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Introduction

We address one of the major problems of Galois theory: the characterization of absolute
Galois groups among all profinite groups. Specifically, we consider a profinite group G
equipped with a subset G of subgroups each of which is isomorphic to an absolute
Galois group. The problem is to characterize those pairs for which G is isomorphic to
an absolute Galois group Gal(K) of a field K that satisfies a local-global principle for
points on smooth varieties with respect to the fixed fields of the groups in G.

In [HJPa] we extend the pairs (G, G) to, so called, group structures of a general
nature. We prove that a proper profinite group structure G is projective if and only
if G is the absolute Galois group structure of a proper field-valuation structure with
block approximation.

The introduction to [HJPa] contains an extensive historical background to the
subject.

In this work we apply the general setup of [HJPa| to a classical situation. Let F
be a finite set of classical local fields of characteristic 0. Thus, each F € F is either the
field R of real numbers or a finite extension of the field Q, of p-adic numbers for some
prime number p. We assume F is closed under Galois isomorphism: if F and F’
are finite extensions of Q,, F € F, and Gal(F’) = Gal(F), then F' € F.

MaIN THEOREM: Let F be a finite set of classical local fields of characteristic O which is
closed under Galois isomorphism and let G be a profinite group. Then G is isomorphic
to the absolute Galois group of a PFC field K if and only if G is F-projective and
Subgr(G, Gal(F)) is strictly closed in Subgr(G) for each F € F.

The notions appearing in the Main Theorem: For each F € F let AlgExt(K,F) be the
set of all algebraic extensions F' of K (within a fixed algebraic closure K of K) which are
elementarily equivalent to F. We say that K is PFC (pseudo-F-closed) if it satisfies
the following local-global principle: Let V' be a smooth absolutely irreducible variety
over K. Suppose V(F) # 0 for each F' € Jpc z AlgExt(K,F). Then V(K) # 0.

The notation Subgr(G) stands for the space of all closed subgroups of G. Subgr(G)
is the inverse limit of the discrete finite spaces Subgr(G/N), where N ranges over all
open normal subgroups of G. Thus, Subgr(G) is a profinite space. We refer to its
topology as strict and write Subgr(G, Gal(F)) = {I" € Subgr(G) | I = Gal(F)}.

Finally, G is F-projective if it satisfies the following local-global principle: Let
a: B — A be an epimorphism of finite groups and ¢: G — A a homomorphism. Suppose
for each F € F and each I' € Subgr(G, Gal(F)) there is a homomorphism yp: I' — B
satisfying @ o 40 = |p. Then there is a homomorphism v: G — B with a oy = ¢.
|

The Main Theorem generalizes several known special cases:

1. First suppose F is the empty set. Then a PFC field is a PAC field [FrJ,
Chap. 10] and an F-projective group is a projective group. The Main Theorem is due
in this case to Lubotzky-v.d.Dries [FrJ, Cor. 20.16] and Ax [FrJ, Thm. 10.17].

2. If F = {R}, then a PFC field is a PRC field and an F-projective group is a
real projective group G such that the set of all involutions of G is closed. See [HalJl,
p. 450, Thm.] for the Main Theorem in this case.
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3. If F ={Q,}, then a PFC field is a PpC field and an F-projective group is a
p-adically projective G such that the set of all subgroups of G which are isomorphic to
Gal(Q,) is strictly closed in Subgr(G). See [HaJ2, p. 148, Thm.] for the Main Theorem
in this case.

4. The general case is announced in [Pop2|. Unfortunately, the proofs of [Pop2]
are extremely sketchy and difficult to read. The current work is based on ideas of [Pop2]
and applies results of [HJPa].

5. Koengismann [Koe2] proves the Main Theorem in case that AlgExt(K,F) is
finite. Ershov ([Erl], [Er2]) proves that Gal(K) is F-projective (in a stronger sense)
when (K, F) is a multi-valued PFC field satisfying certain conditions.

None of those papers goes as far as we do in this work and equips K in the
Main Theorem with a set of valuations satisfying the “block approximation theorem”.
We refer the reader to Section 10, in particular to Theorem 10.3, for the exact result.
Here it suffices to say that each minimal F' € AlgExt(K, F) is the Henselian closure of
K at a valuation vp and the family {vp| F' € AlgExt(K,F)} satisfies a very strong
independence-density property.

In the rest of the introduction we describe the structure of the proof of the Main
Theorem and its stronger versions (Theorems 9.4 and 10.3) which we actually prove.

Denote the set of all separable algebraic extensions of a field K (within a fixed
separable closure Ky of K) by AlgExt(K). The map F' — Gal(F) is a bijection of
AlgExt(K) onto Subgr(Gal(K)). It transfers the strict topology of Subgr(Gal(K)) to
the strict topology of AlgExt(K). We prove that AlgExt(K,F) is strictly closed in
AlgExt(K) for each F € F. In particular, this holds if K is PFC. In this case the
existence of points on smooth varieties over K translates into F-projectivity.

Conversely, let G be a profinite group. Suppose G is F-projective and
Subgr(G, Gal(F)) is strictly closed in Subgr(G) for each F € F. Put C = {Gal(F) | F €
F}. Let G = Subgr(G,C) be the set of all H € Subgr(G) which are isomorphic to some
I' in C. Denote the set of all maximal elements in G by G.x. For each I' € C we
construct a finite quotient I' such that the set {I'| T' € C} is a “system of big quotients”
of C in a sense made precise in Section 6. We use it to prove that G is “strongly G-
projective” (Proposition 6.5). Thus, every G-embedding problem for G which is locally
solvable is globally solvable (Section 6). In particular, there is a homomorphism « of
G into the free product B* = M., I' which maps each H € G isomorphically into a
conjugate of some I' € C. By a theorem of Geyer we may identify B* with the absolute
Galois group of an algebraic extension Ky of Q. Denote the fixed field of £(G) in Q
by Ki. By Proposition 6.5, G = (G,Gmax) is a “proper projective group structure”
(Section 5). Let Gal(K;) = (Gal(K7), Subgr(Gal(K7,C)). Then k extends to a Galois
cover k: G — Gal(K;) of group structures (Proof of Theorem 10.3). By the main
result of [HJPal, there is a field K and an isomorphism ¢: G — Gal(K) such that
res o ¢ = k. Moreover, every F' € AlgExt(K,F) is either real closed or elementarily
equivalent to some F € F. In particular, F' has a “P-adic valuation” vg. The system
of fields F' € AlgExt (K, F) and valuations vp satisfies a strong version of the weak ap-
proximation theorem which we call the “block approximation theorem”. In particular,
K is PFC (Theorem 10.3).



1. The Etale and the Strict Topologies of Subgr(Q)

Let G be a profinite group. Denote the collection of all closed (resp. open, open normal)
subgroups of G by Subgr(G) (resp. Open(G), OpenNormal(G)). We introduce two
topologies on Subgr(G) and relate them to each other.

For each H, N € Open(G) with N <G let

V(H,N)={A € Subgr(G)| AN = HN}.

The collection of all V(H, N) is a basis for a topology on Subgr(G) which we call the
strict topology. When G is finite, the strict topology is the discrete topology. In
general, Subgr(G) = lim Subgr(G/N) with N ranging over all open normal subgroups

of G. Thus, Subgr(G) is a profinite space under the strict topology. We use the adverb
“strictly” as a replacement for “in the strict topology”. For example, for a subset G
of Subgr(G) we say G is strictly open (resp. closed, compact, Hausdorff) if it is
open (resp. closed, compact, Hausdorff) in the strict topology. Likewise, for a function
f from a topological space X into Subgr(G), we say f is strictly continuous if f is
continuous when Subgr(G) is equipped with the strict topology. We denote the strict
closure of a subset G of Subgr(G) by StrictClosure(G).

If Uy,....,U, € Open(G), then U = (2, U; is open and Subgr(U) is
Ni~, Subgr(U;). Therefore {Subgr(U)| U € Open(G)} is a basis for a topology on
Subgr(G) which we call the étale topology. As above, for a subset G of Subgr(G) we
say G is étale open (closed, compact, Hausdorff, etc) if G is open (closed, compact,
Hausdorff, etc) in the étale topology. Likewise, for a function f from a topological space
X into Subgr(G) we say f is étale continuous if f is continuous when Subgr(G) is
equipped with the étale topology. Note that the étale topology of Subgr(G) is weaker
than the strict topology. Thus, every étale open subset of Subgr(G) is also strictly open
[HJPa, Remark 1.2].

The envelope of a subset G of Subgr(G) is the set of all Hy € Subgr(G) which
are contained in some H € G. We denote it by Env(G) and use it to relate the strict
topology and the étale topology of Subgr(G) to each other:

LEMMA 1.1: A subset G of Subgr(G) is étale compact if and only if Env(G) is strictly
closed.

Proof:  Suppose first Env(G) is strictly closed, hence strictly compact. Let U;, i € I,
be open subgroups of G with G C |J,.; Subgr(U;). Then Env(G) C |J,c; Subgr(Us;).
Since each of the sets Subgr(U;) is strictly open, I has a finite subset Iy with Env(G) C
User, Subgr(U;). Thus, G C U, Subgr(U;). Therefore, G is étale compact.

Conversely, suppose G is étale compact. Consider A € Subgr(G) ™ Env(G) and
H € G. Then A £ H. Hence, there is Ny € OpenNormal(G) with A £ HNy. Thus, A
is not in the étale open neighborhood Subgr(H Ny ) of H.

The collection of all Subgr(HNpg) covers G. Since G is étale compact, there
are Hy,...,H, € G and Ny,...,N,, € OpenNormal(G) with G C |J;_, Subgr(H;N;)
and A ¢ |J;_, Subgr(H;N;). In addition, |J;_, Subgr(H;N;) is strictly closed. Hence,
StrictClosure(G) C J;—_, Subgr(H;N;). Thus, A belongs to the strictly open set

3



Subgr(G) ™ U}, Subgr(H;N;) which is disjoint from Env(G). Therefore, A is not in
StrictClosure(Env(G)). It follows that Env(G) is strictly closed. i

COROLLARY 1.2: Let G be an étale compact subset of Subgr(G). Then StrictClosure(G)
is contained in Env(G).

For a profinite group G, a closed subgroup H, and a subset G of Subgr(G) let
Gl ={T"| T eg, he H}. Put Con(G) = Env(G%) = Env(G)°.

LEMMA 1.3: Let G be an étale compact subset of Subgr(G). Then each of the sets G,
Env(G), and Con(G) is étale compact.

Proof: The set G& is the image of the compact space G x G under the étale continuous
map (T, g) — I'Y. Hence, GY is étale compact.

By Lemma 1.1, Env(G) is strictly closed, hence étale compact [HJPa, Remark 1.2].
Therefore, by the first paragraph, Con(G) = Env(G)% is étale compact. |

LEMMA 1.4: Let H be a closed subgroup of G. Then EtaleClosure({H}) = {B €
Subgr(G)| H < B}.

Proof: First suppose B € EtaleClosure({H}). Then H belongs to each étale open
neighborhood of B. In other words, if U € Open(G) and B < U, then H < U. Hence,
H < B.

Conversely, suppose H < B. Then, H belongs to each basic étale open neighbor-
hood Subgr(U) of B. Therefore, B € EtaleClosure({H}). i

LEMMA 1.5: Let o: G — H be an epimorphism of profinite groups and Gg a closed
subgroup of G. The set {B € Subgr(G) | ¢(Go) < p(B)} is étale closed.

Proof: By [HJPa, Remark 1.1(b)], the map ¢: Subgr(G) — Subgr(H) induced by ¢ is
étale continuous. By Lemma 1.4, the set {C' € Subgr(H)| ¢(Gp) < C} is étale closed.
Its inverse image in Subgr(G) is {B € Subgr(G)| ¢(Gyp) < ¢(B)}, so it is étale closed.
|

LEMMA 1.6: Let G be an étale compact subset of Subgr(G). Then each A € G is
contained in a maximal element of G.

