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Abstract

High-order sliding mode (HOSM) control is known to provide for finite-time-exact output regulation of uncertain systems with known
relative degrees. Yet the corresponding universal HOSM controllers are typically constructed by special recursive procedures and have
complicated form. We propose two new families of homogeneous HOSM controllers of a very simple form. Lyapunov functions are
provided for a significant part of the first-family controllers. The second family consists of quasi-continuous controllers, which can be done
arbitrarily smooth everywhere outside of the HOSM manifold. A regularization procedure ensures high-accuracy output regulation by means
of control with required smoothness level. Output-feedback controllers are constructed. Controllers of the orders 3-5 are demonstrated.
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1 Introduction

Control of uncertain nonlinear systems is a hot topic of
the modern control theory, and sliding mode (SM) control
(SMC) remains one of the most effective tools to handle
such uncertain systems [13,39,41].

The SMC idea is to keep properly chosen functions (so-
called sliding variables) at zero, effectively reducing the sys-
tem uncertainty. The control is chosen discontinuous in or-
der to dominate the uncertainties. The corresponding mo-
tion is said to be in SM and features a high, theoretically
infinite control switching frequency. Unfortunately, the re-
sulting system vibration can be destructive (the chattering
effect [17,39,41]). Another restriction is that the control
usually needs to appear explicitly already in the first total
time derivative of sliding variables [13,41]. High-order SMs
(HOSMs) have been introduced to cope with these obstacles.

Let a dynamic system be understood in the Filippov sense
[16] and sq,...,s,, be its scalar outputs. Suppose that the
system is closed by some possibly-dynamical discontinuous

feedback, so that the successive total time derivatives s;,
(ni=1)

Sis s S ,i=1,...,m, are continuous functions of the

closed-system state-space variables; and the n-sliding set
(ni—1) : : :

§i= .= =0,i=1,...,m, is a non-empty integral

set, n = (ny,...,n,). Then the motion on the set is said to

be in the n-sliding (nth-order sliding) mode (n-SM). The
vector n = (ny,...,ny) is called the sliding order [22,23].
The standard sliding modes [13,41] are of the first order (s;
are continuous, and §; are discontinuous, n = (1,...,1)).
The relative degree of the sliding variable (i.e. the minimal
order of its total derivative explicitly containing control [21])
has become the main parameter of the HOSM application.
HOSMs [4,22-24,26,33,40] are applicable for any relative
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degrees. They hide the switching in the higher derivatives of
the sliding variables, while preserving the finite-time tran-
sient to the SM and improving the SM accuracy in the pres-
ence of switching imperfections, noises and disturbances.

Introducing integrators in the control channel, one ar-
tificially increases the relative degree, produces arbitrarily
smooth control and simultaneously removes the dangerous
high-energy chattering [3,4,26]. Such controllers directly
solve the control problem, if the sliding variable is a track-
ing error. Another important application of SMs is robust
finite-time-exact differentiation and observation [5,6,23,40—
42]. These differentiators are to provide the necessary in-
formation for the output-feedback application of the HOSM
controllers. HOSM control (HOSMC) has been successfully
applied to numerous real control systems, such as wheel slip
control [1], mobile robot [15], aircraft control [40], etc.

Most of the aforementioned high-order SMC controllers
are usually obtained by the homogeneity analysis and design
[7,24,30]. The controllers are mostly provided by long com-
plicated recursive formulas [19,23,25]. A 5-SM controller
formula at least takes a few lines. This is also often true in
the particular case of the finite-time integrator-chain stabi-
lization [20]. For example, a 3-SM controller in [19] is based
on [20] and takes 3 lines. A simple homogeneous HOSM
controller family still lacks.

Being constructive, the HOSM convergence proofs in-
volve the recursive choice of sufficiently-large control pa-
rameters [23-25]. The Lyapunov analysis of HOSMs has
been recently performed in [10,19,31,32,35-37]. The Lya-
punov method provides for explicit relations between the
design parameters and allows the direct evaluation of the
SM accuracy in the presence of various perturbations. Un-
fortunately, such estimations are mostly very conservative,
and direct simulation often provides for much better results.

Two new HOSM controller families for uncertain systems
of arbitrary relative degrees are developed in this paper. The
main advantage of the new HOSM controllers is their ulti-
mate simplicity. One does not need anymore to use compli-
cated recursive procedures in order to develop the controller

24 November 2015



form for arbitrarily-high relative degrees.

The first-family controllers can be considered a gener-
alization of terminal SM controllers [14,29] to high rela-
tive degrees, or generalization of continuous controllers [9].
We call them relay polynomial HOSM controllers. The de-
rived controllers feature large freedom of fractional powers’
choice. The proof is based on homogeneity, but also Lya-
punov functions are presented in many cases.

The quasi-continuous versions of these controllers, con-
tinuous outside of the HOSM manifold, constitute the sec-
ond family, called quasi-continuous polynomial HOSM con-
trollers. They feature significantly reduced chattering. For
the first time quasi-continuous controllers can be made arbi-
trarily smooth outside of the HOSM manifold. A regulariza-
tion procedure is proposed to maintain approximate HOSMs
by means of control with a prescribed smoothness level. The
proofs are based on the homogeneity of controllers.

2 The problem statement and some new controllers
Consider a single-input single-output system of the form

Xx=A(t,x)+B(t,x)u, s=s(t,x), (1
where x € R™, u € R is the control, s : R»*! - R and A, B
are unknown smooth functions. The dimension value 7, is
not used in the sequel. All differential equations are under-
stood in the Filippov sense [16] in order to allow discontin-
uous controls. The control task is to make s vanish in finite
time and to keep it at zero afterwards.

The relative degree n of system (1) is assumed to be con-
stant and known. It means [21] that for the first time the
control explicitly appears in the nth total time derivative of
s, i.e.

s = h(t,x) +g(t,x)u, @)
where h(z,x), g(t,x) are some unknown smooth functions,
g # 0. Note that no continuous feedback solves the problem
because of the uncertainty of 4, g, also such classic methods
as back-stepping are not applicable.

