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New de vel op ments in the field of charge sep a ra tion in large fi nite sys tems per tain to ex -
treme ion iza tion of el e men tal and mo lec u lar clus ters in ultraintense la ser fields (peak in -
ten si ties 1015–1021 Wcm–2) with the pro duc tion of highly charged ions (e.g., com pletely
ion ized deu te rium, wa ter and meth ane clus ters or Xe36+). Con cur rently and par al lel to
ex treme ion iza tion, Cou lomb ex plo sion oc curs with the pro duc tion of high-en ergy
(keV–MeV) ions. The large clus ter and nanodroplet sizes, for which Cou lomb ex plo sion
drives ef fi cient ta ble-top dd fu sion and nucleosynthesis with heavier nu clei, pre clude the
use of the tra di tional par ti cle mo lec u lar dy nam ics sim u la tion meth ods. We con sider a
scal ing method for mo lec u lar dy nam ics and ex plore its va lid ity con di tions. The scal ing
method will be ap pli ca ble for large fi nite sys tems (with a num ber of con stit u ents up to 108

and sizes up to 100 nm) where par ti cle mo tion is gov erned by long-range (e.g., Cou lomb)
in ter ac tions.

Key words: cluster extreme ionization, Coulomb explosion, table-top nucleosynthesis,

numerical methods

Zbigniew Grabowski made sem i nal con tri bu tions to charge sep a ra tion pro cesses
in elec tron i cally ex cited states of large mol e cules [1]. A re cent de vel op ment in the
broad and im por tant area of charge sep a ra tion in large, fi nite sys tems per tains to ex -
treme ion iza tion of el e men tal and mo lec u lar clus ters in ultraintense and ultrafast la -
ser fields, with peak in ten si ties of IM = 1015–1021 Wcm–2 and a pulse du ra tion of t =
10–100fs [2–4]. The in ten sity of IM  = 1021 Wcm–2 cur rently con sti tutes the high est
avail able light in ten sity on earth. Such an ultrahigh in ten sity is char ac ter ized by an
elec tric field of 3×1011 Volt cm–1, a mag netic field of ~109 Gauss and an ef fec tive tem -
per a ture of ~108 K, which ex ceeds that in the in te rior of the sun and is com pa ra ble to
that pre vail ing in the in te rior of hot stars [5]. Multielectron ion iza tion of clus ters
(whose size is con sid er ably smaller than the la ser wave length) is dis tinct from the
elec tron dy nam ics re sponse in or di nary ra di a tion fields (I M £ 1010 Wcm–2), with per -
turbative quan tum elec tro dy nam ics be ing in ap pli ca ble, and from the re sponse of a
sin gle atom or small mol e cule to ultraintense fields [2–4]. Ultraintense la ser-clus ter
in ter ac tions man i fest new ion iza tion mech a nisms and attosecond-femto second time
scales for elec tron and nu clear dy nam ics [2–4,6–8].
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Ex treme multielectron clus ter ion iza tion in volves three se quen tial-par al lel pro -
cesses [2–4, 6–8] (Fig. 1):

(i) In ner clus ter ion iza tion re sult ing in multicharged ions and elec trons within the 
clus ter. This pro cess is driven by bar rier sup pres sion ion iza tion (BSI), be ing in duced
by a com pos ite elec tric field in volv ing the su per po si tion of the la ser field and of the
ions and “free” elec trons [7]. In ad di tion to BSI, an in ner ion iza tion chan nel in volves
elec tron im pact ion iza tion in duced by nanoplasma elec trons (sec tion (ii)).

(ii) The for ma tion of a nanoplasma con sist ing of clus ter pos i tive ions and an
‘elec tron cloud’ within the clus ter or in its vi cin ity. The nanoplasma elec trons re -
spond to the la ser field on the time scale of half the la ser cy cle [9,10], i.e., ~1.5fs for a
near in fra red la ser. This re sponse pro vides novel phys i cal fea tures of ultrafast (fs–as)
‘pure’ elec tron dy nam ics, with nu clear mo tion be ing frozen [11–15].

(iii) Outer clus ter ion iza tion, which re sults in par tial or com plete sweep ing out of
the nanoplasma, which is driven by the la ser field. Outer ion iza tion was mod eled by
the en tire clus ter BSI model [7,10].

