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Abstract

This paper analyzes the problem of an informed principal who decides at
each state of nature what verifiable information to disclose (privately) to two
uninformed agents who interact in a strategic form game. We focus on a class of
games in which payoffs are quadratic and the agents’ actions are substitutes. It
is shown that when the principal can commit to a disclosure policy, it is optimal
to disclose all information to one agent and disclose no information to the other
agent. We then identify sufficient conditions under which this optimal policy can
be implemented in the absence of commitment.
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1 Introduction

The outcome of strategic interaction often depends on a state of nature, which may
not be observed by all involved parties. For example, economic fundamentals are
often not fully known to firms or investors at the time they choose their strategies.
Similarly, managers within a firm may be uncertain about the state of the firm when
planning their actions. Many studies in the literature assume an exogenously given
information structure and examine the effect of the amount or precision of information
available to agents on the strategic interaction between them (examples of such works
will be discussed below). This paper is concerned with the endogenous determination

of information structures. The question we pose is, what information structures will
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players in a Bayesian game have, if these structures are designed optimally by an
informed planner?

We consider situations in which a planner observes the realization of a random
variable (the state of nature) that affects the payoffs of a game played by two players
who do not observe the state. The planner, whose payoffs depends on the outcome
of the game, then needs to decide what information, if any, to pass on to the players,
taking into account how the players would play in the induced Bayesian game. In
other words, at each state, the planner optimally decides on the Bayesian game that
the players will face, taking as given the state-dependent payoffs from each profile of
actions. We study the weak perfect Bayesian Nash equilibrium of the extensive-form
game in which the planner first sends private messages to the two agents who then
simultaneously choose actions.

One example of situations we have in mind is a government agency or official who
has inside information on some important economic fundamentals (e.g., the interest
rate to be set by the central bank or information about fiscal or monetary policy).
This information affects the profitability of firms in the economy or of large institu-
tional investors. Since the government entity cares about the decisions of the firms or
investors, it may want to affect their decisions by passing some of its private information
to each of the parties.

A similar situation also occurs within organizations. A senior manager may be
aware of some of important information regarding the firm’s profitability (e.g., upcom-
ing merges or aquisitions, entry to new markets, layoffs or hiring decisions), which are
unknown to managers working under him. These managers may have some conflict-
ing interests, which involve their own promotion or the profitability of their depart-
ments/divisions within the firm. As a result, the senior manager may be concerned
about how his subordinates may strategically use information that is revealed to them.
The senior manager may therefore want to affect the strategic interaction between his
subordinates by carefully choosing what information to reveal to each one.

This paper focuses on environments that have the following features. First, in-
formation is transmitted via hard, verifiable evidence: In each state the planner can
report the set of possible states, which must include the true state. Thus, we consider
situations in which the state of nature will eventually be revealed to the players, and
it is prohibitely costly for the planner to be caught telling a lie (i.e., declaring a state
to be impossible when in fact that state was realized). The planner, however, can
manipulate the accuracy of the information he transmits by increasing the number of

states that he declares possible. Second, we follow the literature on the social value



of information (e.g., Morris and Shin (2002) and Angeletos and Pavan (2007)) and
assume that payoffs are quadratic, which ensures the existence of pure strategy equi-
libria. We also assume that the actions of the players are substitutes. As illustrated in
Angeletos and Pavan (2007), this class of payoffs accommodates a number of different
applications that have been discussed in the literature.

Our main results are as follows. First, we show that when the planner can commit
in advance to what information he will pass in each state, then his ex-ante expected
payoff is maximized when one agent is fully informed and the other agent is fully
uninformed. That is, the first-best outcome calls for the planner to “collude” with one
of the parties by sharing its private information, while keeping the other party in the
dark. When this occurs, the informed agent has no interest to share information with
the uninformed agent. Second, we give sufficient conditions under which this first-best
outcome can be achieved in weak perfect Bayesian Nash equilibrium when the planner
cannot commit to a strategy.

The problem studied in this paper may be viewed as a “reverse implementation”
problem. First, with respect to implementation under complete information, the in-
formational roles of planner and agents are reversed: the planner is informed but the
agents are not. Second, while implementation theory is concerned with the design of
effective institutions to achieve a given goal, our planner is stuck with the institution,
and he can only resort to decide how much information he should leak to the agents.
While implementation theory has achieved an impressive degree of generality, we have
focused on a particular class of environments in the current paper.