According to the standard HOSM control approach [23],
let

0 <Ky <g(tx) <Ky, |h(t,x)]<C, 3)
for some K, Ky, C > 0. Also assume that solutions of (2) are
infinitely extendible in time for any Lebesgue-measurable
bounded control u(t).

In practice the operational region of any plant is always
bounded. In that case conditions (3) hold locally, and the
results can be respectively reformulated [23].

Introduce the notation: Vx # 0 |x]” = |x|"signx; Vy >
01017 =0; |x]° = signx.

The controls proposed in this paper have a very simple
form. Choose any a > 0 and introduce the relay polynomial
n-SM controller

u = —asign( Ls(”*l)-‘ f +Bu2 LS(”J)-‘ : +-+ Pols] "),
4)

and the quasi-continuous polynomial n-SM controller

{S(nfl)_‘ T + Bn72 {s(n72)~‘ 2 NP _|_[§0 [s] i
|s(=DIT + Bya|s=2)|2 4+ By s

®)

Denote §; = (s,$,...,s4)) for any natural j. Note that the
absolute value of the nominator of (5) does not exceed the
denominator. Thus, the right-hand side of (5) is formally

not defined at the n-sliding set 5,,_; = 0. Since 5,,_; =0 is
a set of the measure 0, the values of u on it do not affect
the system behavior [16], and in implementation some value
from the range [—o, a] is prescribed to u.

Provided the coefficients 8; > 0 are properly chosen, both
controllers solve the stated problem with sufficiently large
a. If n =2 controller (4) becomes the terminal SMC [22,29]
for a =1, and the nonsingular terminal SMC [14] for a = 2.

While the first controller is a “usual” discontinuous SM
controller, the second one is quasi-continuous [25], i.e. the
control is only discontinuous, if the system is in the n-SM
Sp—1 = 0. While in the SM the control reveals the typical
SMC chattering. Nevertheless, while not in the n-SM, it be-
comes locally Lipschitz for a > n, and even k times contin-
uously differentiable if a > kn, k=1,2,....

Quasi-continuous controllers feature much less chatter-
ing, since in practice the above n-SM equalities s,_; =0
are never observed due to various switching imperfections,
noises and disturbances. Thus the control remains continu-
ous all the time. Note that the denominator of (5) actually
measures the n-SM accuracy. The worse the SM accuracy the
further the denominator from zero, which results in slower
control changing (also see Sections 4.1, 5).

In the sequel we prove the above statements and pro-
pose additional controllers, construct a Lyapunov function
for controller (4) with a > n, provide numeric and analytic
methods for coefficient adjustment, and propose a regular-
ization procedure to solve the stated problem approximately
by control featuring any needed smoothness level.

3 Homogeneity and sliding mode control
Obviously, (2) and (3) imply the differential inclusion

s e [=C,C] + [Km, Kulu, (6)

and the problem is reduced to the stabilization of (6). Here

and further a binary operation of two sets produces the set

of all possible binary operations of their elements, a number

(vector) is treated in that context as a one-element set.
Hence a feedback control

u:Un(s,s',...,s(”_l)), @)

is to be constructed, such that all solutions of (6), (7) con-
verge in finite time to the origin s),_; = 0. Recall that a solu-
tion is any absolutely continuous function of time that almost
everywhere satisfies the inclusion. The function U, is to be
a locally-bounded Borel-measurable function. Thus, substi-
tuting any Lebesgue-measurable estimations of §,_; obtain
a Lebesgue measurable control. Note that, provided control
(7) is bounded, n — 1 derivatives of s can be real-time eval-
uated, producing an output-feedback controller [23], [24].

Here and further the right-hand side of any closed-loop
differential inclusion is minimally enlarged providing for its
compactness, convexity and upper-semicontinuity [24].

Recall that the function U, (5,—1) is inevitably discontin-
uous at the n-sliding set 5, = 0 [24,25]. The homogeneity
properties of the controller (7) are described below.

A function f:RF — R (respectively a vector-set field
F(y) C R*, y € R, or a vector field f: R¥ — R¥) is
called homogeneous of the degree g, € R with the di-
lation [2] d @ (V1,Y2,,0%) — (K™ y1, K™y, . K y),
and the weights my, .., my > 0, if for any k¥ > 0
the identity f(y) = k% f(dcy) holds (respectively,
F(y) = K %d'F(dyy), or f(y) =k %d' f(dyy)). The



non-zero homogeneity degree g, of a vector (vector-set)
field can always be scaled to =1 by an appropriate propor-
tional change of the weights my, ..., my.

Note that the homogeneity of a vector field f(y) (a vector-
set field F(y)) can equivalently be defined as the invari-
ance of the differential equation y = f(y) (differential inclu-
sion y € F(y)) with respect to the combined time-coordinate
transformation (¢,y) — (k™ %t,dyy), where —g, might nat-
urally be considered as the weight of 7. Indeed, the homo-
geneity condition can be rewritten as y € F(y) < d‘(i,(:i,’j,{,)[) €
F(dyy).

Suppose that feedback (7) imparts homogeneity properties
to the closed-loop inclusion (6), (7). Due to the term [—C,C]
the right-hand side of (7) can only have the homogeneity
degree 0 if C # 0. Scaling the system homogeneity degree to
-1, achieve that the homogeneity weights of ¢, 5, s, ..., s(=1)
are 1, n,n—1, ..., 1 respectively. This homogeneity is called
the standard n-sliding homogeneity [24]. Respectively the
inclusion (6), (7) is called n-sliding homogeneous if for any
k > 0 the combined time-coordinate transformation

(t,50—1) > (Kt,dicSa1), dicSn1 = (K", "5, ..., ks 1)
)
preserves the closed-loop inclusion (6), (7).
Transformation (8) transfers (6), (7) into

d"(k"s)
d(Kt)*

= &5 € [~C,Cl+ K, KnUn(dicSp—1).
Thus, the n-sliding homogeneity condition is

Ua(K"s, "5, s D)) = U (s, s, ..., s D). (9)
Respectively, controller (7) is called n-sliding homogeneous,
if the identity (9) holds for any positive k and any arguments.
Also the corresponding n-SM s = 0 is called homogeneous
SM (HSM) in that case.