The highly multicharged clus ter is sub jected to Cou lomb in sta bil ity. Con cur rently
and in par al lel with outer ion iza tion, nu clear dy nam ics of Cou lomb ex plo sion (CE) sets
in on the time scale of 10–100fs with the pro duc tion of high-en ergy (1 keV–1 MeV),
highly charged ions and nu clei [2,4,16–18].  In the higher in ten sity range of IM >1018

Wcm–2 ultrafast time scales for elec tron dy nam ics (in the clus ter size do main of

662 J. Jortner and I. Last

  

n=50-104 , R0 7-50Å

INNER 
IONIZATION

+ +
+

+
+

+

+

+
+
+

+

+
+

+
+

+
+

NANOPLASMA
tP ~ 10-100fs

t~4-20fs OUTER
IONIZATION

+ +
+

+

+
+

+

+
+
++

+
+

+
+

+
+

COULOMB
EXPLOSION

LASER POWER

+

+

+

+

+

+

+

+

+
+

+

t ~ 3-30fs

~

IM=1015-1020 Wcm2

t = 10-100fs

Fig. 1

LARGE (Xe)n, (D)n, (D2O)n, (CD4)n, (DI)n CLUSTERS 

n=50-104 , R0 7-50Å

INNER 
IONIZATION

+ +
+

+
+

+

+

+
+
+

+

+
+

+
+

+
+

NANOPLASMA
tP ~ 10-100fs

t~4-20fs OUTER
IONIZATION

+ +
+

+

+
+

+

+
+
++

+
+

+
+

+
+

+ +
+

+

+
+

+

+
+
++

+
+

+
+

+
+

COULOMB
EXPLOSION

LASER POWER

+

+

+

+

+

+

+

+

+
+

+

+

+

+

+

+

+

+

+

+
+

+

t ~ 3-30fs

~

IM=1015-1020 Wcm2

t = 10-100fs

Fig. 1

LARGE (Xe)n, (D)n, (D2O)n, (CD4)n, (DI)n CLUSTERS 

Fig ure 1. An art ist’s view on ultrafast elec tron and ion dy nam ics for mo lec u lar clus ters in ultraintense

la ser fields.
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55–2000) cor re spond to 1–10fs for in ner ion iza tion and 10–30fs for outer ion iza tion,
while in the lower in ten sity range of IM ~ 1015 Wcm–2 outer ion iza tion is only par tial
and the nanoplasma is per sis tent on lon ger time scales of >100fs [4,7–10].

The en er gies of ions or nu clei pro duced by CE in crease with in creas ing the clus -
ter size, as shown ex per i men tally [19–21], dem on strated by mo lec u lar dy nam ics
(MD) sim u la tions [22–24], and es tab lished the o ret i cally with the ad vent of scal ing
laws [23–26]. Im por tant ap pli ca tions of high-en ergy CE for nu clei per tain to
2D(d,n)3He dd fu sion driven by CE of deu te rium con tain ing clus ters (i.e., (D2)n

homoclusters, and (D2O)n, (CD4)n, (DI)n heteroclusters) [23–31], which made an 80
years’ quest for ta ble top nu clear fu sion come true. We re cently pro posed and cal cu -
lated that a ta ble top nucleosynthesis scheme of p + A re ac tions (A = C6+, N7+, O8+)
driven by CE of (CH4)n, (NH3)n and (H2O)n clus ters is ame na ble to ex per i men tal ob -
ser va tion [32,33]. These pre dic tions for ta ble-top nucleosynthesis in volv ing mod er -
ately heavy nu clei per tain to the re ac tions which con sti tute the CNO cy cle in hot stars
[34], bridg ing be tween clus ter dy nam ics and nu clear as tro phys ics [32].

Com pu ta tional and the o ret i cal in for ma tion on clus ter multielectron ion iza tion
and CE energetics emerged from MD sim u la tions of high-en ergy elec trons and nu clei 
[7–10,35–37]. The use of MD sim u la tions for nu clei is tra di tional, while the ap pli ca -
tion of this method to high-en ergy elec trons re quired scru tiny. We dem on strated that
for nanoplasma elec trons the va lid ity con di tions for clas si cal MD sim u la tions, which
rest on the lo cal iza tion of the wave packet and the ne glect of quan tum per mu ta tion
sym me try con straints, are in deed sat is fied [37]. Par ti cle MD sim u la tions in cor po -
rated their cou pling with the la ser field, with ion-ion, ion-elec tron and elec tron-elec -
tron in ter ac tions be ing de scribed by Cou lomb po ten tials with short-range smooth ing.  
Such MD par ti cle sim u la tions re quire com pu ta tional times, which scale as (Nn + ne)