Proof: By Zorn’s lemma, it suffices to prove that each ascending chain Gy in G is
bounded by an element of G. Consider By, ---, B, € Gg. /Then the B; are comparable.
Assume By < By < ... < B,,. By Lemma 1.4, B,, € (., EtaleClosure({B;}). Thus, GN

N, EtaleClosure({B;}) # 0. Since G is étale compact, G N Nseg, EtaleClosure({B})
is nonempty. Each element of the latter set is a bound of G. |

If a subset G of Subgr(G) contains groups A and B with A < B, then G is not étale
Hausdorff. Thus, removing all nonmaximal elements from G is the only way to make G
étale Hausdorff while preserving the essential information stored in G. We denote the
set of all maximal elements of G by Gax.



LEMMA 1.7: Let G be an étale compact subset of Subgr(G). Then Gnax Is étale com-
pact.

Proof: By Lemma 1.6, Env(G) = Env(Gnax). Hence, by Lemma 1.1, Gp.x is étale
compact. |

2. Relatively Projective Groups

Pairs (G, G) consisting of a profinite group and a subset G of Subgr(G) which satisfy a
local global principle for finite embedding problems naturally arise from pairs (K, X)
consisting of a field K and a set X’ of separable algebraic extensions of K which satisfy
a local global principle for points on absolutely irreducible varieties (Section 3). We
prove in Proposition 3.1 that G is “G-projective” in a sense we now explain:

Let G be a profinite group and G a subset of Subgr(G). An embedding problem
for G is a pair

(1) (p:G— A, a: B— A),

where ¢ is a homomorphism and « is an epimorphism of profinite groups. The embed-
ding problem is finite if A and B are finite. We call (1) a G-embedding problem if
it is locally solvable; that is

(2) for each I € G there exists a homomorphism vp: I' — B with oo yp = ¢|r.

We say (1) is a rigid G-embedding problem if
(3) for each I € G there is By € Subgr(B) such that a: By — ¢(I') is an isomorphism.

A solution of (1) is a homomorphism v: G — B with yoa = ¢p. We say G
is G-projective if every finite G-embedding problem for G is solvable. Our definition
generalizes the definition of a “projective group”. Indeed, “G is (-projective” means “G
is projective”. We refer to GG as relatively projective if G is G-projective for a subset
G of Subgr(G).

If G C G’ C Subgr(G) and G is G-projective, then G is G'-projective. Moreover,
if G is étale compact, then by Lemma 1.6, each group in G is contained in a group of
Omax- Hence, under the assumption that G is étale compact, G is G-projective if and
only if G is Gax-projective. Hence, G is G-projective if and only if G is G@-projective.

Suppose (1) is a rigid G-embedding problem and I'" and By are as in (3). Put
Ao = ¢(T) and yr = (a]a,) P o @|r. Then qr: I' — B is a homomorphism satisfying
aoqr = @|p. Thus, every rigid G-embedding problem is a G-embedding problem. The
next lemma establishes a sort of converse to this statement:

LEMMA 2.1: Let G be a profinite group and G an étale compact subset of Subgr(G).
Let (1) be a finite G-embedding problem for G. Then:
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(a) There exists a commutative diagram

in which ¢ is an epimorphism and (¢: G — A & B — fl) is a finite rigid G-
embedding problem.

(b) If every finite rigid G-embedding problem (1) for G in which ¢ is an epimorphism
is solvable, then GG is G-projective.

Proof of (a): Consider I' € G. Choose a homomorphism r with « o yp = ¢|p. Then
Ker(9r) is an open subgroup of I". Choose Np € OpenNormal(G) with Nt < Ker(p) and
I'N Np < Ker(yr). Then Subgr(I'Nr) is an étale open neighborhood of I' in Subgr(G)
and yr extends to a homomorphism ~[.: I'Np — B with kernel Ker(yr)Nr.

Since G is étale compact, there are I'y,..., I, € G with G C |J.~, Subgr(I';Nr,).
Then N = N, Nr, € OpenNormal(G) and N < Ker(p). Let A = G/N, ¢: G — A

the quotient map, and ¢: A — A the map induced by ¢. Then ¢ = po@. Now consider
the fiber product B = B x4 A with the projection maps &: B — A and G- B — Bon
the coordinates. Since « is surjective, so is &.

For each ¢ put N; = Np, and v; = yfi: I';N;, — B. Then there is a homomorphism

o4; = v [FrJ, Prop. 20.6]. Put

4 T;N; — B satisfying & o 4; =
B; = 4;(T:Ny).
CLAIM: &: B; — &(I';N;) is an isomorphism. It suffices to prove that & is injective
on B;. Indeed, consider b € B; with &(b) = 1. Choose g € I';N; with 4;(g) = b. Then
&(g) = a(%i(g))) = 1,s0 g € N < N;. Thus, f(b) = vi(9) = 1. Therefore, b = 1, as
desired.

Now consider I' € G. Choose ¢ with I' < I'; N;. Then ¢(I") < ¢(I'; N;). By the
Claim, & maps &' (¢(I'))NB; isomorphically onto ¢(I'). Hence, (¢: G — A, 4: B — A)
is a finite G-embedding problem for G satisfying the rigidity condition.

Proof of (b): Consider a finite G-embedding problem (1) for G. Let (¢: G — A, 4: B —
fl) be the embedding problem given by (a). By assumption, it has a solution 4. Then
v = B o4 solves (1). i

3. Pseudo Closed Fields

Let K be a field and X a subset of the set SepAlgExt(K) of all separable algebraic
extensions of K. By an absolutely irreducible variety over K we mean a nonempty
geometrical integral scheme of finite type over K. We say K is pseudo-X-closed
(abbreviated PXC) if it satisfies the following condition:
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(1) Every smooth absolutely irreducible variety over K, with an F-rational point for
each F' € X, has a K-rational point.

If V is an arbitrary absolutely irreducible variety over K, then the Zariski open
subset Viimp of all simple points of V' is also an absolutely irreducible variety over K.
Hence, (1) is equivalent to the following condition:

(2) Every absolutely irreducible variety over K, with a simple F-rational point for each
F € X, has a K-rational point.

Note that K is POC if and only if K is PAC [FrJ, Chap. 10].

Under a mild topological assumption on X, the PXC property of K results in a rel-
ative projectivity of Gal(K). The topology in question is the étale topology of the space
SepAlgExt(K). This space stands in a bijective correspondence with Subgr(Gal(K)).
Thus, SepAlgExt(K) inherits the étale topology from that of Subgr(Gal(K)). Basic
étale open subsets of SepAlgExt(K) are SepAlgExt(L) with L/K finite and separable.

If ¥ C X’ C SepAlgExt(K) and K is PXC, then K is PA’C. Denote the set of
all minimal fields in X by X,,. If X is étale compact, then by Lemma 1.6, each field
in X contains a minimal field in X. Hence, K is PXC if and only if K is P&}, C.

PROPOSITION 3.1: Let K be a field and X a subset of SepAlgExt(K). Put G =
{Gal(K")| K' € X}. Suppose X is étale compact and K is PXC. Then Gal(K) is
G-projective.

Proof: By Lemma 1.3, G¢ is étale compact. If we prove that Gal(K) is G&-projective,
it will follow that Gal(K) is G-projective. We may therefore assume, G is Gal(K)-
invariant.

By Lemma 2.1, it suffices to solve every finite rigid G-embedding problem

(3) (p: Gal(K) — A, a: B — A)

where ¢ is an epimorphism.

Let L be the fixed field of Ker(¢) in K. Then identify A with Gal(L/K) and
¢ with resg /. Next use [HJPa, Lemma 6.2] to construct a finitely generated regular
extension F of K and a finite Galois extension F' of F containing L with these properties:
(4a) B = Gal(F/E) and « is the restriction map resp,: Gal(F//E) — Gal(L/K).

(4b) Let Lo be a field between K and L and Fj a field between E and F' which contains
Ly. Suppose resp,: Gal(F'/Fy) — Gal(L/Lg) is an isomorphism. Then Fj is a
purely transcendental extension of L.

Since F/K is finitely generated and regular, one may view E as the function field of an

absolutely irreducible smooth affine variety V over K [FrJ, Cor. 9.23].

Now let {L;| i € I} = {K'NnL| K' € X}. By rigidity, choose for each i € I a
field F; between E and I’ containing L; such that resp,r: Gal(F/F;) — Gal(L/L;) is an
isomorphism. By (4b), F; is a purely transcendental extension of L;. Hence, V(L;) # 0.
Therefore, V(K') # () for each K’ € X. Since K is PXC, V has a K-rational point,
which by assumption is simple. By [JaR, Cor. A2|, E has a valuation which is trivial
on K and with K as its residue field. [HJPa, Lemma 7.4] gives an algebraic extension
E' of E such that resg /g : Gal(E') — Gal(K) is an isomorphism. Denote its inverse
by 7. Then v = resg: /g o' solves (3). i



Again, let K be a field and X a subset of SepAlgExt(K). For each algebraic
extension L of K let X, = {K'L| K' € X}. If [L : K] < oo, then L is PXLC [Jarl,
Lemma 7.2]. The same result holds for arbitrary L if X is strictly closed [Jarl, Lemma,
7.4]. Here we prove that L is PX7,C under the weaker condition that X is étale compact.

PROPOSITION 3.2 (Extension theorem): Let K be a field, X an étale compact subset
of SepAlgExt(K), and L a separable algebraic extension of K. Suppose K is PXC.
Then X, is étale compact and L is PX}, C.

Proof: Themap K’ — K'L from X to X, is étale continuous. Since X is étale compact,
so is Xf.

Next let V' be a smooth absolutely irreducible variety over L with V(K'L) # ()
for each K’ € X. Choose a finite subextension K; of L/K over which V is already
defined. Denote the set of all finite subextensions of L/K; by £. For each F € & let
Tp = {K' € X| V(K'E) # 0}.

CrLAaM: Tg is étale open in X. Indeed, let K’ € Tg. Then V(K'E) # (. Hence,
K'/K has a finite subextension K(/K with V(K{E) # 0. The open neighborhood
X N SepAlgExt(K() of K’ in X is contained in 7g. Therefore, 75 is open in X.

Since L = Jgee E, we have |Jgce Tp = X. Since & is étale compact, £ has a
finite subset &y with UEeg0 Tr = X. Let F be the union of all £ € &. Then T C T
for each E € &, so X = 7p. Thus, V(K'F) # () for each K’ € X. By [Jarl, Lemma
7.4] F is PXrC. Hence, V(F) # 0, so V(L) # (). Consequently, L is PX.C. i

4. Strongly Projective Groups

Consider a profinite group G and a subset G of Subgr(G). Suppose G is G-projective.
If G is empty, then G is projective, so every embedding problem for G is solvable [FrJ,
Lemma 20.4]. Unfortunately, we are able to solve an arbitrary G-embedding problem
in the general case only if we impose a strong condition on the global solution of each
finite embedding problem: The solution has to map every local group I' € G into a
subset of Subgr(B), given in advance, which is closed under conjugations and taking
subgroups. In addition, we have to assume that every I' € G is maximal in G and
1 ¢ EtaleClosure(G). Section 5 shows that when these conditions are fulfilled, G, G
naturally give rise to a proper projective group structure G = (G, X,G,)cx in the
sense of [HJPa, Section 4|. By [HJPa, Prop. 4.2], every embedding problem for G is
solvable.

Consider again a profinite group G and a subset G of Subgr(G). A G-embedding
problem for G with local data is a triple

(1) (p:G— A, a: B— A, B)
where A and B are profinite groups, B is a strictly closed subset of Subgr(B) which is
closed under conjugations and taking closed subgroups, ¢ is a homomorphism, and «

is an epimorphism. In addition, we assume « is B-rigid. That is:
(2) ¢(G) € a(B) and « is injective on each By € B.
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Call (1) finite if B is finite.

Occasionally we construct B as above in the following way. Let By be a subset of
Subgr(B). Then B = Con(By) is the set of all subgroup of B which are contained in B}
for some By € By and b € B. By Lemma 1.1, B is strictly compact (hence closed) if By
is étale compact. In particular, this is the case if By is finite.