In particular, the relay controller u = —a sign s is 1-sliding
homogeneous, as well as the corresponding SM. Since the
control is to be locally bounded to satisfy the Filippov con-
ditions on the right-hand side [16], due to (9) it is also glob-
ally bounded. Obviously, (4) and (5) are n-HSM controllers.

4 Main results

A number of new controllers are proposed here. Their
adjustment and accuracy are considered.
4.1 Proposed controllers

Consider the Brunowsky integrator-chain system
s =u, s, ucR,j<n. (10)

Choose some positive weight degs = r(. Let T be the minus
system homogeneity degree chosen in advance, 0 < 7 <
ro/n. Let degs') = r;, degs™ =r, >0,

degs) =ri=rg—it=ry+(n—i)7,i=0,...n. (11)

By definition a homogeneous norm is any positive-definite
continuous function of the weight 1. Fix some p > rg and
introduce continuously differentiable homogeneous norms
in the spaces &,

P

» AN
5= (W15 4501 ) " p =011
(12)

Surely the triangle inequality does not hold here.
Obviously, in order to produce a homogeneous system,
the control in (10) is to be of the weight r; =y — jT > 0.
The n-sliding homogeneity corresponds to T = ry/n, r, =0,
whereas the standard n-sliding homogeneity corresponds to
t=1,rn=nri=n—1, .., r,=0.
Theorem 4.1 Fix any a >0, and let §; >0,i=0,...,n—1,
be chosen sufficiently large in the index order. Then the
differential equation

a

5917 4 B (|s979] 7 4 (11
+Bi (517 + Bols]))---) =0,

13)

is finite-time stable for each j=1,...n—1, and j=nif
r, > 0.
Here and further all proofs are in Appendices. Define

On—1= {s(”*ﬂ = + Bas {S(Wﬂ =)
oA BT+ BolsTO, (14

a

I—S("*l)—‘ Tn—1 +6n—2 I.S(”*z)] Tn—2 +...+ﬁ'0 5] 0
W, = T — T - a -
‘S(nil)‘ fn-1 +ﬁ,,,2|s(”*2)| =2 4Byl 0

Thus for j =n— 1 equation (13) can be rewritten in the form
©n—1(5y,—1) = 0. Introduce the polynomial HSM controllers

u=—osign@,_i(s,s,...,s" ), (15)
u= —(X‘Pn_l(s,s,...,s(”’l)). (16)

Theorem 4.1 yields a method of choosing fB; as coeffi-
cients of finite-time stabilizing controllers for (10) for j =
1,2,...,n: any 3y > 0 is taken, then for each j one parameter
Bj—1 is added by simulation of (13). An analytical choice of
the coefficients is further established by Theorem 4.4. Ob-
ViOU.Sly, ﬁi = BiBi+1 o 'ﬁn72’ i= 07 PEERY (e 2.

Controller (15) is called relay polynomial, whereas (16)
is quasi-continuous polynomial SM controller. While not in
the n-SM (i.e. for 5, # 0), control (16) is locally Lipschitz
for a = ry, and k times continuously differentiable, if a > kry,
k=1,2,.... At the same time deg¥,_; = 0 — 7 < 0, which
means that |‘Pn_1| — oo as the system enters n-SM 5,1 =0,
and |W,_1| — 0 as ||5,_1||n — oo

Note that in the case of n-sliding homogeneity, ro = nt,

controller (15) can be always rewritten in the form (4), cor-
responding to ro = n, T =rg/n = 1. Controller (16) in that
case can be rewritten as (5).
Theorem 4.2 Let a > 0, and coefficients By, ..., Bu—2 >0
be chosen sufficiently large in the index order, as in Theorem
4.1. Let the uncertainties of system (1) satisfy the restric-
tions (2), (3). Then in the case of the n-sliding homogeneity,
ro = nt, for sufficiently large o0 > 0 both controllers (15),
(16) provide for the finite-time establishment of the n-sliding
mode s = 0 in the closed-loop system (1), (15) or (1), (16)
Controllers (15), (16) provide only for the local finite-time
stability of the n-SM in the case ro > nt.

Let the output derivatives s) be sampled continuously
or at discrete time moments with sampling noises being
bounded Lebesgue-measurable functions of time.
Theorem 4.3 Under the conditions of Theorem 4.2 let
5,8, 5D pe sampled with noises respectively not ex-
ceeding &y,01,- -+ ,8,_1 in absolute value, and the sampling
intervals not exceeding 8. Then controllers (15), (16) ( in



particular ), (5)) in ﬁnite time provide for the accura—

where the constants u > 0 depend only on the pammeters
of the stated problem and of the controller.

Note that Theorems 4.2, 4.3 remain true for any positive-
definite function of the weight a taken as the denominator
of the function ¥,,_; in (14).

Theorem 4.4 Let By = 1 and a > ry. Then the coefficients
Bi,...,Bu—1 of Theorems 4.1 and 4.2 can be chosen accord-
ing to the relation

2p—ri—g

r Tiel -
@ i 27 "a (2p—ri1) i
ﬁi—lzzrriallp( o - 1> +}’+2,1,
where §; =T + - +rzz 1+2,+.,'=2,~~-,n,and
Fu—
3 1 2p+“7[ a 2
3 (5277 Co—ra+0) T (B BT
(2p +T—Cl) <%2i+1(a_ T)) 2p+t—a 7

Ly = %(,k | T 2p—ri+7)

2

1+A Thk—1 2p+t—a
xBi—a.. ﬁkﬁk 1 ﬁk 5 “
x(2p +1T—a) (ng“(a—r))z””*“,k:2,---,i—1.

