAB with Linear Drift

In this section we derive an algorithm for the Rising Rested MAB with Linear
Drift problem and show that the regret is © (K 3/54/ 5). This regret bound is
tight, as we show in the lower bound of Chapter [6}

The basic idea behind our algorithm is simple. We use an explore-exploit
methodology. We have an exploration period, in which we explore each arm for
2M times. Given the observed rewards, we estimate the model parameters for
each arm, namely the slope and the intercept point for the linear function of the
arm. The surprising outcome is that the dynamic regret bound we get is tight!

In more details. We are sampling 2M times each arm ¢ € K. In order to
recover the line for the rewards of arm i we estimate two points on this line (and
they would define the parameters of the line). The two points are the rewards
after M/2 and 3M/2 uses of arm i. Note that the expected reward for M/2
is the average of the expected rewards in [1, M], and the expected reward for
3M/2 is the average of the expected in [M + 1,2M]. We denote our estimates
as M (M/2) and M (3M/2). Given those two estimates, we estimate the slope
EfM by their difference divided by M. Using M (M/2), pM(3M/2) and EfM
we estimate §2M (2M + 1,7 — 2K M) the future cumulative rewards of arm i
for the remaining time, i.e., next (T'— 2K M) time steps. Given our estimates
$2M(2M + 1,T — 2K M) for each arm i, we choose to play the arm with the
highest estimated value of 2 (2M +1,T — 2K M). Essentially we are exploiting
of the best arm, given our estimates. (The algorithm appears in Algorithm
R-ed-EE.)

Overview of regret analysis We define a good event G, which bounds the
deviations between our estimation and the true values. This holds for the slopes,
and the expected rewards.

Definition 3. Let G be the good event that after sampling each arm 2M times,
for any arm i € IC :

13
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Algorithm 1 R-ed-EE - Rested Explore Exploit
Input: K, T, M
for i € K do
Sample arm ¢ for 2M times, and observe r;(1),...,r;(2M)
. M
i’ (%) < 37 Xnzi mi(n)
~ M 21%
MM(BQ ) MZn M1 7i(n)
Tam B - (5) .
6: L —2——2~ > Estimate of the slope
3M M (M

7 §3M(2M + 1,T — 2KM) + (T — 2KM — 2M) [—m (7);M (%) +
T—2KM+1 EZM]
2 2

> computes the sum Z?:}%\?ﬁ ¥2M(n)

8: end for

9: 1% ¢+ argmax;c 57M (2M +1,T — 2K M) > The arm with the best estimate
future reward

10: for t € 2KM +1,T] do

11: Play arm 7*

12: end for

A (M) — 1 (A)] < v/ 2 and [ (20) — i (30| < /R,

Next, we show that the good event G holds with high probability.

Lemma 4. The probability of the good even G is at lest 1 — 20K

Proof. From Lemma [35] for each arm i € K, using the 2M samples of arm i, we
have that with probability of at least 1 — 24 :

o ()0 (3)< 5

o (MY _ 8y | fn(3)
i (2) Mz(2>|’§ A

21n (2)
FoM 4
s Lr D
Using union bound over all K arms we get that G holds with probability of at
least 1 — 20 K. O

We then bound the regret using three different terms: (1) The exploration
term, which we bound by 2M K. (2) The exploitation term, which we bound
using the confidence bounds of the good event. (3) The low probability event
that G does not hold.

1
Theorem 5. For M = % Algorithm R-ed-EE guarantees regret

O(T3 (®K)3 In(®KT)3) for the Rising Rested MAB with Linear Drift.
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Proof. The regret can be partition to three parts. The first part is during times
[1,2K M| when we explore each arm 2M times. The second part is during times
[2KM + 1,T], assuming the good event G holds. The third part is during times
[2KM + 1,T], when the good event G does not hold.

For the first part, i.e., the regret over the first 2M samples of each arm, we
bound it by 2K M ®.

For the second part, the regret during exploitation stage, assuming the good
event G holds. We can upper bound the probability of the good event by one,
i.e., P(G) < 1. Under the good event G, by Lemma [37| and Lemma we have
that for each arm ¢ € IC, we bound the estimation error by,

1 2
|82M(2M 41, T—2K M) —s;(2M+1,T—2KM)| < T*(2M+1,T—2KM) < T*? o o (5>
Note that the regret of the second part is independent of ®. This is since our
confidence intervals do not depend on the magnitude rewards, i.e., ®. -

The third part bounds the regret when the event G does not hold, i.e., G
occurs. By Lemmawe have P(G) < 2K, so the regret of this part is bounded

by P(G)T® < 2KT®6.

21/11r1 2
To summarize, we have ® < 2M K + T\[Tﬂ(g) +2KT®6. Setting 6 = ﬁ

4 1
and M = % we get that R < O(T5 (PK)? In(®KT)*). O
5
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Chapter 5

Instance Dependent Rising
Rested MAB with Linear Drift

In this section we derive two instance dependent algorithms for Rising Rested
MAB with Linear Drift. The first algorithm gives an instance dependent bound,
but in some cases of the parameters, this regret might be linear in 7. For this
reason we have a second algorithm, for which we shows that the regret is almost
tight (up to a logarithmic factor) in the worse case.

Our first algorithm, essentially, runs an arm elimination methodology, where
it eliminate arms who are, with high probability, sub-optimal arms. Unlike
the R-ed-EE algorithm, which samples all arms equally, the arm elimination
methodology adjusts the sampling of each arm based on its performance, thereby
preventing the over-sampling of sub-optimal arms.

In more detail. The first algorithm R-ed-AE is implementing an arm elimina-
tion approach for instance dependent problems. Initially, it starts with the set
of all K arms, denoted by K’. In each round the algorithm samples each arm
in i € K’ four times. The algorithm maintains a counter N; keeping track over
the number of times arm ¢ was sampled. (Note that all non-eliminated arms
i € K’ have approximately the same counter N;.) Using the observations of arm
1, the algorithm estimates the line parameters of arm ¢. The algorithm does so
by estimating two points on the line. The two points are the rewards after N, /4
and after 3V;/4 uses of arm i. We denote the estimations as [ AN /2 (N;/4) and
AN ./ 2(3N /4), respectively. Using both estimations we estimate the slope of arm
i, le. Ll, denoted by LN Using the estimations fi; Ni/2 (N:/4), i1 AN /2(3Ni/4)
and Lz we estimate s i(1,T), the expected reward if we played only arm 4
for the entire T' time steps At the end of each round for every pair of arms
i,j € K' we evaluate the difference between the estimations 7 (1, T) — (1 7).
If the difference is greater than 2I'Vi(1,T'), then, arm j is eliminated from K,
where 2I'Vi (1, T) is our confidence interval. We are guaranteed that, with high
probability, any eliminated arm is indeed sub-optimal.

17
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Algorithm 2 R-ed-AE- Rested Arm Elimination

1: Input: K, T, 6
2: Set N « [0]¥ and K’ « [K]
3: For each i € K’ let B; an empty array,
4: 7+ 0
5: while 7 < T do
6: for j € K' do
7: for [ € [4] do
8: sample arm j and set B;(N;) < r;(NV;)
9: Nj < Nj +1
10: end for .