2, 
where Nn and ne are the num ber of ions and elec trons, re spec tively. These par ti cle
MD sim u la tions were per formed for mo lec u lar and el e men tal clus ters con tain ing up
to (Nn + ne) = 5×104 par ti cles and n = 103–3×104 con stit u ents.  Typ i cal ex am ples for
mod er ately large clus ters ac ces si ble to par ti cle MD sim u la tions are (D2)n with n £
2 ×104 [23], and Xen with n £ 2200 [8,9,37]. This clus ter size do main has to be ex -
tended for the de scrip tion of the ef fi cient p + A nucleosynthesis, which re quires CE of 
nanodroplets with n = 106–107 (ra dius R0 = 100–500 Å) [32,33]. We have re cently
dem on strated that high-en ergy dy nam ics of multicharged nanostructures tran scends
dd fu sion driven by CE (in the 5–100 keV en ergy range) of deu te rium con tain ing
clus ters (n £ 2200) to wards nucleosynthesis with mod er ately heavy el e ments driven
by CE (in the 1–10 MeV en ergy range) of nanodroplets [33]. To treat the dy nam ics of
nanodroplets we ad vanced a scaled elec tron and nu clei dy nam ics (SEID) sim u la tion
method [38]. Our SEID sim u la tions al low for com pu ta tions of ex treme ion iza tion lev -
els, elec tron dy nam ics and CE energetics in nanodroplets driven by ultraintense la sers
[38]. In this pa per we ad dress the va lid ity con di tions for the ap pli ca bil ity of the SEID
sim u la tion method. This ap proach is of prac ti cal in ter est for the elu ci da tion of
ultraintense la ser-nanostructure in ter ac tions, as well as of meth od olog i cal interest for
the ad vent of scal ing meth ods by size trans for ma tion for large, fi nite sys tems.
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SCAL ING OF MD SIM U LA TIONS

The SEID pro ce dure con sid ers MD in a scaled clus ter, which is based on the fol -
low ing ap proach [38]: (a) The iden ti cal par ti cles, i.e., ions with the same charge and
mass, and the elec trons are re placed by pseudoparticles. (b) A sin gle scal ing pa ram e -
ter s is used for the com po si tion, mass and charge of all the pseudoparticles. (c) The
ini tial dis tances be tween the pseudoparticles are taken as the interparticle dis tances
scaled by s1/3. (d) The scaled clus ter con sists of heavy pseudoparticles (HPPs) of ions
(or nu clei) and of light pseudoparticles (LPPs) con sist ing of elec trons. (e) SEID sim -
u la tions are per formed for scaled clus ters con tain ing pseudoparticles. The po ten tials
be tween the pseudoparticles are Cou lomb po ten tials that are prop erly scaled for the
charges ac cord ing to point (b) and that con tain a scaled short-range pa ram e ter. (f) The 
SEID sim u la tions pro vide in ner ion iza tion lev els (per HPP), outer ion iza tion lev els
(per HPP and LPP) and CE en er gies (per HPP). (g) The SEID MD re sults (sec tion (f))
are used to cal cu late in ner and outer ion iza tion lev els per con stit u ent and CE en er gies 
of in di vid ual ions.

Ta ble 1 pro vides a guide line for the scal ing of MD in an el e men tal An clus ter (or
nanodroplet), where for the sake of sim plic ity the n ionic con stit u ents of the ion ized
{Aq+}n clus ter are taken to be char ac ter ized by equal charges q, and by masses m. In
real life SEID sim u la tions, this re stric tion is re moved [38]. In what fol lows the sym -
bols and at trib utes re lated to the scaled clus ter will be de noted by til des. Adopt ing the
SEID pro ce dure out lined above, the fol low ing at trib utes are scaled:
(1) The num ber of ions is scaled to give a good ap prox i ma tion for the num ber of HPPs

~n n/s» (1)

where ~n rep re sents the in te ger clos est to n/s. The de vi a tions be tween ~n and n, given by 
dn = |(s~n/n) –1|, are small, i.e., dn £ 0.05 [38].
(2) The num ber of ne = nq elec trons is scaled to give the num ber of LPPs

~ne » ne/s (2)

(3) The masses of the HPPs are ~m = sm and the masses of the LPPs are ~me = sme, where 
me is the elec tron mass.
(4) The charges of the HPPs are ~q  = sq and the charges of the LPPs are  ~qe = –se.
(5) All the char ac ter is tic dis tances l in the par ti cle sys tems are scaled for the
pseudoparticle sys tems ac cord ing to

~
l = s1/3l (3)
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Ta ble 1. Scal ing for An clus ters.

