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INTRODUCTION

Recently there has been growing interest in the elastic properties of
random systems. Since various elastic model Hamiltonians produce different
p}:edict;i.(ms1_3 for the effective elastic modull, it is important to realize
that they usually apply to distinct physical systems, or treat different
aspects of the same system. Our model Hamiltonian primarily aims to explain
the elastic properties of macreoscopically disordered systems, such as porous
solids or celloidal aggregates in which the size of an elementary grain is
at least several atomic radii. Hewever, in certain cases it may alsoc be

applicable to disorder on the atomic level,

Let us consider a macroscopically inhomogeneous compesite made up of
very stiff regpioms and very compliant regions. (We will actually conslder a
case when the compliant regions are volds.) Effective elastic medull of
this system decrease with decreasing concentration p of the stiff component
and wvanish when p approaches the geometrical continuity (percolation)
threshold PL- The dependence of the effective elastic constant «, e.g. bulk
modulus or shear modulus, on p, near p, is given by k ~ (p—pC)T. This re=-
lation reminds the behavior of the effective conductivity of metal-insulator
mixture: o ~ (p*pc)t- The formal similarity of the differential eguations
governing these problems suggests some analogy in the results. Almost a

4 soted that the rubber elasticity Hamiltonian used toc

decade agc de Gemnnes
describe the entropic elasticity of gels colncides with the dissipation
functional of the conductivity problem and concluded that the critical expo-
nent 7 of the entropic elasticity coincides with t of conductivity. For a

long time this conclusion has been assumed to be valid for any kind of elas-
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ticity (see, e.g. Ref. 5). We will show that in the macroscopically inhowme-

geneous systems T is considerably larger than t.

Singular behavior of the elastic moduli of percolating svstem near Pe
is caused by the divergence of the correlation length & ~ (p~pc)_v, and
therefore, on length scales L >> & {homogeneous regime) we can use the re—
lation x ~ (p—pC)T ~ Q—T/v = g_T. For L << £ (scale invariant or fractal
regime} < does not depend on £, and is proportional to T T Some systems,
such as colloidal aggregates, do not have natural correlation length, and
therefore the power law © ~ L_T is the only way to describe their

properties.,

CRITICAL EXPONENT OF FLASTICITY OF A PERCOLATING SCLID

In order to investigate the critical behavior of ¥ we must be able to
define a lattice Hamiltonian which adequately describes the elastic proper~
ties of the system even in the extremely discrdered case. Feng and sen!
suggested to describe the elastic behavior of a two—dimensional percolating
systam by a random spring network on a triangular lattice. The rigidity
threshold of such a system in considerably higher than the geomstrical per-
colation threshold, since it has many geometrically coanected parts whieh
cannot  transmit stress, and the geometrical properties of the rigid
clusters” near the rigidity threshold seem to differ significantly from the
properties of usual percelation clusters®, Therefore, random spring model
does not describe correctly macroscopic diserder. Various finite differ—

ences schemes of elasticity alse fail in a similar fashion.

2

Kantor and Webman® suggested a latrtice Hamiltonian, in whick sach bond
accounts for stretching energy proportional to the ¢quare of its elongation,
while a pair of ajacent bonds accounts for an enargy l/2 G(6¢)2, where §4 is
the relative change in the orientation of the bonds: For d=2, d¢ is simply
the change in the angle between the bonds, while for d » 3 each bond must be
treated as a d-dimensional ocbject and &4 represents the d-dimensional solid
rotation of one bond in the reference frame of the ajacent bond. Rigidity
threshold of a percolating network described by this Hamiltonian coincides
with the geometrical Pe

For a single chain on a lattice the Hamiltonian reduces to a very

2 that the force

simple form which is analytically solvable, It can be shown
constant k of a long chain (related to the elastic modulus by k = kLzmd)

does not depend on the bond stretching term in the Hamiltonian (except the
case of comparatively straight chains which are strefched aleng their long

dimension}, and is given by
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where ¥ is the number of bonds in the chain and § is its radius of gyratioen
(T.maS. size) in the direction perpendicular to the applied force.

Tlastic modulus of a percolation problem can te bound (in the fractal

2’7: If we

regime L << £} by the elastic moduli of two single chain problems
assume that only the singly connected bonds® are flexible, while the rest of
the infinite cluster is infinitely rigid, we overestimate « and under-
estimafe T, LI we assume that only the shortest path between Lwo opposite
boundaries, which diverges as L%, supports the stress, while the rest of the

cluster is zbsent, we underestimate ¥ and overestimate T. Since each of

these problems can be solved using Eg. 1, we can find2’7 exact bounds on T:
dwbl € 7 & {d¥+z)v . (2)

The numerical valusz of the bounds, as well as some Monte carle? and expar—
imentallO estimates of T are depicted im Fig. 1. The uncertainties in the
values of the bounds (not shown) are smaller that 0.1 and are causad by
uncertainties in the numerical values of v and z, while the error bars of

the Monte Carlo and experimental results (not shown) range from 0,2 to 0.5,
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Fie. 1. Tower (full circles} and upper {open circles) bounds on the
critical exponent of elasticity 7T of percolation in various space
dimensions. Full squares deplct conductivity exponent t. Open
equares show the experimental resultsl0 for T, while the open

triangles represent the Monte Carlo estimates® of T.
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411 these results are consistent within the error bars. Note, that T is
close to 4 for any d, and its value is considerably larger than the con-
ductivity exponent t. For d = 6, the two bounds on T coincide and glve

T = 4, This value remains unchanged also for d > 6, while the Eq. 2 is not

applicable above the critical dimeasion (d = 6; of the percolation.