The above coefficients correspond to the Lyapunov function
for system (13) and controller (15)

j s(’;l) B . 2p—ri_1+7T
-y [ wmE e ]
=170/
where p > a, 0 =0, 0 = — ,-rle/a Lé;_ﬂ”"/“, i =

s(i=1) a/ri-1 _ La)i*‘la/fifl_

Naturally, the above choice of parameters is far from being
optimal. As usual, the parameters are better determined by
simulation. Once proper parameters are found, one can easily
adjust them, providing for any needed convergence rate.
Proposition 4.1 Let sets of parameters B, k=0,...,n—1
and B;, i =0,...,n—2, be properly chosen as in Theo-
rems 4.1, 4.2, and let A > 0. Then also the new coeffi-

cients B = A’k "«t1 By provide for the finite-time stability
of equations (13) with j = 1,...,n. Taking r,, = 0 obtain that
~ ia _ (n=la _
Bl =A"i 1 B; are new valid coefficients for controllers
(15) and (16). In particular;, with ro =n,T = 1 obtain that
the set of coefficients ﬁ’ Al 71)3,' is valid for con-
trollers (4), (5). The convergence is faster with 0 < A < 1
and slower with A > 1, the less A the faster the convergence.
The proposition is proved by the substitution ¢ +— /A,
ie. sk — kks(k), in (13)-(16). Let now the uncertainties sat-
isfy the assumption that there is a positive-definite function
h(t,x(t)) > h > 0 available in real time, and a constant g >0
such that B
[t %) < h(t,x), g(t,x) > g a7
Theorem 4.5 Let a > 0 and the sets of parameters B, k =
0,...,n—1and Bi: i=0,...,n—2, be properly chosen as in
Theorems 4.1, 4.2 under the condition ry > nt (i.e. r, > 0),

and let the uncertainties of system (1), (2) satisfy (17). Then
for a > ry and sufficiently large o the controller

M0 Gign @,y (1), (18)

u=—0|@u1(Sp—1)]« —
provides for the finite-time establishment of the n-SM s = 0
in the system. Under the n-sliding homogeneity condition
ro = nT, for any positive a and sufficiently large o anyone
of controls

h(tx) - (n—1)
o sign@,_1(s,s,...,s ,
s gn @, ( ) (19)

u= fa@‘l—‘n,l(s,j,...,s("_l))

provides for the finite-time establishment of the n-SM s = (.
Controller (18) has the minimal possible discontinuous-
component magnitude under conditions (17) for r,, > 0. The
Lyapunov function from Theorem 4.4 fits it.
4.2  Regularization of homogeneous SMs
Control (16) is only continuous outside of the n-SM s = 0.
Though one cannot maintain s = 0 by continuous feedback,
one still can keep n-SM approximately. The corresponding
procedures are called regularization in SMC.
Proposition 4.2 Let (7) be any homogeneous n-SM con-
trol for the system (6) (degs(j> =n—j, j=0,...,n—1),
and £ (Sy—1) be any bounded Lebesgue-measurable function
such that § =1 for all 5,y satisfying ||S,—1[|n > &;. Then
there exist such Yy, ..., Yu—1 that the control

u= C(E’nfl)Un(Enfl) (20)

yields the establishment of inequalities |s')| < Yj€ C Ij=
0,..,n—1, in finite time.

As a consequence get a regularization procedure for ho-
mogeneous quasi-continuous controls.
Theorem 4.6 Under the conditions of Proposition 4.2 let
(7) be quasi-continuous and k¢-times differentiable every-
where except the point §,_1 = 0. Let also the function {
be k¢-times differentiable and equal zero in some vicinity
of Sy,—1 = 0. Then the same accuracies are established by
means of k¢-times differentiable control (20).

4.3 Output-feedback application

All the above controllers can be equipped with a differ-
entiator [23] yielding output-feedback control. Describe it.

Let the input signal ¢(z) be a function consisting of a
bounded Lebesgue-measurable noise with unknown fea-
tures, and of an unknown base signal ¢p(¢), whose k,th
derivative has a known Lipschitz constant L > 0. The fol-
lowing differentiator [23] is presented in a recursive form

and prov1des for the estimations z; of the derivatives (])0 ,
J=0,... kg

kg
O 4,

1

Z' — _)“k L"'d*' |_ZO_

k1
21 = —Agy— 1Lkd lz1 —20] % +22,

(21)

. 1 . 1
Gg1 = =ML [ziy 1 — g2 | F 2y
kg = —)LQL Sigl’l(zkd —defl).

An infinite sequence of parameters A; can be built, valid for
all natural k; [23]. In particular, one can choose A9 = 1.1,



M=15 A =3 A3=5, A4 =8, As = 12 [25], which is
enough for k; < 5.

In the absence of noises the differentiator in finite time
provides for the exact estimations, and its error dynamics
is homogeneous of the system degree —1 with deg(z; —

(b(j)) = kq+1— j[23]. Respectively, the accuracy z; — ¢(§j) =

O(§kat1=1), § = max(6,,501/(k"+1)), is provided for sam-
pling time periods not exceeding & > 0 and the maximal
possible sampling error &y > 0. This accuracy is asymptoti-
cally optimal in the presence of noises [23].

Assuming that the sequence A; is everywhere the same,
denote (21) by the equality z = Dk (2 (Z) L). Thus controller
(7) turns into its output-feedback version

M:Un(z); Z.:anl(Z;&L)- (22)

Theorems 4.2, 4.6 remain true also for the output-
feedback controllers for any L > C + Ky;«. In the case of
Theorem 4.5 one should apply differentiator (21) with vari-
able L [28] and possibly consider the modified differentiator
[27] featuring faster global finite-time convergence.

Under the conditions of Theorem 4.3 let s be sampled
with the accuracy &. Then in the particular case of the n-
sliding homogeneity, ro = n, r, = 0, the output-feedback
controllers (22) provide for the standard asymptotic accuracy

1

of homogeneous n-SM [24]: |sU)| < p;[max (8], &))" /.

5 Application and simulation

While any value a > 0 can be chosen, higher values of a
correspond to smoother quasi-continuous control during the
convergence to the n-SM §,,_; = 0. Note that the parameters
depend on a. The case n = 1 is trivial, and there are no
restrictions on BO for n = 2. The experimentally-found valid
sets of Bo,...,Bu2 forn=3,45anda=ro=n,7=1 are
as follows: 3. {1,1}; 4. {1,2,2}; 5. {1,3,5,6}.