The paper is organized as follows. Section 2 presents the model, while Section 3
presents the results. Related literature is discussed in Section 4 and concluding remarks

are given in Section 5.

2 Model

A state 0 is a discrete random variable distributed over © C R, . Let u be the mean of
6 and denote §;, = min © and Ay = max©. For any S C O, let (S) and 6(S) denote
the minimal and maximal elements in .S.

There are two agents and a principal. FEach agent can either exit or choose an
action in R,. We let (x,y) denote the actions of players 1 and 2. If both agents opt
in, then agent ¢’s payoff has the property that for every profile of actions for the other
agent, ¢ has a pure best response, which is essentially affine in both 6 and the action

y of the other agent. Specifically, the best response increases in 6 and decreases in y.



Hence, by denoting as x agent i’s own action, agent i’s payoff from (z,y) in state 0 is

the quadratic function:
u%((gj’ y)> 6) = —CY1I2 + (0429 - &3y)1‘

where (ay)g—123 are positive parameters. If at least one agent opts out, then each
receives a payoff of € > 0, where ¢ is arbitrarily close to zero.
If both agents opt in, then the principal’s payoff from (z,y) in state 6 is a quadratic

function of the sum of actions:

v((x,y),0) = =By (z +y)* + B0(x + ) (1)

where 3, and [, are positive parameters. If at least one agent opts out, then the
principal gets a payoff of zero. As recalled in the introduction, these payoff func-
tions are well-behaved (they represent single-peaked preferences, lead to pure-strategy
equilibrium in each state, etc.) and many applications have this structure.

To simplify the exposition, we focus on the case oy, = 3, = 1 for all k£, namely

ui((7,y),0) = x[0— (v +y)]
v((2,y),0) = (x+y)[0—(z+y)

With the normalization, we thus face the same payoff functions as in a Cournot duopoly
with uncertain (inverse) demand.! The results that follow do not crucially depend on
the normalization.

The principal and the agents play the following three-stage game. In stage zero
a state of nature 0 is realized and is observed only by the principal. In stage 1, the
principal sends each agent a private message S C © such that 6 € S. This message is
interpreted as the set of states that the principal views as possible. In stage 2, after
agents observed their signals, they simultaneously choose their actions. We analyze
the weak perfect Bayesian Nash equilibria (PBE) of this game.

As explained in the introduction, we interpret the principal’s strategy as capturing
situations in which the cost of lying is excessively high. The principal must present

hard evidence that must contain a “grain of truth” in the sense that it must include

! As pointed out by Einy et al. (2010), as soon as there is uncertainty in a Cournot duopoly, possibly
negative prices have an impact on existence of an equilibrium. We take the payoff functions seriously,
namely, implicitly allow negative prices, but insist on positive quantities. Our interpretation is that,
in case of overproduction (i.e., z+y > ), the agents face a loss, as if the price were negative. We thus
see the payoff function as u;((z,y),0) = zmax {0 — (x +y),0} —zk(z+y) with k(z) = max {z — 0,0}.



the true state. What we have in mind are situations where the state of nature will be
revealed eventually, and the principal does not want to be caught saying in state ¢ that
this state is impossible.

We impose the following restrictions on agents’ out-of-equilibrium beliefs. Let S;
denote an out-of-equilibrium message received by agent i. Let S;” C S; be the set of
states in \S; to which ¢ assigns positive probability. Let T;(.5;) be the set of states that
agent ¢ considers possible for agent j when agent ¢ himself gets S;. We require that
S C Ty(S;) to reflect that fact that even out-of-equilibrium agent i knows that the
principal must be truthful.

