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Electron bubbles in helium clusters. I. Structure and energetics
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In this paper we present a theoretical study of the structure, energetics, potential energy surfaces,
and energetic stability of excess electron bubbles in �4He�N �N=6500–106� clusters. The subsystem
of the helium atoms was treated by the density functional method. The density profile was specified
by a void �i.e., an empty bubble� at the cluster center, a rising profile towards a constant interior
value �described by a power exponential�, and a decreasing profile near the cluster surface
�described in terms of a Gudermannian function�. The cluster surface density profile width
��6 Å� weakly depends on the bubble radius Rb, while the interior surface profile widths
��4–8 Å� increase with increasing Rb. The cluster deformation energy Ed accompanying the
bubble formation originates from the bubble surface energy, the exterior cluster surface energy
change, and the energy increase due to intracluster density changes, with the latter term providing
the dominant contribution for N=6500–2�105. The excess electron energy Ee was calculated at a
fixed nuclear configuration using a pseudopotential method, with an effective �nonlocal� potential,
which incorporates repulsion and polarization effects. Concurrently, the energy V0 of the
quasi-free-electron within the deformed cluster was calculated. The total electron bubble energies
Et=Ee+Ed, which represent the energetic configurational diagrams of Et vs Rb �at fixed N�, provide
the equilibrium bubble radii Rb

c and the corresponding total equilibrium energies Et
e, with Et

e�Re�
decreasing �increasing� with increasing N �i.e., at N=6500, Re=13.5 Å and Et

e=0.86 eV, while at
N=1.8�105, Re=16.6 Å and Et

e=0.39 eV�. The cluster size dependence of the energy gap �V0

−Et
e� allows for the estimate of the minimal �4He�N cluster size of N�5200 for which the electron

bubble is energetically stable. © 2006 American Institute of Physics. �DOI: 10.1063/1.2192780�
I. INTRODUCTION

Excess electron states in bulk liquid 4He were discov-
ered by Meyer and Reif in their pioneering search for micro-
scopic probes for superfluidity.1 In their work the Landau-
Feynman roton energy2,3 was determined from the
temperature dependence of the electron mobility in super-
fluid 4He.1 Most surprising was the moderately low electron
mobility �i.e., ��10−2 cm2 V−1 s−1 at T=2.2 K,1�, which in-
dicated excess electron localization.4–6 It was demonstrated
by Kestner et al.,4 Jortner et al.,5 and by Onsager6 that the
pseudopotential between an electron and a helium atom is
strongly short-range repulsive, with a very weak long-range
attractive polarization interaction.4,7–9 Accordingly, the con-
duction band energy for a quasi-free-excess-electron in struc-
turally unperturbed bulk liquid He is large and positive, i.e.,
V0=1.06 eV for 4He,4,7–18 and V0�0.9 eV for 3He,9–11 with
the conduction band lying above the vacuum level. The di-
rect implications of these high positive energies of the quasi-
free-electron state are the exterior and interior localizations
of the excess electron. Two distinct types of excess electron
states in and on bulk liquid He are manifested, involving the
electron exterior surface state11,19–27 and the electron interior
bubble state.5,6,9,10,28–39

a�Present address: Ilse Katz Center for Meso- and Nanoscale Science and
Technology, Ben-Gurion University of the Negev, 84105 Beer Sheva,
Israel.

b�
Electronic mail: jortner@chemsg1.tau.ac.il

0021-9606/2006/124�19�/194505/8/$23.00 124, 1945

Downloaded 17 Oct 2006 to 132.66.152.26. Redistribution subject to 
A similar physical situation prevails for excess electron
localization on and in �He�N clusters. The excess electron
external surface state, which is stabilized by an image force,
was predicted to be realized40–42 above a threshold cluster
size Nc and a cluster radius Rc �Nc=3�105 for �4He�N and
Nc=5.7�105 for �3He�N�, above which the image potential
is sufficiently strong to support a bound ground state, with
a binding energy Es�R��Es��� for R�Rc, where Es���
=−0.74 meV is the macroscopic surface binding energy. The
internal electron bubble state was proposed to be realized in
sufficiently large He clusters.43,44 The experimental genesis
of this field rested on the metastable excitation of large he-
lium clusters by electron impact and on the observation of
electron attachment to helium clusters.45 Extensive experi-
mental studies43,44,46,47 used electron capture to determine the
size distributions of very large �4He�N clusters with an aver-

age size of N̄=105–108. The significant observation43,44 that
the negative �He�N

− cluster ions do not field ionize in electric
fields of 103 V/cm on a time scale of 50 �s seems to rule
out the formation of excess electron surface states on these
clusters under current experimental conditions. On the basis
of these experimental observations, it was proposed44 that
electron bombardment of �He�N clusters results in the forma-
tion of interior electron bubbles. Further experimental evi-
dence for the formation of internal electron bubbles via elec-
tron attachment to large clusters �N=105–108� was
reported.48 In important experiments49–51 dramatic differ-

ences were observed for the time scale for the detachment of
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electrons from �4He�N
− clusters at 0.37 K and from �3He�N

