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Abstract

Let S be a finite set of rational primes. We denote the maximal Galois extension of Q in
which all p € S totally decompose by N. We also denote the fixed field in N of e elements
01,...,0¢ in the absolute Galois group G(Q) of Q by N(o). We denote the ring of integers
of a given algebraic extension M of Q by Zy;. We also denote the set of all valuations of M
(resp., which lie over S) by Vs (resp., Sam). If v € Vs, then Opr, denotes the ring of integers
of a Henselization of M with respect to v.

We prove that for almost all o € G(Q)€, the field M = N (o) satisfies the following local
global principle: Let V' be an affine absolutely irreducible variety defined over M. Suppose that
V(Owm,w) # 0 for each v € Vs N Sur and Viim (Onr,v) # 0 for each v € Spr. Then V(Oar) # 0.

We also prove two approximation theorems for M.
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Introduction

Hilbert’s tenth problem asks for the existence of an algorithm to solve diophantine
equations, that is equations with coefficients in Z whose solutions are sought in Z. The
development of recursion theory since 1930 and works of Martin Davis, Hilary Putnam,
and Julia Robinson finally led Juri Matijasevich in 1972 to a negative answer to that
problem. This invoked Julia Robinson to ask whether Hilbert’s tenth problem has a
positive solution over the ring Z of all algebraic integers. Indeed, on page 367 of her
joint paper [DMR] with Davis and Matijasevich she guessed that there should be one.

Using capacity theory, Rumely [Rul, and Ru2| proved in 1987 a local global
principle for Z: If an absolutely irreducible affine variety V' over Q has an integral point
over every completion of Q, then V' has a point with coordinates in Z. This led Rumely
to an algorithm for solving diophantine problems over Z.

Moret-Bailly [MB1, MB2, MB3| reproved Rumely’s theorem in 1988-89 with meth-
ods of algebraic geometry.

In a conference on model theory in Oberwolfach, 1990, Roquette et al. [Ro2]
presented a proof of Rumely’s local global principle which uses results from algebraic
number theory, the theory of algebraic functions of one variable, but not the theory of
analytic functions as in Rumely’s original proof.

A predecessor to [Ro2] and indeed an important ingredient in the proof of [Ro2]
is the density theorem of Cantor and Roquette [CaR]. The latter theorem generalizes
and strengthens a theorem of Skolem from 1934: Let f be a primitive polynomial
in Z[X1,...,X,] (ie., the coefficients of f generate Z). Then, there exists x € Z"
such that f(x) is a unit of Z. Cantor and Roquette handled several rational functions
simultaneously, and proved, under appropriate conditions, not only the existence of x,
but also that the set of such x’s is dense in Z™, in an appropriate topology.

This density gave the first author enough flexibility to generalize the theorem of
Skolem-Cantor-Roquette to rings of integers of other algebraic fields. To explain the
latter objects recall that the absolute Galois group G(Q) of Q is equipped with a Haar
measure. For each o = (01,...,0.) € G(Q)¢ we denote the fixed field of oy,...,0. by
Q(o). Let Z(o) be the ring of integers of Q(o). It is known that Q(o) is a PAC field for
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almost all & € G(Q)¢. That is, every nonempty absolutely irreducible variety defined
over Q(o) has a Q(o)-rational point [Jal or FrJ, Thm. 16.18]. A combination of the
technique used to prove the latter theorem with the technique of Cantor-Roquette, then
proves the density theorem, hence Skolem’s theorem, for almost all rings Z(o) [Ja2].

In his closing remarks to the series of talks in Oberwolfach about Rumely’s local
global principle, Roquette mentioned the manuscript [Ja2], and challenged the first
author to generalize Rumely’s local global principle from the ring Z to almost all the
rings Z(o).

The keystone to the local global principle is Rumely’s existence theorem. Given a
smooth irreducible curve I' over @p and a p-adic open subset U of F(@p), this principle
gives a rational function f on I', all of its zeros belong to U. Moreover, one can
control the divisor of poles of f. In an unpublished manuscript [Pop] Pop amended
Rumely’s existence theorem with a rationality condition. Then Pop took a finite set S
of prime numbers and let N = Qct,s be the maximal Galois extension of Q in which
all p € § totally decompose. He proved that N satisfies a local global principle for
absolutely irreducible normal varieties (See Remark 8.3(a)). Green, Pop, and Roquette
have integrated [Pop] and [Ro2] into [GPR] and proved the local global principle for the
ring of integers Zy of N. This implies both Rumely’s and Pop’s earlier results.

The present work is an answer to the challenge of Roquette. It is the third
article in a series of three articles of the two authors which were based on the master
thesis of the second author. Indeed given o € G(Q)°, we consider the field N(o) =
Q(e) NN and denote its ring of integers by Z N(o)- In [JR2] we generalize the theorem
of Skolem-Cantor-Roquette. In the present work we prove the local global principle and
an approximation theorem for almost all rings Zy (). We then derive an affirmative
solution of Hilbert’s tenth problem for these rings.

It turns out that the crucial property of almost all fields Q(U) which is responsible
for the density property and the local global principle of Z () is a certain strengthening
of the PAC property, namely “PAC over Z” [JR1, Def. 1.1]. In [JR2] we consider an
algebraic extension My of Q and let M = My N N. We prove that if My is PAC over
Zr, then M is “weakly PSC over Zy,” (Data 1.1(n)). Hence, both in [JR2] and in the
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present work, we take an axiomatic approach and prove all our results for an arbitrary
subfield M of N which is weakly PSC over Z,;.

Since “Mj is PAC over Z” implies “My is PAC over Z);”, all results hold for
My = @(a), excluding a set of o € G(Q)¢ of measure zero. Moreover, Q is PAC over Z.
So, we may take My to be Q. Then M = N and we recover the local global principle
[GPR, Main Theorem]| of Green, Pop, and Roquette ([GPR] does not include a global
approximation theorem.)

Note also, that if S is an empty set, then N = Q and M = M,. In particular,
this proves the local global principle and the approximation theorem for almost all rings
Z(o). The approximation theorem in its stronger form is an essential ingredient in a
primitive recursive decision procedure for the theory of all elementary statements which
are true in almost all rings Z (o) (forthcoming thesis [Raz] of the second author).

The exact formulation of our results appears in Section 1. As is usually the case,

we formulate and prove them over a Dedekind domain whose quotient field is a basic

global field K.

ACKNOWLEDGEMENT: The authors thank Joachim Schmid for useful remarks.



1. Statements of the main results

The objects of our results are defined over global fields rather than over Q. To explain

the results in detail, we first set the general framework for the whole work.

Data 1.1: We will use the following data and notation and keep the assumptions we

make for the rest of this work:

(a) K is a global field.

(b) O is a Dedekind domain with quotient field K.

(¢) K is the algebraic closure of K; K, is the separable closure of K.

(d) G(K) = G(Ks/K) is the absolute Galois group of K, which we identify with
Aut(K/K).

(e) V is the set of all valuations of K which correspond to the nonzero prime ideals of
0.

(f) For each v € V, Kj, is the maximal Galois extension of K in which v totally splits.
If K, is a Henselian closure of K with respect to v, then K, = ﬂUGG(K) K.

(g) S is a finite subset of V.

(h) Kiot,s = Nyes Kio- This is the maximal Galois extension of K in which each
v € § totally splits.

(i) N = Kiot,s,ins is the maximal purely inseparable extension of Ko, s. It is a
perfect field and a normal algebraic extension of K. If char(K) = 0, then N = Koy, s.
If S =0, then N = K.

(j) For each algebraic extension L of K let Op, be the integral closure of O in L. For
each subset R of V, let R, be the set of all extensions of the valuations in R to
L. In particular, O = O and V = V. If L is a normal extension of K and
o € Aut(L/K), then o naturally acts on Vi by v?(a?) = v(a) for v € Vi, and
a€ L. If [L: K] < oo, then Oy, is a Dedekind domain and Vy, is the set of all
valuations of L which correspond to the nonzero prime ideals of Op. In the general
case O ={z € L||v(z) > 0 for all v € V1. }.