A5 N -
w3 e H A B

N

~ = 3N N,

o (e 25N B
. Mo NN
13: Set L* e?(ﬂf (%) — i;° (43)> /N
Ny Ny ) ~
14 Set 527 (1,T) « T[(u (252) + a2 (Z)) /2+ (T — M) Lfvﬂ]
> computes the sum Zthl ¢1Nj (n)

15: end for

16: Set 7+ 7+ 4|K’|
17: fori,j € K' do

18: if $)(1,7) — §)(1,T) > 2 (1,T) then
19: K+« K'\ {5}

20: end if

21: end for

22: end while
23: return K’

Overview of regret analysis We first define the relevant parameters of the
instance dependent analysis. Recall that each arm ¢, has expected reward define
by Lym + b; = m(L; + b;/m), where m is the number of times we played arm
i. We now would like to define the distinguishability between different arms.
We view b;/m as a normalized version of the intercept, and later use b; /(T + 1)
where we take m =T + 1.

Definition 6. for any two arm i,j € K:
(1) A; j = b; — b; the difference of the intercept points between the arms i,j, and
(2) L; ; = L; — L; the difference of the slopes of the two arms.

For the analysis we first define a good event GG, which will hold with high
probability. Intuitively, the good event states that all of our estimates are
accurate. Formally, the definition of the good event G is as follows.
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Definition 7. Let G be the good event that for all i € K and m € [T]:
B m m In m In(2 Tm

A () = ()] < VL A ) - )] < VL and [T - L <
In(%)

mio

The following claims that the good event holds with high probability.
Lemma 8. The probability of the good even G is at lest 1 — 2T K¢.
Proof. From Lemma we get that for any arm ¢ € K and m € [T] with prob-
p () — ()| < VL | (o) - i) <
1n( ) and Lm L; ’ < 121(5%) using union bound over 7" and K we have

that event G is occur with probability of at least 1 — 2T' K. O

ability of at least 1 — 2§:

From now on we will assume that the good event G holds.
We start by showing that, under the good event G, the best arm ¢* is never
eliminated. (Note that we fixed the best arm, initially.)

Lemma 9. Under G we never eliminate the optimal arm i*.

Proof. Assuming event G hold and i* ¢ K’. We conclude that after N;» samples
of arm 7* the algorithm R-ed-AE eliminated arm i* using some arm j € K,
where N;- = N;. Thus the elimination term was satisfy, namely,

§37(L,T) — 07 (1,T) > 20N+ (1, 7).
In addition, from event G we have that for any arm ¢ € K’ and ¢ € [T],

In ()

N,

M2 (F)

n— — 7:/}%’

N«
alt) = 9 (0)] < 7|~

+

Therefore,
|si(1,T) — 8N (1, T)| < TN (1, 7).
From both inequalities we have,
§M(1L,T) = 80 (1,T) > s (1,T) — 310" (1,T) + 53 (1,T) — s;(1,7)
Hence,
5;(1,T) > s4-(1,T).
In contradiction to the optimality of arm 7*. O

Next we bound the number of times we can play any sub-optimal arm. The
sample size of the sub-optimal arm j depend only on the parameters A;- ; and
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164/In(%) s

Lemma 10. Algorithm R-ed-AFE samples a sub-optimal arm j at most Y S
i tLlix g

times.

Proof. Consider the elimination of arm j due to arm ¢. This implies that so far
we have played each of i and j for IV; times each. Then, using that event G
holds and using Lemma @ for N;, we have the following for the rewards of each
of i and j. When we eliminate arm j (by ¢) we have

T
§7(1L,T) =537 (1L,T) =3 ult, Ny) = jij(n, Ny) Zzw—er (5.1)
n=1

Due to the definition of 'yflv 7, we have from Lemma, [12| regrading the true
rewards,

T T T T
D pi(n)—pi(n) =D fui(n, Nj)—jij(n, Nj)+> 2900 > > dyls = ATNi(1,7),
n=1 n=1 n=1 n=1

(5.2)

Since, by definition of i*, we have that Z;‘ll i (t) > 23:1 wi(t), and
N; = M/2, from Lemma

,/ln +/1n %
i T(T+1) .

\fM15 - N15
Consider,
N 16(T 4+ 1)4/In (%)
7= 208+ ; + (T + 1) L4« 5
Then,
8(T+1)y/In 2
=N} > s} 5
Az ] + Lz* j
2
T+1 In (3)
=05+ 5 —— L~ 28(T+1)W
2
T+1 In (3)

> s (t) = pi(t) = 8T(T + Vw5
=1

This implies that after such N; arm ¢* would have eliminated arm j. If arm ¢*
eliminated arm j, this can only happen earlier.
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Rewriting, the expression for NV,

2
16(T +1)y/n (2) |° 161/In (2)
< | ———
2Ai*,j + (T + I)Ll*j - QAZ*,] —|— Li*,j

164/In(2)

Then, for values of N; > | —=+—"—
28;x ;4L

3
] we are guaranteed that arm j was

already eliminated.

16,/n(2) |°
Therefore, the condition for elimination is hold for lﬂi(;)] . [
i*,7 i*,j

Given our bound on the sample size of any sub-optimal arm, we can now
bound the overall instance dependent regret. (Recall that the expected rewards
are increasing, so we can use 7' to bound the rewards.)

Theorem 11. Algorithm R-ed-AE with § = ﬁ guarantees regret

16\/ (4DKT?)

2R j+ Liv

R< Y

Jek\{i*}

Proof. Under the good event G, for every time we sample a sub-optimal arm
i € K, we increase the regret by at most ®. The complement event G occurs
with probability of at most <1> and the regret in such case is bounded with T'®.
We combine the two and get

164/In (49 KT?) (4DKT?)

QAZ gt L

R< Y

JERN{i*}

20« j + L=

2
(I)JF%M(TQS 3 l16\/ 0 (ADKT?)
}

JER\{i*

5.1 Arm Elimination with early stopping

In the case of Rising Rested MAB, there is an issue of playing a sub-optimal arm,
even if it is very near to the optimal arm. For example, if we have two optimal
arms, it is not the case that we can mix them, and get an optimal reward. This
is due to the fact that we have increasing rewards, and in order to achieve the
increase we need to concentrate on playing only one of them. So, unlike the case
of regular MAB, where playing any mixture of the two optimal arms is optimal,
for Rising Rested MAB we have only two optimal sequences, each consisting of
playing the same optimal arm always.

When we consider our instance dependent algorithm, R-ed-AE, we will have
an issue if we are left at the end with two near optimal arms. More precisely, we
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would like to terminate the arm elimination part of the algorithm early, and to
force selecting one of the near optimal arms that remain in the set K'.

In addressing such cases, we devised the algorithm HR-ed-AE. The main
idea behind the algorithm is using algorithm R-ed-AE as a black box with time
horizon of M. After algorithm R-ed-AE terminates we receive K’ a set of arms
which are potentially near-optimal arms. From the set K’ algorithm HR-ed-AE
picks an arbitrary arm and plays in the remaining time steps.

Algorithm 3 HR-ed-AE- Halted Rested Arm Elimination
s Input: K, T, M,
: Set K' + R-ed-AE(K, KM, )
: Select arbitrary a € K’
: fort € [KM +1,T] do
play a
end for

The next theorem shows the improvement of HR-ed-AE algorithm. Namely,
it has an additional upper bound on the regret,

Lemma 12. Fizx;,x;,2;,&; > 0, if |#;—x;| <, |&j—2;] < v and 2;—2; < 2,
then, x; —x; < 4.