A solution of (1) is a homomorphism v: G — B with y(G) C B. Call G strongly
G-projective if every finite G-embedding problem (1) for G with local data has a
solution. If in addition G is étale compact, then G is G-projective.

Indeed, let (p: G — A, a: B — A) be a rigid G-embedding problem in the sense
of Section 2, (3). For each I' € G choose Br € Subgr(B) such that a: Bp — ¢(I') is an
isomorphism. Let B = Con(Br| I' € G). Then (1) is a G-embedding problem for G with
local data and « is B-rigid. By assumption, there exists a homomorphism v: G — B
with aw oy = ¢. By Lemma 2.1(b), G is G-projective. Moreover, by Lemmas 1.6 and
1.7, G is étale compact and G is strongly Gax-projective.

Example 4.1: Free product of finitely many profinite groups. Consider a free prod-
uct G = HM,_, G; of finitely many profinite groups. Put ¢ = {Gy,...,G,} and
B = Con(Gh,...,G,). Then G is strongly G-projective.

Indeed, let (1) be a finite embedding problem for G' with local data. Then ¢ maps
each GG; onto a subgroup A; of A and there is B; € B which o maps isomorphically onto
A;. Then v; = (« Bi)fl o (¢|g,) is an epimorphism of G; onto B;. Extend v1,...,7, to
a homomorphism v: G — B. Then v solves embedding problem (1). |

Remark 4.2: Suppose G is étale compact and G is a strongly G-projective group. An
obvious modification of Lemma 2.1 proves (1) is solvable even if « is not necessarily
rigid but satisfies the weaker condition instead:

(3) For each T" € G there is By € B and a homomorphism ~g: I' — By with ccoyg = ¢|r.

However, we do not use (3) in the definition of strong projectivity because all embedding
problems which we use in this work satisfy the condition “« is B-rigid”. |

LEMMA 4.3: Let G be a strongly G-projective group with G C Subgr(G). Then every
embedding problem with local data (1) such that A is finite and rank(B) < Nq is
solvable.

Proof: Put Ny = Ker(a) and identify A with B/Ny and « with the quotient map
B — B/Ny. Choose a descending sequence N; € OpenNormal(B) with N; < Ker(«),
i=1,2,3,...,and ();_, N; = 1. For j > let aj;: B/N; — B/N; and f3;: B — B/N; be
the quotient maps. For each i, B/N; = (3;(B) is closed under conjugation and taking
subgroups. The map « is injective on each By € B, so ajt1,; is injective on Bo/N;y1.
Therefore, we may inductively construct a sequence of homomorphisms v;: G — B/N;
satisfying: vo = ¢, 7i(G) € B/Ny, and o160 vig1 =%, 1= 1,2,3,....

The ~v;’s define a homomorphism v: G — B with §;0y=1;,71=0,1,2,.... Since
B is strictly closed, B = lim B/N;. Hence, v(G) C B. Therefore, 7 is a solution of (1).

Free products of finitely many profinite groups have some nice properties:



LEMMA 4.4 ([HeR, Prop. 2 and Thm. B’]): Let G = }{,.; G;i be the free profinite
product of finitely many profinite groups G;. Then GY N G; # 1 implies i = j and
g € Gz

Lemma 4.4 carries over to strongly G-projective groups:

PROPOSITION 4.5: Let G be a profinite group and G an étale compact subset of
Subgr(G) which is closed under conjugation. Suppose G is strongly G-projective. Then:
(a) 'y NIy =1 for all distinct I'1,T's € Gax.
(b) Ng(I') =T for each nontrivial I € Gy ax.

Proof: Consider an epimorphism ¢: G — A with A finite. Write ¢(G) = {A;| i € I}
with I finite. For each ¢ € I choose an isomorphic copy B; of A;. Choose a large positive
integer e and put B = F, x M;c; Bi- Then there is an epimorphism a: B — A which
maps B; isomorphically onto A;. Let B = Con(By, ..., B,). Then, (1) is a G-embedding
problem for G with local data. By Lemma 4.3, there is a homomorphism ~: G — B
with oy = ¢ and y(G) C B.

Proof of (a): Assume I'y N Ty # 1. Choose Ny € OpenNormal(G) with I'y Ny # T'a Ny.
Consider N € OpenNormal(G) with N < Ny. Put A = G/N and let p: G — G/N be
the quotient map. Then let B, B;, BB, o, and « be as above. In particular, v(T';) € B,
i = 1,2. Hence, there are j,k € I and b;,b, € B with y(I';) < B?j and vy(I'g) <
B, Also, a(y(I'1) Ny(I2)) € @(I'1) Np(T2) # 1, hence 4(I'1) N y(T'2) # 1, so
BY N BY # 1. By Lemma 4.4, B;’ = BY*. Consider I'y € G with ¢(I'y) = a(BY).
Then, ¢(I';) < p(I'n), i = 1,2. It follows that the set Gy = {I" € G| p(I'1),p(l2) <
©(T")} is nonempty. By Lemma 1.5, Gy is étale closed. If Ny,..., N, are open normal
subgroups of G and N = ﬂ;nzl Nj, then Gy C ﬂ;n:l Gn,. Hence, since G is weakly
compact, [ NeOpenNormal(G) Gy # 0. Each T in this intersection belongs to G and
satisfies I'y NIy < T'. Since I'; and I's are maximal in G, I'y = I' = I'y, in contradiction
to assumption.

Proof of (b): Let g € G with I'Y = T". Choose Ny € OpenNormal(G) with I' € Ny.
Consider N € OpenNormal(G) with N < Ny. Put A = G/N and let ¢: G — G/N be
the quotient epimorphism. Then let B, B;, B, and « be as in the first paragraph of the
proof. In particular, there is i € I and b € B with (') < B?. Also, v(I')79) = ~(T")
and v(T') # 1 so B’ N Blm(g) # 1. By Lemma 4.4, v(g) € B?. Choose I'y € G with
¢(I'n) = a(BY). Then p(I') < p(I'n) and p(g) € p(T'n).

Again, by Lemma 1.5, the nonempty set

Gy ={T" € G| o(T) < o(I"), ¢(9) € p(I")}
is étale closed. Since G is étale compact, there is IV which belongs to all G},. It satisfies
' <T' and g € T”. Since I" is maximal in G, we have I' = I"". Therefore, g € T. |

LEMMA 4.6: Let G be a profinite group and G an étale compact subset of Subgr(G)
which is closed under conjugation. Suppose 1 ¢ StrictClosure(G) and G is strongly
G-projective. Then:
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(a) G is strongly Gmax-projective.
(b) Gmax Is étale compact Hausdorff.
(¢) Ng(T') =T for each T € Gpax.

Proof of (a): By Lemma 1.7, Gpax is étale compact. Suppose (1) is a finite Gpax-
embedding problem with local data for G. In particular, ¢(Gmax) € «(B) and « is
injective on each By € B. We prove (1) is a G-embedding problem with local data for
G. To this end let I'y € G. By Lemma 1.6, I'y is contained in some I' € G,,.x. Choose
By € B with a(B;) = (). Let By = B1 Na~!(¢(Tg)). Then By € B, and o maps By
isomorphically onto ¢(T'g), as needed.

Since G is strongly G-projective, there is a homomorphism v: G — B with aoy = ¢
and v(G) C B, 80 Y(Gmax) € B. Thus, G is strongly Gax-projective.

Proof of (b): By (a) and Proposition 4.5(a), I'y NT's = 1 for all distinct I'1, T’y € Gpax.
Hence, by [HJPa, Cor. 1.4], Gnax is étale Hausdorff.

Proof of (c): By assumption, each I' € G,.x is nontrivial. Hence, by Proposition
45(), No(I)=T.

Our next goal is to prove under the assumptions of Lemma 4.6 that G . is a
profinite space in the étale topology. By definition, a profinite space X is an inverse
limit of discrete finite spaces. In particular, X has a basis consisting of open-closed sets.
Conversely, every compact Hausdorff space which has a basis consisting of open-closed
sets is profinite (See also [RiZ, Thm. 1.1.12] for the connection with condition “X is
totally disconnected”.)

LEMMA 4.7: Let X be a compact Hausdorff space and G a profinite group which acts
continuously on X. Suppose X/G has a basis consisting of open-closed sets. Then X is
profinite.

Proof: Let x € X and W an open neighborhood of . We have to find an open-closed
neighborhood of x in W.

PART A: G is finite. Let S = {0 € G| 27 = x}. Write G = |J/*, So; with o =
1. Then x°',..., 2% are the distinct conjugates of x. Since X is Hausdorff, there
are open neighborhoods Vi,...,V,, of x in W such that V”*, ... V.9 are disjoint.
Put V.= ", N,cq V- This is an S-invariant open neighborhood of z in W and
Veor ..., V7 are disjoint.

The quotient map m: X — X/G is continuous and open. In particular, 7(V)
is an open neighborhood of 7(z) in X/G. By assumption, there is an open-closed
neighborhood U of n(z) in X/G with U C 7(V). Then, U = 7~ }(U) is an open-
closed G-invariant neighborhood of z in X and U C n~!(n(V)) = |J;~, V7i. Therefore
U= J2,UnV. Since the sets U N V7 are open, they are also closed in U, and
hence in X. Thus U NV = U NV is an open-closed neighborhood of x contained in
Ww.

PART B: G is arbitrary. The action X x G — X is continuous and z* € W. Hence,
x has an open neighborhood V and G has an open normal subgroup N with V¥ C W.
Let v: X — X/N be the quotient map. Then v(V') is an open neighborhood of v(z) in
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X/N. Since X is compact Hausdorff, so is X/N [Bre, Thm. 3.1(1)]. The finite group
G/N acts on X/N continuously and X/G = (X/N)/(G/N). Thus, by Part A, X/N is
profinite. Therefore, v(z) has an open-closed neighborhood U in X/N with U C v(V).
Therefore U = v~1(U) is an open-closed neighborhood of z in X and U C VN C W, as
desired. |

PrRoOPOSITION 4.8: Let G be a profinite group and G an étale compact G-invariant
subset of Subgr(G). Suppose 1 ¢ StrictClosure(G) and G is strongly G-projective.
Then G, is étale profinite.

Proof: By Lemma 4.6, G is strongly Gnax-projective and Gp,.x is étale Hausdorff
compact. We may therefore replace G by G.x, if necessary, to assume G = G, and
prove that the étale topology of G has a basis consisting of étale open-closed sets.

Let m: Subgr(G) — Subgr(G)/G be the quotient map modulo conjugation. Put a
bar over each group in Subgr(G) and each subset of Subgr(G) to denote their images
under m. By Lemma 4.7, it suffices to prove that the étale topology of G has a basis
consisting of étale open-closed sets. Thus, given I'y € G and H € Open(G) with
'y < H, it suffices to find a G-invariant étale open-closed subset Uy of Subgr(G) with
Lo € Uy C Subgr(H). The construction of Uy breaks up into three parts.

PART A: An open normal subgroup of G. Since 1 ¢ EtaleClosure(g), there is Ny €
OpenNormal(G) which contains no I' € G. Consider the étale open subset H =
Uyeg Subgr(H?) of Subgr(G) and the étale closed subset H' = G~H of G. Both
‘H and H’ are G-invariant. Since G is étale compact and Hausdorff, so is H’. Each
I' € H' is not contained in H, so I' # I'y. Since G = Gax, ['o £ I'. Therefore, there is
Nr € OpenNormal(G) with NpI'g £ NpI' and NyI' £ NrH.

The set Subgr(NtI') is an étale open neighborhood of I' in Subgr(G). Since H'
is étale compact, there are Aq,...,A,, € H with H' C [J", Subgr(Na,A;). Then
N = NoN (X, Na, is an open normal subgroup of G, NT # N for each I' € G, and
NTy £ NI', NI' £ NH for each " € H'.