−

clusters at 0.15 K. Electron detachment from �4He�N
− clusters

in the size domain of N=105–107 was characterized by life-
times in the range of 10−3–3�10−1 s,47–51 and the cluster
size dependence of these lifetimes was established.50,51

These lifetimes are shortened by the presence of heavy rare
gas impurities.49 On the other hand, considerably longer life-
times were observed for electron detachment from �3He�N

−

clusters, which are not amenable to experimental
interrogation.48–51 These observations were interpreted in
terms of the dynamics for the motion of the electron bubble
in superfluid �4He�N

− clusters, in contrast to the viscous
bubble dynamics in normal fluid �3He�N

− clusters.48–51

In view of the fundamental importance of probing col-
lective excitations in finite, interacting boson quantum sys-
tems, we present in this paper a theoretical study of electron
bubbles in �4He�N clusters. A combination of the density
functional method52–58 for these clusters deformed by a
bubble formation, in conjunction with quantum mechanical
pseudopotential calculations for the electron-He-atom inter-
actions, was used to describe the electron bubble. We con-
sider a cluster of N 4He atoms of mass m and radius r0,
together with a single excess electron. The subsystem of the
helium atoms was treated by the density functional formal-
ism, while the excess electron was treated quantum mechani-
cally. The energetics and charge distribution of the electron
bubble were calculated within the framework of the adiabatic
approximation for each fixed nuclear configuration. This
study resulted in information on the structure, energetics, and
energetic stability of the electron bubble in �4He�N clusters.
A preliminary report of our results was already presented.59

The structural and energetic information obtained herein will
be utilized in the accompanying paper60 for the exploration
of electron tunneling times from electron bubbles in these
clusters, demonstrating that the dynamics of electron tunnel-
ing from bubbles in �4He�N clusters will provide a micro-
scopic probe of superfluidity in these finite quantum systems.

II. BUBBLES IN HELIUM CLUSTERS

We first treat the structure and energetics of an empty
bubble in the center of a large neutral �4He�N cluster
�N=103–107� using the phenomenological density functional
approach of Ebner and Saam.52 The internal energy E of the
nonuniform system was expressed by a functional of the
number density n�r� and an expansion in powers of the dif-
ference between densities at different points in the system
and can be recast in the form52

E�n�r�� =� ��n�r��d3r + ��2/2m� � d3r��n�r�1/2�2

+ F�n�r�� . �1�

The first term in Eq. �1� represents the energy of the uniform
helium system with the energy density ��r�. The second
term, with m being the mass of the 4He atom, represents the
quantum pressure term,39,52,53 and the third term represents
the effective interaction that arises from zero-point energy
renormalization effects due to the nonuniformity of the

52
system. The density functional was obtained from Eq. �1�
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by neglecting the effective interaction F�n�r�� and represent-
ing the energy density as a power series in the local density52

��n� = A1n2 + A2n3 + A3n4. �2�

The coefficients Ai�i=1–3� in Eq. �2� are determined by the
condition that both the energy density and the chemical po-
tential and compressibility calculated from Eq. �1� in the
bulk limit �N→�� correspond to these properties for the
macroscopic liquid helium at zero temperature and
pressure.28,61,62 The power series expansion of the energy
density, Eq. �2�, yielded an �approximate� analytic solution
for an infinite quantum liquid without a bubble.52 The den-
sity corresponding to the ground state of the system mini-
mizes its total energy and can be obtained from the Euler
equation

��E�n�r�� − �� n�r�d3r	 = 0, �3�

where � is the chemical potential.52 For a spherical helium
droplet, Eqs. �1�–�3� result in

� = − ��2/2m���2n�r�1/2/n�r�1/2� + 2A1n�r� + 3A2n2�r�

+ 4A3n3�r� . �4�

This result can be expressed in a dimensionless form

�2g�x� = g�x�B�x� , �5�

where

B�x� = �a1g2�x� + a2g4�x� + a3g6�x� − �/Ev� . �6�

The function g�x� is defined in terms of the normalized local
density

g�x� = n1/2�x�/n0
1/2�x� , �7�

where x is the normalized radius

x = r/rf , �7a�

with

rf = ��2/2mEv�1/2, �7b�

and the coefficients ai in Eq. �6� are expressed in terms of the
parameters Ai, Eq. �2�, being given by

ai = �i + 1�Ain̄0
i /Ev �i = 1 − 3� , �8�

where n̄0 is the average number density in the bulk at zero
temperature and pressure and Ev is the binding energy per
atom in the bulk, which was taken from the experimental
data28,61–63 as Ev=0.616 meV. The coefficients ai, Eq. �8�,
are a1=−2.2, a2=−2.4, and a3=3.6.

