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- 11 = 107 cos(10%¢ + 3 sin(10%¢))
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Numeric 0
homogeneous

o 25
. c 4l Noisy input: sampling step 1= 10"°,
dlfferentlatlon f(t) — fO (t) + n(t), fO(t) — (0.8 cost — sin(O,Gt)

of the 2nd order 2




Outputstabilization problem of the relative degree n.
< o(t,x(1) = h(t,x) + g(t,x)u, g(t,x)>0

The method
Uncertainty = differential inclusion (DI)

% ceH(G, )+G(G, u

Notation: 6, = (G,c's,...,cs(k))
Plan:
1. Control u=U(c, ;)
2. Diftferentiator

3. Method: homogeneity theory



Preliminary conclusions

¢ SISO homogeneous differential inclusions (disturbed
integrator chains) of any homogeneous degree (HD)
are robustly globally asymptotically stabilized by a
standardized homogeneous output feedback.

e Non-Lyapunov control design 1s easy for any HD.

e The feedback includes standardized filtering observers.
HGOs, SM-based differentiators are particular (non-
filtering) cases for zero and negative HDs.

e The robustness 1s obtained with respect to bounded
and some kinds of unbounded sampling noises.
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Homogeneity Basics



Weighted Homogeneity
Homogeneity of a function /: R" > R
Dilation: x € R", degx; =m; >0
de: (x1,%5,.0,%,) = (K" x, k"2 x5, 6" X))
degf=qg < VxVk>0 fldex)=x7fx)

A function f 1s called a homogeneous norm 1if 1t 1s
positive definite and deg /= 1.
_ _1

d d_|d
Example: Hxth =[x |"™ +.+|x,|"™ | ,d>0O.




The homogeneity degree is defined up
to proportionality
s>0, K .= K

mj __ Smj

KT=x,*, «k"=x"",

New weights are gs, m;s



Homogeneity of differential inclusions
Levant 2005
The homogeneity degree g =-p (deg t=p ) 1ff
VxVk>0 (¢, x) »( k"t dx)
preserves the differential inclusion (equation).
d(d,x)
d(k”t)
— F(x)=x"d_'F(d_x)
X, = f;(x) > degx; =degx;, —degt =deg f.(x) =m; — p

ceF(d.x)< xe F(x)cT.R"



Homogeneous arithmetic

S

1
2.
3.
4
S

deg(A+ B)=deg A=deg B
deg(AB)=deg A + deg B
deg(A/ B)=deg A —deg B
cﬂeg(AB )=Bdeg 4

éega A=deg A—degx;

deg 4 = deg(aA x)=deg A—degt
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Special power functions
s |7 = [s]" 2|s|" signs

|[S]]O =s1gn s

[sT

[s]?
a )

0




Asymptotic Stability (AS) implies
1. Finite-Time (FT) Stability for g <0
Example:
Getan(331gnc7)|c|3 —{2, 3]|[G]] n=1qg=—1
2. Exponential stability for g =0

Example: ce[-11]|c|-2,3]lc, n=1, g=0

3. Fixed Time (FxT) convergence from infinity to any
ball for g >0

4 4

Example: & € cos(signo)|o|* {2,3][c]F, n=1, g=1
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Back to stabilization



The homogeneity dominance/extension
Uncertainty = homogeneous differential inclusion (DI)

% O~ H(ﬁn—l) T G(an—l )u(an—l)

Homogeneity weights:
degcs(i) =1+ig, i=0,...,n, 1+ng=>0, degt=—¢q
Rule: deg< f —deg f =deg f —degt =deg f +¢
Tig (k) |ﬁ)