(k) O =0g and V = V.

(1) For each w € Vy choose a Henselian closure NV,, of N at w. This choice fixes an

extension W of w to K such that N, is the fixed field in K of the decomposition
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group Dy(w) = {7 € G(N)| w™ = w}. For each subextension L of N/K let Ly,
be the fixed field in Ly of Dp(w) = {7 € G(L)| @w™ = w}. Then L,, is a Henselian
closure of L at w|r, which is contained in N,,. Let Op, ., be its valuation ring. Note
that the residue field of N, is a finite field, in particular it is not separably closed.
Hence, by a theorem of F.K. Schmidt [Ja3, Prop. 14.5], each o € Aut(/N/K) uniquely
extends to an isomorphism of N,, onto N,-, which we also denote by o. It maps

L., (resp., Or ) onto LS, (resp., Opo o).

(m) For an abstract absolutely irrecucible variety W defined over a field K and for each

(n)

(a)

extension L of K we let W (L) (resp., Wgsm (L)) be the set of all L-rational (resp.,
simple L-rational) points of W. Whenever we say that W is an affine absolutely
irreducible variety we also mean that W is embedded in some affine space. Then, if
R is a subring of L, an R-rational point of W is an L-rational point of W whose
coordinates lie in R. We denote the set of all R-rational points of W by W (R).
Similar notation is imposed for closed subsets of W.
M is a subextension of N/K. We assume that M is perfect and M is weakly
PSC over Oy,. This means that for each absolutely irreducible polynomial
h € MI|T, X] which is monic in X such that the roots of h(0, X) are distinct and
in N, and for each g € M[T] such that g(0) # 0 there exists (a,b) € Op x M such
that h(a,b) = 0 and g(a) # 0 [JR2, Def. 1.3].
Wy is a finite subset of ¥V and W = Wy n. In particular, w? € W for each
w e W and o € Aut(N/K). We assume that S C W.
Let V be an affine absolutely irreducible variety defined over K. Then Vi sy is
the set of all points (zw)wew € [[,ey Veim(Nw) for which

(1) there exists a finite subextension L of M/K such that z,. = z for each

w e W and o € Aut(N/L).

Each (z,)wew that satisfies (1) is said to be L-rational (Remark 1.3(d)).

Vo.,s,w is the set of all points (zy)wew € [ ey Veim(On,w) that satisfy (1). i

We will extend this data in the sequel by more data and assumptions, as necessary.

Here is our main theorem.



THEOREM 1.2 (Strong approximation theorem): Let V be an affine absolutely irre-

ducible variety defined over K. Consider (z.,)wew € Vk.sw and a positive integer

.

(a) There exists z € V(M) such that w(z — z,,) >~y for each w € W.

(b) If V(On,) # 0 for each v € VN W, then there exists z € V(M) such that
w(z — 2,,) > 7y for each w € W and v(z) > 0 for each v € Vy N W.

(c) If V(On ) # 0 for each v € Vy N W, and w(z,,) > 0 for each w € W, then there
exists z € V(Oyy) such that w(z — z,,) > for each w € W.

Part (c) is an interesting special case of Part (b). In §8 we first prove (c), and

then conclude (b) and (a).

Remark 1.3: (a) We may replace K in Data 1.1 by any finite subextension L of M /K
and extend all the objects that have been defined over K to L. Then the assumptions
made on them remain true and N does not change. It follows that Theorem 1.2 for K
implies it also for L. Also, we may start from a variety V which is defined over M and
then replace K by a finite subextension of M /K over which V is already defined.

(b) It suffices to prove theorem 1.2 only for points (2, )wecy which are K-rational.
Indeed, if (zy)wew is L-rational for some finite subextension L of M /K, then we may
apply the theorem in its restricted form to L instead of to K and approximate (Z)wew
by a point in V(M) as (a), (b), and (c) of the theorem require.

(c) Let w € Sy. Since M is perfect, Ky ins € My C Ny € Ky ins. Hence,
My = Ny = Ky ins. If w ¢ Sy, then M,, = N,, = K [JR2, Prop. 1.9].

(d) Suppose that (zy)wew € Vi,sw is L-rational for some finite subextension
L of M/K. Note that N N L, is the decomposition field of w in N/L. That is,
N N L, is the fixed field in N of all ¢ € Aut(/N/L) such that w? = w. Note also that
Ny /L, is a normal extension and that Aut(N/N N L,,) = Aut(N,/L,). Hence, if
o € Aut(N/N N L), then z,, = 2z, = zJ,. It follows that z,, € V(L ins)-

(e) We use that Sy € W (Data 1.1(0)) only to simplify notation. In applications

that do not make this assumption we use Lemma 8.1 to restore it. |

The strong approximation theorem yields a weak one, which we prove in §8.



THEOREM 1.4 (Weak approximation theorem): Let 7 be a finite subset of Vj; and let
V' be an affine absolutely irreducible variety defined over M.
() If Vaim(On ) # 0 for each v € Sy and V(Opr) # O for each v € Vi ™ Sy, then

each point in

H ‘/sim(OM,v) X H V(OM,U)

veET NS\ vET NSy
can be approximated by a point in V(Oyy).
(b) If Viim (M,) # 0 for each v € Syy, then Vi (M) is dense in

H Vvs1m(Mv) X H V(MU)

vET NSy vET NSum
Taking 7 in Theorem 1.4 to be nonempty gives a local global principle.

THEOREM 1.5 (Local global principle): Let V' be an affine absolutely irreducible variety
defined over M. Suppose that V(Ons.) # 0 for each v € Vs Sy and Vi, (Onr) # 0
for each v € Sy;. Then V(Oyy) # 0.

Remark 1.6: It is possible to replace M, in Theorems 1.4 and 1.5 by its completion M,.

Indeed, M, /M, is a separable extension [Ja4, Lemma 2.2]. Now, in general, let
(L,v) be a Henselian valued field and (L,v) its completion. Assume that L/L is a
separable extension. Let A C A" be a Zariski L-closed set. Then A(L) is v-dense in
A(L).

Indeed, if x € A(L), then L(x)/L is a separable extension. So, L(x) = L(t,y),
where t = (t1,...,t,) is a separating transcendence base for L(x)/L and y is integral
over L[t]. Let f = irr(y, L(t)). Use the Henselianity of L to approximate (t,y) by an
L-rational zero of f. This will give a point of A(L) which is v-close to x. |

COROLLARY 1.7: Let V' be an affine absolutely irreducible variety defined over M. If

Vsim (On) is nonempty, then so is V(Oyy).

If S =0, then N = K, Vx = V, and the assumption that M is weakly PSC over
Oy simplifies to the assumption that M is ‘PAC over Oy’ (see definition after Theorem

1.8). We reformulate Theorem 1.4 for this case.



THEOREM 1.8: Let 7 be a finite subset of V), and let V' be an affine absolutely irre-
ducible variety defined over M.
(a) If V(Onrw) # O for each v € Vi, then V(Ouy) is dense in [[,c7 V(Opyw). In

particular, if V(O) # 0, then V(Op) # 0.
(b) V(M) is dense in [, .7 V(M,).

The only examples we know for fields M which are weakly PSC over O, arise by
[JR2, Lemma 1.4]. To this end consider a field My and a subset R. We say that M is
PAC over R if it has the following property: For every absolutely irreducible variety
V of dimension r > 0 and for each dominating separable rational map ¢: V — A" over
M, there exists a € V(Mj) such that p(a) € R".

It follows that if R C R’ C My and My is PAC over R, then M, is also PAC over
R’'. Let now My be an algebraic extension of K and let M = My N N. Lemma 1.4 of
[JR2] says that if My is PAC over Oy, then M is weakly PSC over Oyy.

In Section 8 we define what does it mean for M to be “PSC over Oy;”. We prove

> and

that the strong approximation theorem for M implies that M is “PSC over Oy’
note that the latter implies that M is weakly PSC over Oy,.

