Linear differential equations with constant coefficients

Method of undetermined coefficients

u+vi u .. 2
e =e(coswtisinwx), u,v e Rji =-1

Quasi-polynomial:
ox k . k
OQurpix) =€ [cos Px (fo+fix+ ... +fx) +sinPx (g +gix + ... + gx)]

a, Baﬁ) s fia "'Jfk’ 815 - 8k € R

k is the degree, o+ is the exponent of O, 4(x)

Examples:

3=¢"[3 cos Ox +sin Ox] > a4Bi=0, k=0
X +7=e"[cos Ox (x +7) + sin 0x] S oHPi=0, k=2
xe e =" [cos Ox (x + 1) + sin Ox] - otBi=2, k=1
xcos 2x+sin2x=e [x cos 2x + sin 2x] - otPi=2i, k=1

¢ cos 5x + ¢ sin 5x (x7 +1)= e [cos 5x + (x7 +1)sin5x] —» otPi=1+5i, k=7
x cos 3x +sinx - not a quasi-polynomial, but a sum of two quasi-polynomials

2 . )
xe, tgx,cosx/x -not quasi-polynomials



Homogeneous linear differential equations

Homogeneous linear differential equation of the nth order:
y(n)+a1y(n_1)+a2y(n_2)+...+any=0, a,a,..,a, € R (1)
Initial conditions:
$00) = & Y 00) =gy 3 (50) = 2)
The characteristical polynomial and the characteristical equation:
pV)=L"+a, A+ a, A+ a,, p(A\)=0
Let Ay, Ay, ..., A, be the different real roots of p(A) and m,, m,, ..., m, be their

multiplicities, and let p;, [y, ..., b, , i, be the different conjugate complex pairs of

roots of p(A) and m,, m,, ..., m, be their multiplicities

my+my+ .. tmg+2my +2m, + .+ 2m, = n.

The general solution of the homogeneous equation (1):
VE Tyt Ty,
Each y; is a quasi-polynomial with the exponent A, € R of the degree m; - 1. It
contains m; coefficients. All the coefficients are arbitrary numbers.
Each y; is a quasi-polynomial with the exponent p; € C of the degree m; - 1. It
contains 2m; coefficients. All the coefficients are arbitrary numbers.
The total number of the free coefficients is
my+my+ . tmgt2my +2my + .+ 2m, = n.
The concrete values of the free coefficients are determined from the initial conditions

2).



Nonhomogeneous linear differential equations

Nonhomogeneous linear differential equation of the nth order:
y(n) +a y(n_l) +a, y(n_z) +...+ta,y=bx), a,a,..,a,€R 3)
The general solution

Y=ty
where yj, is the general solution of the homogeneous equation (1) and y, is a particular
solution of (2) (each one fits). If b(x) = b,(x) + b,(x), then any particular solution is a
sum of some corresponding particular solutions: y, = y,; + y,, . The component y,

contains n arbitrary coefficients, which can be determined from the initial conditions

(2) after y, is found.

Let b(x) be a quasi-polynomial of the degree k& with the exponent a+fi. There are two

cases:

1. a+PBi is not a root of the characteristical equation, i.e. p(a+Pi) # 0. Then the
particular solution y, is searched for in the form of a quasi-polynomial with the
same exponent and the same degree:

v, =€ [cos Bx (fy +fix ot fix) +sinBx (g tgxt ..t (4)
There are k£ unknown coefficients with B = 0 and 2k coefficients with B # 0. All of
them are to be determined from the equality obtained after the substitution of y = y,
into (3).

2. a+Pi is a root of the characteristical equation, i.e. p(a+pi) = O (resonance). Let m
> 1 be the multiplicity of the root a+fi. Then the particular solution y, is searched
for in the form of a quasi-polynomial with the same exponent and the increased
degree k + m. The terms with the degrees of x up to m - 1 can be canceled, for the
corresponding lower degree quasi-polynomial is a solution of the homogeneous
equation (1). The resulting form is

Yy =x" " [cos Bx (fo+fix+.. +kak) +sinBx (gytgx + ... +gkxk)]. (5)
There are k£ unknown coefficients with B = 0 and 2k coefficients with [ # 0. All of
them are to be determined from the equality obtained after the substitution of y =y,
in (3).

Form (4) can be considered as a particular case of form (5) with m = 0.