PART B: G-embedding problem for G with local data. Put A = G/N andlet p: G — A
be the quotient map. By Part A,

(4a) (') # 1 for each I € G and

(4b) ¢(Tg) £ ¢(T') and (T") £ p(H) for each T' € H'.

Now choose I'y, ..., T, € H’ such that ¢(I'1),...,p([,) represent the conjugacy
classes in A of the maximal elements of ¢(H’). Let By be an isomorphic copy of ¢(H)
and B; an isomorphic copy of ¢(I';), i = 1,...,n. Choose a positive integer e > rank(A).
Put B = F, * M, Bi;. Then B is finitely generated and there is an epimorphism
a: B — A which maps By isomorphically onto ¢(H) and B; isomorphically onto ¢(T';),
i=1,...,n. Let B= Con(By,...,B,). Then

(5) (p:G— A, a: B— A, B)

is a G-embedding problem for G with local data. By Lemma 4.3, there is a homomor-
phism v: G — B with a oy = ¢ and 7(G) C B.
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PART C: Partition of G. For each i let B be an identical copy of B;. Let B’ =[], B;
be the direct product of By,...,B,. Let 3: B — B’ be the epimorphism which maps
F, to 1 and each B; identically onto Bl. Put v/ = fo~. For each i put U; = {I' €
G| +'(T') < B!}. Then U; is a G-invariant étale open subset of G. Therefore, If; is an
étale open subset of G.

Cram Cl: G = | U;. Indeed, since v(G) C B, there are for each I' € G an i
between 0 and m and a b € B with v(I') < B?. Hence, v'(T') < B! and T’ € U;.
Moreover, by (4a), a(y(I')) = ¢(I") # 1. Hence, v(I') # 1. Since 3 is injective on
BY, we have 7/(T') # 1. Hence, v/(T") £ Bj, so [ ¢ U; for all j # .
It follows that each I is an étale open-closed subset of G. In particular, so is U.

Cramm C2: Ty € Uy. Indeed, v(Tg) < B? with 0 < i < n and b € B (Claim C1).
Assume i > 1. Then ¢(Tg) = a(y(T)) < a(B;)*® = ¢(I'Y) for some g € G and
I'Y € H' (by the choice of I';). Hence, by (4b), ¢(I'y) £ ¢(I'Y). This contradiction
proves that i = 0, v/(I') < B, and T'g € Up.

CrLAamM C3: Uy C H. Indeed, consider I' € Uy. By Part B, y(I') < B? with 0 <i <n
and b € B. If i > 1, then +/(T") < B! and T' € U;, in contradiction to Claim C1. Hence,
v(T') < BY. Therefore, p(I'Y) < ¢(H) for some g € G with ¢(g) = a(b)~!. Since H' is
G-invariant, (4b) implies I' ¢ H’. Consequently, I' € H, as desired.

Finally, observe that H = Subgr(H) to conclude the proof of the proposition.
|

5. Projective Group Structures

The crucial step of going from solvability of finite G-embedding problems for a profinite
group G to solvability of arbitrary G-embedding problems occurs in the category of
“profinite group structures”. We recall the definition of this concept from [HJPa, Section
2.

A profinite group structure is a data G = (G, X, G, )cx where G is a profinite
group, X is a profinite space on which G acts continuously from the right, and G, is a
closed subgroup of G, x € X. These objects must satisfy the following conditions:

(la) The map = — G, from X into Subgr(G) is étale continuous.
(Ib) Gye = GY for all z € X and g € G.
(lc) {g € G| 29 =2} <G, for each z € X.

The structure G is finite if both G and X are finite.

A morphism of group structures ¢: (G, X,Gy)zex — (H,Y, Hy)yey is a couple
consisting of a homomorphism ¢: G — H and a continuous map ¢: X — Y such that
©(Gy) < Hyy and o(z9) = ¢(2)¥9) for all z € X and g € G. The morphism ¢
is an epimorphism if p(G) = H, p(X) = Y, and for each y € Y, there is x € X
with o(G,) = H,. We call ¢ a cover if p(G) = H, p(X) =Y, p: G, — H,(,) is an
isomorphism for each z € X, and ¢(z) = ¢(z') implies 2% = 2’ for some k € Ker(¢p).

An embedding problem for G is a pair (¢: G — A, a: B — A) where A and
B are profinite group structures, ¢ is a morphism, and « is a cover. A solution of the
problem is a morphism v: G — B satisfying a o v = ¢. The problem is finite if both
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B and A are finite. We say G is projective if every finite embedding problem for G
is solvable. Then every embedding problem for G is solvable [HJPa, Prop. 4.2].

LEMMA 5.1: Let G = (G, X,G.)zex be a projective group structure. Put G =
{G,| x € X}. Then G is strongly G-projective.

Proof: By definition, G is the image of the compact space X under the étale continuous
map = — G,. Hence, G is étale compact.
Now consider a finite G-embedding problem

(2) (p:G— A, a: B— A, B)

for G with local data. Replace A by Ay = ©(G), B by By = a 1(p(G)), and B
by By = B N Subgr(By), if necessary, to assume ¢ is surjective. By [HJPa, Lemma
3.8], v: G — A extends to an epimorphism ¢ of G onto a finite group structure A =
(A, I,A;)icr- Choose a set of representatives I for the A-orbits of I. For each i € I
there exists z € X with ¢(z) = ¢ and ¢(G,) = A;. The rigidity condition (2) of
Section 4 gives B’ € B which o maps isomorphically onto A;. Hence, by [HJPa, Lemma,
4.5], there is a group structure B = (B, J, B;)jcs and a: B — A extends to a cover
a: B — A with B; € B for all j € J. In particular, ¢: J — I is an epimorphism with
finite fibers, so J is finite, hence B is finite. Since G is projective, there is a morphism
v: G — B with a0y = . Its group component v: G — B solves embedding problem
(2). Consequently, G is strongly G-projective. |

LEMMA 5.2: Let G be a profinite group and G an étale compact subset of Subgr(G).
Suppose G = |-),c; Gi Is a partition of G into finitely many disjoint open-closed subsets.
Then there exists an open normal subgroup N of G such that if ¢: G — A is an
epimorphism with Ker(y) < N and I', " € G satisfy ¢(I') < ¢(I"), then there is i € I
with T', TV € G;.

Proof: LetT' € G. There I" belongs to a unique G;. Since G; is open in G, there is an open
normal subgroup Nr of G with G N Subgr(I'Nr) C G;. Thus, G C (Jpcg Subgr(I'Nr).
Since G is étale compact, there are I'y,..., I, € G with G C U;nzl Subgr(I'; Nr, ).

For each 1 < j < m there is a unique i(j) € I with G N Subgr(I';Nr,) C G,(;).
Put N = ﬂ;nzl Nr,. Let ¢: G — A be an epimorphism with Ker(¢) < N and let
[, I € G with o(I') < o(I'"). Choose j between 1 and m with I'" € Subgr(I'; Nr,).
Then IV € G,(;). Hence, I' < I"Ker(p) < I'N < I"Nr, <T';Nr,. Therefore, I' € G;(;,
as desired. |

Let G = (G, X,G,).ex be a group structure. Put G = {G, | v € X}. We say G
is proper if the map x — G, of X onto G is an étale homeomorphism.

PROPOSITION 5.3: Let G = (G, X,Gy)zex be a proper group structure. Let G =
{G.| = € X}. Suppose G is strongly G-projective. Then G is projective.

Proof: Consider a finite embedding problem
(3) (p:G— A, a:B— A)
for G with A = (A, I, A;)icr- The solution of this problem breaks up into three parts.
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PART A: A partition of G. Consider the partition X = [-J,.; ¢~ !(i) into open-closed
sets. For each i € I let G; = {G,| ¢(x) = i}. Since the map = — G, is an étale
homeomorphism, G = J,.; ; is a partition of G into étale open-closed sets. Lemma

5.2 gives an open normal subgroup N of G such that if p: G — A is an epimorphism
with ker(¢) < N, then

(4) z,y € X and $(Gz) < ¢(Gy) imply p(z) = p(y).
By [HJPa, Lemma 3.8| there are a morphism ¢: A — A of finite group structures

and an epimorphism ¢: G — A such that ¢ = @ o ¢ and Ker(p) < N. In particular,
(4) holds.

The fiber product B = (E, j, Ej) =B xa A fits into a commutative diagram

jeJ

G
@
B—d>A
B8 %]

«

B——A

in which & is a cover [HJPa, Lemma 2.12(c)]. Let B = Con({Bﬂ J € j}) Then

(p: G — A &:B— A, B) is an embedding problem for G with a local data. Since G is
strongly G-projective, there exists a homomorphism 4: G — B such that & oy = ¢ and
(5) for each x € X there is j € J with 4(G,) < B;.

PART B: The map 4: X — J. Consider the open normal subgroup K = Ker(%) of
G. For each y € X, the open subgroup G, K of G contains S, = {c € G| y? = y}.
Also, V, = {x € X| G, < GyK} of y is an open neighborhood of y in X which is
Gy K-invariant. Indeed, if 0 € Gy, K € K, and x € V};, then

Gon = GI* < (G, K)7" = (GK)" = (G, K)* = G, K,

whence 27" € V,,.
By [HJPa, Lemma 3.6], there are y1, ...,y € X and open-closed subsets X7, ...,
X, of X such that the following holds for each k£ between 1 and m:
(6a) Xy is Gy, K-invariant and y; € X3 C V.
(6b) X =iy Urer, X, where G = Gy KTand 1 €T, CG.

Define 9: X — J as follows. For each k between 1 and m use (5) to choose
A(yr) € J with 4(Gy,) < Bs(y,). Then let

T€T}

(7) Ay7) = A(y) Y™ for all y € X, and 7 € T,

By (6b), 4: X — J is well defined. In addition,
(8) 4 is constant on each X with 7 € Tj.
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Hence, by (6b), 4 is continuous.
Taking 7 = 1 in (7), gives 4(y) = Y(yx) for all y € Xi. Hence, by (7),

(9) A(y™) = A(y)7) for all y € Xj, and 7 € Tj,.

We claim that
(10) Y(Gx) < By(g) for every z € X.

Indeed, z = y7, where y € X, 7 € Ty,. By (6a), y € V,,, that is, G, < G,, K, so
(Gy) <A(Gyy) < Bsgy) = Byy)- By (9), 9()Y7) = 4(z). Hence, 4(G.) = 4(G}) =

A

’?(Gy)&(ﬂ < Bzg)) = By ()it = Bj(q), as claimed.
We know that & o4 = ¢ on G. But we do not know that & o4 = ¢ on X.
Therefore, we define vy = f04: G — B and v = f04: X — J and prove directly that

v: G — A is a morphism which solves embedding problem (3).

PARrT C: The morphism v: G — B. An application of § on (8), (9), and (10) implies:
(11a) + is constant on each X with 7 € Ty, so, by (6b), v: X — J is continuous.
(11b) v(y™) = v(y)?7) for all y € X}, and 7 € Ty,

(11c) v(Gz) < By(a) for every x € X.

Cram Cl: aoy =¢. That ooy = ¢ on G follows from the equality & o9 = ¢ on
G. Consider therefore z € X. Since ¢: G — A is an epimorphism, there is y € X such

~

that ¢(y) = a(¥(z)) and ¢(Gy) = Aayz))- By (10),

p(y) = p(o(y)) = pla(y(2))) = a(B(Y(2))) = aly(z)).

Hence, ¢(x) = a(y(x)), as claimed.