Homogeneous norm: || G, ||, =max(|c|,|c|™,...,|C

14



Homogeneous stabilization problem
System output satisfies the DI

o e[-C.CII15, ., [, HK,. Ky Ju.
C=20,0<K <K,,
Only & 1s available, possibly with noise
Solution:
stabilizer+ filtering observer/differentiator
If g =—1/n obtain n-SMC problem
" e[-C,C]+[K, K, u,

then filtering hybrid differentiator 1s used

15



Control Design



Homogeneous Control Templates

Theorem (Levant 2017):
ASDE: " "+¢ ,(6,,)=0, ¢ _, eC
Sign equivalency:  Qc = quasi continuous, continuous everywhere accept 0
¢ :R" >R, ¢.€QC, degd. = degc!”
G, #0=>sign¢, (5, ) =sign[c""" +¢, (5,,)]
16,(6,) [ +|6" " +0,,(6,,)[#0
Then for large enough a,[3 > 0 get AS DE and DI
") +B.(G.,)=0
" e[-C,C|I6, ., 1= HK,,. K, 10, (5, )

0]

17



Example: -SMC design
" e[-C,C]+[K, K, u,

General option: dego =1, degi=—¢q

1
r+1

degcr(i):1+iq, 1=0,.,r, 1+rg=0, degt=—qg=

Traditional weights:
dego=r, degg=r—-1, ..., deg oD =

Sign equivalency: Vy>0: [A] +[B] ~4+B

18



Example: 3-SMC design
6e|-C,C|+|K, K, |u,
dego =3, degs =2, degs =1

. /
r=1: G+BO|[G]]2 T=0 any [3, > 0 fits
r=2:6+p, tan S+ofo] max[| & ["%,|c]"°]=0
F letBolol™ ’
1
1 - ) 2/3 b
5 6+Bo[ o] 1/2 1/3
(6] +B | an I max( 6, o
Us sy =~ 1 1 1

tan s can be replaced with arctans+0.5sins

19



General form for r = 3;

dego=1, degs=1+¢q, deg6=1+2g, g=—1

3
| 142 %
1 - : l+qg q
- TI> G+Bo[[G:H . l+g 1+2q
M3,q -~ - 1+2¢ 1+2¢

G 4|61 +]o] 2

Any B, >0, then ﬁl, o are to be found by simulation

one by one for each ¢
Note: u;_ g, =uy 3!

20



(r+1)-SMC Design (Levant, Dorel —-CDC2008)

o\ = h(t,x)+ g(t,x)u
U = ocU,,(G,c'r,...,G(r_l))

Discontinuous control causes chattering

Nowadays (Moreno, Fridman, et al ): Continuous SMC

gelK, . Kyl, [42I<A

21



Simple HOSM chattering attenuation

x=a(t,x)+b(t,)u, t=alUw(o,s, .., o")

oV = hi(txu) + g(t.x) u,
h=h+hla+ (hib+gl+g'au+g bu’

Required assumptions:

|h;+h;€a | < cq, |]’l;€b +g;+g;ca | < ¢, |g;cb | < cq
i prevails for sure only forcx 6 = ... ) = 0
SINCE U = Uy = - h(2,x)/g(t,x) 18 kept

—> local convergence only

22



Alternative way (2008): Integral (r+1)-SMC

Levant, Dorel CDC2008, IEEETAC 2007 (see the Levant’s homepage)
Choosing s(¢) with desired trajectory: o(?, x(¢)) = s(?),
Initial conditions at ¢ = #o:

s(t0)=0(t), $(t0)=6(t), ..., s"(to)=c" (o)
s())=0witht>t. | s""(9)| < const
SOLUTION: S(¢,x)=o0o(t,x)-s(t) =0,

The sliding mode starts from the very beginning.

Differentiator 1s directly applicable

23



Options for the trajectory choice:

1. Optimal trajectory (1.e. minimal transient time
under a restriction on | sV V(7)))

2. Choice of the transient c,5,5,6
time as a function of
initial conditions, and
another  optimization
(optionally).

Levant, Alelishvilli, IEEETAC, 2007

(] =l I T W . NS

o | Vi

24



New (2008) simple solution idea
Auxiliary dynamic system:

STV =v, v <
S=0-s,
s(to) = o(to), ..., s At) = aA(10)
1 =-alU+(S, S, ..., SV,
o 1s sufficiently large => s =, ..., s = )
v directly controls o, &, ..., g

v 18 the actual new bounded control

25



Integral HOSM chattering attenuation

Thus the auxiliary control v directly dictates the chosen

transient trajectory to o = 0. The original system does
not affect it.