The first example for a perfect field My which is PAC over Oy is K. So, we may
take My = K and M = N in Theorems 1.2, 1.4, and 1.5. For example, if V' is an affine
absolutely irreducible variety defined over N and 7 is a finite subset of Vy, then each
point in HvETﬁSN Vaim(Onyw) X [Tper < S V(On,») can be approximated by a point in
V(Oy). In particular, for S = (), if an affine absolutely irreducible variety V' defined
over K has a v-integral K-rational point for each v € V, then V(O) # (). In view of
Remark 1.6, this is essentially Rumely’s local global principle.

More examples for My arise in a probabilistic way. For each o = (01,...,0.) €
G(K)® let K (o) be the fixed field in K of the unique extensions of o1, ...,0, to K. Let
O(o) = Ok (o) and N(o) = K(o)N N. By [JRI, Prop. 3.1], for almost all & € G(K)®,

the field My = K(o) is PAC over O, hence also over Op;. We may therefore apply
Theorems 1.2, 1.4, and 1.5 to these fields.

COROLLARY 1.9 (The fields K (o)): In the above notation, for almost all & € G(K)¢,
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the field M = f((a) N Kiot,s,ins Satisfies the consequences of Theorems 1.2, 1.4, and 1.5.

Theorem 1.5 and Corollary 1.9 combine with A. Robinson’s local decidability to
a solution for Hilbert’s tenth problem for O and almost all O(o):

COROLLARY 1.10 (Decidability of Diophantine equations): Suppose that S is empty

and thus M is PAC over Oy;. Let A be a given Zariski closed subset of A" over K.

(a) If A is absolutely irreducible, then we can decide whether A has an O j;-rational
point.

(b) For each positive integer e we can compute the Haar measure of all ¢ € G(K)*®

such that A has an O(o)-rational point.

In his forthcoming thesis [Raz], the second author will use Theorem 1.2 to streng-
then Corollary 1.10 and prove that the theory of all elementary statements on rings
which are true in O(e) for almost all & € G(K)® is primitive recursive. He will also
generalize Corollary 1.10(b) to elementary formulas.

The assumptions we made in Data 1.1 have some consequences which we formulate
as Propositions 1.11 and 1.12. They may be considered as the hypothesis under which

the local global principle and the approximation theorem hold.

PRrROPOSITION 1.11 (Consequences of Assumptions 1.1(a),(b)): Let L be a finite exten-

sion of K.

(a) The completion of L under each v € Vy, is a local field, that is, a finite extension of
Q, or a finite extension of IF,,((t)) for some prime p.

(b) For each a € L, a # 0, there exist only finitely many v € Vy, such that v(a) # 0.

(¢) (Strong approximation) Let W; be a finite subset of Vy,. For eachw € W, let a,, € L
and let v be a positive integer. Then there exists x € L such that w(z — a,) > 7
for each w € Wy and v(zx) > 0 for each v € V[, N Wj.

(d) The class group of Oy, is finite.

Any book on algebraic number theory can be used as a reference to Proposition 1.11.
We use vector notation. Given a valuation v of K and a vector a = (a1,...,a,) €

K" we write v(a) for minj<;<, v(a;). If 7 is a subset of Vy, we let T = T and
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Vr(a) = min, 5 v(a). We say that an element a € K is T-integral (resp. 7-unit) if
v(a) > 0 (resp. v(a) = 0) for each v € V7.

PROPOSITION 1.12: Assumption 1.1(n) has the following consequences for Data 1.1.

(a)

(b)

(Remark 1.3(c)) For each v € Vy we have M, = N,. In particular M is v-dense in
N,. Ifv ¢ Sy, then M, = N, = K.

[JR2, Lemma 1.8] Let T be a finite subset of V. For each x € N and for each
positive integer -y there exists a finite subset B of M such that for each v € T and
each valuation w of N which lies over v there exists b € B with w(b — x) > .
[JR2, Thm. 4.3] Let T be a K-rational small subset of Vy (Definition 2.8) which
contains Sy. Consider polynomials f; € K[X1,...,Xn],i=1,...,m, let a € M",
and let v be a positive integer. Suppose that each of the coefficients of the f;’s is a
7T -unit. Then there exists x € M™ such that Vy(x —a) > v and f;(x) is a 7T -unit,
1=1,...,m.

[JR2, Lemma 1.7] Let F' be a regualr extension of M of transcendence degree 1 and
let T' be its unique nonsingular projective model. Let t be an element in F' M
whose zeros are simple and each of them belongs to T'(N). Finally, let A be a finite
subset of M *. Then there exists p € I'(M) such that t(p) € Op ™ A.

The main bulk of this work proves Theorem 1.2(c) for curves. Section 8 then

proves Theorem 1.2(c) for an arbitrary absolutely irreducible variety and deduce parts

(b) and (a) of Theorem 1.2. Section 9 proves Corollary 1.10.
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2. Restatement of the approximation theorem for integral points on curves

This section starts the long proof of the strong approximation theorem for integral
points on a curve (Theorem 1.2(c) for dim(V') = 1), from which all the other results
follow. We first reformulate the theorem in this case in terms of function fields, state a
somewhat stronger result and finally describe the five steps needed to prove the stronger

result. To fix notation we add additional data to Data 1.1.

Data 2.1: The following data and notation remains in force until the end of Section 7.

C is an absolutely irreducible affine curve in A™ defined over K
x = (21,...,2p) is a generic point of C' over K and over each completion K,
Fy = K(x) is the function field of C' over K

F=MF, = M(x) is the function field of C, considered as a curve over M
genus(F/M) is the genus of F'//M

s = 2genus(F/M) + 2 is a useful constant

r is the unique nonsingular projective model of F//M

M’ is a field that contains M and is linearly disjoint from F'
F'=MF is the function field obtained by extensions of scalars to M’
(M) is the set of all M’-rational points of T'

L(F'/M") is the set of all prime divisors of F'/M’

Div(F'/M') is the group of divisors of F’ /M’

Pl Pl are the distinct poles of x1,...,z, in T'(F/M)

ST are the distinct prime divisors of K F / K which lie over p;

0 =PI+ Fpe

Yo is a positive integer

Remark 2.2: (a) The existence of I' uses the hypothesis that M is perfect (or more
accurately, that F'/M is conservative).

(b) For each divisor a of F’'/M’ we consider the vector space

Ly (a) ={f € F|(f)+a=0}

over M'. It has a finite dimension, which is denoted by dim;(a). The group Div(F/M)
naturally embeds in Div(F’/M’). As M is perfect, a basis of Ly/(a) is also a basis of

11



Ly (a), and genus(F/M) = genus(F’'/M’) [Del, p. 132]. Thus dimys(a) = dimp(a)
and we can drop the reference to the ground field from the dimension of a. The same
rule applies for the degree of a. Also, each prime divisor of F'/M is unramified in KF
[Del, p. 113]. In particular p; = pj; + -+ +p; ;. and hence deg(p;) = d; |

Remark 2.3:  'We identify each point of T'(M’) with a prime divisor p of F' /M’ of degree
1. If f € F’, then f(p) is the value of the rational function f of I at p, if we view p as
a point on the curve, or the value of the place associated with p at the element f of F’,
if we view p as a prime divisor of F’/M’. In both cases f(p) is an element of M’ U {oo}.
This element is oo exactly when p is a pole of f. Thus, if p € F(K ) does not belong to
pilli=1,...,e; j=1,...,d;}, then x(p) = (z1(p), ..., 7x(p)) is a point in C(f()
Now suppose that M’ is equipped with a valuation v. The v-adic topology of M’

induces a topology on I'(M’) whose basis consists of the sets

{p e D(M")|lv(fi(p)) = 0,...,0(fm(p)) > 0}

with f1,..., fm € F’. Here we make the convention that v(co) = —oo. This is actually

the weakest topology on I'(M’) such that each f € F’ defines a continuous function
fiT(M') — M"U{oo},  pe f(p),

where the neighborhoods of co are, as usual, the complements of the neighborhoods of

0. |

Suppose now that for each v € Vy we are given a point z, € C(On,,) such
that (zy)wew € Co.sy (Data 1.1(q)). Our goal is to approximate (z,)wew by an
element of C(Oyp). If v € W, then z, € Cqin(On,). Hence, there exists a unique
p, € T(N,) such that x(p,) = z, [JaR, p. 457, Cor. A3]. If v € Vy N\ W, then N, = K
(Proposition 1.12(a)) and we may choose p, € I'(N,) such that v(x(p,)) = 2,. In all
cases, v(x(py)) > 0.