Let s(0) = (s1(0),s2(0)) denote a strategy for the principal, where we denote by
si(0) = © the action “no signal to agent i when the state is §”. To simplify notation
we let x(f) and y(0) denote the best responses of players 1 and 2, respectively, to
s(0) = (s1(0), s2(0)). Agent 1 chooses x(#), s1(0)—measurable, to maximize

Eluy (2(0),y(0),0) | 51(0)] = () [E]0 — y(0) [ 51(6)] — x(0)]

namely a parabola with roots 0 and E[0 — y(0) | s1(0)]. If E[0 —y(0) | s1(0)] <0, the
max over R, is 0. We interpret the action zero as opting out.
We will typically assume that the distribution of # cannot put much weight on

relatively high values, in the sense that

< 30r (Al)
3
and p < ?HH (A2)

(A1) is equivalent to 6 — $1 > 0 for every 0, which means that an agent who knows
the state 6 and conjectures that the other agent will choose % p always opts in. (Al) is
always satisfied if 0y < 360, and is assumed throughout this note. (A2) is equivalent
to pu — % [9 — %u] < 0, which means that an agent who does not know anything
about the state and makes the pessimistic conjecture that the other agent will choose

3 [0m — 31] opts out. (A2) is not assumed unless explicitly mentioned.

3 Analysis

We begin by considering the case in which the principal can commit to a strategy,
i.e., he decides what pair of private messages to send at each state of nature before

the state is realized. A commitment strategy is optimal if it maximizes the ex-ante



expected payoff of the principal, taking into account the second-stage game between

the agents.

Proposition 1 Assume the principal commits to a strategy before observing 0. Then
an optimal strategy is to reveal O to one agent and reveal no information to the other

one.

Proof. The objective function of the principal is

Ep{[(51(0)) + y(s2(0))][0 — x(51(0)) + y(s2(0))}

where

o(61(0) = o {0. B0 — y(s2(0) | 1(0)}

and similarly for agent 2. Define

| D

6(0) = x(s1(0)) + y(s2(0)) —
Then the objective function may be rewritten as

E{[g + 5005 — 50)]} = Bol(5)* ~ (0)]

Step 1. We show that Ey[6(f)] > &£. Given the above expression for z(s:(f))
and the similar expression for y(s,(0)), we have that E(z) > 1(E(0) — E(y)) and
E(y) > 3(E(0) — E(z)). Hence E(z +y) > 2E(0) = 2p and E[6(0)] > &.

Step 2. By convexity, [Ey(5())]? < E¢d*(0). Note that this implies that Ey6*(6) >
(4)2. Thus, for the objective of the principal, we obtain that

00 o 0.2 fg Lo 0o Lo
)2 < 2)2y (B2 = _
B(3)? — 5(0)] < B — (57 = TB0") — 5o

Step 3. We show that the lower bound on Epé*(f) is achieved by having one
agent fully informed and the other agent uninformed. Suppose one agent is fully
informed while the other one is fully uninformed. The informed agent then chooses
50 — 2 E(0) > 0 for every 0 iff $E(0) < 0, (namely, (A1)), while the uninformed one
chooses %E () > 0. It follows that the principal’s ex-ante expected payoff is:

Bl +y)(0— (z+y)] = E[(30+1E(0)(30 - LEO))] = E[26° - £E2(0)] =
1E(0%) — £E%(0) = 1E(0°) — 242 W



Assume next that the principal cannot commit to a strategy prior to the realization
of the state.

Proposition 2 There exists a PBE with full disclosure.

Proof. Consider the following profile of strategies. In each state 6, the principal sends
each agent the singleton message {6}. When an agent receives a singleton message
{0}, he chooses 0/3. If an agent receives any other message S, he believes the state
is f(S) and that the other agent receives the singleton message {0(S)}. Therefore, he
chooses 0(S)/3. If the principal always discloses the state, then the agents’ actions
constitute a Nash equilibrium. In the proposed equilibrium the sum of actions is %9 in
each state. If in any state 6 the principal would send agent ¢ a non-singleton message
S, then ¢ would choose %@(S ) > %«9. Since the principal’s payoff decreases with the sum

of actions, when this sum exceed %9, the principal has no profitable deviation.”? =
Proposition 3 If 0, < %M, then there does not exist a PBE with no disclosure.

Proof. Assume, by contradiction, that there exists a PBE in which in every state
f, the principal sends each agent the null message © and each agent then chooses
%u. Suppose that in the lowest state 6, the principal deviates only to agent 1 by
sending him the singleton message {0.}. Agent 1 must believe the state is 6, and
would therefore choose max{0, %9 1 —k}, where k is agent 1’s deterministic, degenerate
belief about agent 2’s action, conditional on receiving the message {6.}. If k > %9 L,
then the sum of actions would be % i This is a profitable deviation for the principal if
%HL — %,u < %u — %HL. Since i > 07, this inequality holds. If £ < %HL, then the sum of
actions (as a result of the deviation) would be % W+ %9 1 — k. The deviation is profitable
if %GL -k < %u. Since 6 < %u, and since by definition, £ > 0, the above inequality

must hold. It follows that the principal’s deviation is necessarily profitable. m

Proposition 4 Under (A2), there exists a PBE in which one agent is fully informed

and the other agent is completely uninformed.