Cramt C2: (G, ) is contained in the stabilizer S.,,) of Y(yx) in B. Let j = v(yx).
By Claim C1, a(j) = ¢(yx). By [HJPa, Remark 2.1, G, = S,,. Hence,

(12) O‘(7<Gyk>> = (p(Gyk) = @(Syk) < S‘P(yk) = S@(j)‘

By (11c), v(Gy,) < B;. Since a: B — A is a cover, a: B; — A,(;) is an isomorphism
that maps S; onto S,(;) [HJPa, Lemma 2.2]. Therefore, by (12), v(Gy,) < Sy(ye)-

CrAIM C3: « preserves the action. We prove first that y(y%) = v(y)7() for all y € X,
and o € G. To this end we use (6b) to write 0 = At with A € Gy, K and 7 € T},. Then
Y(A) € (G, K) = v(G,,). Hence, by Claim C2, v(yx)’™ = y(yx). Whence, by (11a),
Y(y)*N = 4(y). By (6a), y* € X = Xj. Hence, by (11a), v(y*) = v(y), and by
(11b), ¥((y™)7) = 7). Therefore, (y°) = v ((¥*)7) = 1)) = 4y =
()Y = ()10,
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Now consider x € X,:/ with 7/ € T. Write z = y™ with y € Xs. Let g € G. By
the preceding paragraph, (%) = 7(y79) = 7(y)""9) = (y) D = 4(y7 ) =
()79 as claimed.

Thus, v is a solution of embedding problem (3). |

Let G be a profinite group and G an étale profinite G-invariant subset of Subgr(G).
Suppose Ng(I') = T for each I' € G. Choose a homeomorphic copy X of G and a
homeomorphism x — G, of X onto G. The action of G on G induces an action on
X making G = (G, X,G,)zex a proper group structure. In this case we also refer to
(G, Q) as a proper group structure. We call (G, G) projective if G is projective.

PROPOSITION 5.4: Let G be a profinite group and G an étale compact G-invariant
subset of Subgr(G). Suppose 1 ¢ StrictClosure(G) and G is strongly G-projective.
Then (G, Gmax) IS a proper projective group structure.

Proof: By Lemma 4.6, Ng(I') =T for each I € Gy,ax and G is strongly Gp,.x-projective.
By Proposition 4.8, Gn.x is étale profinite. It follows, (G, Gmax) is a proper group
structure. By Proposition 5.3, (G, Gmax) 1S projective. |

Remark 5.5: Relatively projective groups. Let G and G be as in Proposition 5.4. Then
Omax 1s étale profinite. Let I'1, I's be distinct groups in G .. By Lemma 4.5, T'yNTy = 1.
Choose étale open-closed neighborhoods U; and Us of I'y and I'y in Gax, respectively,
with G = Uy |JUs. By [HJPa, Lemma 2.3], the union of all I' in ¢; is a closed subset of
G. Thus, G is separated in the sense of [Har, Def. 3.1]. In addition, G is strongly Gax-
projective. Consequently, G is projective relative to G in the sense of [Har, Def. 4.2].
|

We interpret the notions of a “morphism” and a “cover” of proper group structures
in terms of the pairs (G, G): Let (H,H) and (G, G) be proper group structures. Then a
morphism ¢: (H,H) — (G, G) is just a homomorphism ¢: H — G which maps H into
Con(G). In other words, for each A € H there is I' € G with ¢(A) <T.

The morphism ¢ is a cover if
(13a) o(H) =G, ¢(H) =G,
(13b) ¢ is injective on each A € H, and
(13c) if A,A’ € H and p(A) = A’, then there exists k € Ker(p) with A" = A’.

A sub-group-structure of (H,H) is a proper group structure (Hy,Hy) with
Hy < H and Hy C H. Specializing [HJPa, Cor. 4.3] to proper group structures gives
the following result:

PROPOSITION 5.6: Let ¢: (H,H) — (G,G) be a cover of proper group structures.
Suppose (G, G) is projective. Then (H,H) has a sub-group-structure (Hy, Hy) which ¢
maps isomorphically onto (G, G).

6. Big Quotients

Let G be a profinite group and G a subset of Subgr(G). We have already mentioned
in Section 4 that if G is strongly G-projective, then G is G-projective. We show in this

17



section that the converse is also true if there are only finitely many isomorphism types
of groups in G and they have a “system of big quotients”.

Let C be a finite set of finitely generated profinite groups. Each profinite group A
which is isomorphic to a group in C is of type C. A set G of profinite groups is said to
be of type C if each H € G is of type C.

Let G be a profinite group and G a subset of Subgr(G). For each I' € C let
Gr ={H € G| H =T}. We prove an analog of Lemma 4.3 for G-projective groups:

LEMMA 6.1: Let G be a profinite group and G a subset of Subgr(G) of type C. Suppose
G is G-projective and

(1) (p:G— A, a: B— A)
is a G-embedding problem with A finite and rank(B) < Ry. Then (1) is solvable.

Proof: There exists a descending sequence Ker(a) = Ny > Ny > Ny > --- of open
normal subgroups of B with trivial intersection. Identify A with B/Ny and « with the
quotient map B — B/Ny. Let @9 = ¢ and oy = «. For each i and j with j >4 > 0 let
a;: B — B/N, and oj;: B/N; — B/N; be the quotient maps.

Cram: Let i > 0 and let ¢;: G — B/N; be a homomorphism such that (p;: G —
B/N;, a;: B — B/N;) is a G-embedding problem for G. Then there is a homomorphism
Pit+1: G — B/Ni_H such that Qi1 0 Pi+1 = P4 and (902‘4—1: G — B/Ni—l—la (67N B —
B/N;41) is a G-embedding problem for G.

Once the claim has been proved, we may inductively construct for each ¢ > 0 a
homomorphism ¢;11: G — B/N;41 with a;11,; 0 vix1 = ;. The maps ¢; define a
~v € Hom(G, B) with aovy = ¢.

Without loss we prove the claim for ¢ = 0. To this end note that for each j,
(p: G — A, ajo: B/N; — A) is a finite G-embedding problem of G. Indeed, given
I' € G, there is a homomorphism v': I' — B with aoy’ = ¢|p. Thus, a; 0o(aj0v") = ¢|r,
as desired.

For each 8 € Hom(G, B/N;) let

Bo [[ Hom(I',G) = {(Bo4r)rec| ¥r € Hom(T',G) for each T € C}.
recC

This is a subset of [ [, Hom(I', B/Nj;). Since C is finite, each I' € C is finitely generated,
and B/Nj is finite, [[., Hom(I', B/Nj) is finite. Hence, the collection of subsets

H; ={Bo [ Hom(I,G)| 8 € Hom(G, B/N;), ajo0 B = ¢}
rec

of [[rec Hom(I', B/Nj) is finite. Since G is G-projective, H; is nonempty.
The map Bo[[pce Hom(I', G) — ;1,50 B0][pee Hom(T', G) maps H; 1 into H;.
Hence, (h_m H,; # 0. Thus, there are homomorphisms 3;: G — B/N; with ajo08; = ¢

and

(2) Q41,50 ﬁj+1 o H HOIH(F, G) = ﬁj o H HOIII(F, G), ] = 0, 1, 2, cee s
recC rec
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In particular, a9 0 51 = .
We prove that (01: G — B/Ny, a;: B — B/N;) is a G-embedding problem for G.
To this end consider I' € C and H € Gp. Then H = T'. Hence, by (2),

(3) @j+1,5© Bir1 o Hom(H,G) = B o Hom(H,G), j=0,1,2,...,.

Use (3) to inductively construct homomorphisms n;: H — B/N;, j = 1,2,... with
m = G1lg and a;q1; 0nj41 = n;. The n;’s define a homomorphism n: H — B with
a1 on = (31, as needed. This concludes the proof of the claim. |

LEMMA 6.2: Let C be a finite set of finitely generated profinite groups, G a profinite
group, and G a subset of Subgr(G) of type C. Consider a finite G-embedding problem
with local data for G

(4) (p:G— A, a: B— A, B).

Then there are
(ba) a positive integer e,
(5b) a finite set {Ax| A € A} of groups of type C, and
(5¢) an epimorphism 3: B* = F¢ x [,y Ax — B such that

(6) (p:G— A, ao3: B¥ = A)

is a G-embedding problem for G with A finite, rank(B*) < g, and 3(A)) € B for
each \ € A.

Proof: The proof has two parts.

PART A: Free product. For each I' € C let Ar be the set of all homomorphisms
A: I' — B satisfying
(7) A(I') € B and there is an embedding ¢: I' — G such that a o A = poe.

Since I is finitely generated and B is finite, Ar is a finite set. For each A € Arp
choose an isomorphic copy Ay of I' and an isomorphism 6y: Ay — I'. Let A = [Jpc. Ar.
Then {Ax| A € A} is a finite set of groups of type C. Put e = rank(B). Choose an
epimorphism f: F, — B. Then consider the free product B* = F,«F aen Ax. Let

(: B* — B be the unique epimorphism whose restriction to Fe is B. and to Ay is Ao dy.
By (7), B(Ax) € B for all A € A.

PART B: G-embedding problem. Let I' € C and H € Gr. Then, there is an iso-
morphism 6: I' — H. The definition of embedding problems with local data (Section
4) gives a homomorphism 7 of H into B such that n(H) € B and aoon = ¢ o,
where ¢ is the inclusion H — G. Put A = nof and e = 106. Then oo\ = poeg,
so A € Ap. Thus, 5;1 o §~! maps H onto the subgroup Ay of B*. Furthermore,
aofo(dy o ) =ao(Aody)o(0y' 0 ) =aoroft=aonofof ™t =ypou
Therefore, (6) is a G-embedding problem for G. |
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LEMMA 6.3: Let G be a profinite group and G a subset of Subgr(G) of type C. For
each I' € C let T be a finite quotient of I'. Suppose Gr is strictly closed in Subgr(G).
Then G has an open normal subgroup N satisfying: For each I' € C and each H € Gp
the group T is a quotient of H/HN N = HN/N.

Proof: Let I' € C and H € Gpr. Then H = T', so H has an open normal subgroup
My with H/My = T. Choose Ny € OpenNormal(G) with H N Ny < Mpy. Let
Uy = {H' € Gr| H Ny = HNg}. Then Uy is a strictly open neighborhood of H in
Gr. By assumption, Gr is strictly compact. Hence, there are Hr 1,..., Hr ,r) € Or
with gr == U:i(lr) Z/{HI‘,'L"

Let N = Nree ﬂ?;(lr) Npy,. Consider I' € C and H € Gr. Then there is ¢ with
HNpy,., = Hr Ny, ,. By construction, N < Npg,.,. This gives a sequence H/H N
N — H/Hﬂ‘_ZVHF,i = HNHI‘,i/NHF,i = HF,iNHr,i/NHF,i = Hr,i/_HF,i N NHF,i -
Hr /Mg, = I' where the arrows are epimorphisms. Therefore, I' is a quotient of
H/HNN. |

Definition 6.4: Big quotients. For each I' € C let I be a finite quotient of I'. We say
{I'| " € C} is a system of big quotients for C if it has the following property: Let e
be a nonnegative integer, J a finite set, and for each j € J let A, be a profinite group

of type C. Consider the free product B* = F, x e s Aj. Let I' € C and let A be a

closed subgroup of B* with epimorphisms I' —/ A — I'. Then A is conjugate to a
closed subgroup of some A, and + is an isomorphism. |

PROPOSITION 6.5: Let C be a finite set of finitely generated groups, G a profinite group,

and G a G-invariant subset of Subgr(G) of type C. Suppose C has a system of finite big

quotients and Gr is strictly closed in Subgr(G) for each I € C, and G is G-projective.

Then:

(a) G is strongly G-projective.

(b) There is a homomorphism 6: G — Mo I" which maps each H € G injectively into
a conjugate of some I' € C.

(c) Suppose in addition, 1 ¢ C. Then (G, Gmax) is a proper projective group structure.

Proof of (a): By assumption, G = (Jpc¢ Or is strictly closed. By [HJPa, Remark 1.2],
g is étale compact. It remains to solve a finite G-embedding problem for G with local
data (4). Let {I'| T" € C} be a system of finite big quotients for C.

PART A: T is a quotient of ¢(H) for each T' € C and each H € G. Lemma 6.3 gives
N € OpenNormal(G) such that T is a quotient of H/H N N for all T € C and H € Gr.
We may assume N < Ker(y), otherwise replace N with N N Ker(y). Put A’ = G/N.
Let ¢': G — A’ be the quotient map and @: A’ — A the map induced by ¢. Then T is
a quotient of ¢/(H) for all T € C and H € Gr. Also, ¢ = po¢’. Put B’ = B x4 A" and
let o': B — A’ and 8: B’ — B be the canonical projections.