Theorem.
Semi-global finite-time convergence to the

(r+1)-sliding mode ¢ = 0.
Output-feedback control 1s readily produced.

26



Simulation (CDC 2008)

¥=-sinx+ R(t)u, R() e[0.5,1.5],

R=2+sm4t x.=0.5sm0.5¢+0.5cost¢

C=XXc, V=2

x(0) = -6, x(0) = -15, u(0) = 3.

11 = - 40 [So+2(|S11HSo[”) 2(S1+Sol*sign So)V[IS2[+2(|S1+1Sol*) 1;
C=X-Xe, 0=20—8,91=2z1-8, H=2- S,

§=-L20[ 5207 2(|s[+As ) A+ s sign s)]/

[13[+2072(|s AL )],

s(to) = zo(to), $(t0) = z1(t), §(t0) = z2(t0);
zy = Vo, Vo=-18.5664 |z- o 3 sign(zg - ) + z1,

2 =vi, Vi=-42.4264|z-vo|'"? sign(zi- vo) + 2,
2,= - 880 sign(z2-v1). L =800, z(0) = 5(0), z1(0) = z2(0) = 0

27



G,G0,0

; c,0,0
8
L<\<\ [
’ 26 35 \QN
20 35
=27 -20
A=08,e=0 A=05,e=0

Control starts from 7y = 0.5 (for the differentiator convergence).

¢ 1s the noise magnitude.
6] <1.4-10", |6 < 6.0-107, |6| < 0.007 are obtained with T = 10~

28



The resulting Lipschitzian control
for A =0.5

4.4




Gaé G,(.T

-27 -27

A =0.5, Noise: e =0.01 A =10.5, Noise: € =0.001

¢ and & (coordinates of the original system) demonstrate infinitesimal
chattering.

30



Observation
Difterentiation



“Standard” n th-order differentiator

(non-recursive form)
Levant 2003, Lyapunov function: Cruz-Zavala, Moreno 2017

- ; d_
ZO — —kndLnd_l_l [[ZO —f(t)llnd_H +Zl9

- 2 g1
Zl = _knd_and—l_ [[ZO _f(t)llnd'H +Zz,

fo "Y<L
- L 1

an—l — _lend—i_ [[ZO —f(t)]]nd'H ‘|‘an .
2, =—hoL sign(zg— f(1)), z;— f') —>0.

32



nqsth-order homogeneous differentiator
of the filtering order ny ———-<¢g <-L

I’ld-i-l I’lf

i —d I=(np-1)g

. N —nfq

W =—7und+nfL 4 [[Wl]] =nrq 4wy,

nrlq| 1

. s l1-nrq

an — _kndﬂl’ / [[Wlﬂl_nfq + an-l-l’ an+1 — ZO _f(t)7
[ (nr+Dlg "

: ~ -

zg =—A,, L A [[wll]l—nfq + 2,

(ng +ny)lq| L
. . X I l—nfq 1_ndq
Zng-1 =M [wi [rre +2,,,
i (nd;r_n’{?)lm Lt (g +1)g
Zy, =—AoL s [[Wlﬂ l-nrq

33



Differentiator input: f(¢)= f,(¢)+n(?)
Differentiator: f(-) = (z,(),....2, (), z; = f"
Exact convergence condition for n = 0:
=z~ 7, i=0,1,..,n,, v, >0, L>1

(ng+1-i)lq| I+(ng+1)q

| fo" @) ISy, max .y, [L7 1G] ]

g =0=] f3" @) <y, [1(Cgren Gy ) I

34



Recursive form, 1/nr> g =-1/(nq + 1)

4l I—(nf~D)g
W =—Ay +nfL1_nfq [will e 4wy,
4] I—(nf-2)q

W, = —Knd n _ILI_(nf D [[wz — Wl]]l—(nf -Dg + wy,

gl .
=gl = | W s W= 20— (0,

gl 1+q

Zy  =—hy,L! [[anﬂ_wnf]] L4z,

4l l+ngq
b1 = _MLH(nd “Dg |[an = I+(ng—Dq Zy

9| I+(ng +1)q

. _ l+ngq 2 I+n4q
Z,, = AL |[an an—l]]

