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Special power functions 
(standard notation) 

signs s s sg ggë ù = @  
0 signs s=  
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ndth-order filtering differentiator  
of the filtering order nf 

(Levant, Yu 2018, Levant, Livne 2019) 
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The parameters can be taken from the table  
   n     0l  1l   2l      3l      4l     5l      6l      7l     8l     9l     10l    11l   12l  

 
which is enough for  12d fn n n= + £ . 

Denote the above differentiator as 
, 0 , 1( , , ), ( , , )

d f d fn n n nw w z f L z D w z L= W - =& &   
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Examples 
0,  0d fn n= = :      0 0 01.1 ( ( )), | | .sign z L z f t f L= - - £&&   

-------------------------------------------------------------------------------------- 
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0,  2d fn n= = :    
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2,  2d fn n= =  
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Filtering Differentiator Accuracy 

0( ) ( ) ( )f t f t t= + h ,  0 Lip ( , )f n L
+

Î ¡ ,  ( 1)
0| ( ) |dnf t L+ £  

0 1( ) ( ) ( ) ... ( )
fnt t t th = h + h + + h  

( ) ( ) ( )k
kk t tx = h , | |k kx £ e , 0,1,... fk n=     

Theorem.  
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Discrete sampling+proper discretization 
Let jt  be the sampling step. Then the discretization is 
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Notation 
 
The increment operator: 
 

1( ) ( )j j jf f t f t+d = -  
 
And once more: 
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Discrete differentiator: 5,  2d fn n= =  
71
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Discrete differentiator: 2,  5d fn n= =  
71
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Pure discrete filter: 0,  7d fn n= =  
71
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Numeric differentiation is difficult 
Input:  

( ) 0.8cos sin(0.2 ) ( )f t t t t= - + n   
 

HGO:  
high gain observer by Khalil (1990s),  
multiple eigenvalues -1000, 610-t =   

 
Divided differences:  

the standard MatLab differentiator 
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Input and large noise 
 

§ ¨1
2

1
2

0

0 1 2 3
6 8 2

1 2

5
3

( ) 0.6cos( ) 0.9sin(0.7 ),
( ) ( ) ( ) ( ) ( ),
( ) 10 cos(10 ), ( ) (0,0.5 ),

( ) 5 10 cos(20000 )

        0.5sin(20000 ) cos(20000 ) ,

d
dt

f t t t
f t f t t t t

t t t N

t t

t t

-

-

= -
= + h + h + h

h = h Î

h = - ×

=   
510 ,    1,   2,   3d fL n n-t = = = =  
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 Differentiating 5
0 1 2 3, 10f -+ h + h + h t =   
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Filtering differentiation: 42, 5, 10d fn n -= = t =  
( ) cos(10000 ) 0.5sin(20000 ) 2cos(70000 )t t t th = - +  

5
0 0 1 0 2 0(| |,| |,| |) (1.5 10 ,0.001,0.034)z f z f z f -- - - £ ×& &&
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Filtering differentiation: 52, 5, 10d fn n -= = t =  
( ) 1500cos(10000 ) 3000sin(20000 ) 2000cos(70000 ).t t t th = + +
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 Filtering differentiation: 52, 5, 10d fn n -= = t =  
( ) 1500cos(10000 ) 3000sin(20000 ) 2000cos(70000 ).t t t th = + +  

5 3
0 0 1 0 2 0(| |,| |,| |) (9.0 10 ,3.3 10 ,0.063)z f z f z f - -- - - £ × ×& &&  
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Explanation 
 

Let cos( ),  >>1,th = g w w  then 
 

( )
1

11

1( )
0| ( ) ( ) | ,d

n f
n nn n d fd f

n ii
i i

L

z t f t L

+ ++ +

+ -

-g

- £ m r

r = w
 

take 7 43,   7,   =10 ,    10 ,   1d fn n L= = g w = =   
then 0.005r »   

 
+ digital error and discrete sampling 
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Filtering differentiation: 53, 7, 10d fn n -= = t =  
7 4 7 5 7 5( ) 10 cos(10 ) 2 10 cos(1.7 10 ) 5 10 cos(1.33 10 ).t t t th = - × × + × ×

 
0 0 1 0 2 0 03(| |,| |,| |,| |) (0.00018,0.0034,0.031,0.15)z f z f z f z f- - - - £& && &&&
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 Convergence, 53, 7, 1, 10d fn n L -= = = t =  
7 4 7 5 7 5( ) 10 cos(10 ) 2 10 cos(1.7 10 ) 5 10 cos(1.33 10 ).t t t th = - × × + × ×
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Zoom,  53, 7, 1, 10d fn n L -= = = t =  
7 4 7 5 7 5( ) 10 cos(10 ) 2 10 cos(1.7 10 ) 5 10 cos(1.33 10 ).t t t th = - × × + × ×

 
 