The internal cluster energy Ec and the number of atoms
N in the cluster are given by

Ec = 4�� �total�n�r��r2dr , �9�

with

�total�n�r�� = ��n�r�� + �q2/2m���n�r�1/2�2, �9a�
and
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N = 4�� n�r�r2dr . �10�

Equations �9� and �10� are applicable both for an ordinary
cluster and for a cluster with a bubble. To characterize the
density profile for the cluster with a bubble, we choose the
helium atom density function in the form of a void at r
	Rb− t1 /2, a rising profile towards a constant density with
increasing r beyond the void boundary at r�Rb− t1 /2, and
the cluster exterior decreasing density profile for r�R
− t2 /2. Here Rb is the bubble radius, R is the cluster radius, t1

is an effective thickness parameter for the density profile of
the bubble wall, and t2 is the thickness of the cluster surface
density profile. The explicit form of the helium density pro-
file was taken as

n�r� = 0, 0 	 r 	 Rb − t1/2, �11a�

n�r� = n0�1 − �1 + br�exp�− b3r3��3,

�11b�
Rb − t1/2 	 r 	 R − t2/2,

n�r� = �c�arctan��sinh�2r/t2��−1	, r � R − t2/2. �11c�

The parameter b in Eq. �11b� specifies spatial saturation tak-
ing b= �Rb− t1 /2�−1. The parameter c in Eq. �11c� is taken as
�c�= �2n0 /��. n0 in Eqs. �11b� and �11c� is the asymptotic
density is the interior of the cluster. For sufficiently large
clusters the density n0 converges to the bulk value n̄0. Equa-
tion �11b� was advanced on the basis of previous work on
nonuniform 4He near a hard wall.52 Equation �11c� repre-
sents the surface density profile of the cluster with a bubble
in the form of the Gudermannian function.40–42 From a
numerical representation of the density profile, Eqs.
�11a�–�11c�, we assert that t2 represents the exterior surface
profile of the cluster characterized by the 90%–10% fall-off
width, while the interior profile of the bubble is characterized
by the 10%–90% rise width t1. Finally, Rb is the radius of the
sphere where n�r�=n0 /2.

The density functional approach used above for the en-
ergetics of the cluster was applied by us for the cluster with
a bubble. It is assumed that t1 , t2	Rb and t1 , t2
R, so that
nonuniformity effects created by the bubble formation are
small. We employed the trial function for the density, Eqs.
�11a�–�11c�, and for the calculations of g�x�, Eq. �7�, to com-
pute B�x�, Eq. �6�, and then to numerically solve Eq. �4�. The
new density n�r� thus obtained was used to calculate B�x� in
a self-consistent procedure. Equations �9� and �10� were then
used to calculate the cluster internal energy Ec�R� and the
number of particles N for the cluster with a bubble. Calcula-
tions of the cluster energy with a bubble Ec�Rb ,R ,N�, Eq.
�9�, were performed for several, fixed bubble radii Rb with a
constant number N of particles. The cluster energies also
depend on the exterior and interior density profile thick-
nesses t1 and t2, respectively, which were varied in the cal-
culations in the range of 4–9 Å to minimize the cluster en-
ergy and to keep a fixed number of atoms in the cluster of
definite size. The energy of a cluster without a bubble
Ec�Rb=0,R ,N� was calculated for Rb=0 and t1=0, with

varying the exterior density profile thickness. The reorgani-
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zation �deformation� energy Ed�Rb ,R ,N� of the cluster upon
the formation of a bubble of radius Rb at constant N is given
by

Ed�Rb,R,N� = Ec�Rb,R,N� − Ec�Rb = 0,R,N� . �12�

Calculations of the energetics of bubble formation were
performed over a range of cluster sizes �N=6.5�103–2
�105�. Figure 1 portrays the calculated binding energies
Ec /N per atom for a 4He cluster without a bubble, presenting
the cluster size dependence of Ec /N per atom for ordinary
�4He�N clusters in the size domain N=6.5�103–2�105.
These energies obey the cluster size equation for the liquid
drop model64–67