Proof. Consider the following strategies. In every state 6, the principal sends the
message {0} to agent 1 and the null message © to agent 2. When agent 1 receives
a message S C O he believes the true state is 6(S) and that the principal did not
deviate against agent 2. He, therefore chooses z({6}) = $0(S) — 21 (which is positive
by (A1l)). When agent 2 receives no message, he chooses i/3. If he receives S C ©

2Observe that the proof does not make use of (A1).
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with 0(S) > p1, then he believes the state is 6(S) and that the principal did not deviate

against agent 1. He therefore chooses

oM

If he receives S C © with 0(S) < u and 0(S) > u, he believes that the true state is
distributed according to a probability distribution f(.S) over S such that Ess)(6 | S) =
1. He also believes that the principal did not deviate against agent 1. He therefore

chooses
1 11 1 1

y(S) = oHt = §(§M - EM) —3H
If he receives S C © with 6(S) < p he believes the state is §(S) and that the principal
sent agent 1 the message {0(S), 0y }. He then chooses the maximum between zero and
$0(S) — 5(30m — £p). Since 0 /p > 7/3 (by (A2)) this last expression is negative, and
so agent 2 would choose zero.

It is easy to verify that when the principal carries out his equilibrium strategy, the
agents’ strategies constitute a BNE in the ensuing subgame. It remains to show that
the principal has no incentive to deviate.

Suppose the state is § > p. An agent who receives an out-of-equilibrium message
will never reduce his action and for some messages, he will strictly increase it. The
distance between the equilibrium sum of actions and the ideal sum of action (which is
%9) is % . If the principal deviates this distance may either remain unchanged or even
increase. Consequently, the principal cannot profit from such a deviation.

Suppose the state is § < pu. If the principal deviated only against agent 1, then
agent 1 would increase his action and this would lower the principal’s payoff (because
the distance between the sum of actions and the ideal sum would increase). Suppose
the principal deviated against agent 2 (and possibly against agent 1). If the principal
sends agent 2 a message containing a state 6 > y, then 2 would not change his action
(and agent 1 would only increase his). If the principal sends agent 2 a message S with

0(S) < p then 2 would choose zero, lowering the principal’s payoff. B

The agents’ ex-post participation constraint plays an important role in the proof
of Proposition 4. Relaxing this constraint complicates the analysis. To illustrate this,
suppose the state of nature can be either #5 with probability p or 6, with probability
1—p. Assume that agents cannot opt out and that the principal’s payoff is given by (1).

We show that to apply the same reasoning as in Proposition 4, we need to make further



assumptions on the distribution of #. A possible formulation is proposed below.?

Observation 1. There exists a PBE that attains the maximal ex-ante expected payoff

to the principal if
7—p 5-2}7 9H 2—|—p

< — < —(<3
3—p’3—2p} 0, P (<3)

max{

Proof. Agent 1 uses the following strategy. If he gets a singleton message {0} he
chooses 0/2 — 11/6, which is non-negative under (A1), namely z—fz < %. If he gets
the uninformative message {0,605} he believes the state is 0y for sure and that the
principal did not deviate to agent 2. Agent 1 then chooses the same action he chooses
when he receives the message {0y }.

Agent 2 uses the following strategy. If he receives the message {0,0y} he chooses
/3. If he gets the message {0y} he believes the state is fy and the principal did not

deviate to agent 1. Consequently, he chooses

1 1%
[ ] 4H—|— 2_O

—

If he gets the message {0} he believes the state is 6, and that the principal sent agent

1 the message {0, 0y }. Consequently, he chooses the action

We first verify that the principal has no incentive to unilaterally deviate against
each agent. Consider agent 1 first. In state fy the agent will choose the same action
regardless of the message he receives. In state 0, a deviation only to agent 1 will only
raise the aggregate action, reducing the principal’s payoff.