By definition, there exists a finite subextension L of M/K such that z,. = zZ
for each w € W and each o € Aut(N/L). By Data 2.1, L, Fp is a regular extension of
L., and therefore it is linearly disjoint from N,, over L,,. Hence, each 0 € Aut(N/L)
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uniquely extends to an isomorphism o: N, Fy — Nyo Fy that maps L,, onto L,- and

fixes each element of Fj (Use Data 1.1(1)). It follows that x(pye) = Zye = 2

X(pw)? = x(pg). Conclude that p,- = pJ.
By remark 1.3(b), we may assume that L = K and conclude that Theorem 1.2(c)

for V= C is equivalent to the following theorem:

THEOREM 2.4 (Approximation theorem for function fields of one variable): Suppose
that for each v € Vy there exists p, € I'(N,) such that v(x(p,)) > 0. Assume that
pwe = p7, for each w € W and o € Aut(N/K). Then, there exists p € I'(M) such that
v(x(p)) > 0 for all v € Vy and w(x(p) — x(pw)) > 7o for each w € W. In particular,

pé{ps,....p:}

Our method of proof will force us to prove a stronger theorem than Theorem 2.4.

THEOREM 2.5: Suppose that for eachv € Vy there exists p,, € I'(N,) such that v(x(p,))

> 0. Assume that p,o = p7, for each w € W and each 0 € Aut(N/K). Then there

exists a function f € F' with the following properties:

(la) There exists a positive integer k (which can be chosen to be arbitrarily large) such
that (f)eo = k0.

(1b) Each of the zeros of f is N-rational and simple, that is (f)o = > ..~ p; with
distinct p; € I'(N).

(1c) For all v € VN we have v(x(p;)) > 0,i=1,...,m, and

(1d) w(x(p;) —x(pw)) >0, =1,...,m, ifw e W.

Moreover, one of the zeros of f is M -rational.

We note that (1a) is a technical condition which is necessary to carry out the
proof of Theorem 2.5.

To prove Theorem 2.5 we fix the data of the assumption of the theorem:

Data and Assumption 2.6: For each v € Vy we fix a point p, of I'(IV,) such that
v(x(py)) > 0. We assume that p,» = pJ for each w € W and each o € Aut(N/K).

This data will remain in force until the end of Section 7. |

The function f of Theorem 2.5 will be said to be “Vy-admissible”:
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Definition 2.7: Admissible functions. Letv € V. A function f € NF is v-admissible
if

(2a) there exists a positive integer k such that (f)., = k0 (we say that f is of level k),
(2b) all the zeros of f are simple and belong to T'(N,),

(2¢) v(x(p)) > 0 for each zero p € I'(V,) of f, and

(2d) if v € W, then v(x(p) — x(py)) > 70 for each zero p € I'(V,) of f.

Let 7 be a subset of V. We say that f is 7-admissible if f is v-admissible for

each v € 7. In this case we also say that f is admissible along 7. |

Definition 2.8: Small sets. A subset 7T of Vy is small if it satisfies one of the following

equivalent conditions:

(3a) 7|k is a finite set.

(3b) 7T is a finite set for each finite subextension L of N/K.

(3b) 7 is contained in a set 7/ = {v e Vy| \
subset A of N.

wca V(a) <0} for some nonempty finite

Thus for each finite subextension L of N/K there is a finite subset 7y of 7 which
contains exactly one extension of each element of 7|.. So, 7 C {w? | w € 7y and o €
G(L)}. We say that 7y represents T|.. If 7 = {w’ | w € Ty and o € G(L)}, we say
that 7 is L-rational.

Starting with an arbitrary small set 7 as above, we may enlarge A to a finite set
which is invariant under G(K'). Then 7’ becomes K-rational. Thus, each small subset
of Vy is contained in a K-rational small subset of Vy.

Finally, a (L-rational) big subset of Vy is the complement of a L-rational small

set. [ |

The proof of Theorem 2.5 constructs f in five steps. In each of them f is admissible
along a set 7 which is larger than the set of the preceding step. Of course, f is changed
from one step to the next step. So, in each step we actually construct not only one
function, but a family of functions, which are close to each other in the ‘7-topology’.
Our construction follows the construction of Roquette et al. [Ro2] over K. We use

Proposition 1.12(a) to approximate functions in N F' by admissible functions in F'.

14



The headings of the steps below describe the set 7 along which f is admissible.

1. A SINGLE VALUATION. To construct a function f € NF which is v-admissible
for a single valuation v € Vy we use Rumely-Jacobi’s existence theorem for algebraic
functions and the theorem about the continuity of the zeros of algebraic functions. The
former forces us to assume that the completion of K at v|k is a local field. The latter
holds over N,. We prove that if f’ is v-close enough to f, then it is also v-admissible.

Then we use the v-density of M in N to choose f € F'.

2. FINITELY MANY VALUATIONS. We use the weak approximation theorem.
3. SMALL SETS. An essential tool in this step is Proposition 1.12(b).

4. A BIG SET OF VALUATIONS. We use here the theory of good reduction.

5. THE WHOLE SET Vy. In order to combine the big set of valuations with its com-
plement (which is small) we use Proposition 1.12(c).

Finally we use Proposition 1.12(d) in order to choose f with an M-rational zero.
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3. Finitely many valuations

The existence of an admissible function at a single valuation is a consequence of Jacobi-
Rumely-Pop’s existence theorem. We then use the principle of variation of constants
(Corollary 3.3) to approximate several functions, each admissible at a single valuation,
by a function which is admissible at each of these valuations.

Before we do that, we fix further data and make more assumptions on the top of

those already made in Data 1.1, Data 2.1, and Data 2.6.

Data and Assumption 3.1: We choose a finite extension K; of K which is contained
in M and over which I' is defined. Then F; = K;(x) is the function field of C' and of
I' over K7 and F = MF;. Since M is perfect and 0 is M-rational, we may assume in
addition that

(a) genus(Fy/K7) = genus(F /M) (in particular F}/K; is conservative), and

(b) 0 is K;-rational. i

Let 0 € G(K,). Since K and F} are linearly disjoint over K, o extends uniquely
to an element of Aut(K F/F;) which we also denote by o. This o acts on the points
p € I'(K) such that f7(p?) = f(p)? for each f € KF. Extend the action of o to group of
divisors of KF/K by linearity. Then (f)? = (f?), for each f € KF. Also, Assumption
3.1(b) implies that 27 = 2.

Let (M’,v) be a valued field which contains K7 and let F' = M'F;. The following
result appears in [Pop, Thm. 1.1] and in [GPR, Cor. 7.2].

PRrOPOSITION 3.2 (Continuity of zeros of algebraic functions): Suppose that (M’,v) is
Henselian. Consider an element 0 # f € F', let (f)o = a, and suppose that (f)y =
>, pi, where p; are distinct prime divisors of F'/M'. Write f = Z?Zl cju; with
c; € M" anduy,...,uq being a basis for the M'-vector space Lys(a). Foreachl <i <m
let U; C T(M') be a v-open neighborhood of p;. Then there exists v > 0 such that if
Clye -y Cq € M satisty v(ci —c¢;) >v,j=1,...,d and ' = Z;l:l ciuj, then (f')oo = a
and (f")o = > ;2 p; with p; € U;.

COROLLARY 3.3 (Principle of variation of constants): Let f € NF be a v-admissible

function for a valuation v € Vy. Set a = (f)oo, let uy,...,uqs € NF be a basis for
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Ly (a) and write f = Zd cju; with ¢; € N. Then there exists v > 0 such that if

j=1
cu;, then f' is
VR

Aseooncy € N osatisty v(cy —¢;) >, j=1,...,d and f' = 7., ¢

v-admissible and (f')oo = a.