Put By = {Bo xa ¢'(H)| Bo € B, H € G, a(By) = ¢(H)} and B’ = Con(B)).
Then ¢'(G) C o/(B’). By definition, « is injective on each By € B. Therefore, o is
injective on each B, € B(), hence on each B| € B’. Thus,

(8) (¢:G— A o:B — A B)
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is a finite G-embedding problem with local data for G.

Since B(B’) C B, any solution 7’ of (8) gives rise to a solution 3o+’ of embedding
problem (4). Thus, replacing (4) with (8), if necessary, we may assume I is a quotient
of p(H) for each I € C and each H € G.

PART B: Solving embedding problem (6). Lemma 6.2 gives a G-embedding problem
(6) for G with rank(B*) < R, and 3(Ay) € B for each A € A. Since G is G-projective,
Lemma 6.1 gives a homomorphism v*: G — B* with a0 8 o0~v* = . We claim that
B o~* solves (4).

Let I' € C and H € Gp. Put A = 4*(H). Then A is a subgroup of B* as well as a
quotient of I'. Moreover, a(8(A)) = ¢(H). Therefore, by Part A, T is a quotient of A.
By the definition of big quotients, A is conjugate to a closed subgroup of A, for some
A € A and v* is injective on H. Since $(Ay) € B, we have fo~y*(H) € B.

Proof of (b): Consider embedding problem (4) with B = A = 1. The proof of (a)
gives a homomorphism v*: G — F * }{,., Ax which maps each H € G isomorphically

into a conjugate of some Ay,. Define a homomorphism §*: F. * M rea Ax = HreeT

which is the trivial map on F, and maps each Ay € Gr isomorphically onto I. Then
§ = 0" o* is a homomorphism of G into M., I' which maps each H € G injectively
into a conjugate of some I' € C.

Proof of (c): Since I # 1 for each I' € C and @ is strictly closed, 1 ¢ StrictClosure(G).
By (a), G is strongly G-projective. Therefore, by Proposition 5.4, (G, Gnax) is a proper
projective group structure. |

7. P-adically Closed Fields

We prove in the next section that any finite family of absolute Galois groups of P-
adically closed fields has a system of big quotients. This section gives the necessary
prerequisites for the proof.

Let p be a prime number. Denote the algebraic closure of Q in Q, by Qp ans. It
is well defined up to an isomorphism.

Let (L,v) be a valued field. Call (L,v) P-adic if there is a prime number p
satisfying these conditions:

(1a) The residue field L, is finite, say with ¢ = p’ elements.
(1b) There is m € L with a smallest positive value v(7) in v(L*). Call 7 a prime

element of (L,v).

(1c) There is a positive integer e with v(p) = ev(m).

Refer to (p,e, f) as the type of (L,v) and to p as the residue characteristic
of (L,v). We say (L,v) is P-adically closed if (L,v) admits no finite proper P-adic
extension of the same type. Refer to a field L as P-adically closed if L admits a
valuation v with (L,v) P-adically closed.

Remark 7.1: Comparison with former definitions. Prestel and Roquette [PrR] use “p-
adically closed” instead of “P-adically closed of residue characteristic p”. The same
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expression, “p-adically closed”, is used in [HaJ2] for “P-adically closed field of type
(p,1,1)". |

The proposition below summarizes well known facts about P-adically closed fields
(see also [Popl, Sec. 1]). We use F' = F’ to denote elementary equivalence between
fields and (F,v) = (F’,v’) to denote elementary equivalence between valued fields.

PROPOSITION 7.2:

(a) Qp is P-adically closed of type (p,1,1).

(b) Every P-adically closed valued field (L,v) is Henselian of characteristic 0.

(c¢) A field L is P-adically closed for at most one P-adic valuation.

(d) Suppose (K,v) is a P-adic field. Then (K,v) has a P-adically closed algebraic
extension (L,w) of the same type. Call (L,w) a P-adic closure of (K,v). If
(K,v) is discrete, then (L,w) is uniquely determined up to a K-isomorphism.

(e) In the notation of (d), L is minimal among all P-adically closed extensions of K.

(f) Let K be a subfield of a P-adically closed field L. Suppose K is algebraically closed
in L. Then, K is a P-adically closed field of the same type as L and K = L.
Moreover, the restriction of the P-adic valuation of L to K is the P-adic valuation
of K.

(g) A P-adic field (L,v) is P-adically closed if and only if (L,v) is Henselian and
v(L*)/nv(L*) =2 Z/nZ for every positive integer n.

(h) Suppose a field L is elementarily equivalent (in the language of fields) to a P-adically
closed field F. Then L is a P-adically closed field of the same type as F'. Moreover,
let v (resp. w) be the P-adic valuation of L (resp. F'). Then (L,v) = (F,w).

(i) Every finite extension of a P-adically closed field is a P-adically closed field of the
same residue characteristic.

(j) Every P-adically closed field of residue characteristic p is elementarily equivalent to
a finite extension of Q, ans and also to a finite extension of Q.

(k) Let L be a P-adically closed field. Then Gal(L) is a finitely generated prosolvable
group.

(1) Let L be a P-adically closed field and Ly = L N Q. Then res: Gal(L) — Gal(Lg) is
an isomorphism.

(m) Let F' be a P-adically closed field and F' an arbitrary field. Suppose F' = F. Then
Gal(F") = Gal(F).

(n) Let F' be a P-adically closed field and F' an arbitrary field. Suppose Gal(F') =
Gal(F'). Then F’ is a P-adically closed field of the same type as F'.

Proof of (a): Let K be a finite proper extension of Q,. Then [K : Q,] = ef where e is
the ramification index and f is the residue degree [CaF, p. 19, Prop. 3|. In particular,
e = v(p), where v is the unique normalized p-adic valuation of K. Also, the residue
fields of Q, and K are F, and s, respectively. Hence, e > 1 or f > 1. This proves

(a).

Proof of (b):  That (L,v) is Henselian is stated in [PrR, p. 34, Thm. 3.1]. By (1a),
p = char(L,) is a prime number. Hence, either char(L) = 0 or char(L) = p. By (1b)
and (1c), v(p) # 0. Therefore, char(L) = 0.

pf>
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Proof of (¢):  Suppose v and v’ are P-adic valuations of L. By (b), both are Henselian.
Since their residue fields are not separably closed (by (1a)), F.K. Schmidt - Engler [Jar2,
Prop. 13.4] implies v is equivalent to v’.

Proof of (d): See [PrR, p. 37, Thm. 3.2].

Proof of (e): Let (Lo, wo) be a P-adically closed field with K C Ly C L. Denote the
unique P-adically closed valuation of L by w. By (b), both (L,w) and (Lg,wg) are
Henselian. Extend wy to a valuation wy of L. Then (L,w,) is Henselian.

Assume w, is inequivalent to w. By (1a), both L, and L,,, are algebraic extensions
of finite fields. Hence, none of them is the residue field of a nontrivial valuation of the
other. This means, w and w; are incomparable. Hence, by F.K. Schmidt - Engler [Jar,
Prop. 13.4], L., is separably closed , in contradiction to (1a). Therefore, w and w; are
equivalent.

Thus, (L, w) extends (Lo, wo) and (Lo, wq) extends (K, v). Since (L, w) and (K, v)
have the same type, also (Lo, wp) has the same type. In particular, the residue char-
acteristic of (Lo, wp) is p. Since (Lg,wp) is P-adically closed, (Lo, wp) = (L,w), as
contended.

Proof of (f): [PrR, p. 38, Thm. 3.4] says K is P-adically closed of the same type as L.
Moreover, the P-adic valuation of K is the restriction of the P-adic valuation of L. By
[PrR, p. 86, Thm. 5.1], K = L.

Proof of (g): See [PrR, p. 34, Thm. 3.1].

Proof of (h): Denote the P-adic valuation of F' by v. Let (p, e, f) be the type of (F,v)
and 7 a prime element F'. Consider the Kochen operator

1 X1-X
(X1 -X)2 -1’

(X)

with ¢ = pf. Put v(F) = {y(z)| # € F and 27 — 2 # +1}. By [JaR, Lemma 4.1(iii)],
~(F) is the valuation ring of v.

Since L = F', (L) is a valuation ring of L. Denote the corresponding valuation
by w. Then (L,w) = (F,v). Since (F,v) satisfies (1), so does (L,w). Thus, (L,w) is
P-adic.

Finally note: The conditions of (g) on a P-adic field to be P-adically closed are
elementary in the language of valued fields. Consequently, (L, w) is P-adically closed.

Proof of (i): Let (L,v) be a P-adically closed field and L’ a finite extension of L.
Since L is Henselian, v uniquely extends to a valuation v of L’ and (L', v) is Henselian.
Since both [L/, : L,] and (v((L')*) : v(L*)) are finite, (L’,v) is a P-adic valued field
and v((L)*)/nv((L')*)) = Z/nZ for every positive integer n. By (g), L’ is P-adically
closed.

Proof of (j): Let (L,v) be a P-adically closed field of residue characteristic p. By (b),
char(L) = 0. Put Lo = LN Q. By (f), Lo is a P-adically closed field of the same type
as L and Lo = L.
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Let vy be the P-adic valuation of Ly. By (b), (Lo, vo) is Henselian. Moreover, vy|g
is the p-adic valuation v, of Q. Hence, Qp abs € Lo. The relation [K : Qp abs] = ef for
finite extensions K/Qp abs and the finiteness of the type of Lo imply [Lo : Qp abs] < o0.

It follows that F' = LyQ, is a finite extension of Q, with F'N Q= Lo. By (i), F
is P-adically closed. By (f), F' = L. Consequently, F' = L.

Proof of (k) and (1): Let Ly and F be as in the proof of (j). By [Jan, Satz 3.6], Gal(F) is
finitely generated (see also [JRi2, p. 2]). By [CaF, p. 31, Cor. 1], Gal(F’) is prosolvable.
By Krasner’s Lemma, QQ, = Q,, so res: Gal(F') — Gal(Lg) is an isomorphism and
Gal(Lyg) is finitely generated. Since L = Ly, every finite quotient G of Gal(L) is a finite
quotient of Gal(Lg) (as the proof of [FrJ, Prop. 18.12] shows). It follows from [FrJ,
Props. 15.3 and 15.4] that the epimorphism res: Gal(L) — Gal(Lg) is an isomorphism.
Consequently, Gal(L) is prosolvable and finitely generated.

Proof of (m): By (h), F' is a P-adically closed field. Let Fy = FNQ and F}) = F' NQ.
Then Fy = FJ. Hence, Fy = F} [FrJ, Lemma 18.19]. By (1), Gal(F') = Gal(F,) and
Gal(F") = Gal(F{). Therefore, Gal(F') = Gal(F").

Proof of (n): Efrat [Efr, Thm. A] (in the case p # 2) and Koenigsmann [Koel, Thm. 4.1]
(in general) construct a Henselian valuation v" of F with char(F,) # 0. It follows from
[Popl, E9] that F’ is P-adically closed. Moreover, if F' is a finite extension of Q,, then
so is F". ]

LEMMA 7.3: For each prime number p the group Gal(Q,) is torsion free.

Proof: For p # 2 there is * € Q, with 22 + p — 1 = 0 (Hensel’s lemma). For p = 2
there is # € Qy with 22 + 7 = 0 (use Hensel-Rychlik). Since both p — 1 and 7 are sums
of squares (namely 12+ - - - +12), Q, is not formally real. Therefore, by Artin-Schreier,
Gal(Q,) is torsion free. i

We summarize some well known facts about real closed fields and algebraically
closed fields of characteristic 0.