Or di nary cluster Scaled cluster

Scal ing parameter – s

Num ber of constituents n
~n = n/s

Clus ter radius R0 = r0 n
1/3f

~ ~ ~R r n0 0
1/3= f

Con stit u ent radius r0
~r0 = s1/3r0

Par ti cles and                Ions                 Heavy pseudoparticles

pseudoparticles elec trons                 Mass m                Mass ~m = sm

               Charge qe                Charge ~q = sqe

               Elec trons                Light pseudoparticles

               Mass me                Mass ~me = sme

               Charge qe = –e                Charge ~qe = –se

Potentials Cou lomb +                  Cou lomb +

Short-range                 Scaled short-range

Ini tial conditions (A+e)n                         (
~

( ))~A ses+
n+

        rb – bar rier ra dius                ~rb = s1/3rb

Mo lec u lar dy nam ics SEID sim u la tions
~ , ~ ,

~
n n Eii 0i LPPs
~ ~ ~
q, q , Ee HPPs,

¯
Con vert to

sin gle par ti cle properties

The ini tial interparticle dis tances rab be tween the a and b par ti cles are scaled to give
the ini tial dis tances ~~~rab  = s1/3rab be tween the pseudoparticles ~a  and 

~
b. For an el e men -

tal clus ter the ini tial interparticle ra dius r0 scales as r0 = s1/3r0, while the ini tial den sity 
r µ 1/r0

3  scales as ~r = r/s.
(6) The short-range interparticle po ten tial pa ram e ters, which are char ac ter ized by ef -
fec tive lengths rp [7,37], are scaled ac cord ing to Eq. (3) by ~r s rp

1/3
p= .

(7) The lo ca tion rb of the BSI bar rier for in ner ion iza tion [7,37] is scaled, ac cord ing to 
Eq. (3), by ~r s rb

1/3
b= .

The fol low ing at trib utes are in vari ant un der the scal ing pro ce dure:
(8) The ini tial clus ter ra dius R0. This is given by R0 = r0n1/3f, where f is the pack ing
frac tion of the par ti cles. The ini tial ra dius 

~
R 0 of the scaled clus ter is 

~
R 0 = ~r0

~n1/3~
f

where, ac cord ing to Eqs. (1) and (3), ~r0 = s1/3r0 and ~n = n/s. Pro vided that the scaled
clus ter pack ing pa ram e ter is 

~
f » f, we get 

~
R 0 » R0.

(9) The dis tance r from an ar bi trary or i gin is in vari ant un der scal ing, i.e., ~r  = r.
At trib utes (5) and (8), which char ac ter ize the ini tial pack ing of pseudoparticles

within the clus ter, pro vide two con di tions for the scal ing pa ram e ter. First, the sphere
of a sin gle pseudoparticle con tains a large num ber of par ti cles, ~r0

3 >> r0
3. Then, ac -

cord ing to Eq. (3), s >> 1. Sec ond, as the clus ter ra dius is con sid er ably larger than the
pseudoparticle ra dius, ~r0  << 

~
R 0 » r0n1/3f. Ac cord ing to Eq. (3), s1/3<< n1/3f. As for

the dense (face cen ter cu bic) three-di men sional pack ing of spheres f @ 0.74, one gets
s << n. A more elab o rate dis cus sion of the va lid ity of the scal ing pro ce dure, based on
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small vari a tions be tween ~n and n and be tween 
~
R 0 and R0 [38], leads to the same con -

di tions.
While at trib utes (1)–(8) spec ify mass, charge, com po si tion, ini tial struc ture and

pack ing of the scaled clus ter at the tem po ral on set of the sim u la tion, at trib ute (9)
spec i fies the sys tem at any time t. The first straight for ward, but rel e vant, con clu sion
emerg ing from at trib ute (9) is the invariance at any time t of the to tal vol ume of the
sys tem that con tains the elec trons and the ions of the ex tremely ion ized Cou lomb ex -
plod ing clus ter. Of con sid er able in ter est is the scal ing of the interparticle po ten tial at
any time, which is given by a mod i fied Cou lomb po ten tial [7,37]