35



Recursive coefficients
A=A, where k =n, +n,;

1- (”f i)q
N . I-(ng—i+tl)g .
}\.«k_l _kk—l kk l+1 ,l _1,2,...,nf,
I+(ng —i+l)q
Y A l+g-ig
My =My oMy 0 ST =ng,0, +1,00k.
Theorem. JA = {A,A},..., A, tn, { for eachy, >0, L > 1.

To find A perform proportional change of the
homogeneity degrees:

degr=%1,0, degz, =degz, —degr=d=0

36



Recursive form, degr=1,-1,d = 0; degt=0,d = o

W

nf

d— (nd+nf)s
9 [[Wl]]d (ng +ny+1)sg + W,

. d— (nd+n +1)s
__knd+nfL /

1 d—(ng +1)s

_ d—(ng+2)s . d—(ng +2)sg
__}\‘ndHL ! |:|:an _an—l]] +W

f+1’

an+1:ZO_f(t)’ an =Of01‘nf=0,

2

1 d—ngsq

. d—(ng+1)s . d—(ng +1)s
__kndL ! |[an+1_wnf” 1 +Zl’

. 1 d—(ng l)s
:_7\‘ L ~ld%q [[ZI_ZO]] d— ndSq +Zz,

L d
d- . . .
=—AoL" 4 |[an _an—l]]d ., s, =signg

37



Universal recursive coefficients

1/|q|+(n, +1)signg, g #0,

d =+ L>1,

Theorem.

00 qg=0,

\ ,

Vg2-1,Ay>v,.d 20, s, =signg

Vk:4%+4%zﬂxd>(k+rwqaizﬁxmxpnwxw“}

og <0t

nen A 1S 1infinite

og >0t

hen A 1S finite

d=0,then g =-1/(n, +1) and for y, =1

A ={1.1,1

J,2,3,5,7,9,12,14,17,20,26,32,...}, k <12

38



The parameters A ,...,k

SMC case, g =-1/(ns+ 1)

for n, +n, =0,...,12 can

nd+nf
he taken from the table
0 1.1
1 1.1 1.5
2 1.1 2.12 2
3 1.1 3.06 4.16 3
4 1.1 4.57 9.30 10.03 5
5 1.1 6.75 20.26 32.24 23.72 7
6 1.1 9.91 43.65 101.96 110.08 47.69 10
7 1.1 14.13 88.78 205.74 455.40 281.37 84.14 12
& 1.1 19.66 171.73 795.63 1703.9 1464.2 608&8.99 120.79 14
9 1.1 26.93 322.31 2045.8 6002.3 7066.2 4026.3 1094.1 173.72 17
10 1.1 36.34 586.78 5025.4 19895 31601 24296 K908 1908.5 251.99 220
11 1.1 48.86 1061.1 12220 65053 138054 143658 70830 20406 3623.1 386.7 26
12 1.1 65.22 1890.6 29064 206531 HEBKEB9 812652 534837 205679 48747 6944.8 623.30 32
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Hurwitz:

Filtering High-Gain Observer, g = ()

| _knd+nf W+ Wy,
W2 — _Knd +nf—lwl + W3’
Ly
Wnp = _Q‘ndﬂwl T W et1o W11 = 20 - f (),
ZO = _knd Wl + Zl R
nd ~
an—l = _7\.1W1 + an R
an = _7\.0W1

Xk = Xkoé_(ndmf“_k), O<e<<1,k=0,1,...,na+ ny

. nd+nf+1 ~ I’ld-H’lf -~
DPo(s)=s + }\‘nd+nf,OS +... 4+ Ao

40



Bihomogeneous differentiator, 0 > g =>-1/(ns+ 1)