Thus the f0110w1ng are relay polynomlal SM controllers
@) forn=1,...,5:

1. u = —asigns,

2. u=—asign(|s]*+s),

3. u= —asign(s® + M% +5),

4. u:—asign(Ls]4+2Ls]2+2Ls]3 +3s),

5. u=—ausign([s] +6[51% + 5[5 31417 19)

It is used here that |s]* = s* for odd integer k. Similarly,
get the quasi-continuous polynomial SM controllers (5). In
particular, the quasi-continuous polynomial 5-SM controller
takes the form

{s(4)—‘5+6fﬂ%+5LS’1%+3LS1%+S

IS5+ 653 + 5153 +3[s)F +|s|

Note that these seem to be the first published 5-SM and
quasi-continuous 4-SM controllers explicitly presented by
one formula.

Example. Consider a disturbed integrator chain

X1 = X2, ey Xp—1 = X, Xy = hx(tyx) —i—gx(t,x)u, 24

where hy, g, are bounded uncertainties, g, > const > 0. The
task is to make the output y = x| track an uncertain signal
ye(t) available in real time. y£n> is assumed bounded.

The uncertainty does not allow any standard continuous
feedback approach. Taking s =y — y. reduce the problem to
one stated in Section 2. In the following simulation we take
C=2,K,=1,Ky=3,n=23,4,5. The “uncertain” functions
hy = cos(t +x1x3 +x2), g« = 2+ sint, y. = cost are chosen.

Initial values are taken with respect to the value of n from
x1(0) =—1, XQ(O) =1, X3(0) =—1, X4(O) =1, X5(0) =—1.
The control magnitude ¢ is found by simulation. All con-
trollers are equipped with differentiators as in (22) and use
only sampled values of s. Parameters of the differentiators
are listed in Section 4.3, L = 100. The Euler integration
method has been applied with the integration step & equal
to the sampling step.
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Fig. 1. Comparison of the quasi-continuous 3-SM controllers with
a=1 (row a), a =3 (row b), and a =7 (row c¢).
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Fig. 2. Comparison of the 3-SM quasi-continuous controller with
a =23 (a, c, e) and its regularization (b, d, f).

Let n =3, a = 10. The performance of the quasi-
continuous controllers (5) with (fy,B1) = (1,1) and
a=1,3,7 is demonstrated in Fig. 1. The control is applied
starting from ¢t = 2, providing some time for the differentia-
tor convergence. The homogeneous norm in the graphs is
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Fig. 3. Performance of the output-feedback 3-SM quasi-continuous
controller with a = 3 in the presence of the Gaussian sampling
noise with the dispersion 0.005.
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Fig. 4. Performance of the 4-SM controller of the form (15) with

a =" and of the 5-SM quasi-continuous controllers (16) for a =1

and a = 5 (the last one has formula (23)).

calculated according to (12) with p =n! (i.e. p = 6). Two
time units of the entrance into 3-SM are shown for each a.
The control remains continuous till the very entrance into
the SM. One can see that during the transient u(z) is not
lipschitzian for a = 1.

The following 3-sliding accuracies are obtained for a = 1
and described by component-wise inequalities:

(s],1s,15]) < (4.7-1072,1.8-1073,0.17), for § = 0.001;
(s],1s],15]) < (4.5-107,1.8-1075,0.017), for & = 0.0001.
Similar accuracies are obtained for a =3 and a = 7. It com-
plies with the theoretical accuracy calculated in Section 4.

Apply the regularization (20) from Section 4.2 with
{(52) = min(1,max(0,3(]|52||, — 0.02))). The resulting
output-feedback is u = {(z)Us(z), z = D»(z,s,100). The
performance comparison of the controller with a = 3 and its
regularization is presented in Fig. 2. The regulization pro-
duces the 3-SM accuracy (|s|, |s], |5]) < (0.001,0.007,0.08)
for 6, = 0.0001. Thus, a good tracking performance is
obtained by Lipschitzian control.

Performance of the same controller (5) (i.e. (Bo,B1) =
(1,1), @ = 3) in the presence of Gaussian sampling noise
with the dispersion 0.005 is presented in Fig. 3. It roughly
corresponds to the noise magnitude 0.01. The accuracy
(Is], 1sl,15]) < (0.04,0.2,3.5) is obtained for & = 0.001 and
remains the same for any smaller J;.

Performance of the relay polynomial 4-SM controller (4)

withn=4,a="7, (Bo, B1,B2) =(1,2,2) and oc = 30 is shown
in Fig. 4a,b,c. Once more the control is applied starting from
t = 2. In spite of the small time scale one can observe that the
1-SM on the manifold @3(s,s,§,’s") = 0 is periodically lost
during the transient to the 4-SM s = 0 (Fig. 4b). The accuracy
(Is], 151,151,157 < (1.6-1078,1.2-1076,1.1-107%,0.048) is
obtained for &; = 0.0001.

Performance of the quasi-continuous 5-SM controllers (5)
with n =5, (Bo,B1,B2,B3) = (1,3,5,6), a =30 for a =1
and a =5 (the latter has formula (23)) is shown in Fig. 4d,
and Fig. 4e,f respectively. This time the control is applied
from the start at = 0. Please pay attention that the conver-
gence time is 23 for a = 5 and 105 for a = 1. In fact, conver-
gence with one value of a does not guaranty convergence for
significantly different values of a. Both controllers provide
for about the same accuracy (|sl, |s],[s],|5,|s®)]) < (6.7 -
1077,8.0-107,1.3-107%,0.0024,0.23) for & = 0.0001.

6 Conclusions

Two families of “polynomial” HSM controllers are pro-
posed for general-case uncertain systems of known rela-
tive degrees. The controllers feature especially simple form
known in advance for any relative degree.

The relay polynomial controllers (14), (15) make the tra-
jectories converge to the n-SM s = 0 along the manifold
¢,—1 =0 (see (14)) of the phase space by discontinuous con-
trol input. Some segments of the transient trajectory prob-
ably feature 1-SM on ¢,_; = 0. Such SM is not possible
during the whole transient if a < rg, since there are subman-
ifolds of @,_; = 0 with infinite curvatures. Lyapunov func-
tions are constructed for such controllers provided a > ry.