Ec/N = Ev + Es�r0/R� , �13�

where Ev=−0.610 meV is the volume energy per atom and
Es=1.60 meV is the surface energy per atom. These ener-
getic parameters are in agreement with the experimental
value28,61–63 Ev=−0.616 meV for the atom binding energy in
bulk 4He and with the surface energy Es=1.603 meV in-
ferred from previous theoretical results58 for smaller clusters
�N=128–728�. An additional contribution to Ec /N involves
the cluster curvature energy Eu�r0 /R�2 with Eu=1.034 meV.
The curvature energy is of importance for small clusters,
e.g., N=128–728.63–66,68,69 The curvature energy term makes
only a small contribution to the large clusters studied by us,
i.e., for N=6.5�103 the relative contribution of the curva-
ture energy to the surface energy �Eu /Es� �r0 /R� is 3%.

In Fig. 1 we also present the energetics of the �4He�N

cluster with a bubble, at the equilibrium electron bubble ra-
dius Rb, inferred �Sec. III� for the electron bubble. These
results manifest the marked increase of Ec /N upon bubble
formation, which is due to cluster deformation. Typical data
were obtained on the bubble radius Rb, the dependence of the

FIG. 1. The cluster size dependence of the calculated binding energies per
atom for a �4He�N cluster �N=6.5�103–1.88�105� of radius R without a
bubble �cluster marked as �� and for a cluster with a bubble at the equilib-
rium electron bubble radius Rb �cluster+bubble marked as ��. The experi-
mental binding energy per atom in the bulk �R ,N=��, Ec /N=−0.616 meV
�R ,N=��, is also presented �bulk marked as ��. The calculated data for the
large clusters �N=6.5�103–1.88�105�, and the bulk values of Ec /N with-
out a bubble, follow a linear dependence vs 1/R and are represented by the
liquid drop model with the cluster size equation, Eq. �13� �solid line�. The
dashed curve connecting the Ec /N data with a bubble was drawn to guide
the eye.
cluster deformation energy per atom Ed /N, Eq. �12�, the
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cluster mean density n in the range Rb+ t1 /2	r	R− t2 /2,
and the cluster radius R for �4He�N clusters �Fig. 2�. These
results reflect on the energetic implications, i.e., the increase
of Ed /N, and on the structural manifestations, i.e., cluster
expansion with increasing the bubble radius.

The density profiles for several clusters �N=1.86�104

and 1.88�105� at different values of the bubble radii Rb are
portrayed in Fig. 3. These density profiles reflect on the for-
mation of a “helium balloon” with a finite thickness ��R
�R−Rb� in the cluster, with the center of the bubble being
located at the center of the cluster. For clusters without a
bubble �Figs. 3�a� and 3�b��, t2=6.1 Å for N=1.86�104 and
for N=1.88�105. The magnitude of t2 is larger than the
value of t2=4.5 Å obtained from variational Monte Carlo
simulations for the �4He�240 cluster68 and is close to that
inferred from previous density functional calculations for
smaller clusters.70,71 This value of t2=6.1 Å for the large
N=1.86�104 and 1.88�105 clusters is close to the experi-
mental value72 of t2=7.6−2

+1 Å for bulk liquid 4He at T=0 K
and to the theoretical values54,55 of t2=7 Å �Ref. 54� and t2

=5.8 Å �Ref. 55� for the macroscopic free surface profile.
When a bubble with radius Rb is formed in the center of the
cluster �Figs. 3�a� and 3�b��, t2 remains nearly bubble-size
independent and close to that for a cluster without a bubble.
t1 exhibits a weak cluster size dependence at fixed Rb and
increases with increasing the bubble radius Rb. For N=1.86
�104, t1=3.1 Å for Rb=10 Å, t1=6.4 Å for Rb=15.1 Å, and
t1=7.9 Å for Rb=19.0 Å. For N=1.88�105, t1=4.2 Å for
Rb=10 Å, t1=6.7 Å for Rb=16.5 Å, and t1=8.0 Å for
Rb=19.0 Å. Finally, for N=106, t1=4.2 Å for Rb=10 Å,

FIG. 2. The dependence on the bubble radius Rb of the cluster reorganiza-
tion energy Ed /N, of the mean density n, and of the cluster radius R for N
=6.5�103. These data reflect on the structural manifestations �decrease of
n�, on the energetic implications �increase of Ed /N�, and on the cluster
expansion �increase of R� with increasing Rb.
t1=6.8 Å for Rb=17 Å, and t1=8.0 Å for Rb=19.0 Å. As