T4/510(2)"°

Theorem 13. Algorithm HR-ed-AFE with 6 = ﬁ and M = @R/

guarantees regret

164/In (2)

1
— " @41, T5(®K)S In (PKT?)®
24 j + Liv

R <O | min Z
jer\{i*}

Proof. Recall the definition of the good event G as in Definition[7} By Lemmal[8]
event G holds with probability of at least 1 — 2T'KJ. From now on we will
assume G holds.

We split the analysis to two cases, according to the arms eliminated during
R-ed-AE. If at the end of R-ed-AE there is only a single arm remaining in X',
then, under the event G, it is the optimal arm. In this case we will not have any
additional regret after R-ed-AE. In this case the regret in the first part of the
minimum expression.

From now on assume that two or more arms are in X', at the end of R-ed-AE.
In this case we can bound the regret during R-ed-AE by KM ®. The main issue
is to bound the regret of the selected arm j € K’ at the end of R-ed-AE.

Since arm j has not been eliminated (j € K') in the R-ed-AE, and j have
been sampled at least M times, then,

oA () - (1) < 20 (1,7,
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We derive the following lemma to bounds the difference between two values
using their estimations.
Given that arms i*, j € K', we can utilize Lemma[I2] and Lemma [3§ to derive,

T n (2
> e (t) = py(t) < 4rM(1,T) < 2T2Mf§).

t=1

Therefore, assuming event GG holds the regret in the second part is at most
O(T5 K3 \/In (PKT?)).

For the total regret, setting 6 = 1/(20KT?) and M = T2 In(2/5)!/*

W, we have
that,

272 /In (2/3 : :
R<MK®+ \]\/4@ +200KT? < 374 (@K)} In (AOKT?)® +1.
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Chapter 6

Lower Bound for Rising
Rested MAB with Linear Drift

In this chapter we present a lower bound of Q(min{T, K 3T’ }) for Rising Rested
MAB with Linear Drift. We concentrate on the case of K < T'3, since for larger
K the lower bound becomes (7). Our lower bound holds for ® = 1.

The lower bound builds on the fact that we are in a rested MAB model. Note
that unlike the standard MAB, we can get a regret even if we have two identical
arms. If we initially test them for 7 times steps each, then, our regret would be
the difference between the cumulative rewards in first 7 time steps compared to
the last 7 steps.

Our lower bound construction would set the parameters such that initially
we are unable to decide which arm is indeed better, say for the initial 7 steps.
Then the regret would be the difference between the cumulative rewards in first
T time steps compared to the last 7 steps. More specifically, if one arm has mean
rewards of ¢/T, after t times it is used, and the other has t/T + t/T%/, then
the KL divergence over the 7 first samples is 73 /T12/ 5. which implies that in
the first T%/® we will not be able to distinguish between the arms. The regret
would be O(7), since in the last steps the rewards are almost 1 and initially the
rewards are near zero.

We will now give the details of the lower bound construction. The core
concept of the lower bound is bounding distance between distribution for specific
problem instance. We limit our possible profiles to be one of K + 1 profiles,
where each profile gives a complete characterization of the rewards of each arm.
Specifically, we define the set of profiles as Z = {Z;} X ,, comprising a set of K +1
profiles. In profile Z;, j € I, for a given number of samples ¢ € [T] and arms
i # j, the expected reward of arm i is defined as p;(t) = N'(¢/T — tK3 /T5,1),
where N (1,0?) is a normal distribution with mean p and variance o2. In profile
Z;, arm j has expected reward p;(t) = N (t/T,1). So, the optimal arm for profile
Z; is arm j. Additionally, there exists a profile Zy where for every arm ¢ € K
and t € [T the expected reward is p;(t) = N'(t/T — tK5 /T%,1). We will select

25
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one of the profiles 7;, j € K, uniformly at random.
The following theorem demonstrates that the Rising Rested MAB with Linear
4 &
Drift setting has a lower bound of Q(T'3 K3).

Definition 14.

o Distributions:

tK3
6 al)} Qm:q1><~-~><qm-

¢
CN(L o
@~ Nz ¢

t
ptNN(Tal): P, =p1 X...XDp.

e We define a set T of K + 1 profiles of rested bandits problems with linear
drift, where for each j € K ¥Vt € T the profile T; is:

I _ pi(t) = g fiFj
Do) =pe ifi=j

We also define a special profile Zy:

Iy = {Hi(t) = qt

Lemma 15. For every instance j € K, for any event A C Q*, we have | Z5(A) —

158 . 1572
ZﬂA”S]ﬂTTg,ZﬁqHZ?fZﬂMS]OTTg

Lemma 16. When using instance I; assuming N;(T) < T — (5 —8)7 the regret

3, 4 3, .4
is lower bounded with *51= . i.e., EX[R] > 5512

Theorem 17. Rising Rested MAB with Linear Drift problem is lower bounded
with QT3 K?3), for K > 36, and Q(T'3) otherwise.

Proof. For K > 36 Fix an arm j satisfying the follow property:

1
EO[NJ»(ZKT)] <T. (6.1)
Since there are at least %K such arms at the Zy instance, this implies that
if we select arm j uniformly at random we have 3/4 probability that it holds,
i.e., Prjec[E[N;($K7)] < 7| Zo) > 2. If Eo[N;($K7)] < 7, then by Markov
inequality we have,

Pr[Nj(iKT)] < 87|70 > 7/8.

We will now refine our definition of the sample space. For each arm a, define
the t-round sample space Qf = [0, 1], where each outcome corresponds to a
particular realization of the tuple (rq(s) : s € [t]). Then, the partial first 1K1
Q%"

sample space we considered before can be expressed as Q = [,
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We consider a “reduced” sample space in which arm j played at most 87
times:

* 8T JKT
Q=08 x [
aj
We will be interested in the event A = {N;(3K7)] < 87}. Note that the event

A is determined by Q7.
For each profile Z; , we define distribution Z7 on Q7 as follows:

Z;(A) = Pr[A|Z;] for each A C Q.

We want to bound the difference between the distributions Z5(A) and Z;(A).
Using Lemma [T5] we have that,

§ i Tl.SK%
%04) - Z () <107 F

5

4
5

For 7 = 12TK2 we obtain that [Z5(A) — Z5(A)] <
5
which property (6.1)) holds, we attain

i. Therefore, for arm j for

1 1 1
PT[NJ'(ZKT) > 87| Z;] < 1 + PT[Nj(ZKT) > 87| Zp] < 3/8.

This implies that Pr[N;(1K1) < 87| Z;] > 5/8.

Again, assuming that for arm j property holds over instance Z,, when
playing "full" game over instance Z;, with probability at least 5/8 arm j will be
sample at most T — (& — 8)7 times, i.e., N;(T)| I; <T — (£ —8)r.

