
Vectors

Notation: vectors are bold Latin characters, while real numbers are Greece.

Main properties:

a + b = b + a,  (a + b) + c = a + (b + c),

0 a = 0, λ (a + b) = λ a + λ b, (λ + µ) a  = λ a + µ a

Linear independence (is similarly defined for any number of vectors):

Vectors a, b, c, d are called linearly independent if for any real numbers λ, µ, ν, η, not all of

which are zero, λ a + µ b + ν c + η d ≠ 0.

Or equivalently:

λ a + µ b + ν c + η d = 0    ⇒     λ = µ = ν = η = 0.

Vectors a, b, c, d are called linearly dependent if there are real numbers λ, µ, ν, η, not all of

which are zero, such that  λ a + µ b + ν c + η d = 0.

If, for example, λ ≠ 0, then a = - λ
µ b - λ

ν c - λ
η d.

In other words:

A group of vectors are linearly dependent iff one of them can be expressed as a linear

combination of the others (with possibly zero coefficients).

In particular, any set of vectors containing zero are linearly dependent. Indeed if  a = 0 then

a = 0 = 0b + 0c + 0d.

A group of vectors are linearly independent iff none of them is a linear combination of the

others (with possibly zero coefficients).

The maximal number of linearly independent vectors is called the dimension. The dimension

of the plane is 2, the dimension of the space is 3.

In particular, if a, b, c are independent, then any other vector r can be expressed as

r = λ a + µ b + ν c .

Here λ, µ, ν are called the coordinates of r in the basis a, b, c. Similarly any 2 independent

vectors constitute a basis in the plane.



Any 2 non-parallel vectors can be used as a basis in the plane. Any 3 vectors which cannot be

put in one plane can be used as a basis in the space.

Projection of vector v on vector a:  projav = |v| cos(angle(a, v))

Cartesian coordinates: ortogonal coordinates generated by some ortogonal unit vectors i, j, k

constituting a right-hand basis.

Notation:  rx = projir, ry = projjr, rz = projkr

r = rx i + ry j + rz k,  |r| = (rx
2 + ry

2 + rz
2)1/2,

r = |r| (i cos α + j cos β  + k cos γ), cos α = rx /|r|, cos β = ry /|r|, cos γ = rz /|r|.

Scalar product:

a⋅b = (a, b) = |a| projab =  |b| projba = |a| |b| cos(angle(a, b))

Main properties:

(a, b) = (b, a), (a, b + c) = (a, b) + (a, c), (λa, b) = λ(a, b), (a, a) = |a|2 ≥ 0

(a, b) = ax bx + ay by + az bz ,

cos(angle(a1, a2)) = 
||||
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aa = cos α1 cos α2 + cos β1 cos β2 + cos γ1 cos γ2 .

In particular    cos2 α + cos2 β + cos2 γ = 1.

Plane and straight line.  Let r = (x, y, z) (or (x, y)) be a radius-vector in the space (plane).

A straight line in the plane:     a1 x + a2 y = c   or   (a, r) = c ,   a is ortogonal to the line

A plane in the space:    a1 x + a2 y + a3 z = c   or   (a, r) = c,    a is ortogonal to the plane

A straight line in the space is given as the intersection of 2 planes:

 a1 x + a2 y + a3 z = c  

 b1 x + b2 y + b3 z = d  

or      (a, r) = c ,            a, b are ortogonal to the line

       (b, r) = d



Vector (cross) product.

a×b = 
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321

bbb
aaa
kji

,  | a×b | = | a | | b | |sin angle(a,b)|, a×b is ortogonal to both a , b.

a×b = - b×a

The area of the parallelogram generated by a, b equals | a×b |.

Two vectors a, b are linearly independent iff a×b ≠ 0.

Triple product.

abc = (a×b,c) = (a,b×c) = 
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abc = bca = cab = - bac = - acb = - cba.

The volume of the parallelepiped generated by a, b, c equals | abc |.

Three vectors a, b, c are linearly independent iff abc ≠ 0.