Downloaded 17 Oct 2006 to 132.66.152.26. Redistribution subject to 
expected, the bubble is more rigid for smaller values of Rb at
a fixed cluster size. The bubble surface profile values of the
equilibrium electron bubble radius Rb

e �see Sec. III below� are
e e

FIG. 3. The density profiles n�r� / n̄0���, where n̄0��� is the bulk density, at
different bubble radii for �4He�N clusters with N=1.86�104 �a� and with
N=1.88�105 �b�, reflecting on the formation of a “helium balloon” with a
finite thickness ��R=R−Rb� with the bubble center being located at the
center of the cluster.
t1=6.4 Å at Rb=15.1 Å, t1=6.7 Å at Rb=16.5 Å, and
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t1=6.8 Å at Rb
e =17.0 Å. These values of t1 at Rb

e are larger
than the values of t1=4.4 Å calculated for the equilibrium
configuration of the electron bubble in macroscopic liquid
4He.56 It appears that the bubble at its equilibrium configu-
ration in the cluster is “softer” than in the bulk liquid 4He.

The energetics of the formation of a helium balloon, i.e.,
a helium cluster with a bubble at its center �Fig. 4�, reveals
high reorganization energies, which for Rb=13.5 Å �corre-
sponding to the value of the equilibrium bubble radius Rb

e for
N=6500 �Sec. III�� fall in the range of Ed=0.72 eV for N
=6.5�103 to Ed=0.26 eV for N=1.88�105, increasing
with decreasing N at a fixed value of Rb. These Ed values
increase with increasing the bubble radius Rb for clusters
with a fixed value of N. It is also instructive to note that for
the cluster size domain studied herein the Ed values are con-
siderably higher than the bubble formation energy in the bulk
Ed����4��Rb

2, where � is the surface tension. While the
reorganization energy in the bulk is dominated by the bubble
surface energy, the reorganization energy for bubble forma-
tion in the cluster is determined by three contributions, i.e.,
the interior bubble surface energy change Eb�Rb�, the exterior
cluster surface energy Ec�R�, and the cluster energy increase
due to density changes ��n�r� ;N�. All these three energy
contributions are cluster size dependent.

For a rough estimate of the surface energy contributions,
we shall use a step function density profile, so that Eb�Rb�
=4�Rb

2� and Ec�R�=8��R�R, where �R�
R� is the expan-
sion of the cluster radius upon the formation of the bubble,
i.e., �R= �R�Rb�−R�Rb=0��. Within the framework of this
approximate relation we have

Ed�Rb,R,N� = 4�Rb
2� + 8��R�R + ��n�r�;N� . �14�

The surface term contributions to Ed in Eq. �14� are moder-
ately small. For example, for N=6.5�103 �R=43.7 Å� at the
equilibrium bubble radius Rb=14.4 Å, we find from the com-
plete simulations that Ed=0.72 eV, while �R=2.7 Å. For
this cluster Eb�Rb�=5.7�10−2 eV and Ec�R�=6.5�10−2 eV,
with Eb+Ec=0.122 eV providing a contribution of �16% to
the reorganization energy. The dominating contribution to
Ed, Eq. �14�, for the cluster size domain studied herein, origi-
nates from the contribution of the density changes, i.e., the

FIG. 4. The dependence of the cluster reorganization energy, Eq. �12�, on
the radius Rb of the bubble. Data are presented for different cluster sizes N,
which are marked on the curves, and for the bulk.
third term in Eq. �14�. With increasing the cluster size to-
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wards the bulk �N→��, Ec�R�→0 and ��n�r� ;N�→0, with
Ed�Rb ,R→� ,N→��→Eb�Rb�.

III. THE EXCESS ELECTRON BUBBLE

We now introduce an excess electron into the bubble,
which is located in the center of the helium cluster, at a fixed
nuclear configuration of the “helium balloon.” The electronic
energy of the excess electron will be calculated at a fixed
nuclear configuration within the Born-Oppenheimer approxi-
mation. We modified the nonlocal effective potential devel-
oped by us for surface excess electron states on helium
clusters40–42 for the case of an excess electron in a bubble of
radius Rb located in a cluster of radius R. This potential V�r�
at distance r from the center of the bubble �and of the clus-
ter� will be subdivided into interior and exterior contribu-
tions in the form

V�r� = V	�r�, r 
 Rb − t1/2, �15a�

V�r� = V��r�, r � Rb − t1/2, �15b�

where the thickness density profile of the bubble wall is de-
fined by Eqs. �11a�–�11c� and r is the distance from the cen-
ter of the cluster.