From Lemma since with probability at least 5/8 we have N;(T) <

3,4
T — (& — 8)7, then we have that, E;[R] > 3£2I>  Therefore, for a uniform

3 4
random profile Z; we have an expected of E[R] > &£ =

For K = 2. Let the two arms be aq and a, when r,(t) ~ N(%,1) and
rq(t) ~ N (% — —,1). Applying Pinsker’s inequality and KL-divergent we

T aré
get that,

2||P; — Q- KL(Pr|Q-) <

,7_1.5

= |Pr— Qs < —=.
1P, =@l <

N gk
_
7 N\
S
i
N———
N
A\
[\V]
N,
o

Therefore, for 7 < T we have that ||P; — Q-|l; £ %, meaning that the two

distributions are indistinguishable if both sampled less than 7 times. Hence, to
4
distinguish between the arms the player have to sample one arm at least T's

times. The probability of sampling the bad arm T3 times is % Giving a regret
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of,
T%
“T—t+1 t t
R<05Y — = — — 4
; T T 21
8 4
. T34T5 1
>0575 — — "~
= 2 T
=0.5(T5 — T3 +T°%)
> 0.25T'5.

O

6.1 Impossibility result when the horizon T is
unknown:

Theorem 18. If the horizon T is unknown to the learner, there exists a problem
instance where the regret is Q(T).

Proof. Consider the follow the following example. A rising rested MAB with
linear drift with 2 arms, a; and az. Where for any time step ¢ € [T] the true
values of the arms are, g, (t) = 1 and g, (t) = Lt, where L = O(1/T).

For L < 2/T the optimal policy is to always play arm 1, and if L > 2/T the
optimal policy is to always play arm 2.

given any online algorithm at time ¢ = 1/L we have two events.

1. If the algorithm plays arm 1 less than 1/2L times, then we set T = 1/L.
The the algorithm has at most reward of 0.625/L + 1/4 while the optimal
policy (playing always arm 1) has reward of 1/L. Hence having a linear
regret in T

2. If the algorithm plays arm 1 more than 1/2L times, then we set T'= 3/L.
The algorithm has at most reward of 3.625/L while the optimal policy
(playing always arm 2) has reward of 4.5/L, also having a linear regret in
T.

Therefore, for any online algorithm if the horizon is unknown regret is Q(7"). O

6.2 Missing proofs

Lemmal [15] For every instance j € K, for any event A C Q*, we have | Z§(A) —

Z5(A)] < 1072KE o 1125 — 72|y < 1072K5
F A= 10—, e, 125 = Z7lh < 10—

Proof. Applying Pinsker’s inequality and KL-divergent we will have for any event
AcC O
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2(Z5(A) — Z;(A)* < KL(Z5|1Z;)

Na(%KT)
-3 S K
acll t=1
N, ( KT) N;( %K‘r)
=> > KLZ'zZph+ > KL(Z)'Z)
a#j t=1 t=1

U‘\Cv

5

2
3K§
<Z< ) §180TTﬁ5

In the inequality we use the assumption Nj(%K 7) < 87 and that for any a # j
zZ3t and Z;’t are the same. Therefore,

Z3(4) - z3(4)] < 0T KT

5

Definition 19.

o Let the vector v = {v;}iex, where v; = N;(T) represent the number of
times arm i was sampled, note that ||v||; =T.

e Let the vector v’ be the vector v where we zero the entry for arm j.

o V a set of vectors v such that the entries v; < T — (% —8)71. e,
V={veN:|ofl, =T,v; <T—(§ - 8)r}

Lemma When using instance Z; assummg N;(T) < T — (& —8)7 the regret

3 4
: L K5T5 X K3T$
is lower bounded with =5~ i.e., EX[R] > S55~.

Proof. In this proof we will use Definition The regret when using in-
stance Z; assuming E[N;(T)] < T — (& — 8)r. Formally, we define EX[R] =
ER| Z;, EIN;(D)] < T — (5 = 8)].

wepl i T Sk
t=1 iek\{j} t=1 P

T T—3 3 3
T T-8 T—5 -3

T o<p<T ok _g) {t—;i-l % - ; %+ ; t;(; }
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3 , 3
In the first equality we use that 37, 371, [72 - t;(gf’] < \t|iq1 {7{ — t;(g"} .
2 3.8 Kg 2 Ké 3 Ké
Given f(B) =B — 8- + K2 4 2}@ + T”f + 21(75 — K55 lets calculate
5 5 5 5
the first and second moments of f:
28 Kif K3 K3
f/(ﬁ):1_£+ GB+ 1 6 7
T Ts Ts 2Ts
2 K3 2 T3 1
1
= —— < —— = — —
(8 T+T%_ T+T% T’

where we use that K < T'5.

We got that the second derivative of f is always negative. Therefore, f is
concave, and the g value that minimize the expiration is at one of the edges of
the domain [0,T — % + 7], so it is sufficient to compare the value in 5 = 0 and

B:T—(%—8)T.
for g =0 we have

KéTé Ké
B[R] = -y 2
J 2 2T's
for =17 — £ 487,
EX[R] = (5F —8nERT - fF +8r+1)  (fF —87)(ffF —87+1)
J 2T 2T
3 T T
. K5 (5T —87)(&F —8r+1)
oT's
>0
——
K K K%(KT —7)? 8 8
(57 —8T)(T — 7 + 8r) 7 KR AKir
= + 3 + [ 3
T 2T's 8T's Ts
Kr K’ AK7P o 64t K87 4K%7
8 — —
= 4 16T T T 8T¢ T3
CK3T®  KSTS  KsT®  3Ts 273 K3 4Ks
36 2304 36 4K3 B5K:s 9673 12T3
- K2T%
iy 40 )
where in the last inequality we use that K <T 3.
Finally we get:
Kirs
EX 3R] > .
J[ 1= 40



Chapter 7

Full information rising restless
MAB with linear drift

In this chapter we address the full information setting, where in each time step
we observe for each arm i € K the reward r;(N;(t)). We use similar technics to
those in Chapters [d] therefore we assume that Lemma [37] and Lemma [3§ hold as
well for algorithms FIR-ed-EE. Showing both upper and lower bounds we show
a tight regret bound of O(T'5) .

Algorithm FIR-ed-EE solves the full information restless MAB with linear
drift problem. As algorithm R-ed-EE , algorithm FIR-ed-EE use the explore-

exploit methodology, and bound the expected regret with O(T%q)% In (%)%),
reducing factor of K3/5 from the bandit feedback problem.

The main idea of FIR-ed-EE is explore for 2M K times and for the rest of the
time exploit. For the exploration faze FIR-ed-EE use algorithm F'E twice and
observe the reward of each arm for 2M time. In the exploitation faze FIR-ed-EE
estimate two point on the line of the reward, using those estimation it calculate
the slope and the cumulative future rewards of the arms and choose to play the
arm with the maximal cumulative future rewards.

In more details, Algorithm FFE have as input (K, a,b) where a is the first
time step to sample and b is the last. F'F then sample each arm in a round robin
manner, observe the reward of each arm and then sum a weighted average of the
rewards of each arm. Then F'F return an estimation of the expected reward in
time (b+a)/2 for each arm in K. Thereby algorithm FIR-ed-EE have estimation
for both points in time steps M/2 and 3M /2. From now on the algorithm act
the same as algorithm R-ed-EE, calculating estimation of the slope and playing
the arm with the maximal future cumulative reward.