Remark 7.4: Algebraically closed and real closed fields. Let F be a finite extension of
R. Then either F = R or F = C. Suppose FF = F. If F = R, then F' is real closed
and Gal(F) = Z/2Z. If F = C, then F is algebraically closed and Gal(F') is trivial.
Now let K be a subfield of F. Then res: Gal(F) — Gal(F N K) is an isomorphism and
F = FNK [Pre, p. 53, Cor. 5.6 and p. 51, Cor. 5.3]. Conversely, if F” extends F and
F'=F, then FFNF=F. ]

8. Construction of Big Quotients for Classical Groups

We say that a field [ is classical local of characteristic 0 if I is either R, C, or a finite
extension of QQ, for some p. A profinite group G is classical local of characteristic 0
if G is isomorphic to the absolute Galois group of a classical local field of characteristic
0.

Let F be a finite set of classical local fields of characteristic 0. Put

C = {Gal(F)| F € F).
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We have already mentioned that each I' € C is finitely generated and prosolvable (Propo-
sition 7.2(k)). We use the next result together with Lemma 7.3 to equip C with a system
of big quotients.

Notation 8.1: Let p be a prime number and GG a profinite group. Denote the maximal
pro-p quotient of G by G(p). Let G, be a p-Sylow subgroup of G. |

PROPOSITION 8.2: Let p,l be prime numbers and F be a finite extension of Q. Then

F has a finite Galois extension F' with the following properties:

(a) Let A be a quotient of Gal(F) which has Gal(F'/F) as a quotient. Then, A, is not
a free pro-p group and A; is not a free pro-l group.

(b) Letp’ be a prime number, L an algebraic extension of Q,, and v: Gal(F) — Gal(L)
an epimorphism. Suppose there is an epimorphism 3: Gal(L) — Gal(F’/F). Then
p =17, v is an isomorphism, and [F : Q,] = [L : Q,].

Proof: By Proposition 7.2(k), Gal(FF) is finitely generated.

CONSTRUCTION OF [F’:  Denote the compositum of all extensions of F of degree at
most max(p — 1,/ — 1) by Ep. In particular, Ey contains the roots of unity ¢, and ¢; of
order p and [, respectively.
By [HaJ2, Lemma 11.1], Ey has a finite extension F; with this property:
(1) rank(Gal(E]/Ep)(p)) = rank(Gal(Ep)(p)) for every Galois extension E} of Ey which
contains FEj.

Since (, € Ey, Gal(Ep)(p) is not a free pro-p group [Koc, p. 96, Satz 10.3]. By
[HaJ2, Lemma 11.2], Ey has a proper finite p-extension F, , with this property:
(2a) For every Galois extension E) of Ey containing Fs ,, the group Gal(E5/Ey) is not
a free pro-p group.

Similarly, Fy has a proper finite [-extension E5; satisfying this:
(2b) For every Galois extension E4 of Ey containing Fs , the group Gal(E}/Ep) is not

a free pro-I group.

Put E2 = E27pE27l.

Since Gal(Q)) is finitely generated, Q,, has only finitely many extensions of degree
[F:Q,]. Let Lq,...,Li be all extensions of Q, satisfying this:

(3) [L; : Q] = [F : Qp), Gal(L;) is a quotient of Gal(F), but Gal(L;) 2 Gal(F),
j=1,...,k (k may be 0).

For each j choose a finite Galois extension F; of F such that Gal(F;/F) is not a
quotient of Gal(L;) [FrJ, Prop. 15.4]. Let F’ be the compositum of all extensions of F
of degree at most m = max([E; : F|, [F}; : F])i=1,2.j=1,...k. Then [’ is a finite Galois
extension of F which contains Fq, Fs, I, ..., F}.

PROOF OF (a): Let A be as in (a). Then A = Gal(M/F) for some Galois extension
M of F. Since Gal(F’/F) is a quotient of A, there is a Galois extension F” of F in M
with Gal(F”/F) = Gal(F’/F). In particular, F” is the compositum of extensions of F of
degree at most m, so F” C . Since [F” : F] = [’ : F], we have F/ = F" C M.

Assume Gal(M/F), is a free pro-p group. Then Gal(M/Ey), is also a free pro-p
group [FrJ, Cor. 20.38], so c¢d,Gal(M/Ey) < 1 [Rib, p. 235, Thm. 6.5]. Therefore, by
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[Rib, p, 255, Thm. 3.2], Gal(M/Ey)(p) is pro-p free. This contradiction to (2a) proves
that Gal(M/F), is not a free pro-p group. Similarly, Gal(M/F); is not a free pro-I
group.
Proor ofF (b): Let p/, L, v, and 3 be as in (b). Denote the fixed field of Ker(vy)
(resp. Ker(B o)) in Q, by N (resp. F'). Then F’ is a Galois extension of F in N
satisfying Gal(F’/F) = Gal(F’/F). In particular, F’ is a compositum of extensions of F
of degree at most m. Hence, F’ C F'. Since [F’ : F] = [’ : F], we have F’ =T".

By construction, Ey C Ey, C F' C N and E5,/Ey is a proper p-extension, so

p divides [N : Ep|. Let E(()p ) be the maximal pro-p extension of Ey. Then Gal(N N
Eép)/EO) is the maximal pro-p quotient of Gal(N/Ey). Also, Ey, C N N E(()p). Hence,

by (2a), Gal(N N E(()p )/ Ep) is not a free pro-p group. It follows from [Rib, p. 255] that
cd,Gal(N/Ep) > 1.

Let Lo be the fixed field of y(Gal(Ep)) in @,. Then Gal(N/Ey) = Gal(Lo).
Hence, by the preceding paragraph, cd,Gal(Lo) > 1. This implies, p> { [Lo : Q]
[Rib, p. 291-292]. Also, Lg is the compositum of all extensions of L of degree at most
max(p — 1,/ — 1). In particular, (, € Ly. By (1) applied to N instead of to E] and by
[Neu, Satz 4]

(4)  rank(Gal(Lo)(p)) = rank(Gal(N/Ey)(p)) = rank(Gal(Ep)(p)) = 2 + [Ep : Q).

In particular, rank(Gal(Lg)(p)) > 3. Hence, p’ = p and rank(Gal(Lo)(p)) = 2+[Lo : Q]
[Neu, Satz 4]. It follows from (4) that [Ey : Qp] = [Lo : Qp]. Since [Ey : F] = [Lo : L],
this implies [F : Qp] = [L : Q).

Finally assume Gal(L) % Gal(F). By assumption, Gal(L) is a quotient of Gal([F).
Hence, L = L; with 1 < j < m. By construction, Gal(F}/F) is not a quotient of Gal(L).
Since F C F; C F’, this implies Gal(F’'/F) is not a quotient of Gal(L), in contradiction
to our assumption. Thus, Gal(F) = Gal(L). Consequently, by [FrJ, Prop. 15.3], 7 is an
isomorphism. |

The following result gives sufficient conditions for a finite set C of finitely generated
profinite groups to have a system of big quotients (Definition 6.4):

PROPOSITION 8.3: Let C be a finite set of finitely generated profinite groups. Suppose
each I' € C is finite or prosolvable. For each infinite I' € C let T' be a finite quotient of
I' and for each finite I' € C let I' = I'. Suppose there exists a prime number | such that

for every infinite T' € C and every profinite group A with epimorphisms T —— A — T
the following holds:

(5a) I'; is torsion free.

(5b) A; is not a free pro-l group.

(5¢) There is a prime number p # [ such that A, is not a free pro-p group.

(5d) If A is isomorphic to a subgroup of some I'' € C, then ~y is an isomorphism.

Then {I'| T € C} is a system of big quotients for C.

Proof: Let {A;| j € J} be a finite collection of profinite groups of type C and let e
be a positive integer. Put B* = F. x Hje] Aj. Let I be a group in C and A a closed

subgroup of B* with epimorphisms I' —— A — T.
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First suppose A is finite. By [HeR, p. 160, Thm. 1], A is conjugate to a closed
subgroup of some A;. By (5d), v is an isomorphism.

Now suppose A is prosolvable. Let [ be a prime number as in the proposition. By
the first paragraph and (5a) (applied to A; instead of to I'), no element of B* has order
[. In particular, A; is torsion free. By [Pop3, Thm. 2(2)], A is conjugate to a subgroup
of some A;. Again, by (5d), 7 is an isomorphism. 1

LEMMA 8.4: Let F be a finite set of classical local fields of characteristic 0. Put
C ={Gal(F)| F € F}. Then C has a system of big quotients.

Proof: Let S be the set of all residue characteristics of F € F. Choose a prime number
[ not in SU{2}. By Proposition 7.2(k) and Remark 7.4, each I" € C is finitely generated
and prosolvable. Moreover, I'; is torsion free (Lemma 7.3). Omit C from F, if necessary,
toassume 1 ¢ C. For each I' € C choose F € F with I' = Gal(F). If I is finite (i.e. F = R)
choose I' = T'. If T is infinite and F is a finite extension of Q,, let T' = Gal(F’/F), where
F’ is the finite extension of F given by Proposition 8.2. We apply Lemma 7.3 to prove
that {I'| ' € C} is a system of big quotients for C in the sense of Definition 6.4:

Since each I' € C is an absolute Galois group, I'; is torsion free. Let F € F,
I' = Gal(F), A be a profinite group, and I' /> A — T epimorphisms. Let p be the
residue characteristic of F. By Proposition 8.2(a), A, is not a free pro-p group and A,
is not a free pro-I group. Finally, suppose A is isomorphic to a subgroup of some I'” € C.
Identify A with Gal(L) where L is an algebraic extension of Q,/. By Proposition 8.2,
is an isomorphism. Thus, all parts of Condition (4) hold. By Proposition 8.3, C has a
system of big quotients. |

9. Spaces of Classically Local Fields

Let F be a finite set of classical local fields of characteristic 0 and let K be a field.
For each F € F let AlgExt(K,F) be the set of all algebraic extensions of K which are
elementarily equivalent to F. Put AlgExt(K,F) = [Jpcr AlgExt(K,F). Call a field
K pseudo-F-closed (abbreviated PFC) if it is pseudo-AlgExt(K, F)-closed; that is,
V(K) # 0 for each smooth absolutely irreducible variety V satisfying V(F) # () for all
F € AlgExt(K, F).

We call a profinite group G (strongly) F-projective, if G is (strongly) G-
projective, where G = | Jpc {H € Subgr(G)| H = Gal(F)}.

Our first main result is that “K is PFC” implies “Gal(K) is strongly
F-projective”. The only still missing ingredient of the proof is the strict closedness
of AlgExt(K,F).

LEMMA 9.1: Let K be a field and F a finite extension of Q,, or of R. Then AlgExt(K,TF)
is strictly closed in AlgExt(K).

Proof: 'We prove the theorem in the case where I is a finite extension of Q,. The same
proof applies to the case where F is R or C. We only have to replace the references to
Proposition 7.2 by references to Remark 7.4. By Proposition 7.2(f) and Remark 7.4,
F =TFNQ. Hence, we may replace F by F N Q.

27



So, assume without loss, F is a finite extension of Q, a15. By [FrJ, Lemma 18.19],
AlgExt(Q,F) = {F?| ¢ € Gal(Q)}. Thus, AlgExt(Q,F) is the image of the strictly
continuous map Gal(Q) — AlgExt(Q) given by o +— F?. Since both spaces are profinite,
AlgExt(Q, F) is strictly closed in AlgExt(Q).

Now put X = AlgExt(K,F). Consider F' € StrictClosure(X). Then, for every
finite Galois extension N of K, Wy ={FE € X| ENN = F NN} # (). By Proposition
7.2(m), Gal(F) = Gal(F) for each E € X. Therefore,

(1) every finite quotient of Gal(F') is a finite quotient of Gal(F).