The exterior contribution V��r� to the potential in Eq.
�15b� is determined by the energy of the quasi-free-electron
in the finite system being given by9,11,18

V��r� = T + Vp�r� , �16�

where the repulsive short-range contribution T is represented
by the Wigner-Seitz model with a hard-core pseudopotential
with radius a, which is taken as the e-He scattering
length.4–6,9,11,29 The attractive contribution Vp is given as the
polarization energy of the cluster, which is induced by the
electron within the Wigner-Seitz cell.8,9,11,18 The cluster po-
larization energy is expressed as the sum of the contribution
Up

in of the atom inside the Wigner-Seitz cell, the contribution
Up

out of the atoms outside the Wigner-Seitz cell in an infinite
medium, and the correction term Vp

c to the polarization en-
ergy for the finite size of the cluster, due to the excluded
volume effect

Vp�r� = Up
in + Up

out + Vp
c�r,R� , �17�

where

Up
in = �2��2/2me�nap, �18�

Up
out = − 2��4�/3�1/3�e2n4/3�1 + 8�na/3�−1, �19�

and

Vp
c�r,R� = �e2/2R��1 − �−1�


j=0

�

�j + 1�/��j + j + 1��r/R�2j .

�20�

Here ap is the e-He scattering length due to the polarization
potential, which was taken as11 ap=−0.1 Å, � is the atomic
polarizability, and n is the average helium density.

The interior contribution V	�r� to the potential, Eq.

�15a�, is given by the superposition of electron-atom pseudo-
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potentials exerted on the electron by the helium atoms within
the surface density profile of the bubble walls and by the
electronic polarization potential Vi�r� induced within the re-
gion of the bubble, which is represented in terms of a cluster
image potential

V	�r� = �
Rb−t1/2

Rb+t1/2

d3r��ps�r� − r�n�r�� + Vi�r� , �21�

where �ps is the electron-He-atom pseudopotential4,5,7–9 and
n�r� is the bubble surface density profile, Eq. �11b�. The first
term in Eq. �21� is the contribution of the polarization poten-
tial from the density profile of the bubble. The second term,
Vi�r�, is the polarization potential induced within the rest of
the cluster outside the bubble, which is given by

Vi�r� = Vi�r,R� − Vi�r,Rb� , �22�

where Vi�r ,R� is the image potential for a helium cluster of
radius R and Vi�r ,Rb� is the image potential for the cluster
region occupied by a bubble. Equation �22� assumes the
form

Vi�y� = �e2/4R��1/� − 1�/�1 + ��

��2�/��2 − y2� − 2/�1 − y2�

+ �1/y��ln
� + y

� − y

 − ln
1 + y

1 − y

�� , �23�

where � is the dielectric constant �taken as that for macro-
scopic helium�, y=r /R, and �=Rb /R.

The potential V�r� is given by the interior contribution
V	�r�, Eqs. �15a� and �21�–�23�, and the exterior contribu-
tion V��r�, Eqs. �15b� and �16�–�20�. To obtain the ground
state electronic energy Ee of the bound excess electron in the
bubble at a fixed nuclear configuration we solved numeri-
cally the one-electron Schrödinger equation

�− ��2/2me��2 + V�r� − Ee���r� = 0, �24�

where me is the electron mass. The fixed nuclear configura-
tion for an electron bubble in a �4He�N cluster was specified
by the cluster radius R, the bubble radius Rb, and the exterior
�t2� and interior �t1� surface profile parameters. As the elec-
tronic energy Ee is smaller than the deformation energy Ed,
we assume that changes in the structure of the cluster exte-
rior interface and of the interior diffusiveness of the electron
bubble relative to the empty bubble manifest a small effect
on Ee. Accordingly, we have chosen t1 and t2 as the surface
profile parameters for the minimization of the energy of the
empty bubble. The parameters N, R, and Rb were varied for
the calculation of the electronic energy Ee�Rb ,R ,N�.