Definition 20. Let G be the good event that after using F'E 2 times, for any

. ) y In( 2 R . .
A (M) — iy ()| < Bl and [ (3 — s (1)) <

arm i € K :

ln(%)

2K (M-1)"

31
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Algorithm 4 FIR-ed-EE - Full Information Rested Explore Exploit

10:
11:

Input: K, T, M
Set pfKM=1 () = FE(K,1,M)
Set KM=V (3M) — FE(K,M +1,2M)
fOI‘/Z\G IC do AK(M—1)(3M\_ K(M—=1)( M

LQK(M—l) — My ( 5 ) 122 (2)

7 M
_ M

SRV M 41,1 — 2KM +2M) « Y, o 0 pf Y (34 4
tL2M i
end for

i argmax,cc 525X MTV QM +1,T — 2K M + 2M)
fort € [2KM +1,T] do

Play arm i*
end for

Algorithm 5 FE - Full Explore

1:
2:
3:
4:

10:
11:
12:
13:
14:
15:

Input: K, a, b
Define i Array of zeros
for n € [a,b] do

for arm 7 € K do _ _ _ _
Sample arm ¢ and observe {r](n+1),...,r_;(n+1),7/(n),...7%(n)}
for j € K do
ifn:aandjzithenSetwj:l.
else if n =b and j < then Set w; =0
else: Set w; = %
end if
end for ‘ ‘ ‘ ‘
f=p+wiri(n+1),...,wr_ (n+1),wr](n),...,wgrk(n)]
end for
end for
Return ﬁﬂ
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Lemma 21. The probability of the good even G is at lest 1 — 26 K

Proof. Lets observe the way Algorithm FE handle each arm i € K. In each
round ¢ € [a, b], the algorithm observes the reward in time step ¢ for ¢ times and
observes the reward at time step ¢ + 1 for k — i times. Therefor F'E observe
the reward at time step a for i times, K times for time steps ¢t € [a + 1, ] and
K — i for time steps b+ 1. Then algorithm F'E sum the rewards with weights for
each time step and arm. In this way the expectation of the cumulative weighted
reward for each time step is the expected reward in that time step. the only
exception is F'E doesn’t sum the rewards for time steps b + 1.

Have that,

e (S o B ot
J

b

1 L1 1
Ell= —— IE§ il E E[—
[u’l] b_a+1 [j:1irz(a')]+n:a+l [KJ

b+a
2 )

()] | = pa

K
=1

Now we have that each arm was sampled at least 2K (M — 1) times, using
Lemma, [33| we have that with probability of at least 1 — 24 :

() n ()l

Using union bound over all K arms we get that G holds with probability of at
least 1 — 20 K. O

23
Theorem 22. for § = ﬁ and M = % Algorithm FIR-ed-EE guaran-

tees regret O(Té@% In (%)%)

Proof. Similar to the proof of we can partition to three parts. The
first part is the exploration faze in time [1,2K M] which in the worst case the
regret is 2K M ®.

The second part is in the time [2K M + 1,T] when the good event G holds
and by Lemma [37] and Lemma we have that for each arm ¢ € K, we bound
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the estimation error by,

1§D N 41, T — 2K M +2M) — 5;(2M +1,T — 2K M + 2M)| < T2KM =11 )

In (2)
=T awar vy
o [ In (2)
<T (MI?)3'

The third part bounds the regret when the event G does not hold, i.e., G
occurs. By Lemma || we have P(G) < 2K, so the regret of this part is bounded

by P(G)T® < 2KT®S.

And we have that Rprr—ca—pp < 2M® + T°\ [ ey In (3) + 2KT®4, and
4n(2 1
% the regret is O(T# ®32 In (BKT)3). O

rl=

forézﬁandM:

Theorem 23. The regret for full information rising rested MAB with linear
drift is lower bounded with Q(T'5)

Proof. The proof of Theorem [I7] for K = 2 holds for the full information case
up to a constant of 2. Therefore the expected regret bounded with Q(T%). O



Chapter 8

Rested MAB with Linear Drift

In the follow chapter we derive two algorithms for the rested MAB with linear
drift problem and show a tight regret bound of © (K3/5T4/5).

Remark In this chapter the algorithm, theorems and proofs are similar to
those in Chapters [4] and [6] except for minor changes, due to that we will assume
that Lemma [] Lemma [37] and Lemma [38 hold as well for algorithms DR-ed-LD
and R-ed-LD.

The following are a few definitions which are related to the fact that we have
both rising and rotting bandits.

Definition 24. Given arm set IC and horizon T.

e K, and I, are subsets of the set K, where KC,, = {i|i € K, L; < 0} is the
subset of arms with negative slope in K, and K, = {i|i € K, L; > 0} is
the subset of arms with non-negative slope in K.

. V}; — {v\y e {NuU {O}}K vl = T} as the set of non-negative integer

vectors of size K and norm 1 of T.

° Q% € {R x K}T is the optimal action selection. Q% record tuples of
expected value for arms i € K in time steps t € [T] and the associated arm,
ice., {(ni(t),i)}. QF sort the tuples using the first value p;(t) where the
larger value come first, and keep only the first T items.

o O > max;cx(max(u;(T), 1i(1))) be an upper bound on the maximum ex-
pected reward of any arm.

Notations for rising and rotting bandits.

e We denote a rising (res., rotting) rested MAB with linear drift game with
arm set K and horizon h as Ris(KC, h) (res. Rot(KC,h)).

35
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e From Lemma for any vector v € V£ we refer m, as it respective policy.
Policy 7, is a deterministic policy and for any arm i € K policy 7, samples
arm ¢ for v(7) times.

In-addition for any deterministic policy m we denote v, € V- as it respec-
tive vector if 7 is the respective policy of v,.

e For array A, Ala,b] denotes the sub-array of A that includes entries Ali]
for i € [a, b].

e We denote the n’th largest reward value in a game with arm set K and
horizon h with Select({1i(t)};ex 1ejn) »n), and the action of that arm with

ArgSelect({.Ui(t)}ielc,te[h] ) 1)-

The first algorithm is DR-ed-LD, a deterministic algorithm which receives
for each arms in K its slope and the true reward at time step 1.

The main idea behind DR~ed-LD is separating the set of arms KC to two subsets,
IC,, the subset of the descending arms and /Cj, the subset of the rising arms. Then,
for each h € [T] U {0}, the algorithm finds the optimal policy and its reward for
the games Rot(KC,,, h) and Ris(Cp, T —h). Next, the algorithm finds h € [T|U{0}
such that, the optimal cumulative reward of games Rot(kC,,, h) and Ris(KC,,, T —h)
is the highest. Finally, the algorithm return the concatenation of the respective
vectors of the optimal policies for games Rot(K,, h) and Ris(K,,T — h).

The following theorem states the correctness of our algorithm.

Theorem 25. Algorithm DR-ed-LD returns the vector representation of optimal
policy for the deterministic rewards rested MAB with linear drift game with arm
set K and horizon T'.

Proof. Let 7, be a deterministic optimal policy for the problem and v € VX as
it vector representation. (There is a deterministic optimal policy because we can
represented the problem using a MDP.)

For contradiction, assume that [v,,, v,] in the algorithm is a vector represen-
tation of a sub-optimal policy. Then,

v(3) v (i) v(4)

SN =33 w + 30 i)

e t=1 e, t=1 e, t=1
Un(i) Up(i)
S OD SRS 3 920
i€, t=1 i€, t=1

T—h
he[T u{o} Z Select({p(n )}iGKn.,ne[h] 1)+ gel?é {tz—; ﬂa(t)}}.