Consider agent 2 next. Suppose the state is 6. If the principal deviates only to

agent 2 and sends him the message {0y} agent 2 will raise his action if

This inequality holds iff

and this inequality is satisfied. Suppose the state is 87 and the principal deviates only

to agent 2. If agent 2 were to choose zero, the aggregate action to the principal would

3The condition ;%g < Z—IL’ is equivalent to 0 < (0 — ) and is thus weaker than (A2), while

=< # is just (Al).



be %HL — % 1 and hence the principal would be indifferent between deviating or not.

For agent 2 to choose zero when receiving the message {} it must be that

Since p = ply + (1 — p)fy, this inequality reduces to (7 — p)/(3 — p) < 0 /0L, which
holds by assumption (note that (7 —p)/(3 —p) < (2+p)/p if and only if p < 1).
Finally, it remains to check that the principal has no incentive to deviate against
both agents. Since in state 6y agent 1 chooses the same action for any message, the
principal cannot gain from deviating in this state. If the principal deviates against both
agents in state 6, agent 2 would choose zero and agent 1 would choose 0y /2 — 11/6.
If this action is at least as high as 6/2 + /6, then the deviation is not profitable
for the principal. This inequality holds if 05/0;, > (5 — 2p)/(3 — 2p), which holds by
assumption (note that (5 —2p)/(3 —2p) < (2+p)/pifand only if p < 1). A

Throughout this note, we have assumed that the principal has to provide hard
evidence of the information that he transmits to the agents. We now briefly investigate
to what extent the principal can implement his ex ante first best payoff (as described by
proposition 1) by just using cheap talk. In this case, the principal has further possible
deviations, as he can report a false state, but at the same time, weak perfect Bayesian
Nash equilibria do not impose more restrictions than plain Nash equilibria. As above,
we assume that the state of nature takes two values, 6y with probability p and 6 with
probability 1 — p and that agents cannot opt out. Cheap talk is precisely modeled by
modifying stage 1 of the three-stage game as follows: the principal sends each agent a

private message in {O, {0y} ,{0.}}.

Observation 2. There exists a PBE of the cheap talk game that attains the maximal
ex-ante expected payoff to the principal iff

5—2p§0_H§2+p<§3)
3—2p = 0 p

Proof. Consider the following strategies: agent 1 chooses £ — £ (resp., %H — £) if he
receives the message ¢ (resp., 0) from the principal; agent 2 chooses £ whatever the
message of the principal; the principal tells the true state to agent 1 and sends the
non-informative message © to agent 2.

These strategies achieve the principal’s maximal ex-ante expected payoff and uni-

lateral deviations are not profitable to the agents. The only unilateral deviation that
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can be profitable to the principal is to send agent 1 the message 67, when the true state
is Oy. If the principal does so, agent 1 chooses %L — £, s0 that the aggregate action is
%L + £. If the principal does not deviate, the aggregate action is %H + &. The deviation

is not profitable to the principal iff

)

L, b _0g p
276 6
which is equivalent to
Op <0y — gﬂ
3
or the first inequality in the statement of observation 2. The second inequality is just

(A1) which guarantees that agent 1 always chooses positive actions. B

The statement in observation 2 does not extend when there are n > 2 states. By

proceeding as above, a necessary incentive compatibility condition for the principal is
2 / /
QLSQH—gﬂ for every 0, 0': 0 < 60

which implies that
2(n—1)
3

This shows that incentive compatibility for the principal becomes harder (or even

Op <0y — Iz

impossible) as n gets larger. For instance, if n > 4, it implies z—fz > 3. But, as we

pointed out above, a strong form of (A1) is the reverse inequality.

4 Related literature

This paper studies a game in which an informed sender sends private, verifiable mes-
sages to uninformed receiver who interact stragically. A related game was studied by
Eliaz and Serrano (2012). These authors examine a situation in which the receivers
play a generalized multi-action prisoner’s dilemma. They show that under some con-
ditions, the first-best outcome for the sender calls for no information transmission.
However, the authors also present sufficient conditions under which the first-best in-
volves asymmetric treatment of the two players, i.e., in each state the receiver get
different information from the sender and hence, are asymmetrically informed (but in
contrast to the current paper, both receivers have some information).