Proof: By assumption, (f)o = >_.v, p;, with p; € I'(V,) distinct and v(x(p;)) > 0.
Also, v(x(p;) — x(py)) > v if v € W, i =1,...,m. Apply Proposition 3.2 to the case
where M’ = N,. Also, choose U; to be disjoint v-open neighborhoods of p; which are
contained in the v-open subset {p € I'(N,)|lv(x(p)) > 0 and v(x(p) —x(p,)) > Yo if v €
Wt. 1

PROPOSITION 3.4 (Existence theorem for a single valuation): Let v € V. Then there
exists a positive integer k, such that for each multiple k of k,, there exists a v-admissible

function f € F such that (f)s = k0.

Proof: Recall that p, € I'(N,) = I'(M,) (Data 2.6 and Proposition 1.12(a)). Choose a
finite subextension L of M /K, such that p, is L,-rational. Let L be the completion of
L.

As L is a global field, L is a local field. Since v(x(p,)) > 0 the open subset

A

U={pecl(L)|vx{p)) = 0and v(x(p) = x(ps)) =70 if v € W}

A

of I'(L) is not empty. Theorem 2.1 of [GPR] improves the existence theorem of Jacobi-
Rumely and gives a nonconstant function g € LF, whose pole divisor is a multiple of
0. (Note that by Assumption 3.1(b), 0 is f/—rational.) Moreover, the zeros, pi,...,Pm
of ¢ are L-rational, simple, and belong to U. By [GPR, Remark 2.5], there exists a

positive integer k, such that for each multiple k of k, the function g can be chosen with

(g)oo = k0*.

* The proof of [GPR, Theorem 2.1] uses an embedding ¢ of T into its Jacobian variety J.
For ¢ = genus(I') and d = deg(?), one chooses qu,...,q. € U and considers the divisor
b=co—d} {_,q; of degree 0. Then ¢(b) is a point of J(L). Since J(L) is v-compact,
there exists a positive integer k, such that for each multiple k of k, the point k:(p(b)A is
v-close to 0. Thus there exist points q} in U such that ¢(kcd — Zfidl q5) = 0 in J(L).
Moreove, it is possible (but not easy) to choose the g as distinct. By Abel’s theorem,
there exists a function g € LF; such that (g) = 3 q} — kcd. This is the desired function.
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Let uq,...,uq € LF; be a basis for £, (k0). Assume without loss that Lis linearly
disjoint from LF} over L. Since L/L is separable (because L is a function field of one
varible, hence defectless at v [Ja4, p. 269]), u1, ..., uq also form a basis for £; (kd). So,
there exist by, ..., bq € L such that g = 2?21 bju;. Use the density of L in L to choose
c € LY C M? which is v-close to b. Let f = 2?21 cjuj. Apply Proposition 3.2 to g, f,
and L instead of to f, f’, and M’ (choose U; disjoint and contained in U) and conclude
that (f)eo = k0, each of the zeros of f is simple and belongs to U. In particular, f is

v-admissible. [ |

LEMMA 3.5: Let L be an extension of K1 which is contained in M, let v € Vy, and
let 0 € Aut(N/L). Suppose that a function f € NF' is v-admissible. Then f° is

v?-admissible. In particular, if f € LFy, then f is v7-admissible.

Proof: By assumption (f) = Z;nzl p; —kd, where the p; are distinct elements of I'(1V,,),
k is a positive integer, v(x(p;)) > 0 and v(x(p;) — x(py)) > 70 if v € W. Apply o to
get (f7) = 2201, pf — ko, v7(x(p7)) > 0, and v7(x(p7) — x(p7)) = 70 if v € W. Also,

py,...,p7, are distinct. So, f? is v7-admissible. |

PROPOSITION 3.6 (Existence theorem for finitely many valuations): Let 7 be a finite
subset of V. Then, for each kg, there exists a T-admissible function f € F of level

> ko.

Proof: Let 7y be a subset of 7 which represents 7 |5 (Definition 2.8). For each v € Ty
let k, be the positive integer that Proposition 3.4 gives. Choose a common multiple
k > ko of the k,’s. For each v € 7y take f, € F which is v-admissible of level k. Let
Uy, ...,uq be a basis for Ly (k0) and write f, = Z;lzl Ccyju; with ¢,; € M.

Apply the weak approximation theorem to 7g|ys and choose ¢ € M? which is
v-close to ¢, for each v € 7y. By Corollary 3.3, f = 2?21 cju; is v-admissible for each

v € Ty and (f)oo = k0. By Lemma 3.5, with M replacing L, f is v-admissible for each
veT. |
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4. Small sets
We use Proposition 3.6 and the weak approximation theorem to prove an existence and

density theorem for admissible functions in F' along a given small set. An essential tool

in this application is Theorem 1.12(b).

LEMMA 4.1: Let E/L be a function field of one variable and let k be an integer >
2genus(E/L)+1. Consider distinct prime divisors qi, . . ., q., of E/L with deg(q;) = d;.
Then

(1) dim(Lp, (k) /Lo ((k—Dai)) =di,  i=1,...,m.

Let y;1,...,Yi.q4, be a basis for Lr,(kq;) modulo Lr((k — 1)q;) and let a = q; +
<o+ Q. Then (Yij)oo = kqi, i =1,...,m, j =1,...,d; and the y;; together form a
basis for L, (ka) modulo Lr,((k — 1)a).

Proof: By the Riemann-Roch theorem (1) and (2) below are true:
(2) dim(Lyp (ka)/LL((k —1)a)) = deg(a).

Hence, as y;; € L1 (ka), it suffices to prove that they are linearly independent modulo

L ((k—1)a). Indeed, suppose that

(3) ZZaijyij =0 mod £L((k — 1)Cl)

i=1 j=1

with a;; € L. Denote the normalized valuation of E/L which corresponds to q; by ;.
Then v;(y;;) = —k and v;(yir;) > 0 for ¢ # i’. It follows from (3) that vi(Z?;l aijYij) >
—k + 1. Hence Z;lzl a;;yi; belongs to Lr((k — 1)q;). By the choice of the y;;, this
implies that a;; = 0 for j = 1,...,d;. This concludes the proof of the lemma. |

We use Lemma 4.1 to construct a basis for £/(k0) modulo £y ((k — 1)d) which
will belong to a finitely generated subgroup of F'* that does not depend on k. This

requires more data.
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Data 4.2: Write each k > s = 2genus(F/M) 4+ 2 as k = ¢s + r with ¢ > 0 and
s<r<2s—1. Let
Bi, = {wijrllj =1,...,d;} be a basis for L/ (rp}) modulo Ly ((r — 1)p;)
(Note that B;,. does not depend on k.)
Uijk = U1 Uijr
Bir = {wijkli=1,...,d;}
B = By U---UDBeg

By = basis for Lp((s —1)2) which contains 1
K, = a finite subextension of M/K; such that By U BsU---U Bgos_1 C Ko F
F, = Ky |

LEMMA 4.3: Let k > s. Then:

(a) (uijr)oo = kp} and Byy is a basis for Ly (kp}) modulo Lp((k—1)p}), i=1,... ¢,
j=1,...,d;.

(b) By is a basis of L (kd) modulo Ly((k — 1)9).

(¢) F» contains a basis for L (kD).

Proof of (a): Let k = gs + r as in Data 4.2. Then u}, u;;r, j = 1,...,d;, belong to

L (kpy) and are linearly independent over M modulo £y ((k — 1)p}). Conclude from

(1) applied to p} instead of to q; that these elements form a basis for £/ (kp}) modulo

Lar((k = 1)p7).
Proof of (b): Apply Lemma 4.1 to 0 = pj +--- + p’ instead of to a =q1 + - - - + .
Proof of (¢): Combine (a) and (b). i
Notation 4.4: Following Lemma 4.3, let for each k > s —1
er = dim (L (kD))

By the theorem of Riemann-Roch, e > 2. Then list the elements of By U Bs U
Bsy1 U Bgyo U -+ as ug,usg,us,... such that vy = 1, By = {uy,...,u., ,}, and
By = {te, ,41,---,Ue, } for k > s. By Data 4.2, all u; belong to F» and {uq,...,u., }
is a basis for £y (k) for each algebraic extension M’ of M, which we fix for the rest

of this work. |
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PROPOSITION 4.5: Let T be a small subset of V. Then, for each ko there exists a
T -admissible function f € F of level k > k.