The second equality follows from the algorithm. From lines 17 — 19 we have that
Cier, Dot 1(t)+ Ciewe, T2 n(t) = max {gall] + fu(T = h)}. The way

the algorithm choose g, [h] is using a realization of the select function over arm
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Algorithm 6 DR-ed-LD: Deterministic Rested Linear Drift

1: Input: K, T, L, u(1)

2: Define A, gi, g, arrays

3: gv[o} =0; fv[o] =0

4: Set K, = {i € K| L; > 0} > The set of rising arms.
5: Set KK, = K\ K, > The set of rotting arms.
6: Set fi = [argmax; ¢y {22:1 wi(1) + (n— I)Li}]tho > f(t) Hold the

optimal arm for the game Ris(K,,t).

7. Set f, = [Z;Zl tg 1) (011 > f»(t) hold the optimal cumulative re-

ward value for the game Ris(K),t)
8: for i € [K,] do
o Al = (1)
10: end for
11: for ¢t € [T] do

12: v = max; A[f] > The ¢’th largest reward value from the arms in /C,,.
13: gk[t] = argmax; Ai] > The arm with the ¢’th largest reward
value from the arms in /C,,.
14: Algrlt]] = v — Lg, g > update the value of arm g[t] to the
value of the next time step.
15: Gltl =gult — 1]+ v > Hold the optimal cumulative reward
value for the game Rot(K,,t).
16: end for
17: h = argmax {g,[z] + f,(T — )} > Find h which maximize the cumula-
z€[0,T] tive reward of Ris(K,,T — h) and
Rot(Kp, h).
18: Set v, when Vi € KC,,: v, (i) = Z?Zl 1 {grlz] =i} >
The vector representation for the opti-
mal policy for the game Rot(K,,h).
19: Set vy, = ey, ;r—n) (T — h) > The vector representation for the opti-

mal policy for the game Ris(K,, T —

h).

20: return [v,,, vp). > Concatenation of the to vectors.
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set K, and horizon h. In the algorithm f,(T — h) is the maximal cumulative
reward for playing one arm from ¢ € K, for horizon 1" — h.
If so, for h =}, v(i) at least one of the follow inequalities hold.

h v (%) h
> 2 pa(Ni(0)L{my () = i} = pi(t) >y Select({ps(n)}icx, mepm +1):

(8.1)

v(1) T—h
DD milt) > max {Z ua(t)} : (82)

i€, t=1
If inequality hold, then for some [ € [h],

-1

-1
SO N L () = i} = 3 Select({pi(n) e, nep -0
t=1

t=1iek

and
D (N ()1 {my (1) = i} > Select({pi(n)}icx, nepp » s
ek
in contradiction to that Select({u;(n)}
value.
From inequality and Corollary [2| we know that for a rising rested
MAB with linear drift the optimal policy is playing only one arm. There-
fore maxqerc, {Z;T:_lh Lo (t) } is the maximal value for playing arms K,, for T'—h

step, thereby inequality do not hold.
Namely, policy 7y, ,] is a vector representation of optimal policy. O

iexc, neln) - 1) is the largest I'th reward

The second algorithm is R-ed-LD, an algorithm for the non-deterministic
rested MAB with linear drift problem. Same As algorithm R-ed-EE, algorithm
R-ed-LD use an explore-exploit methodology as well. The exploration part in
both algorithms stay the same so we will not elaborate on that part.

In the exploitation part, we have for each arm i € IC the estimations of the
expectation of the rewards in time step M/2 and 3M /2, denoted with M (M/2)
and M (3M/2) respectively. In addition we have the estimation of the slope
ﬁ?M . Using those estimations algorithm R-ed-LD use algorithm DR~ed-LD with
parameters, K as the set of arms, T'— 2K M as the horizon, LM a5 the array of
the slops and ™ (332) + 2 12M as the array of the reward values in time step
2M + 2. Algorithm DR-ed-LD returns a vector representation for a policy of
game with horizon T'— 2kM. R-ed-LD plays this policy for the rest of the time.

The good event G is define as before.

Definition 26. Fvent G as in Definition [



39

Algorithm 7 R-ed-LD: Rising Linear Drift

L Input: K, T,.M

2: Set L, ,&M(%) M (TM) Array

3: for i € K do

4: Sample arm ¢ for 2M times, and observe r;(1),...,7r;(2M)
5 .&iw( ) Mzn 1”( )

6 it (350) < 47 7 Sy 7i()

7 T2M /tﬁ”(%)j\;ﬂfv"(%)

: K3

8: end for

9: v=DR—ed— LD(K,T — 2KM, L, pM(3M) 4 MT2M)
10: for ¢ € K do

11: play arm ¢ v(i)times

12: end for

4 1
Theorem 27. For M = %, Algorithm R-ed-LD guarantees regret of

O(T5(®K)5 In(®KT)5) for Rested MAB with Linear Drift.

Proof. The regret can be partition to three parts. The first part is during times
[1,2K M| when we explore each arm 2M times. The second part is during times
[2KM + 1,T], assuming the good event G holds. The third part is during times
[2KM + 1,T], when the good event G does not hold.

For the first part, i.e., the regret over the first 2M samples of each arm, we
bound the regret by 2K M ®.

For the second part, the regret during exploitation stage, assuming the good
event G holds. Under good event G, by Lemma [37 and Lemma [39] we have that
for any vector v € {N U {0}}* with lvll, < T —2KM, we bound the estimation
error by,

v(z) v (1)

SN ) =30 )| < DT (2M +1,2M + v(0))

ek n=1 1€ n=1 1€C
<T*M©QM +1,T - 2KM)

1 2
< 2 - — .
<T 5 3ln<6)

Note that the regret of the second part is independent of ®. This is since
our confidence intervals do not depend on the magnitude rewards, i.e., ®.

The third part, we bound the regret when the event G does not hold, i.e., G
occurs. By Lemmawe have P(G) < 2K, so the regret of this part is bounded
by P(G)T® < 2KT®S.

72,/In
To summarize, we have & < 2MK®+ fMl(j +2KT®4. Setting § =

and M = % we get that R < O(T'3 (®K)? In(®@KT)3). O

2TK¢‘
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Theorem 28. Rested K-MAB with linear drift is lower bounded with Q(T3 K ?).

Proof. We know that Rested Rising K-MAB with linear drift is a sub problem
of Rested K-MAB with linear drift. Thereby from we have that
Rested K-MAB with linear drift is lower bounded with Q(T'5 K'5). O



Chapter 9

Restless rising MAB with
linear drift

In this chapter we tackle the restless rising MAB with linear drift problem.

Remark 29. The restless rising MAB with linear drift and restless rotting MAB
with linear drift are identical problems. Considering the rotting framework with
costs is equal to the rising setting with rewards, and vice versa.

Avuer et al.| (2002)) introduced algorithm Exp3.S, which bound the dynamic
regret under adversarial setting with expected regret of O(y/SKT In(KT)),
where K is the number of arms, T is the horizon and S is the number of times
the optimal arm has been changed in the game regarded to the expectancy of
the arms. (i.e., S = ZtT;ll L[argmax;cxc {pi(t)} # argmax;cc {pi(t + 1)}]).

Noticing that restless rising MAB with linear drift problem is a sub-problem of
the adversarial setting. Due to the linearity of the arms we know that the number
of times the optimal arm can change is bounded with K — 1. Therefore Exp3.S
bound the restless rising MAB with linear drift problem with O(K /T In(KT)).