MECHANICAL STABILITY OF TENUQUS STRUCTURES

Certain forms of matter, such as colloidal aggregates, have fractal
nature: that is the average mass M(L) within a distance L of an arbitrary
peint wvaries as LD, where D < d. As the size of the object increases, its
effective elastic moduli decrease ag 17", Thermal fluctuations and gravi~

tational stresses tend to deform the geometry of these structures, and

therefore we cannot grow them beyond some maximum sizell,

At temperature T, thermal vibrations induce an avearage strain £p given

o 3 ; . .
by kgl =~ &L“ €T2. Thus in homogeneous solids €, fluctuates by amount

proportional to L—d/Z, i.e, overall distorticps are smaller in larger

wiy s
objects. In the tenucus structures <L) ~ 1L with v > d, and therefore the
{1-d)/2
w L .

T
are branched lcopless structures, and therefore we can determine their

distortions increase with increasing L: € Usually aggregates
23 o0

daformation by examining the elastic properties of a single branchll’lz. 1t

5, where 1. i1s the

~{d+8)
3

the actual {"chemical) length of a branch N scales as L
end-to-end distance, then from Eq. 1 we find k ~ L_(2+6>, or ¥« ~ L
and therefore

T=4d+ 8§ Thus, for branched structures Ep ™ 182, For sufficiently large
L we get €p = 1 and the structure can no longer be regarded as a rigid

body. The exact value Lmax of this maximal thermally stable L depends on
the temperature, the elastic moduli of the material from which the aggvegate
has been built, the diameter a of the grains from which it is built and the
strength of the bonding between the grains. L. strongly depends on a:
larger {(and thermally more stable) grains Increase Lmax' For most materials
at room temperature Lmax/a = (Aa/b)djé, where b igs the atomic diameter and

1 ¢ A< 10. The exponent d/§ for most {three-dimensional) aggregates varies
between 2.5 and 3. Typical stability curve is deplcted in Fig. 2. Aggre-
gates ahove the curve are thermally floppy, while the aggregates below the

curve are thermally stable.

Another limit on the rigidity of an aggregate comes from gravitational
effects. For an aggregate sedimenting uader gravity, the weight force is

compensated by hydrodynamic friction. For aggregate of weight Mg and size
4 i ; d-1 —d+ .
L, the gravitational stress o = Mg/L = LD d l. This stress induces

4
straln eg = OO/K(L) % GgLT s LD+§+1, and for sufficiently large L, eg = 1.
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Fig, 2. Double logarithmic plot shewing the dependence the maximal

stable size of an aggregate L measured in grain diameters, on

max?
the grain diameter, measured in atomic diameters. Typical lines
for thermal stability {seolid line) and gravitational stability
(dashed line) are shown. For any particular aggregate the location
and slope of the curves may slightly vary. An aggregate 1s stable

if it is leocated below both lines.

As in the thermal case L ., mainly depends on a, but now smaller {(and
lighter) grains are needed to increase L. For most materials Lmaxfa =
(Bb/a))l/(D+§+1), where B = 101, The exponent 1/{D+&+1) for most strue-
tures is zpproximately 1/4. Typical gravitational stability line isg

depicted im Fig. 2. Aggregates above the line are gravitationally saggy,

while the aggregates below the line are stable.

Note that the largest stable aggregates can be obtained for afb = 10 +
100, For such grain sizes the size of the aggregate may reach 103 K 104
grain diameters. It appears that aggregates approaching these limits are
actually produced in practice, and thus, the prospects for extending the

range are distinctly limited.

DISCUSSION

We deseribed a particular model of elasticity of random systems, which
primarily intended to explain the properties of macroscopically disordered
systems. Critical exponents predicted by this model are considerably larger
than the values which could be expected from slasticity-conductivity

analogy, i.e. the tenuous structures are comnsiderably softer than the
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analogy could suggest. This softness leads to such effects as lack of

thermal stability.

The applicability of these resuits to gels depends on the details of
the systems. Since the critical exponent of entropic elasticity is smalley
than T predicted by our model, we can expect that sufficiently close to the
gel point we will see mainly the entropic contribution to the eritical

behaviorl3.

The crossover point between the two behaviors will be deter—
mined by G/kBT {G is the microscopic bending/twisting force constant), which
usually is not a very large number. However, for systems with G/kBT = 10 we
can expect that mainly the contributicn predicted by our elasticity model
will be seen experimentally, While some measurements of T of gels are con-
sistent with the predictions of our model, it is not clear whether this
indicates the neglipible contribution of the entropy or an inadequate

description of the gel geometry by percolation model.
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