Va,b(r) = qaqbf(r,rp) (4)

with

f(r,rp) = [rg + rp
g
]–1/g (4a)

r is the dis tance be tween par ti cles a and b at time t (which cor re sponds to rab, at trib -
ute (5), only at the on set of the pulse), rp is a short-range dis tance pa ram e ter, and g is a
nu mer i cal pa ram e ter [7]. For the scaled clus ter, the po ten tial be tween pseudo -
particles is

~
( ~ ~ ~ )~ ~V r) = q q f(r, r, pa b a b (5)

where ~rp  is given by at trib ute (6). Ac cord ing to at trib ute (1)

~
( ~ )~ ~V r) = s q q f(r, r,

2
pa b a b (6)

Ex cept for very short dis tances, where the con tri bu tion of the short-range po ten tial
pa ram e ter is im por tant, the re la tion be tween the interparticle po ten tial and the
interpseudoparticle po ten tial is

~
(~ ~V r),a b  ~ s2Vab(r);       r >> ~rp (6a)

Af ter the scaled clus ter was con structed in its ini tial struc ture, stan dard MD sim u -
la tions for the pseudoparticles were con ducted with the po ten tials given by Eq. (6).
Im por tant phys i cal in for ma tion and ap pli ca tions emerge from the en er gies of CE,
which are char ac ter ized by the av er age en er gies Eav and the max i mal ki netic en er gies
EM of the ex plod ing ions at long times. The av er age en ergy 

~
E av  and the max i mal ki -

netic en ergy  
~
E M  of the HPPs in CE of the scaled clus ter can be ob tained from the

energetics un der clus ter ver ti cal ion iza tion (CVI) con di tions [4,23,24], which im ply
com plete outer ion iza tion with small con fig u ra tional ex pan sion. The an a lytical ex -
pres sions for CE un der CVI [4,23,24], when ap plied to the scaled clus ter [38], give
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~
E av  = (4p/5)B~~ ~

rq R2
0
2 (7a)

~
E M  = (4p/3)B~~ ~

rq R2
0
2 (7b)

where B = 14.4 eV. Tak ing for the ini tial den sity ~r = r/s (at trib ute (5)), for the HPPs
charges ~q = sq (at trib ute (4)), and for the clus ter ra dius 

~
R 0 = R0 (at trib ute (8)), one

gets the scal ing rules 
~
E av  = sEav and 

~
E M  = sEM. In Fig. 2 we show the en er gies for

deu ter ons from CE of (D2)n/2 clus ters driven by a Gaussi an la ser pulse with a max i mal 
in ten sity of IM = 1018 Wcm–2 and a pulse length of 25fs. The clus ter sizes are n =
1.62×104 (R0 = 43 Å) and n = 3.36×104 (R0 = 80 Å).  These en er gies were sim u lated for
dif fer ent val ues of s in the range from s = 1 (or di nary clus ter) to s = 200 (scaled clus ter
with n/s £ 400). The max i mal de vi a tions of the SEID en er gies from the stan dard MD
sim u la tions do not ex ceed 15%. This good agree ment be tween the sim u la tion re sults
for stan dard and scaled clus ters man i fests the ap pli ca bil ity of the SEID method,
which was re cently ap plied to CE of nanodroplets (R0 = 100–500 Å) [33,38].

We shall now ex am ine dy namic observables, which are in vari ant un der scal ing. 
An in ter est ing ex am ple per tains to time-re solved CE dy nam ics of el e men tal clus ters
un der CVI ini tial con di tions. This is de scribed by the first mo ment <R(t)> of the spa -
tial dis tri bu tion of the ions at time t [23,24,26]. Af ter rapid switch ing off of ac cel er a -
tion ef fects (on the time scale ton set) a lin ear time de pend ence of <R(t)> is ex hib ited
with <R(t)>/<R(0)> = a(t – ton set), with the CE ve loc ity a µ (r/m)1/2q [23,24,26]. For
the scaled clus ter  ~a µ (~/ ~r m)1/2~q  with ~q = r/s,  ~m = sm and ~q = sq so that ~a = a. The ve -
loc ity of CE is in vari ant un der scal ing.

Scaled mo lec u lar dy nam ics simulations... 667
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Fig ure 2. SEID sim u la tions of the en er gies of deu ter ons pro duced by CE of (D2)n/2 clus ters (n = 3.36×104

with R0 = 54.6 Å and 1.05×105 with R0 = 80 Å) driven by a Gaussi an la ser pulse with IM = 1018

Wcm–2 and t = 25fs. The av er age ion en er gies Eav are rep re sented by open tri an gles and

squares, while the max i mal ion en er gies EM are rep re sented by closed tri an gles and squares.