The quasi-continuous polynomial HSM controllers (14),
(16) produce control, which becomes k-smooth outside of
the n-SM, s =§ = ... = s =0, fora > krg, k=1,2, ...
For a = ry it is only locally Lipschitz, and for 0 < a < rg
it is only continuous outside of the n-SM. It is the first
time that the smoothness of a quasi-continuous controller is
adjustable.

One can easily tune the parameters of the controllers in
order to provide for the needed convergence rate.

Controllers with variable gains solve the stated problem
if the uncertain terms /# and g in (2) respectively posses
available variable upper and lower bounds.

Controllers can be equipped with finite-time convergent
exact robust differentiators [23,27] producing output feed-
backs. The asymptotic accuracy of homogeneous controllers
is estimated in the presence of noises and discrete sampling.

A regularization procedure is proposed for keeping ap-
proximate SM by means of control having a prescribed
smoothness level.

7 Appendix: Homogeneity analysis

Here we prove Theorems 4.1, 4.2, 4.3, 4.6, Proposition 4.2
and the second part of Theorem 4.5. The following technical
lemma plays important role in the sequel.
Lemma 7.1 Let B> 0, |0] <1, 0 <& < 1. Then the in-

equality ‘mfg‘ < & implies that |A+ BO| < %B.
Proof. Obviously, the inequality implies that B > 0. Divide
the denominator and the nominator by B. Let A = |A|/B,

6 = OsignA. It is now enough to prove that

A+0|/(A+1) <& (25)

implies that |A + 6] < %



Indeed, if A < % then (25) implies |4 + 0] <

14+&€ _ 2
(1 2+ 1)5 =1 )
Now suppose that A > 1+5 . Then A+6] _ A+1+0-1|

A+1 A+l =
11— A—H >1— {L& o= =¢, and we come to contradiction. [J

Let the homogeneity degrees be defined as in Section 3.
Proof of Theorem 4.1. The homogeneity dilation corre-
sponding to the weights (11) is defined by the formula

dj«5;= (k"0s, k"5 _,Krjs(j)) (26)

for any x > 0. The theorem proof is by induction
First step: j= 1 The equatlon Ls]t T Bols i’o = 01is equiva-

lentto s = — BO [s]70 0 , which is obviously always finite-time

stable, since r; < ry.

Induction step. Let By, ..., ;2 be chosen so that all equa-

tions (13) of the orders 1,...,j— 1 be finite-time stable.
Introduce the functions

a

®;(5;) :[ —‘j-l-ﬁj 1({ : 1)-‘ .

+ﬁi(H” +Bols]™)--.),

a

Nj(5)) = |sV |f+l5/ 1(|S’ D=1 4 27)
+B1(Js]7 + Bols|0)...),
¥;(57) = 0;(5;)/N;(5)).

Then (13) is rewritten as

0;(5;) =0,
Ej :\‘ —‘V +BJ lNJ l(S] ])le,](§j71), (28)
N;j(57) = |sY]77 4+ Bj—1Nj—1(5j-1)-

Obviously |¥;_(5j-1)| < 1, deg¥; 1 = 0. Moreover, ac-
cording to the induction assumption, ¥;_; (5;—1) = 0 implies
the finite-time stable differential equation @;_1(5;j_1) = 0.

(8-l <

€ implies

Ls(fﬂ T BiaN o (5j2) W2 (5-2)

< 25:Bj2Nj 2(52),

(the region is deliberately enlarged) or, equivalently,

ri_

J=1 .
| —Bj-aNj2¥j 2 — 125 Bj-aNja| « <sU™D
i

< | =BjaNj2¥j o+ 5B aNj 2] © . (29)

Since @;_1(5j—1) = 0 is a finite-time stable homogeneous
differential equation, for sufficiently small € homogeneous
inclusion (29) is also finite-time stable [24]. Fix such €.
Prove that for any € > 0 with sufficiently large ;| any
trajectory of (28) in finite time enters the set (29) to stay
there forever. '

Rewrite (29) in the form ¢_(5;_») < sV < @, (5j-2),
where ¢_ and ¢ are continuous homogeneous functions of
the weight r;_; = degs\/~1),

Any continuous function on the homogeneous sphere
S1 = {5j—2 € RI72|||sj_2|[s = 1} can be approximated
by a smooth function. Thus, define a subset of (29)
by the inequality ® (@) < sVD < &, (®) on Sy,
where @ is a coordinate on the sphere, and &, &_
are smooth functions. It is assumed that ¢_ < &_ <

rj

Lﬁj 20— ] a < &, < ¢, holds on S;. Moreover, ac-

cording to Lemma 7.1 one can choose @, ,®_ so that also
the set [W(5;_1)| < € be inside it on the sphere. Respec-

tively, define ®_(5;_2) = |[5j_a||,/ ' P~ (dj72,\|5j,2\|,;]§j72)’

®(52) = 52l ®i(d, 5 155 2),  which
are functions smooth everywhere except the origin,
deg®, =degd_ =r;_;.

rj-1

=L
Thus, o_ < ®_ < —[Bj20; 2] © < P, < @, holds
everywhere. Obviously the region

o <sU <, (30)

of the space §j_; contains the set |[¥(5;_1)| < €, and the
corresponding differential inclusion in the space s5';_; is also
finite-time stable.

It is enough now to prove that with sufficiently large f8;_
the inequalities (30) are established in finite time and kept
forever to finish the theorem proof. Note that degd, =
deg®, — 7 =r;. Since N;_ is positive definite in the space
5 N and degN;_| = a, there is such ky > 0 that b, | <

kNN @ . For example, take the “upper” bound 7 = 0 of the

region (30), where 7w, = s~V — @, (5j-2). Suppose that
74+ > 0, which means that the point is outside of the region
(29) and ‘P(E'j_l) > ¢. Differentiating and using (28) obtain

i o,
=B [N W]« —dy 31)
. T
< —((eBj-1) 7 —kn)N .