However when K > T'/* we can obtain better regret bound which we will
achieve using algorithm R-es-BEE. The main idea of algorithm R-es-BEE is
dividing the game to log(T'/2) growing blocks, in each block the algorithm use
an explore-exploit methodology in which explore each arm M times. Given the
observations the algorithm estimate the slope of the linear function of the arm
and the expectation reward of a point in the block on the arm.

In more details the sizes of the blocks will denoted with B = {21°g(MK), ..., 2ls(3) },

in each block b € [|B]] the algorithm sample each arm ¢ € K for M time steps
with interval of size K. The first block is entirely dedicated to exploration, for
any other block b € [2,|B]] for each arm ¢ € K the algorithm use the observations
from the current exploration faze to estimate the expected value of the arm at
time I = By, + MEEEL242 We denote those values with 4 (12). In addition
the algorithm use the estimations 1 (12) and 1} (1}) to estimate the slope, which
we denote with L2M (b). For the remaining time steps ¢ € [By + 2M K + 1, By41]

41
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in the block the algorithm estimate the value of each arm in time step ¢ and
play the arm with the highest value.

Algorithm 8 R-es-BEE - Restless Blocks Explore Exploit

1: Input: K, T, M

2: Set : B = [2log;(MK)7 210g(]\/lK)+17 - 210g(%)}

3: Set: Bp =0

4: for be[0,|B|] do

5 Set: M) =0: Viek

6:  Set: I! = By + MEEEE2E2 . v c K
7: Set: time =0
8
9

for t € [0, M — 1] do

for i € K do
10: sample arm 4, iM (1) « pM (1) 4 rilBettKEG21)
11: time = time + 1
12: end for
13: end for

140 Set: LM (p) = EEUDZAT() ¢ i
15: for ¢ € [time + 1,time + B, — M K] do

16: Set 1*(t) = argmax{aM (12) + (t — I1)L2M (b)(t — 1)}
ick

17: sample arm i*(t)

18: time = time + 1

19: end for

20: end for

Definition 30. Let G be the good event, which for every block b € [0, |B]] for
any arm 1 € IC,

, log (2)
(1) — M (D)) < 4| =292
|l’[’7z(lz) lul (l’L)| — 2M

Lemma 31. The good event G hold with probably of at least 1 — K log(T")o
Proof. From the Lemma [33| we have that for arm i € K and b € [0,|B|] with
probability of at least 1 — 4,
log ()

2M

i (7) = i (17)] <

Using union bound over K and |B| + 1 = log(T") we get that G holds with
probability of at least 1 — K log(7")d. O

2 1))1
Theorem 32. Algorithm R-es-BEE with parameter M = M guar-
(K log(T)®)3

antees regret of O((K®)3T3 In (2K 1og(T)T<I>)%) for restless rising MAB with
Linear Drift problem.
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Proof. Define i*(t) as the arm with the highest expected reward for each time
step t € [T].

We partition the regret to three parts. The first part is the exploration phase
in each block, which in the worst case the regret is KM log(T)®.

The second part is at the exploitation phase in the blocks when the good
event G holds. We bound the regret for each block b € [|B]].

For any arm ¢ € K we can bound the estimation error of ﬁfM (b) by,

pallt) — pallo) () — i (o), (2108 (3)

L; — L2M(p)| =
| 2 [ (b>| | Bb Bb MBE

Thereby we can bound the estimations error of the algorithm for any time
step t € [By + 2K M + 1, Byy1],

lua(t) = A7) + (¢ = LY () (¢ = 17)]

log (3) MK+ K +2i+2\ [2log(2)
< (me 2 ) 3B

log (3) MK + K +2i+2\ [2log(2)
<\ +<Bb+1—Bb— : ) s
<3 %_
= M

D SRR U S Ll
= (1
be[|B|] t=By+MK+1

be[|B|] t=By+MK+1

2
Using Lemma (12| we get that ju- (t) — pz. (t) < 6 M hence,

Therefore, in this part the algorithm suffer regret of at most 6771/ %.

The third part bounds the regret when the event G does not hold, i.e., G
occurs. By Lemma [31] we have P(G) < 2K log(T)d, so the regret of this part is
bounded by P(G)T® < 2KT log(T)®5.

All together we get that ® < MK log(T)®+6T log( ) +2KTlog(T)®4. For

Wl
~—

M = 7T§(ln(%))%2 and § =

(K log(T)®)3 5 We get aregret bound ofO((K(I))@T% In (KT log(T)®)
og 3

1
2KT log(T)
O

Open question We leave this chapter with an open question of finding a tight
for the rising restless MAB with linear drift problem. Sow the current lower
bound is v KT, i.e.,the lower bound for the classic MAB.
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Chapter 10

Discussion

In this work we addressed the rising rested MAB with linear drift problem,
i.e., the expectation of the reward function of each arm is linear non-decreasing
with respect to the number of time the arm was played. We bounded the
dynamic regret of the problem with both upper and lower bounds, deriving a
tight dynamic regret of (:)(T4/ SK3/ %). In addition we provided a tight bound for
the full information feedback setting, which reduce the K3/® factor to a ©(T*/%)
regret bound. Furthermore, we showed an instance dependent regret bound
algorithm, which can achieve better regret in some parameters, and in the worst
case its regret is still near optimal.

Regarding the rotting rested MAB with linear drift. The work of [Seznec
et al.| (2019) considered the rotting MAB problem, and showed dynamic regret
upper bound of O(v/KT). which solve the rotting rested MAB with linear drift
problem with a tight regret bound as well.

We extended our techniques to handle a mixture of the rested rotting and
rising bandits which have tight dynamic regret of ©(T*/°K3/5) as well.

As for the restless setting we show a O(min{K+/T, K'/3T?/3 T}) upper
bound in face of the known KT lower bound, leaving an open problem.

It is evident from our results, that in terms of regret, the rising rested MAB
with linear drift problem has a higher regret than the rotting rested MAB with
linear drift problem or even the stationary stochastic MAB. Here is an informal
intuition why this happens. In the rising rested MAB with linear drift problem,
when we fix an optimal arm, the higher reward values of the optimal arm are
obtained when the number of samples are close to 7. This implies that each
time the learner does not play the optimal arm it might incurs a significant
regret. For this reason we bound the regret by the number of times we pull the
non-optimal arms, and cannot multiply it by a sub-optimality gap, as done in
stationary stochastic MAB. This is the major source to the significantly higher
regret in our setting, which is inherent, as our lower bound shows.