Moreover, write f =Y ¢, c;u; with ¢; € M. Then there exists v > 0 such that if
¢’ € N¢r satisfies Vr(c' — ¢) > v, then f' = > " clu; is also a T-admissible function

=1 "
of level k.

Proof: Let 75 be a finite subset of 7 which represents 7|k, (Definition 2.8). By
Proposition 3.6, there exists a 73-admissible function g € F' of level k > max{kg, s — 1}.
Write g = > %, a;u; with a; € M. By Corollary 3.3 there exists £ > 0 such that for

each w € Ty if a’ € N° satisfies w(a’ —a) > ¢, then ¢’ = > 7* | aju; is w-admissible of
level k.
Let K/, be a finite normal subextension of N/Ks which contains aq, ..., a.,. Then

A ={a%||c € Aut(N/K3)} = {a“l|lc € Aut(K},/K>)} is a finite subset of N. We have
not assumed M to be normal over K. Hence, A need not be a subset of M. However,
by Proposition 1.12(b), M has a finite subset B with the following property: For
each w € T3, each 7 € Aut(N/K>), and each a’ € A there exists byr a» € B such that
W™ (byr o —a’) > . Choose a finite subextension K3 of M /K, such that B C K3*.
Let now v € 7. Then there exists 0 € Aut(N/K3) and w € 75 such that v = w?.

0_71

9 o —a) > e. Hence,

Since a’ = a“ belongs to A, we have w? (b, v —a) > €. Hence w(b

1

by the first paragraph, Zfi 1 bg:a,’iui is a w-admissible function of level k. As u; € F5
(Notation 4.4), we have uf = u;, i = 1,...,ex. Hence, by Lemma 3.5, with K5 instead
of L, fi, =Y 5% by ar it is a v-admissible function in K3F of level k.

Choose now a finite subset 73 of 7 which represents 7 |k,. By the preceding
paragraph, for each w € 73 there exists a w-admissible function f,, = Zfi 1 Cw,iy of
level k with ¢, ; € K3. By Corollary 3.3, there exists v > 0 such that if w € 73 and
¢’ € N satisfy w(c —¢y,) > 7, then f/ = >"%*, clu; is a w-admissible function of level
k.

Use the weak approximation theorem to choose ¢ € K3* such that w(c—cy) >y
for each w € T3. Then f = >"7*, ¢;u; is w-admissible of level k for each w € 73. For
each o € Aut(N/K3) we have f7 = f. Hence, by Lemma 3.5, f is w?-admissible. It

follows that f is 7-admissible.
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Finally suppose that ¢/ € N and v(c’ — ¢) > 7 for each v € 7. Write v = w?
with w € T3 and o € Aut(N/K3). Then w((¢')?  —c¢) > and hence 38 ()7 " u; is
w-admissible of level k. Conclude from Lemma 3.5 that f/ = > "% cju, is v-admissible

of level k. [ |
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5. Good reduction

Consider a valuation v of K F such that v|x € V' S. Denote the reduction with respect
to v of objects associated with F' by a bar over these objects. Thus F (resp., M) is
the residue field of F' (resp., M). By Proposition 1.12(a), M is algebraically closed and
therefore coincides with the residue field of K at v. It follows that the residue field of
KF is F. We will use these facts only to simplify our notation.

The function field K F/ K has good reduction at v if the following conditions
hold:

(la) There exists f € KF which is v-regular. That is, v(f) =0, f € F is transcen-
dental over M, and [KF : K(f)] = [F : M(f)]. Thus F is a function field of one
variable over M.

(1b) genus(F/M) = genus(F/M).

In this case we also say that v is a good extension to K F of v|z. Note that if g € KF

and § is transcendental over M, then g is v-regular if and only if deg(g)o = deg(g)o or,

equivalently, deg(g)so = deg(g)oo-
The support of a divisor a is the set py,...,p,, of distinct prime divisors such

that a = >_7" | k;p; with nonzero integers k;.

Corollary 5.2 connects regularity and admissibility of functions. It relies on a sort

of reciprocity lemma:

LEMMA 5.1 ([Rol, Cor. 3.9]): Suppose that KF/K has a good reduction at a valuation
v. Let f,g € KF such that f is v-regular and v(g) = 0. Then, for each p € T'(K)

Supp(9)oec € Supp(f)ee and f(p) = 0 implies v(g(p)) > 0.

We extend each valuation v € Vy N W to the Henselian closure N, = K (recall

that by Data 1.1(0), Sy € W). In this way we regard v also as a valuation of K.

COROLLARY 5.2: Let v € Yy N W be a valuation with a good extension to KF. Sup-
pose that v(x;) = 0 if x; # 0, fori = 1,...,n. Let f € NF be a v-regular function
of level k (Definition 2.7). Suppose that each of the zeros of f is simple. Then f is

v-admissible.
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Proof: Since N, = K, we have to verify only Condition (2¢) of Definition 2.7. By
assumption (f)oo = k0. Hence, by Data 2.1, Supp(f)e = Ui—; Supp(z;)ss. So, if
p € T(K) is a zero of f and x; # 0, then v(z;) = 0 and therefore v(z;(p)) > 0 (Lemma
5.1). If x; = 0, then v(z;(p)) = oo > 0. Conclude that f is v-admissible. |

In the remaining of this section we explore when functions are regular. This de-

pends on the following extension of the reduction map of elements modulo v to divisors.

PROPOSITION 5.3 ([Rol, p. 247]): Suppose that KF/K has a good reduction at v.
Then there is a natural homomorphism a — @ of Div(K F/K) into Div(F /M) with the

following properties:

(a) deg(a) = deg(a).
(b) a > 0 implies a > 0.

(c) v(f) = 0 implies () = ().

LEMMA 5.4: Suppose that f(F/f( has a good reduction at v and let f be an element

of KF such that f is transcendental over M. Then (f)o < (f)o (resp., (f)oo < (f)oo)-
Equality holds if and only if f is v-regular.

Proof: By Proposition 5.3(c), (Ho— (Hee = (f) = (f) = (/o = (f)oo. Since (f)so >0

(Proposition 5.3(b)) and since (f)o and (f)s are relatively prime, (f)g < (f)o. Simi-

larly, (f)eo < (f)oo-
Now, f is v-regular if and only if deg(f)o = deg(f)o. Since by Proposition 5.3(a)

deg(f)o = deg (f)o, the preceding paragraph implies that the latter condition is equiv-

alent to (f)o = (f)o. Similarly, f is v-regular if and only if (f)so = (f)oo- i

LEMMA 5.5: Suppose that f(F/f( has a good reduction at v. Let a be a positive divisor
of f(F/R' For each i© between 1 and m let k; be a positive integer and let f; € KF be
a v-regular function such that (f;)eo = k;a. Let k =ky + -+ ky,. Then f = f1--- f,

is also v-regular and (f)s = ka.

Proof: By assumption, (f;)o is relatively prime to a. Hence (f). = ka.
As f; is v-regular, (f;)oo = k;a (Lemma 5.4). Hence, as before, (f)o = ka. Thus
f is transcendental over M and (f)so = (f)oo. Conclude from Lemma 5.4 that f is
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v-regular. |

LEMMA 5.6: Let E/L be a function field of one variable and let k be a positive integer.
Consider distinct prime divisors pi,...,p,, of degree 1. For each i let y; € E with
(Yi)oo = kp; and let ¢; € L. Let a = py + -+ - + p,,. Let also f be an element of E such
that

f= Zciyi mod L ((k—1)a).
i=1

Then (f)oo = ka if and only if ¢1,..., ¢y # 0.