On the other hand, degm, = rj_y, my = 7 (5j—1)) im-

=1
plies that Jkr : |7y | < kN j?. Hence, (31) implies
ri rj

e < —((8[31;1)7] —ky)(kz'my) "=, which means that
with B;_; large enough 7, vanishes in finite time, and,
according to (31), changes its sign. Similarly, c0n51dering
the case 7_ = s/~ —®_ < 0 obtain that the set (30) is an
invariant finite-time attractor for the differential equation
(28). O
Proof of Theorem 4.2. The following proof shows that with
sufficiently large o > O controllers (15) or (16) provide for
the finite time establishment of the n-sliding mode s =0 in
the closed-loop systems (1), (15) or (1), (16).

First consider the case T = rp/n. Rewrite (15) and (16) in
the form

u=—osign(@,—1(5—1)), (32)

u= 0¥ (Si1), Wt = P, (33)
where @, _1,N,_ are defined in (27). Recall that 3; > 0,
i=0,..,n— 2 are chosen with respect to Theorem 4.1 so that
the differential equation ¢,_; = 0 defined in the phase space
Sp_ois ﬁnite time stable. Thus also the differential inclusion
Pp—1 < 2 N, is finite-time stable for sufficiently small
£>0.



One now only needs to prove that for sufficiently small
€ > 0 the region ¢, < 2SN _5 in the space s, is itself
a finite-time invariant attractor, and also contains the set
|an—l(§n—1))| <e.

The proof is practically the same as the induction step
of Theorem 4.1. Indeed, similarly defining 7, and 7m_ and
using (6), one obtains instead of (31)

=5 — b, <htgu—kyNZ, =h+gu—ky, (34)
since r, = 0. Thus, from (3) and |¥,,_1| > €, for control (32)
one gets 7i:+ < —(Kpnot — C) ky, and for control (33) one
gets 7ty < —(Kpoe—C)—

Now consider the case T < ro/n. Then r, > 0 and for

Ko > C the inequality 7, < —(Kuu—C)—kyN,*, <0
does only locally hold for sufficiently small N,_;(5,—1). O
Proof of Theorem 4.3. Theorem 4.3 is a standard result of
the homogeneity theory [24]. J

Proof of Theorem 4.5. Only controllers (19) are considered
here. Controller (18) is considered by Lyapunov analysis in
Section 8. The proof is very similar to the proof of Theorem
4.2 and immediately follows from the inequality (34) and a
similar inequality for 7_. [J

Proof of Proposition 4.2. Take € = 1, and let T be the
maximal time of the convergence from the homogeneous
ball ||5,—1]]» < 1 to 0. Consider the set Q of the points of
all solutions of (6), (7) starting in ||3,—1]|;, < | and defined
over the segment [0, T]. Obviously, Q is an invariant set, and
it is compact [16]. Since outside of the ball ||5,_i||, <1
solutions of (6), (7) and (6), (20) coincide, Q is a finite-time
invariant attractor for the regularized system. Applying the
homogeneity dilation dgg from (8), obtain the attractor dgC Q

for the arbitrary value of ;. [J

8 Appendix: Lyapunov analysis for the case a > ry

Here we consider the case a > rg of Theorems 4.1, 4.2,
4.4 and prove the first part of Theorem 4.5. The following
lemmas are frequently used in the proof.

Lemma 8.1 [11] Let p; >0 and 0 < py < 1, then for any
x,y€ER, ||_x1171172 _ bﬂplpz| < 217p2|Lx‘|P1 _ b,‘lpl |p2.

Lemma 8.2 [38] Let ¢ and d be positive constants. Given
any positive number 7y > (), the following inequality holds

forany xiy € R: [l bl < Syl gy 4|,

LemmaS3[]8]Letxl€Rz— nand0<p§1,

then the following inequality holds: ( » <

|X1|p 4+ 4 ‘xn|1’.

Proof of Theorem 4.1. Let 0| = 5,0, =5,..., @, = s" V).

Denote @; = (®,---,@;), i=1,...,n

We need to prove that the system

:(02,(1.)2:(1)3,...,(1.)]‘:”]' (35)

with the control

uj= =By | L]+

a a a rija (36)
+B2([@3]72 + Bi([en] " +ﬁ0Lw1]ro))..w ie

is globally finite-time stable for j=1,...,n

Choose some constant p > a. The following proof utilizes
the modified method of adding a power integrator [12,34,38],
and is based on induction.

Step 1. We choose the C' Lyapunov function V;(@;) =

o8 2p—rp+7T
S UM“/R) — La)ﬂ”/r(’-‘ ‘ dA, o} = 0. Differentiating
of

Vi () along the vector field (35) obtain

2p—rp+7 2p—rp+7

(0 —@5)+ o] ™ o,
(37

—ﬁgl/“Léjﬂ”/“

| ;1470 1t follows from (37) that

LVi(on) = o]

where w5 is a virtual control law. Define @ =
with By > 0,&; =

Vilan) < —B0EE 1 (&) T

Induction step. Suppose that at step i — 1 there exist
constants ;5 > --- > By, and a C' Lyapunov function
Vi—1(@;—1) such that

(wz ;). (38)

2i—2 21 21 2
2p— 2p—rip+T

L&l (oi— o), (39)

ry/a
— 2 2
%Vifl(wifl)gf 0 pla _ é p/a

where

rk 1/“L5k NS 1/a k=2,
t o] ',kzl,m,z—l.

o] =0, of =
b= o -
Clearly (39) reduces to (38) for i = 2. We claim that (39)

will also hold at step i. To complete the induction argument
at the i—th step, we consider the following function

(40)

Vi(@;) = Vi1 (@i-1) + Wi (@),
2p—ri1+7 41
Wi@) = [ |11 = L1 | an
According to Proposition B.1 and B.2 in [38], the function
Vi(@y) is a positive definite C' function. Thus

r

g g, 2 2
gVi(ax) S_z?—z(élu o+ 60)

2p—r,»,2+r

oW
+ &l e )+ Z 3wio
2p—ri_1+7 N 2p—ri_1+7 .
+&G T oG] (0 —0hy), (42)
where & = [@;]Y""' — | 0?11, and o}, | is a virtual con-

trol to be determined later. In the following we estimate each
term on the right-hand side of (42).