The total energy Et�Rb ,R ,N� of the electron bubble in a
helium cluster is expressed in the form

Et�Rb,R,N� = Ee�Rb,R,N� + Ed�Rb,R,N� , �25�

where the cluster reorganization energy Ed�Rb ,R ,N� is given
by Eq. �12�. The energies Et�Rb ,R ,N�, Ee�Rb ,R ,N�, and
Ed�Rb ,R ,N� in Eq. �25� are determined by the bubble radius
Rb and the cluster radius R, as well as by the density profile

parameters t1 and t2, and by the number of atoms N. The
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potential energy surfaces for the excess electron bubble
states in 4He clusters in the ground electronic state are por-
trayed in Fig. 5, where we display Et�Rb ,R ,N� vs Rb for
fixed values of N. These energetic configurational diagrams
exhibit the most stable configuration at their minimal ener-
gies at Rb=Rb

e, with a total energy Et
e. The equilibrium elec-

tron bubble radii Rb
e and the total energies Et

e, corresponding
to the minima of these potential curves, are presented in
Fig. 6. The equilibrium bubble radii �Fig. 6� are Rb

e

=13.5 Å at N=6.5�103, Rb
e =15.1 Å at N=1.84�104,

FIG. 5. The potential energy surfaces for the excess electron bubble states in
�4He�N clusters portraying the total energy Et�Rb ,R ,N� vs the bubble radius
Rb for fixed values of N marked on the curves. The full points ��� and open
points ��� represent the results of the computations for the clusters using the
density functional method for Ed�Rb ,R ,N� and the quantum mechanical
treatment for Ee�Rb ,R ,N�, while for the bulk we took Ed�Rb ,R→� ,N
→��=4��R2. The open point ��� on each configurational diagram repre-
sents the equilibrium radius of the electron bubble. The two straight lines
marked V0 represent the energy of the quasi-free-electron. The horizontal
line represents the bulk value of V0, while the second line represents
V0�Rb ,R ,N� in the cluster of the smallest size of N=6.5�103. The V0 values
for each Rb for N=6.5�103–1.88�105 fall between these two nearly
straight lines.

FIG. 6. The cluster size dependence of the equilibrium electron bubble radii
Rb

e and the total ground state energies Et
e, corresponding to the minima of the
potential curves of Fig. 5.
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Rb
e =16.6 Å at N=1.88�105, and Rb

e =17.0 Å at N=106, in-
creasing with increasing N. The equilibrium electron bubble
radius in the largest cluster studied herein, i.e., Rb

e =17.0 Å
for N=106 �R=222 Å�, converges to the bubble radius in
macroscopic liquid 4He, which was experimentally deter-
mined to be Rb

e =17.2±0.15 Å,73 in accord with theoretical
calculations8,9,29,37,39,56 that yielded Rb

e =17–18 Å. The elec-
tronic energies at Rb

e are Ee
e=0.160 eV for N=6.5�103, Ee

e

=0.126 eV for N=1.86�104, Ee
e=0.102 eV for N=1.88

�105, and Ee
e=0.08 eV for N=106. The increase of Ee with

decreasing the cluster size is due to the increase of Rb
e with

increasing N. The electron bubble electronic energy at the
equilibrium bubble configuration for the largest cluster stud-
ied herein, i.e., Ee

e=0.08 eV for N=106, is close to the values
of the electronic energy in the range of 0.07–0.08 eV
calculated37,58 for the bubble in macroscopic liquid 4He. The
total energy Et

e at the equilibrium configuration �Fig. 6� de-
creases nearly linearly from Et

e=0.86 eV for N=6.5�103 to
Et

e=0.38 eV for N=1.88�105. To complete the presentation
of the energetic parameters we also present in Fig. 5 the Rb

dependence of the energy of the quasi-free-electron state
V0�Rb

e ,R ,N� in clusters of different sizes, which were calcu-
lated using the exterior potential given by Eqs. �16�–�20�.
These V0 values in clusters are reduced by less than 10%
relative to the bulk values. For the smallest cluster with N
=6.5�103 studied herein V0=0.95 eV, for N=1.88�105 we
have V0=1.02 eV, while the bulk value is V0=1.06 eV �Fig.
1�. This reduction of V0 originates from the lowering of the
density within the cluster as compared to the bulk value
�Figs. 3�a� and 3�b��. These energetic data will now be ap-
plied to assess the energetic stability of the electron bubble.