Homogeneous systems of first-order linear differential equations

The homogeneous system
r
Yi= apyrtapy, T . tay,

V)= ayy tapy, T ot ayy,

Yn = an1y1+an2y2+ "'+annyn

The initial conditions:

yl(XO)ZEA: yZ(XO):E_Q: A yn(XO):E_vn

In the matrix form:
y'=4y, (6)
W) =8, y,EeR (7

The characteristical polynomial and the characteristical equation:
p(h)=det(4-AD),  pi)=0.
The roots of the characteristical equation are called eigenvalues, any non-zero

solution V of the vector equation (4 - Al)V = 0 is called an eigenvector with the

eigenvalue A.



The simple case: roots of the multiplicity 1

All roots of the characteristical polynomial have the multiplicity 1. Then there are n
different eigenvalues and n corresponding linearly independent eigenvectors.
Let &y, Ay, ..., A be the real eigenvalues of 4 and p;, [y, ..., 4, , f, be the conjugate
pairs of complex eigenvalues of 4
s+2g=n.
The general solution of the homogeneous equation (1):
Y=yttt oty tytnt..ty,

where the components corresponding to the real eigenvalues have the form

A .
yi=c¢e J* Vi, j=1,..5,
with V; being the eigenvector corresponding to A; . The two real solutions

corresponding to each conjugate pair of complex eigenvalues L, p; are found as the

real and the imaginative parts of the complex solution of the form et V,, where V; is

the corresponding complex eigenvector:

v,=diRe(" V) +d Im(" V), j=1,..q.
The general solution depends on 7 arbitrary coefficients. These coefficients can be

determined from the initial conditions.

Vector quasi-polynomial:
Qu i) = € [cos Bx (Fy+ Fyx + ...+ Fex') +sin Bx ( Gy + Gyx + ... + Gyx')]
FO , Fl’ cees Fk’ Gl, cees er Rn

k is the degree, at+fi is the exponent of Qg p; 4(X)

Examples:

2 Ox 2 0) , . )
5 |=e " {cos0x +|  |x7 |+sin0Ox - atPi=0, k=2
x 0 1
e>* cosx ’ 1 . (0
b . |=eTqcosx| |+sinx| |x —  atPi=2+i, k=1
xe“" sin x 0 1



General homogeneous case.

Let A, Ay, ..., A, be the different real roots of p(L) (eigenvalues of A) and m,, m,, ...,

m be their multiplicities, and let p, By, ..., 4, , K, be the different conjugate
complex pairs of roots of p(A) (eigenvalues of A4) and m;, my, ..., m, be their
multiplicities

my+my+ . +mgt2my +2m, + ..+ 2m, =n.

The general solution of the homogeneous equation (1):

Y=yttt oty Yty +Xq

Each y; is a vector quasi-polynomial with the exponent A; € R of the degree m; - 1. It
contains nm; coefficients. Only m; coefficients are independent and can be taken
arbitrary, all the others are to be expressed through them. The independent coefficients
are identified by the substitution of the general vector quasi-polynomial instead of y
into (6).

Each y; is a vector quasi-polynomial with the exponent p; € C of the degree m, - 1. It
contains 2nm; coefficients. Only 2m; coefficients are independent and can be taken
arbitrary, all the others are to be expressed through them. The independent coefficients

are identified by the substitution of the general vector quasi-polynomial instead of y

into (6).

The total number of the independent free coefficients is n. The concrete values of the

free coefficients are determined from the initial conditions (7).



Nonhomogeneous systems of first-order linear differential equations

Nonhomogeneous linear system:

by (x)

y'= Ay + B(), B =| 2 (8)

b, (x)
The general solution
Y=ty
where y, is the general solution of the homogeneous system (6) and y, is a particular

solution of (8) (each one fits). The component y, contains n arbitrary coefficients,

which can be determined from the initial conditions (7) after y, is found.

If B(x) = B,(x) + B,(x), then any particular solution is a sum of some corresponding

particular solutions: y, =y,; +y,, .

Let B(x) be a vector quasi-polynomial of the degree & with the exponent a+fi. Let m
be the multiplicity of a+i as of a root of the characteristical polynomial, i.e. m = 0 if
p(at+Pi) # 0 and m > 1 if p(a+Bi) = 0 (the resonance case). Then the particular
solution y, is searched for in the form of a vector quasi-polynomial with the same
exponent and the degree k + m:

V= e [cos Bx (Fy+ Fix+ ...+ Fk+mxk+m) +sinBx (Gy+ Gx+ ...+ Gk+mxk+m)].
There are n(k + m) unknown coefficients with = 0 and 2 n(k + m) coefficients with 3
# 0. All of them are to be determined from the equalities obtained after the
substitution of y = y, into (8). In the resonance case the number of the coefficient

choices is infinite. Then some of them are defined arbitrarily (as zero, for example).

Remark. The low degrees of x cannot be canceled like in the scalar case!