Note that 0 < r;_;/a < 1 and r;i_; = r;_» — 7. Lemma 8.1
and Lemma 8.2 imply that

2p—ri_p+7T

2p—r; _
L e R - T T
ry/a
2 2
<Bo_gwley gele (43)
2p—ri_y
. i-ri_1/a o ri_ . o
where ¢; = 2V‘r lt/lap (2 l ﬁfﬁ, r'l)) T isa positive
. P
constant. 0

The following proposition simplifies the proof.



Proposition 8.1 There exists a positive gain §;(Bo, - - , Bi—2)
depending on By, ,Bi_2, such that

. 1 1 A

i—1 - a2 o 20 @ 2 2p
Wi (@) .. By % B % . B T L oEa

kzl T DS 5y e g 6 R

, "/a . ,
Choosing ﬁlri >+ Fi+ ﬁo Drand o), | = ﬁiri/la L& r’/“,
using Proposition 8.1 and substltutmg (43) into (42) get

ry/a
4vi(@) < -G (G110 )

<=7
+ G+ 7 (Boy - Bra))EP
2p—ri_ * 2p—ri_1+7 N
+ & -+1 +1&1 7 (01— o)
ﬁrl/a 2p 2p—ri_1+7T .
<—D (g +- +‘§ ) &1 (@1 — @)

This completes the induction.
From induction step j of the above proof one extracts the
constants fj_» > --- > B > By, such that the controller

Brj/a ng-‘r,/a7 (44)

—_ * —_—
U=0j =

r
a

_a ,,‘il i B,
with &; = |@ W/l—twﬂ’ and B2} > ¢+ ¥+ 5,
ry/a
@) < —Br (&P 4+ 00,

2/-1
2p— rg—1+7
a

- d
yields 2V (

It is verified using fwk UM T | ] ﬁ—‘ dA <

iyt _ 2p+e q

| —wk\lékl < 21er/e|g | T that V(@) <
p+t
2(1& a).
Letc = 13/)07. Then, due to Lemma 8.3,
22p+r2_/—l
d . e~
Evj(a)j)—kcvj (o;) <O0. (45)

Note that 23% € (0,1). It follows from the Lyapunov anal-
ysis of finite-time stability [8] that the closed loop system
(35),(44) is globally finite-time stable.

According to (40), §; = La)ﬂ“/’/ﬂ +Bj2 (ij_lwa/’j—z

oot By (L0217 + Bolen ]/
controller (44) can be rewritten as (36). This completes the
proof. UJ

Proof of Proposition 8.1. First, it follows from Lemma 8.1
that fork=1,...,i—1

), which implies that

WD) .
‘ a,é):),)wk‘
2p—ri i+ 2oty |9y aofrici
S%I — |\§z| L bl)k o
. . ol w91
< 2origronfag o AT G g6

Note that @ = —f;" 1/ L& V‘ 1/4 On this basis, the

following estimate holds fork=1,---,i—1:
«a/ri—q
9 i ' 9 i— i
(Lwal)k )‘: i72’ aéwkl _ api rz]‘ lﬁk 1 LCO ~|a/rk 1— 1‘

This, together with (46) and (40), implies that there exist
_li1 u
Bio) = 2! a <2P7ri—l+r)ﬁi—2'“ﬁlﬁ$+ “

m and

gains I';; (Bo, -

_lia 1wk Tk
T(Bea, s ra) = A CPmriot bbby iy *
i -2 yPi—=2) — i1 )
k=2,---,i—1, such that

IW; (@)
’ 0) (D ’ <Flk|§l

T (lg | e gy )
x (|ék+1 ) )

where &y = 0. The inequality here was obtained using
Lemma 8.3. Next tw1ce applying Lemma 8.2 to (47) yields
that for k=1, - -1,

2p
d
‘8(1‘/‘)/,1 wk’ > 21+1 <§k l+€k Jrékﬂ) +F,k§ (48)

— i+1 2pte=a
Here I71(Bo,---,Bi2) = AL ZPPH 9) ( 2 Tnfe=7)
PBy

sl

a—71

. 2p+7—a
d fv _ 3Fik(2p+rfa) 2’“1",-,((1171) ‘
an i(Bo, -+, Bi2) = P 7L )
pﬁoa

k=2,

,i—1. Let now %(Bo,-+,Bi—2) = LTt + -+ +
rl/a

l—‘ll 1 + ﬁzHrl Then

i—1 -
AACH
Bmk (Ok
k=1
71

+(F11+ +Fu l)ézp/d
rl/a

/u
B (gl g7 + P
+7:(Bo, -+, Bi2)EX°,

I /\

which completes the proof of Proposition 8.1. [J

Proof of Theorem 4.2. Only the case ry =n,7 =1 is con-
sidered here. In the case, the n-sliding homogeneous con-
troller (15) can always be rewritten in the form (4). We need
to prove that under controller (4) the system

O =, =3, , 0, = h(t,x) +g(t,x)u. (49)

is globally finite-time stable.
Let

2p—rk71+r

w(@)—?ﬁl J A T ) 7S

From induction step n of the proof of Theorem 4.1 we
can find constants Bu—2 >---> PB1 > Po, such that, provided

B ﬂ
C n n
> # the controller
u=—a sign(&,) (50)
F
yields V, < fh r(&; p/a +§2p/a) Similarly to the

proof of Theorem 4.1, using an equation analogous to (45),



one proves that the closed-loop system (49), (50) is glob-
ally finite-time stable. Noting that ry = n,7 = 1 and tak-

ing By—2 = Bu—2,--,Po = Ba—2--- Bi1Po, controller (50) is
rewritten as (4). This implies that the closed loop system
(49), (4) is globally finite-time stable.[]

Proof of Theorem 4.4. Theorem 4.4 immediately follows
from the definitions of I';;,Ti, Ty, and Ty in Proposition
8.1.0

Proof of Theorem 4.5. Only controller (18) is considered
here. The proof is almost the same as that of Theorem

130%1
. Cténthty
4.2. One just needs to replace a > % with o >
n

a
6n+/yn+£?77| D
—
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