Proof: Suppose first that ¢; # 0 for i = 1,...,m. Let g = f — > 1", ¢;y;. For each i
denote the normalized valuation of E/L associated with p; by w;. Then —k = w;(y;) <
min{w;(y;), wi(g)||j # ¢}. Hence, w;(f) = —k. Conclude that (f). = ka.

To prove the other direction note that if ¢; = 0, then (f)s < ka — p;. |

The following result is a well known consequence of the Bertini-Noether theorem.
For example, it appears in [Ro2] without a proof. So, we give here only a sketch of the

proof.

PROPOSITION 5.7: Let ti,...,t; be nonconstant functions of KF and let p1,...,pm be
distinct primes in T'(K). Then there exists a finite subset A of K* such that if v € V
satisfies v(a) = 0 for each a € A, then v has a good extension to KF which we also
denote by v such that t; is v-regular, i = 1,...,l, and the reduced primes p1, ..., p, are

distinct.

Proof: (Sketch) Let E = K F. Choose a separating transcendence element ¢ for F/K.
Use Section 7 of [De2] to find a finite subset A} of (K)* such that if v € V satisfies
v(a) = 0 for each a € A}, then v has a unique good extension to F which we also denote
by v such that ¢ is v-regular (Note that the valuations in [De2] are discrete. So, one has
first to replace K by a finite extension of K, or argue directly.)

Now choose f € E such that f(p1),..., f(pm) are finite and distinct. Add f to
{t1,...,t;}, if necessary, to assume that f is one of the ¢;’s. Also choose an irreducible
polynomial h; € K[T}, T] such that h;(t;,t) =0, i =1,...,1. By Bertini-Noether [FrJ,
Prop. 9.29], there exists a finite subset A’ of (K)* which contains A/ such that if v € V
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satisfies v(a) = 0 for each a € A’, then h;(T;,T) is irreducible of the same degree in T;
and in T as h(T;,T),i=1,...,1, and f(p1),..., f(pm) are distinct.
It is now convenient to denote K by L. By the choice of Ap, [E : L(f)] = [E : L(t)].

By the choice of A’, [L(t,%;) : L(¢)] = [L(t,t;) : L(t)] and [L(t,%;) : L(t)] = [L(t, ;) :
L(t;)]. Hence, [E : L(t;)] = [E : L(t;)]. Tt follows that t; is regular at v fori =1,...,1.

In particular, f is regular at v. Hence f(p) = f(p) for every prime divisor p of
E/L [Rol, Prop. 3.8]. It follows from the choice of A’ that f(p1),..., f(Pm) are distinct.
Conclude that pq,...,p,, are distinct.

Finally replace each a € A’ by the set of all nonzero coefficients of irr(a, K) and

irr(a™!, K) to obtain the desired set A. i
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6. Criteria for regularity

We give here two criteria for regularity of functions of K F. The first one is formulated
in terms of a basis of Lz (kp;;) modulo Lz ((k—1)p;;) (Data 2.1). Here it is important
that deg(pz‘j) = 1. The second one, which is built on the first one, is formulated in

terms of a basis of Ly (kp}) modulo Ly/((k — 1)p}). In both criteria k has to be large.

LEMMA 6.1 (First criterion for regularity): Let k be an integer > 2 genus(F/M) + 1,
and let t;; be an element of KF such that (tij)oo = kpjj, i =1,...e, 5 = 1,...,d;.
Suppose that KF / K has good reduction at a valuation v such that the reduced primes

p_;‘j are distinct and the t;; are v-regular. Let

e d;
(1) F=2 ety +g

i=1 j=1

with ¢;; € K such that v(c;;) = 0 and g € Lz ((k — 1)2) with v(g) > 0. Then
(a) {tijlli=1,...,e; j=1,...,d;} is a basis for L ;(kd) modulo Lz ((k —1)0), and
(b) f is v-regular of level k.

Proof of (a): As K is algebraically closed, deg(p;;) = 1. Hence, t;; form a basis for
L (kpj;) modulo Lz ((k — 1)p;;). Conclude from Lemma 4.1 that the ¢;; form a basis
for £z (kv) modulo Lz ((k — 1)d).

Proof of (b): By Lemma 5.6, (f)sc = kD.

Now reduce (1) modulo v to obtain f = >°7 Z;l":l Gijti; + g. By assumption
a=(g9)+(k—1)0 > 0. Ifv(g) > 0, then g = 0. Otherwise, v(g) = 0 and (g)+ (k—1)0 =
a > 0 (Proposition 5.3). Hence, in both cases g € L;((k — 1)d). Since t;; is v-regular,
(tij)oo = kpj; (Lemma 5.4). By assumption, ¢;; # 0 for all i and j. Hence, we may

apply Lemma 5.6 to F//M instead of to F/L and conclude that (f)eo = k0 = (f)oo-
Thus, by Lemma 5.4, f is v-regular of level k. |

Data 6.2: Write each k > s = 2genus(F/M) + 2 as k = ¢gs + r with ¢ > 0 and
s<r<2s-—1.
(a) Use the Riemann-Roch theorem to choose t;;, € KF such that (tijr)oo = TPy,

1=1,...,e,7=1,...,d;,r=35,...,25s — 1.
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(b) Let tzyk tmstzjr,izl,...,e,jzl,...,di.

(c) By Remark 2.2(b), p; = pj; + -+ + pj,,. Hence, by Lemma 4.1, t;1,, ..., tiq,» form
a basis for £z (rp}) modulo L;((r — 1)p}). According to Data 4.2, (uijr)ec = 7P}
and in particular u;;, € Lz (rp;). Thus there exist unique b;j;, € K such that

d;
(2) Uijr = Zbijlrtilr mod Lz ((r — 1)p;)

=1
By Lemma 5.6, b;;;, # 0.
(d) Set Y; = (Yi1,...,Yia,), 9 =1,...,e and consider the linear form

zlr Z}/;jszlry [ = 17-~~adi |

LEMMA 6.3 (Second criterion for regularity): Let k be an integer > s = 2 genus(F/M )+
2 and let a;j,a, € K, i=1,....e,j=1,...,d;, pw=1,...,ex_1. Consider the element

€k—1

(3) f Z Z Q5 U5k + Z Uy,

=1 j=1

of KF. Suppose that KF has a good reduction at v such that the following conditions
are satisfied:

(a) The @ are distinct,

(b) tijr is v-regular,

(c) v(uy) > 0 (Notation 4.4),

(d) v(bijir) =0,

(e) v(a, ) >0 and v(a;;) > 0, and

(1) (A

foru=1,...,e05_1, o' =1,...,ep_1,1=1,...7¢e, j,l=1,...,d;,;andr = s,...,25—1.

ar(a;)) = 0, where a; = (a1, - ..,0i.4,),

Then f is v-regular of level k.

Proof: Write k = gs +r with ¢ > 0 and s < r < 2s — 1. By (b) and Data 6.2(a),
tijs is v-regular with (¢;55)00 = sp;; and t;j,. is v-regular with (tijr)oo = rp;;. Hence,
by Lemma 5.5, t;;, =t
7=1,...,d;.

sttm is v-regular with (¢;j1)0c = kpj;, for i = 1,...,e and
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By Data 4.2 and by (2)

d; d;
(4) Uijk = uglsuijr = (Z billstils)q( Z bijlrtilT) mod E[(((k - 1)13:)-
=1

=1
A general term of the expansion of the right hand side of (4) has the form bt, where
b="bi10,,s bi11,,s0ij1,r andt =1t st stig o and 1 < Iy,... lg41 < d;.
For each [ between 1 and d; denote the normalized valuation of K F/K associated with

p’ by wi. Then, w;;(t;jr) = —k and w;;(t;55) = 0 if | # j. Hence,
wi (bt) = wir(tir,s) + -+ wi(tiys) + watig,,r) > —(gs+r)=—k

and equality holds if and only if l; = --- = [;41 = [. If the condition [y = -+ =l is
not satisfied, then w;; (bt) > —(k—1) forl =1,...,d;. Asp] = pj;+---+pj, , this implies
that bt belongs to L ((k — 1)p}) and therefore to Lz ((k—1)2). If [y = -+ = lg41 =1
for some ! between 1 and d;, then bt = b, b;jir-tux (Data 6.2(b)). It follows that

d;
Uijk = Zb;‘lusbijlrtilk mod Lz ((k —1)v).