The scal ing pa ram e ter s was var ied in the range from s = 1 (stan dard MD sim u la tions) to s = 100 

for R0 = 54.6 Å and s = 200 for R0 = 80 Å.



FAC ETS OF PSEUDOPARTICLE DY NAM ICS

The suc cess of the SEID raises the in ter est ing ques tion: What is the na ture of the
in ter ac tions for which this scal ing pro ce dure is ap pli ca ble? We shall dem on strate the
ap pli ca bil ity of the SEID for long-range Cou lomb in ter ac tions and then ex plore other 
forms of the interparticle in ter ac tions as ap pro pri ate can di dates for the use of this
scal ing pro ce dure.

Con sider a sys tem gov erned by Cou lomb in ter ac tions where the to tal force 
r
Fa  on

the par ti cle a, which is lo cated at 
r
ra , is given by

r r r

r r
r r

F q
q(r) (r)

| r r
r r d

3
a a

a

a
r

=
-

-ò
|

( )
3

r (8)

where

r(r) = (r r
r r r

d b
b a

-
¹
å ) (8a)

is the po ten tial den sity, while q(
v
r) is the charge den sity at 

r
r.

The scaled sys tem is spec i fied by the to tal force 
~

~

r
Fa  on the pseudoparticle ~a,

which is lo cated at ~~
r
ra  and given by

~ ~
~ ~

~
( ~~ ~

~

~

r r r

r r
r r r

F q
q(r) (r)

| r r |
r r )d r

3

3
a a

a

a
r

=
-

-ò (9)

where

~( ~ )~
~ ~

r d b
b a

r r r
r) = (r r-

¹

å (9a)

is the pseudoparticle den sity, while ~q(r)
r

 is the charge den sity at 
r
r.

The scal ing pro ce dure (sec tion 2) re quests that ~ ~qa  = sqa and ~~qb  = sqb, so that  
~q(r) = sq(r)

r r
. Next, we con sider long-range in ter ac tions within iden ti cal vol umes for

the or di nary and for the scaled clus ter. The pseudoparticle den sity is re lated to the
par ti cle den sity (sec tion 2) by ~(r r

r r
r) = (r)/s. The scal ing of the to tal forces is then

given from Eqs. (8), (8a), (9) and (9a) by

~
~

r r
F sFa a= (10)

The equa tions of mo tion for the par ti cles d2r r
r dt F2
a a/ = /ma and for the pseudo -

particles d2~ /
~

/ ~~ ~ ~
r r
r dt F m

2
a a a= , to gether with Eq. (10), show that
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d2~ / /~
r r
r dt d r dt2 2 2

a a= (11)

for all t. Eq. (11) im plies iden ti cal accelerations for a given par ti cle and the cor re -
spond ing pseudoparticle.  The tra jec to ries within the or di nary and the scaled clus ters
with ini tial po si tions 

v r
r ra a( ) ~ ( )~0 0=  will be:

r
ra (Dt) = 

r
ra (0) + (d

r
ra /dt)t=0Dt + (d2rra /dt2)t=0(Dt)2/2 (12a)

~~
r
ra (Dt) = ~~

r
ra (0) + (d~~

r
ra /dt)t=0Dt + (d2~~

r
ra /dt2)t=0(Dt)2/2 (12b)

so that in view of the iden ti cal ac cel er a tions for the tra jec to ries of a par ti cle and a
pesudoparticle with iden ti cal ini tial con di tion, i.e., ~ ( )ra 0  = ~~

r
ra (0), we have

r
ra (Dt) = ~~

r
ra (Dt) (13)

Eq. (13) re sults (for a suf fi ciently small time in ter val Dt) in iden ti cal tra jec to ries of
the clus ter par ti cles and of the com pos ite pseudoparticles within the clus ter or the
nanoparticle.