4l I=(nf-)g
W = _}\‘nd +n L [[Wl]] A N +nfMW1 T Wy,
4l I=(nf-2)g
Wy, = _}\‘nd+nf —1Ll_(nf e [[Wz ~ Wlﬂl_("f‘l)‘f “Hngn, M (wy —Wy) +ws,
lal 1
_an =Ry, L7 |[an - an—l]]lq ~ My MWy, =Wy ) Wy s Wy g =20 — ()

| | 1+q

ZO :_}\‘ndl’l |[an—|—1_wnf]] _MndM(an-l-l_an)_I_Zla
q| l+ngq
: _ I+(ng -1) : 1 -1 -
Zng—1 = _>\‘1L A l[an —1 7 %ny —2]] +ha—De MIM(an —1 " %ny —2) T Zny o

q| I+(ng +1)q

. . l+n4q : 1+ : L
an - _}‘OL l[znd _ an —1]] e — MOM(an o an —1)9 ‘f‘ <M

b

41



Bihomogeneous parameters
for g =-1/(n.+ 1)
A =1{1.1,1.523,5,7,10,12,...}
i=12,3,4,7,9,13,19,23,...}
Notation for the differentiators
w =) (w,zy — f,L,M, A

ng, n g nd+nf9und+nf)9

— Dnd’nf,q (wl,Z,L,M,knd+nf Moy, ),

42



Main Stabilization Result

Let u=U(c, ), degU(c, ) =1+ng = 0, stabilize the
DI, then

" e[-C,C16,, [, +HK,. K, JU(2),

W:Qn ]n q(W ZO _G L M 7\‘n+nf—19!"ln+nf—1)’
:=D,, ,(m,z,L,M A st Hon —1);

is AS for L > 0 large enough and any M > 0.

For g # —1/(n+1) only the case M =0 1s considered.

43



The accuracy

6 1s measured as o+ mn(f) , where the noise can be
represented as n(¢) =M (#) +my(¢) +...+ Mn, (1),

a§f> (1) =m; (), | & IS8, k= O,l,...nf ALSO LOCALLY!

Theorem. The established accuracy 1s
G, |_ylp1+’q '=0,1,...,n,

1 1 I-nrq
p=max| g),& * ,...,8nff
: : __ . —1/q
Discrete sampling, €, = ... = Snf =0= p=max(t 80),

general case as in Levant, Livne 2020.
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Discrete Filtering Differentiator
Lett; > 0 be the sampling step. Then the discretization is

W(tj+l):w(t°)+f 'Qnd nf q(W(t')DZO(t')_f(t')aLaMaj:nd+nf9ﬁnd+nf )9

Z(t]+1) Z(t )+T Dn d-Nfs q(Wl(t )Z(t )L M: ”d+”f"u”d+”f)
+Tnd (Z(tj)bf')a

Tn 02522(t )T + .. ‘I‘iz (t )T

_ 1 1 ny—1
T 1 —523(t])7:] ++(7ld 1)' I’l (t )T d ,

45



SIMULATION



Numeric Differentiation

@O = f,®)+n@), f,(t)=0.8cost —sin(0.61), n, =2,| f, |<1, L=1
£=0.01, HGO: p(s)=(s+£')’, n r=0; FHGO: p(s)=(st¢ ™', n r=8

Accuracies for n=0:

(I zg —

>

>

>

Zl_

5

z, = fo

)<(8.1-107,2.8:10™,2.4:107), n, =0, g = 0;
)<(1.3-107,4.4-107,8.9-10), n, =8, g = 0;
)<(6.5-107,7.5-107,2.9-107), n, =8, g =—1.
FSMD

:ﬁ))\ZZ /]?)) ZO
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ng=2,n,=8 L=1, g=-1/3

49



Output-Feedback Stabilization

1+3¢g

S =cos(12t)| o [ +| 6" sign(S) +[2 + cos(t — &)]u

Correspondingly

S €[-2,2]16, [~ +[1,3]u,
1 1
16, L=+ +[&]" .

u=-5|/(zy,2,2,) H%Hq _l[Zz]JZ(HIZQ) T 2[[21]]2(II+Q) T I[Zo ]]é

Here z; are the differentia_ltor outputs, g =0.1,—0.1, —%




Differentiator/observer parameters:

Integration step T=10"°

—_

g=0.1n,=2,n,=3,L=6-10",%s =1{1,2,3,5,8.5,900}

g=—0.1,n,=2,n,=51=10"

—_

L=10", ={1.1,1.4,2.4,5,6,12,25,35}

q=—%,n, = 2,n, =5, SMC, Hybrid diff., T = 107
L =35max(2—-0.1¢,1)+0.35cos(11117),M =0.2,
A, ={1.1,1.5,2,3,5,7,10,12},{i, = {2,3,4,7,9,13,19,23} _



qg=0.1,
Nno Noi1se

5,(0)=(10,-10,10)

For ¢t > 30:
(lol,|6],|6]) <

(3.5-10°,1.5-107,8-107")

18 [ ) AN
0 P
1.5.10% U
ol
6 U
1510 b
0 0




The noise, g = £0.1
G,(0) = (1000,-1000,1000), T=107°

6=0+m, n(*)=n(?) + My () +M3(?)
N, = 10° cos(10°¢) —2-10° cos(5-10°#) +10° sin(7 - 10°¢)
M, € N(0,0.2%)
sin(7-10°¢)
[cos(7-10°¢) >

n; =0.2

53



g = £0.1

Noise 200




qg=0.1,

G,(0)=(10,-10",10°)
For t > 50:
(lol,lol,lo]) <

(0.25,3,80)

810" |

-810°L

2500

-1000

8:10°

-6-10°




300

g =-0.1, 5

. 0

Nno Noi1se y’ff‘—

400 . -
G,(0) = (10,-10,10) 0 12
For ¢t > 10: 6000,
(lol,/cl|6])<
(3.5-107%,1.5-107°,8-107%) o‘lw

-6000 !

0 12



g =-0.1,

G,(0)=(10,-10",10°)

For ¢t > 40: :\
(lol,lol,|o]) < Or |
(0.1,0.4,10) B0 1'0
1.510° ——8m8 ——————————
: -U
—
15-105ﬂ --------- |
0 10




g =-1/3, SMC,
no noise, T=10"
z(0) = (-100,100,100),

5,(0)=(10,-10,10)

For ¢t > 30:
(jol,|el,|o]) <

(4-10°,2.2:107,2.7-107)




SMC: noise and differentiator
6=c+m,M()=1() +1, () +13(0), T=107
N, = 10* cos(107¢)

M, € N(0,0.2°)

sin(2-10°¢)
[cos(2-10%¢) |2

L=35max(2—-0.1#,1)+0.35cos(1111z),M =0.2
G,(0)=(10,-10,10), z(0)=(-100,100,100)

n; = 0.1
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4 G+1

=-1/3, SMC, 10
noise, t=10"
z(0) = (-100,100,100),

G,(0)=(10,-10,10)
For ¢t > 30:
(lol,/ol,/o])<

(0.89,0.4,2.9)




Thank you very much!

Health to everybody



Appendices



Asymptotically optimal differentiation
f@O = fo+n@). Ini<e | PO L

The worst-case error 1s not better (Levant Yu, 2017) than
; ng +1-i

infsup | z, (1) — £ (¢) [> 21 g natl

fo ¢

(the Kolmogorov asymptotics)

A differentiator 1s called asymptotically optimal,
it for any f(z) = fo(¢) + (1), [n[<e,

i ng +1-i ng +1—i

\Zi(f)_fo(i)(f) <y L't Mt = yl-L(%) ng +1
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Filippov Procedure

\___—
‘VA
/ N X =flx) % € KAf|(x)

”
x(?) 1s an absolutely continuous function

Kp[f1(x)=() () convex_closure f(O,(x)\N)
e>0uN=0

Non-autonomous case: f =1 is added.
_ 1 _
G(n) < [_C9 C] H cSn—l Hh—i_nq +[Km’KM ]M(Gn—l)
1s understood as

G(n) = [_Cn C] H 611—1 HZJF’W +[Km9KM ]KF [u](an—l)
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