IV. THE ENERGETIC STABILITY OF THE ELECTRON
BUBBLE

The energy of the excess electron bubble in the ground
electronic state at its equilibrium bubble radius Rb

e, with the
corresponding cluster radius Re, is determined by the contri-
butions of the electronic energy and the cluster reorganiza-
tion energy. The total energy at equilibrium configuration,
Et�Rb

e ,Re ,N�, is positive relative to the vacuum level, while
for a broad range of cluster sizes this energy is lower than the
cluster conduction band energy. The equilibrium energy of
an electron bubble increases with decreasing N and at some
value of N it will become higher than V0, marking the onset
of the energetic instability of the electron bubble. A central
question is what the minimal cluster size is for which the
electron bubble is energetically stable. The energetic stability
condition for the excess electron bubble state �i.e., an elec-
tron in “helium balloon”� is given by

Et
e�Rb

e,Re,N� 
 V0�Rb
e,Re,N� . �26�

In Fig. 7 we present the plot of V0�Rb
e ,Re ,N�−Et

e�Rb
e ,Re ,N�

vs 1/Re. An extrapolation of this linear dependence to V0

−Et
e=0 �Fig. 7� results in the energetic localization threshold

at the cluster equilibrium radius Re
39 Å of a cluster which
contains an electron bubble. For such a cluster, the energetic
localization threshold is manifested for N= ��Re�3− �Rb

e�3� /r0
3,

e
where Rb is the equilibrium radius of the electron bubble,
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which assumes the value Rb
e �13.5 Å in this cluster size do-

main. Accordingly, we estimate that N�5200 for the mini-
mal cluster size for which the electron bubble is energetically
stable. This energetic localization threshold constitutes an
upper limit for the cluster size, which allows for the exis-
tence of the electron bubble state. Dynamic effects, due to
electron tunneling of the excess electron from the bubble to
the vacuum, may result in the depletion of the energetically
stable excess electron bubble state on the experimental time
scale for the interrogation of �He�N

− clusters �1–10−6 s�.48–51

Accordingly, the dynamic stability of the excess electron
bubble state in �4He�N clusters on the experimental time scale
may be realized for cluster sizes which are lower than those
dictated by the energetic stability. The dynamic stability of
the excess electron bubble will be explored in the accompa-
nying paper.60

V. DISCUSSION

We explored the structure, energetics, and energetic sta-
bility of electron bubbles in large �4He�N clusters �N=6.5
�103–107�. The energetics and structure of the electron
bubble, which pertain to the deformation energy for the
bubble formation, the ground state energy of the localized
excess electron, the total energy, and the equilibrium nuclear
configuration, are insensitive to the properties of the super-
fluid, being nearly identical for �4He�N normal fluid clusters
above the lambda point �T�T�� and for �4He�N superfluid
clusters �at T	T��. The localization dynamics from the
quasi-free-electron state to the localized electron bubble state
in a �4He�N cluster,59,74 which corresponds to intracluster ul-
trafast dynamics on the time scale of nuclear motion, exhib-
its rather small effects of superfluidity on the lifetime �b for
the formation of the equilibrium electron bubble configura-
tion. These superfluidity effects originate from medium dis-
sipation accompanying the electron bubble expansion and
depend on the medium viscosity,74 which is drastically dif-

FIG. 7. The dependence of the energy gap �V0−Et
e� between the quasi-free-

electron energy and the total ground state energy at the equilibrium configu-
ration of the electron bubble on the reciprocal value of the cluster radius at
this equilibrium configuration 1/Re for clusters in the range of N=6.5
�103–1.86�104 and for the bulk. A crude extrapolation of this linear de-
pendence of V0−Et to zero leads to a localization threshold at R
39 Å,
which corresponds to N�5�103.
ferent for the normal fluid cluster and for the superfluid
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cluster.58,59,62 The viscosity is finite for normal fluid clusters
and is vanishingly small for superfluid clusters.58,62 We esti-
mated the following values of bubble formation times for the
�4He�N �N=1.88�105� cluster at T=0.4 K: �b=3.6 ps with-
out dissipation and �b=7.8 ps when medium dissipation was
taken into account.59,74 We thus expect a decrease of �b by a
numerical factor of �2 in the superfluid cluster relative to
the normal cluster, which originates from the switching off of
dissipation effects in the former case. On the time scale of
t��b electron tunneling from the bubbles in �4He�N clusters
is grossly affected by the motion of the electron bubble
within the cluster,48–51,59 which is dissipative in normal fluid
�4He�N clusters �at T�T�� and �3He�N clusters �at all tem-
peratures�, and nondissipative in superfluid �T	T�� �4He�N

clusters. These distinct features of motional bubble dynamics
allow for the utilization of electron tunneling from bubbles
as a probe for superfluidity in �4He�N clusters.48–51,59,60

Note added in proof. Our values of t1=6.4–6.8 Å for the
bubble profile in clusters are in reasonable agreement with
the recent result of t1=6.1 Å reported by V. Grau, M. Bar-
ranco, R. Mayol, and M. Pi �Phys. Rev. B 73, 064502
�2006�� from density functional calculations for the electron
bubble in bulk liquid 4He.
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