Eq. (13), which pro vides the ba sic va lid ity con di tion for the ap pli ca bil ity of the
scaled MD pro ce dure, re quires the ful fill ment of two con di tions:

(A) The gen eral form of the interparticle pair po ten tial. Fol low ing the dis cus -
sion of the scal ing pro ce dure in sec tion "Scal ing of MD sim u la tions", we in fer that a
gen er al iza tion of Eq. (6a) im plies that the pair po ten tial has to be cen tral (be ing de -
pend ent on the interparticle dis tance r) and that it sat is fies the re la tion for the pair po -
ten tials V~,

~
a b (r) = s2Vab(r). This re la tion can be sat is fied for any interparticle

po ten tial of the form Vab(r) = gagbf(r), where the pa ram e ters ga and gb will scale as s,
while f(r) is a gen eral func tion of r. An ex am ple that co mes to mind is grav i ta tional in -
ter ac tions with g a µ ma and f(r) µ  –r–1, for which the scal ing pro ce dure is, of course,
ap pli ca ble. An other rel e vant ex am ple in volves dis per sion in ter ac tions with a good
ap prox i ma tion of gb µ $ab , where $a  is  the  polarizability  of  the bth con sti tute (with 
~ ~ab  = s $ $ab ) and f(r) µ –r–6. MD in a sys tem char ac ter ized by the lat ter po ten tial is ap -
par ently not ame na ble to treat ment by the scal ing pro ce dure, as con di tion (B) be low
will not be sat is fied.

(B) The gen eral form of the to tal force act ing on each par ti cle. The pair in ter -
ac tions have to be of a long-range na ture.  This phys i cal sit u a tion al lows for the scal -
ing of the to tal force act ing on a pseudoparticle ac cord ing to Eq. (10), lead ing to
iden ti cal tra jec to ries of the clus ter par ti cles and the com pos ite pseudoparticles. We
note in pass ing that this con di tion is in ap pli ca ble for the dispersive in ter ac tions al -
luded to above.
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We con clude that Cou lomb in ter ac tions sat isfy va lid ity con di tions (A) and (B)
for the scal ing pro ce dure. We have shown that for short-range interparticle, ra dial po -
ten tials of the form Vab = (a/r)k (k > 3), where only near est-neigh bor in ter ac tions pre -
vail, the scal ing pro ce dure is in ap pli ca ble be cause of the vi o la tion of both con di tions
(A) and (B). The ex pres sion for the pseudoparticles is V~~

ab (r) = s(1 + k/3)Vab(r), while
the near est-neigh bor in ter ac tions make Eq. (10) in ap pli ca ble.

EPILOGUE

We have shown that the scal ing pro ce dure for MD will be ap pli ca ble for larger
nanostructures (n = 106–107, R0 = 10–100 nm) where the par ti cle mo tion is mainly
gov erned by long-range Cou lomb in ter ac tions. Our scal ing pro ce dure is based on a
size trans for ma tion of the num ber of par ti cles, charges and masses, us ing a sin gle
scal ing pa ram e ter. The same pa ram e ter is used for the scal ing of the ini tial pack ing of
the pseudoparticles, the ini tial dis tances be tween the pseudoparticles, their ge om e -
try, as well as the short-range com po nents of the pair po ten tial. For a three-di men -
sional sys tem all ini tial interpseudoparticle dis tances in the scaled clus ter are
ob tained by scal ing the cor re spond ing ini tial interparticle dis tances by s1/3. In a sys -
tem of D-di men sion we ex pect that the s1/D scal ing of the ini tial dis tances should be
in tro duced. This in ter est ing prob lem of dimensionality scal ing of size trans for ma -
tions in SEID de serves fur ther study.

A va ri ety of scal ing prop er ties and meth ods con sti tute ubiq ui tous, gen eral and of -
ten uni ver sal the o ret i cal and com pu ta tional meth ods for the de scrip tion of the
energetics, spec tros copy, re sponse, dy nam ics, ther mo dy nam ics and phase changes in 
large, fi nite sys tems, i.e., clus ters, nanostructures, ultracold clouds and biomolecules 
[39–51].  Scal ing meth ods also pro vide a pow er ful tool for the de scrip tion of phase
tran si tions in in fi nite lat tice sys tems [50,51]. The scal ing meth ods and pro ce dures
fall into two gen eral cat e go ries in volv ing (1) scal ing prop er ties by the vari a tion of a
phys i cal pa ram e ter, e.g., the sys tem’s dimensionality [48,49] or the num ber of par ti -
cles [39–43,45–47], and (2) scal ing meth ods by trans for ma tions, e.g., the scal ing by
size trans for ma tion in our SEID method or the scale trans for ma tion in the re -
normalization group (RG) method [50,51].