Conversely, let Fy = F N Q. Observe that the map o: AlgExt(K) — AlgExt(Q)
given by L — LN Q is strictly continuous. It maps AlgExt(K,F) into AlgExt(Q,F) (by
Proposition 7.2(f)). Hence, Fy = ¢(F) € StrictClosure(AlgExt(Q,F)). By the second
paragraph of the proof, F € AlgExt(Q,F). Thus, Fy = F. Hence, by Proposition
7.2(m), Gal(Fp) = Gal(FF), so Gal(F) is an image of Gal(F'). In particular, every finite
quotient of Gal(F) is a finite quotient of Gal(F'). Combining with (1), we conclude
that Gal(F') and Gal(F) have the same finite quotients. By Proposition 7.2(k), Gal(FF)
is finitely generated. Hence, by [FrJ, Prop. 15.4], Gal(F) = Gal(F). It follows that
Gal(F) is finitely generated and isomorphic to Gal(Fp). Since res: Gal(F) — Gal(Fp)
is surjective, it is bijective [FrJ, Prop. 15.3].

Next observe that the intersection of finitely many sets Wy contains a set of this
form. Hence the intersection is nonempty. Therefore, there is an ultrafilter D of X
which contains each Wy. Put F* = [[pc, £/D. By the fundamental property of
ultraproducts, F* = F [FrJ, Cor. 6.12].

Embed F' in F* by mapping each x € F onto the element (zg)/D where zg is
xz if x € E and xp = 0 otherwise. Put Fj = F* N Q. Then, by Proposition 7.2(f),
Fo=F=F* = F;§. Also, [y C F§. Let x € Ff. Put f = irr(z,Q). Since Fy = Fj,
the number of roots of f in Fj is equal to the number of roots of f in F{j. Hence,
x € Fy. Therefore, Fy = Fj. By Proposition 7.2(1), res: Gal(F*) — Gal(Fp) is an
isomorphism. Hence, so is res: Gal(F* N K) — Gal(F,). Since F C F*N K and
res: Gal(F) — Gal(Fp) is an isomorphism, we have F' = F* N K. Again, by Proposition
7.2(f), F = F*. Consequently, F' € X, as desired. |

In order to formulate the first main result of this work we have to impose a certain
restriction on F.

Remark 9.2: Isomorphism of Galois groups of P-adic fields. We say F is closed under
Galois isomorphism if for all classical local fields F, F’ the following holds:
(1) F € F and Gal(F) = Gal(F’) implies F’ € F.

Actually, by Remark 7.4, it suffices to impose Condition (2) only for a finite
extension F of Q, and a finite extension F’ of Q,,. By Proposition 8.2, Gal(F) = Gal(F")
implies p = p’ and [’ : Q,] = [F : Q,]. So, for each F € F there are only finitely many
fields " with Gal(F") = Gal(F).

Section 2 of [JRil] gives for each p examples of nonisomorphic extensions F' and F”
of Q, with Gal(F') = Gal(F”). Indeed, [JRil, p. 2, Thm.] and [Rit, p. 281, Thm.| prove
for arbitrary finite extensions F, F’ of Q, (if p = 2, the theorem assumes /—1 € F)
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that Gal(F) = Gal(F”) if and only if [F': Q,] = [F' : Q] and FNQpab = F' N Qyp ab-
Here Qp,ap is the maximal abelian extension of Q.

Finally consider classical local fields F' and F’ of characteristic 0. Suppose F' is
elementarily equivalent to F’. Then F is isomorphic to F’. Indeed, we may assume F'
is a finite extension of Q, and F’ is a finite extension of Q,. By 7.2(h), p = p’. Let
Fo=FnNQand F, = F'NQ. By 7.2(f), Fy = F and F}, = F’. Hence, by [FrJ, Lemma
18.19], Fy = Fj. We may therefore assume Fy = F and Fj is a finite extension of
Qp.alg. But then the isomorphism res: Gal(Q,) — Gal(Qp ale) (see 7.2(1)) maps both
Gal(F') and Gal(F’) onto Gal(Fp). Consequently F' = F’. i

LEMMA 9.3: Let F be a finite set of classical local fields of characteristic 0. Suppose
F is closed under Galois isomorphism. Then for every field K we have

(3) U {F € Algkxt(K)| F=F} = U {F € AlgExt(K) | Gal(F) = Gal(F)}.
Fer FeF

Proof: By Proposition 7.2(m), the left hand side of (3) is contained in its right hand
side. Conversely, let F' € AlgExt(K) and F € F be fields with Gal(F') = Gal(F). If F is
real closed, then so is F' and F' = F (Remark 7.4). Otherwise, F is a finite extension of
Q,, for some p. By Proposition 7.2(n), F' is elementarily equivalent to a finite extension
F" of Q,. Hence, by Proposition 7.2(m), Gal(F') = Gal(F') = Gal(FF). Since F is closed
under Galois isomorphism, F' € F. Consequently, F' belongs to the left hand side of
(3). |

THEOREM 9.4: Let F be a finite set of classical local fields of characteristic 0 not
containing C which is closed under Galois isomorphism. Let K be a PFC field. Put

G = | J{Gal(F)| F € AlgExt(K) and Gal(F) = Gal(F)}.
FeF

Then Gal(K) is strongly F-projective and (Gal(K ), Gmax) Is a proper projective group
structure.

Proof: Let C = {Gal(F)| F € F}. For each I" € C let

= |J {Gal(F)| F € AlgExt(K,F)}.

FEF
Gal(F)=T

By Lemma 9.1, Gr is strictly closed in Subgr(Gal(K). By Lemma 9.3, G = [Jpc Or,
so G is strictly closed in Subgr(Gal(K)). Hence, by [HJPa, Remark 1.2], G is étale
compact. By Proposition 3.1, Gal(K) is G-projective. By Lemma 8.4, C has a system
of big quotients. It follows from Proposition 6.5 that Gal(K) is strongly G-projective
and (Gal(K),Gmax) is a proper projective group structure. |
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10. Realization of Strongly Projective Groups as Absolute Galois Groups

The second main result of this work is a converse to Theorem 9.4. We consider again a
finite set F of classical local fields of characteristic 0 not containing C. We prove that
each F-projective group GG which satisfies the group theoretic analog of Lemma 9.1 is
isomorphic to Gal(K) for some PFC field K. Moreover, we construct K equipped with
a “field-valuation structure” satisfying the “block approximation condition”. We recall
the definition of these concepts from [HJPal:

A field structure is data K = (K, X, K, ),cx where K is a field, X is a profinite
space with a continuous action of Gal(K) on X, and for each x € X, K, is separable
algebraic extension of K satisfying the following conditions:

(la) For each finite separable extension L of K the set X; = {x € X| L C K,} is
open.

(Ib) Ko = KZ for all z € X and o € Gal(K).

(1c) {o € Gal(K) | 27 =z} C Gal(K,).

Thus, Gal(K) = (Gal(K), X, Gal(K,)).ecx is a group structure called the absolute
Galois structure associated with K [HJPa, Section 6].

Denote the set of all valuations, including the trivial one, of a field L by Val(L).
A subbasis for the patch topology of Val(L) consists of all sets

Val, (K) = {v € Val(K) | v(a) > 0}, Val(K) = {v € Val(K) | v(a) > 0}

with a € K.
A field-valuation structure is a structure K = (K, X, K,, v, ).c x satisfying the
following conditions:
(2a) (K, X, K;)zes is a field structure.
(2b) v, is a valuation of K, satisfying v,e = vZ for all x € X and o € Gal(K). Here
v7 (u”) = vy (u) for each u € K,.

(2¢) For each finite separable extension L of K define a map v: X; — Val(L) by
vr(x) = vg|r. Then vy, is continuous.

We call K Henselian if (K,,v,) is Henselian for each z € X.

The absolute Galois structure associated with K is the same associated with
the underlying field structure, namely Gal(K) = (Gal(K), X, Gal(K;)).cx. We call K
proper if Gal(K) is proper.

Definition 10.1: Block approximation condition. A block approximation problem

for a field-valuation structure K = (K, X, K,,v;).ex is data (V, X, L;, a;,¢;)ic1, sat-

isfying this:

(3a) (Gal(L;), Xi)ic1, is a special partition of Gal(K): For each i € I the set X; is
open-closed in X, for all x € X; we have L; C K, Gal(L;) = {o € Gal(K) | X7 =
Xi}, and X = J;ep, U er, X7, where R; is any subset of Gal(K) satisfying
G&l(K) = UPGRZ‘ Gal(Lz)pz

(3b) V is a smooth affine variety over K.

(3¢c) a; € V(L;).

(3d) c; € K*.
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A solution of the problem is a point a € V(K) with vy(a — a;) > vg(c;) for all
i € Iyp and x € X;. We say K satisfies the block approximation condition if each
block approximation problem for K is solvable. |

The block approximation condition has several interesting consequences:

ProprosITION 10.2 ([HJPa, Proposition 12.3]): Let K = (K, X, K,,v,)zcx be a Hen-

selian field-valuation structure satisfying the block approximation condition.

(a) Put K={K,| = € X}. Then K is PKC.

(b) Suppose x1,...,x, € X lie in distinct Gal(K)-orbits. Then v, |k, ... vy, |k satisfies
the weak approximation theorem.

(c) Suppose z,y € X lie in distinct Gal(K)-orbits. Then v,|x and v,|x are indepen-
dent.

(d) Suppose X has more than one Gal(K)-orbit. Then the trivial valuation is not in
VK (X) .

(e) For each z € X, K isv,-dense in K,; and

(f) (K.,v,) is a Henselian closure of (K, v, |k).

THEOREM 10.3: Let F be a finite set of classical local fields of characteristic 0 and G
an JF-projective group. Let

C={Gal(F)| Fe F} and G =Subgr(G,C)= |J Subgr(G,T).
recC

Suppose:

(ba) C ¢ F.

(5b) F is closed under Galois isomorphism.

(5¢) Subgr(G,T) is strictly closed in Subgr(G) for each I" € C.

Then there is a proper field-valuation structure K = (K, X, K, v;)zex such that:
(6a) K satisfies the block approximation condition.

(6b) There is an isomorphism ¢: (G, Gmax) — Gal(K); in particular G = Gal(K).
(6c) {K.| z € X} = AlgExt(K, F)min-

(6d) K is PFC.

Proof: By Lemma 8.4, C has a system of finite big quotients. By Proposition 7.2(k),
each I' € C is finitely generated and prosolvable. Finally, by assumption, G is G-
projective. Hence, by Proposition 6.5, G = (G, Gnax) 1S a proper projective group
structure. Moreover, Proposition 6.5 gives a homomorphism §: G — F{coI'" which
maps each H € G injectively into a conjugate of some I' € C. By assumption, each I € C
is the absolute Galois group of a Henselian algebraic extension of QQ or a real closure of Q.
Therefore, by [Gey, Thm. 10.1], we may identify M., I' with Gal(D) for some algebraic
extension field D of Q. Let E be the fixed field of 6(G) in Q. Then §: G — Gal(E) is
an epimorphism of profinite groups which extends to a cover §: G — Gal(E) of group
structures, with E being a field structure whose underlying field is F. Indeed, F is the
associated field structure to the quotient structure (G, Gmin)/Ker(d) [HJPa, Example
2.5]. Note that Gal(E) need not be proper.
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Put X = Gnax. By [HJPa, Thm. 15.4], there is a proper Henselian field-valuation
structure K = (K, X, K, v;).cx which satisfies the block approximation condition and
there is an isomorphism ¢: G — Gal(K) such that
(7Ta) E = Kﬂ@, Eszy = Kz N Q, and v, is trivial on Es(y for all x € X.

(7b) resg o =90.

By Lemma 9.3, F' € AlgExt(K,F) if and only if Gal(F') = Gal(F) for some F €
F. Therefore the isomorphism ¢: G — Gal(K) establishes, via Galois correspon-
dence, a bijection of Subgr(G,C) onto AlgExt(K, F) which maps Subgr(G,C)max onto
AlgExt (K, F)min. This proves (6¢)

By Proposition 10.2(a), K is pseudo-{K, | = € X }-closed. Therefore, by (6¢), K
is PFC. i

PrROBLEM 10.4: Is it possible to remove the condition “F is closed under Galois iso-
morphism” from Theorem 10.37
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