Our paper is closely related to the cheap-talk literature that studies games between

11



an informed “sender” and uninformed “receivers”.? The feature common to our model
and to cheap-talk is the absence of commitment on the part of the sender. However,
there are two salient distinctions. First, we make an important assumption: the planner
cannot lie. That is, sooner or later he will be pressed to provide “hard facts” or
evidence about the true state of nature, and punishments to lying would be prohibitive.
Thus, his typical message will be of the form: “here’s the set of possible states,” and
such a message will always contain the true state of nature as one of the possibilities.
Second, we consider two strategic receivers of the message, while most of the cheap-
talk literature is concerned with only one receiver. Two well-known exceptions are
Farrell and Gibbons (1989) and Stein (1989). However, the first paper assumes that
the payoff of each receiver is independent of the actions of the other receiver, while
the second paper models the set of receivers as a single representative agent. Hence,
neither paper examines the effect of externalities across the receivers’ actions on the
sender’s incentives. Recent works that study cheap talk in auctions include Jewitt
and Li (2012), who consider public announcements, and Azacis and Vida (2012), who
consider private messages.

Another related literature analyzes voluntary disclosure of verifiable information
(see Milgrom (1981), Milgrom and Roberts (1986) and Okuno-Fujiwara, Postlewaite
and Suzumura (1990) for early papers and Hagenbach et al. (2012) for a recent one).
In these models there is a set of players who possess verifiable information on the state
of nature and need to decide how much of this information to disclose (e.g., the parties
may announce a set of states that include the true state). A large part of this literature
characterizes conditions for “unraveling”, whereby all private information is revealed
in equilibrium.5

The current paper is concerned with the effect of varying forms of information on the
strategic interactions of the recipients. As such, it is also related to a recent strand of
the literature, which explores the social value of information (most notably, Morris and
Shin (2002) and Angeletos and Pavan (2007)). The aim of these papers is to examine
the equilibrium and welfare effects of changes in the precision and form of information
(private versus public) on certain classes of economies or games. A central feature of

these models is that the information structure is exogenously given, whereas our main

4For surveys on cheap-talk games see, e.g., Krishna and Morgan (2007) and Koessler and Forges
(2008).

®Two recent investigations of sender-multiple-receivers games are Goltsman and Pavlov (2011) and
Koessler (2008). Both papers look at the case in which the payoff of a receiver is independent of the
actions of other receivers.

6Full revelation of information may not occur if some parties are not informed or cannot verify
their private information (see Shavell (1989) and Farrell (1986)).
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interest is in understanding what information structures would arise endogenously in
equilibrium.

Our paper is also related to a recent literature on the design of procedures for
information transmission. Like us, this literature is concerned with situations in which
the principal cannot directly affect the players’ payoff, but can do so only indirectly via
information revelation. some examples of recent works include Rayo and Segal (2010),
Gentzkow and Kamenica (2011), and Horner and Skrzypacz (2011).

Finally, another way to view our study is in comparison to mechanism design or
implementation theory. In that theory, the planner is uninformed about the state of
nature and tries to elicit information about it from the agents by a clever design of the
institution. Usually, in that framework, the planner simply sets up the mechanism and
is not a player in it, although two notable exceptions are Baliga, Corchén and Sjostrom
(1997) and Baliga and Sjostrom (1999). For a point of comparison, our planner is also
a player in the information leakage game, but he is the informed party while the agents

are not.

5 Concluding remarks

In this paper, we started to investigate the problem of strategic disclosure of verifiable
information by an informed party to interactive uninformed agents. We focused on a
specific class of games, which has several economic applications. In these games, we
characterized the optimal disclosure policy under commitment (“the first best”) and
showed that under some conditions, this policy can be implemented in the absence of
commitment. An interesting feature of the optimal policy is that it calls for asymmetric
treatment of two ez-ante symmetric agents: one agent should be fully informed, while
the other agent should be kept in the dark.

Much further work is needed to answer our basic question, namely what type of
information structures in Bayesian games can be rationalized endogenously as the out-
come of strategic information disclosure by an informed planner. A number of topics
for future research readily emerge from our analysis. For instance, even within the class
of games with quadratic payoff functions, one could consider the case where the actions
of the players are complements rather than substitutes. Some examples suggest that

under commitment, the planner might then fully inform both agents.
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