We first con sider the scal ing meth ods in cat e gory (1). Di men sional scal ing in the
quan tum the ory of atomic and mo lec u lar struc tures pro vides new in sights [48,49].
For ex am ple, the ground state wave func tion of the hy dro gen atom in D di men sions is
exp[–2r/(D – 1)] [48,49], man i fest ing ex treme delocalization for D = 1 and ex treme
lo cal iza tion for D = ¥. Ex ten sive and in ten sive stud ies were con ducted on frac tals
with a noninteger Hausdorf dimensionality [52], which are im por tant for the de scrip -
tion of the struc tures and dy nam ics in a va ri ety of sys tems and pro cesses, e.g., de pos -
ited clus ters, biomolecules, and per co la tion trans port in dis or dered ma te ri als [53].
An other class of scal ing meth ods in cat e gory (1) in volves size scal ing [40–43] in fi -
nite sys tems. A wealth of phys i cal prop er ties c(n) of clus ters with a (suf fi ciently
large) num ber of con stit u ents n can be re lated to the cor re spond ing bulk prop erty
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c(¥) by the size scal ing re la tion c(n) = c(¥)–An–b. Here b > 0 is a size scal ing pa ram -
e ter, which is prop erty de pend ent [40–43].  Such clus ter size equa tions bridge be -
tween the prop er ties of the mo lec u lar sys tem and those of the mac ro scopic con densed 
phase [40–43]. The com bi na tion of size scal ing and dimensionality scal ing was ad -
dressed for the re sponse and dy nam ics of clus ters in dif fer ent di men sions and for
fractal clus ters [42]. No ta ble re cent de vel op ments for low-tem per a ture large, fi nite
quan tum sys tems per tain to the on set of the superfluid tran si tion in fi nite boson
(4He)n clus ters. In these sys tems the de pres sion of the l point tem per a ture Tl rel a tive
to the bulk value T 0

l  was ob tained from the the ory of fi nite-size scal ing [45,46] re sult -
ing in [43,47] (T 0

l  – Tl)/T 0
l  µ n–1/3n, where n = 0.67 is the crit i cal ex po nent for the

superfluid frac tion and for the cor re la tion length for superfluidity in the bulk sys tem.
A com mon in ter est ing game in the realm of size scal ing rests on the ques tion: “What
is the min i mal clus ter size for the at tain ment of bulk prop er ties?” This led to the sig -
nif i cant con clu sion that clus ter size ef fects are gen eral but not uni ver sal. For quan -
tum boson (4He)n clus ters, the short cor re la tion length x0 = 2 Å, re sult ing from the
analysis of quan tum size scal ing, im plies that the small est superfluid clus ter will be
re mark ably small, con sist ing of a cen tral atom and the first co or di na tion layer [47].
The scal ing prop er ties in cat e gory (1) are based on scal ing ex po nents, e.g., b for c(n)
or crit i cal ex po nents, e.g., n for Tl.

The scal ing prop er ties in cat e gory (1) have to be ex tended to con sider scal ing
pro ce dures by size and scale trans for ma tions (cat e gory (2)). Our SEID pro ce dure
[38] in volves scal ing by a size trans for ma tion, which is per formed on a fi nite sys tem
char ac ter ized by spe cific (long-range, Cou lomb) in ter ac tions. This scal ing by size
trans for ma tion in fi nite clus ter (nanostructure) sys tems is phys i cally dis tinct from
the scale trans for ma tion in her ent in the RG the ory for phase tran si tions in in fi nite lat -
tice sys tems [50,51]. In the RG the lat tice (with a lat tice con stant a) is di vided into
cells with a scaled lat tice con stant a¢ = la, so that the num ber n¢ of the new lat tice sites
is n¢ = l–Dn. This ap proach leads to the im por tant con cept of uni ver sal ity, with dif fer -
ent val ues of cou plings man i fest ing the same phys i cal sit u a tion for a phase tran si tion
[50,51]. A re la tion be tween the size trans for ma tion in the SEID and the scale trans -
for ma tion in the RG is lim ited to the anal ogy be tween the SEID scal ing pa ram e ter s
and the pa ram e ter lD in the RG, as well as to the invariance of the phys i cal dis tance r
and the sys tem vol ume in the two ap proaches. How ever, the anal ogy stops here. Our
scal ing by size trans for ma tion is lim ited to a sin gle class of po ten tials and is not ex pected
to man i fest uni ver sal ity in her ent for the scale trans for ma tion in the RG pro ce dure.
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