45
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Appendix A

Concentration Lemmas

Lemma 33. Hoeffding’s inequality: Let X1, Xs, ..., X, independent random
variables such for every i € [m] X; € [0,1] and p; = E[X;], for § >0

Pr % Z (X; — )| > 0] <2exp (72m52) .
i€[m)]

Lemma 34. In Rising Rested MAB with Linear Drift for any arm i € IC |

m € N even number, n’ € N and set of samples r; = {r;(n),...,r;(n’ + m)} of
arm i, with probability of at least 1 — ¢,

2
L m‘ In (%)
AP+ ) =+ 5| <50

Proof. From the definition we have that p;(n' + %) = E[a"(n' + )] =
E[ ?:;;n ri(n)}, applying Lemma |33 give as,

2
smeor My E‘< ln(g)
A+ ) — e+ ] <[

3

O

Lemma 35. In Rising Rested MAB with Linear Drift for any arm i € IC |
M € N even number and set of sample r; = {r;(1),...,r;(2M)} of arm i, with
probability of at least 1 — 20 we have,

o (BMY _(3M In (3)
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o 2In (2)
[~ | < Yy
Proof. Using Lemmawe have that with probability of 1—4 each | i ( ) i ( ) | <
% and [pM (&) —p; (&) | < Q(M), using union bound we get that with

probability of at least 1 — 25 both inequality are holds, and,

ORI G R IEAC RV ) N ETTE

O



Appendix B

General Lemmas and claims

Lemma 36. In Rising Rested MAB with Linear Drift, if |2 (231) — p; (22L)] <

In R In
0L () - (01 < VL ot (72 1] < SED ot for
some arm i € K, then for any n € [T,
[EM (n) = pi(m)| <72
Proof. We have that:

pi (%) + i (%)

oty = P EIRE)
Together with the definition of ¥?% (n) we get that
AM(3MY | A MM 3M M
i (%57) + i (%) > pi(557) + mi(5)
[0 () = pa(n)| = | === - MY - =t
In (2 21n (2
< n(3) +ln— M| (3) = 42M
oM M1
O

Lemma 37. In Rising Rested MAB with Linear Drift, if |12 (23L) — p; (23L)] <
I(3) M (ALY (M) < “;ﬁand’LW Li| < < 22 oy for

]\/[l 5
some arm i € KC, then

182M (n1,n2) — si(ny, na)| < T*M(ny, na).

Proof. Using Lemma |36/ we have that |2 (n) — p;(n)| < v2 and we get that,

n2
57M (n1,m2) — si(n1,mo)| Z (WM (n) = pi(n)] < Y A2 =T (01, o).

n=ni n=ni

E
O

o1
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Lemma 38. For any ni,ng € [T,

2M 2M 2 In (%)
T2M () ny) <T2M(1,T) < T .
(n1,m2) < 7L T) V2M1L5
Proof.
2M 2M In (%)
I2M () ny) < T2M(1,T) § VR —_

2M 2 M1-5 2M M5

In(2 ,/21n In(2 21n(2)
— oM n(5)+M_|_1 + (T —2M) n(5)+(T-2|—1> 5

2In (%) T+M+1\ /20 (3)
= (2M? + M)~——5— Ml.5+(T—2M)< 5 ) Vi
- 1n(%).
NIV

O
Lemma 39. In Rested MAB with Linear Drift, if for some arm i € IC, h €

NE
[T] and vector v € NU {0} such |v||; = h, lh(SéM)‘ < 12(]\;)7

M (8 — i (A1) | < ()and’LQM L‘<V1()holds,then

M

AI\/I (3M)

v (1) v(7)

S3 A0 - 33 | < T

€L n=1 €L n=1

Proof. Using Lemma |36( we have that |¢3M(n) — ul(n)’ < 42M and we get that,

v (1) v (%) v (1)

DD )=y Y w®) <Y [ () — m(n)]

ek n=1 e n=1 e n=1

h
< Z [0 (n) — pi(n))|

< Z,YQJW FQJW 1 h)

Claim 40.

§2M (ny my) = (ng—m—l-l)[(ﬂfw (312”) + M (f)) /2 + (”2"2”“ - M) EfM].
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-y (ﬂf” <3]2\4> + <A24)> /24 (n— M)L3M

(n2”1+1)[(ﬂfw <3J2V[>+ufw <]\24)>/2+(n2;n1M)E12M}

O

Lemma Fizx;,x;,2:,2; 20, if |Zi—a5| <, |T5—2] < v and T —35 < 27,
then, x; —x; < 4.

Proof. i —x; <& — &5 + 2y < 4. O
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Appendix C

Dynamic vs static regret

Definition 41.
1. Let V be a set of vectors, where V = {v € {NU{0}}*]| |lv|, =T}.

2. Forie K, let e; € RX be the unit vector with 1 at the i’th entry and 0 at
the rest.

Lemma 42. For any two linear monotonic increasing functions f(x) = ax+b and
g(x)+cx+d and any a, B € NU{0}, assuming w.l.o.g. >0 f(z) > 2000 g(a),
then the follow holds,

B

a+p «
D) =D f@) + > ().
=1 =1 =1
Proof. Note that,
a+p3 oY B a+p B
S @Y @+ e =Y f@)> e ()
r=1 =1 x=1 r=a+1 r=1
1. If for any x € [a+ 3] we have f(x) > g(x), we get that,
a+pB B B
R CENCEN O]
r=a+1 rx=1 rx=1

and we are done.

2. Else, f and ¢ have intersection point z = Z:z. In the case that for any
x € [|z]] we have f(z) > g(z) and for any = € [[z],a + 3] we have

f(z) < g(x).

95
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2.1. If B <z,
a+B B B
ST @) =) @) =) g,
r=a+1 =1 =1
and we are done.
22. If B> z,
a+p a+pB «
Sogle)= > f@) =D fla)
r=£4+1 r=£+1 =1

since f(x) is non-decreasing. Hence,

a+p a+pB a+p B o B
D f@) =) 9@ = Y gl@)+) gle) =) fl@)+) gl),
=1 r=1 r=08+1 =1 z=1 r=1

and we are done.

2.3. Otherwise for = € [|z]] we have f(x) < g(x) and for x € [[z],a + 8]
we have f(z) > g(x).

2.3.1. If a < 2,
a+f o o
> oga) =) glx) =D f(x)
r=p+1 =1 r=1
a+p a+p a+p B o B
=S f@ =S g@ = S 9@+ e =Y f@)+ Y gl)
=1 r=1 z=£+1 =1 r=1 =1
2.3.2. f a >z,
a+pB a+p B
S @ S g@) =S ).
r=a-+1 r=a-+1 r=1
O

Lemma 43. In the Rested MAB problem with arm set IC and horizon T, a
trajectory of a policy can be represented as vector v € {NU{0}}X with ||v|, =T.

Proof. The return of any trajectory dependent only on the number of time the
policy sampled each arm. Fix a trajectory a = {aj,as,...,ar}, lets define the
vector v € RE as follow: for any i € K, the i’th entry v; = Zthl I(ay =13) =
N;(T), and we get that

Vg

T
Y ne(Ne(ar)) = D> palt).

i€l t=1



o7

Note: thanks to Lemma [43] From now on when we talk about a vector in
relation to the policy, we will mean the vector representing the policy run and
vice versa.

Theorem 44. The optimal policy for Rising Rested MAB with Linear Drift is
playing always arm i*, i.e., for any v € V:

d; T
DD walt) <maxy ()
ek t=1 t=1

Proof. define i* = argmax Zt 1 1i(t) as the best arm.

For any vector v E V \ {€; - T}iex, from Lemma [42] we know that there exist
J,l € K when I # j and v;,v; > 1 such:

v+

> wn) > i:ﬂj(n) + > (n)
n=1 n=1

n=1

v +v;

ézzl:uz(n)g Z 2yi(n)+ Z pu(n).

e n=1 i€\ {j} n=1 n=v;+1

Hence, for any vector v € V '\ {e; - T}iex, if we apply Lemma at most K
times we will get that there exists j € K s.t.:

O3 i) <3 ()

i€ n=1 n=1

S

Since i* = argmax Z:Zl wi(n) we get that,
i€

ZM >13€a&<{zzi:ui(n)}.

i€ n=1
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