=1
Hence
e d; e d; d;
_ — q
(5) f= E E AijUij = E a;b}y, bijirtitk
=1 j=1 =1 j=11[=1
e d;
= § § bzlls E a’lj ’L]lT‘ zlk = E § lls zlr az zlk
=1 =1 =1 [=1

e dz
= Z Zciltilk mod ,Cf(((k‘ —1)0),

i=1 I=1

with ¢;; = b}, Air(a;). By (d) and (f), v(ey) = 0. By (¢), v(u,) >0, p=1,...,€e25_1.
Hence, by Notation 4.4, v(u;,) > 0fori=1,...,e, j=1,...,d;,andr=s,...,2s —
1. By Data 4.2 and Notation 4.4, for each x > s the function u, is a product of
functions which belong to the set {u;js, ..., uij2s—1li =1,...,e; j=1,...,d;}. Hence
v(ux) > 0. In particular v(u;;x) > 0. Hence, by (3) and (e), v(f) > 0. So, by (5),
g=f—->_ 27;1 citir belongs to Lz ((k — 1)0) and satisfies v(g) > 0. Conclude

from Lemma 6.1 that f is v-regular of level k. |
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7. Admissible functions along Vy

To create a Vy-admissible function we first use Proposition 5.7 to define a big subset
U of YV which takes into account all conditions of Lemma 6.3 which do not concern
a. Then, for 7 = Vy N U, we select f of the form (3) of Section 6, such that f is 7-
admissible. The final step is to use Proposition 1.12(c), Lemma 6.3, and Corollary 5.2
to change the a;;’s such that f also becomes U-admissible (and hence Vy-admissible)
and then to use Proposition 1.12(d) to change the a,’s such that in addition f has an

M-rational zero.

Data 7.1: We extend each valuation v € Vy NW to a valuation of the Henselian

closure N, = K (Proposition 1.12(a)) with the same name. We use Proposition 5.7

to choose a big subset U of Vy NW (which may be empty if V is finite) such that the

following statements hold for each v € U and for s = 2genus(F/M) +2,i=1,...,€,
=s,...,2s—1, 5,l=1,...,d;, p=1,...,e25_1,andv=1,...,n:

la) v has a good extension to K F named v,

1b) The @ are distinct,

1d) v(u,) > 0 (Notation 4.4),

le) v(bijir) =0,

1f) v(zy) =0if z, # 0.

Note that b;j;» # 0 (Data 6.2(c)). So, we may achieve condition (le). Make U smaller,

(
(
(1c) tjr is v-regular,
(
(
(

if necessary, to assume that ¢/ is K-rational (Definition 2.8). Then, 7 = Vy NU is a

K-rational small subset of V which contains W. |

Notation 7.2: For each positive integer k > s = 2genus(F /M) 4+ 2 we denote the

space A%-1 x A% x ... x A% by Aj,. The zero coordinate of a point a € A;, is an
ex—1-tuple ag = (a1,...,ae,_,) and for each ¢ > 1 the ith coordinate is a d;-tuple
al‘:(ail,...,aiydi). |

PRrROPOSITION 7.3 (Density of admissible functions): Let kg > s = 2 genus(F/M)+2.
Then there exists k > kg, a point ¢ € Ai(M), and a positive integer v with the following
property: If a € Ax(N) satisfies
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(2a) Vr(a—c) >~ and

(2b) v(a) > 0 and v(Aiyr(a;)) =0 foreachv €U, fori =1,...,e,r=s,...,2s—1, and
I=1,....d;,

then the function

€k—1

(3) f Z Z Ai5Usijk + Z a,, Uy,

=1 j=1
is Vn-admissible of level k.

Proof: Rename the function f that Proposition 4.5 supplies as h and rewrite h in the

form
€r—1

h= Z chuzgk + Z Crlyp,

i=1 j=1
with ¢ € Ax(M). Retain also the role of k and « from Proposition 4.5.

Suppose now that a € Ag(N) satisfies condition (2) and f is as in (3). By
Proposition 4.5, f is 7-admissible of level k. By Data 7.1, (2b), and Lemma 6.3, f is
v-regular of level k£ for each v € U. In particular, each of the zeros of f is N-rational
and simple. By Data 7.1, K'F/K' has a good reduction at each v € U. Since f is of level
k and v(z;) = 0if ; # 0 for i = 1,...,n, Corollary 5.2 implies that f is v-admissible.
Conclude that f is Vy-admissible. |

PropPOSITION 7.4 (Existence of admissible functions): For each kg there exists a V-

admissible function f € F of level k > ky which has an M -rational zero.

Proof: Let ki be an integer which is greater than ko and 2 genus(F/M) + 2. Now let
k > ki, c € Ap(M) and v be as in Proposition 7.3. Then ex_; = dim((k — 1)d) > 2
(Notation 4.4).

By (1e), the coefficients of the A;;,.(Y;) (Data 6.2(d)) are 7-units. The same holds
for the polynomials Y;;. Also, by Data 7.1, 7 is a K-rational small subset of Vy which
contains Sy. Thus we may apply Proposition 1.12(c) to choose for each i between 1
and e a point a; € M% such that Vr(a; — ¢;) > v, and v(a;;) = 0 and v(Aiyr(a;)) =0
for each v e Y and for r =s,...,2s -1, j5,l=1,...,d;.
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The field L = K(ci,...,¢,_,) is a finite subextension of M/K. As T is K-
rational, we may apply the strong approximation theorem to L (Proposition 1.11(c))
and find ¢{, € L~ such that Vr(cj — co) > v and v(cj) > 0 for each v € U. Choose
0 # m € O such that V7 (m) > v (recall that 7| is a finite set).

Let g =Y ¢, 23 L Gijuije and =g+ ZZ’“ | LUy Since the uy, and the w;jy
are linearly independent over M, u; = 1, and a;; # 0, we have f" € FNM. Let

—%f’. By Proposition 7.3, f’ is Vy-admissible of level k. In particular, all the
zeros of f’ (hence, also of t) are simple and in I'(NV). By Proposition 1.12(d), there
exits p € I'(M) which is a pole of none of the functions ¢, g, us,...,u,_, such that
t(p) € Opr. Let ay = mit(p) + a2 = by .o yae,_, = C. and ag = (a1,...,0e,_,)-

€k—1"

Then Vr(ag — cg) > v and v(ag) > 0 for each v € U. Since u; = 1, we have
mt+ f' =g+ (mt+c}) + chug + -+ + c’ekilueki1 =0.

Hence, p is a zero of the function

(]
f:mt(p)+f,:g+ Zauu,u-
pu=1
Thus a = (ag,a1,...,a.) € Ax(M) satisfies (2) and f has the form (3). By
Proposition 7.3, f is Vy-admissible of level k. |

Proposition 7.4 is a reformulation of Theorem 2.5. The latter implies Theorem
2.4, which is a reformulation of Theorem 1.2(c) for curves. We state the latter one for

the record.

PROPOSITION 7.5 (Approximation theorem for integral points on curves): Let C' be an
absolutely irreducible affine curve defined over K. Suppose that C(On ) # 0 for each
v € Vy N W. Consider (z,)wew € Co,s,w and a positive integer y. Then there exists

z € C(Oyy) such that w(z — z,,) > 7y for each w € W.
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8. The approximation theorems and the local global principle for arbitrary

affine varieties

In this section we use the approximation theorem for integral points on curves to prove
the approximation theorem for integral points on arbitrary varieties. We then prove all

other theorems of Section 1.

LEMMA 8.1: Let V be an absolutely irreducible variety defined over K. Let Ri be a
finite subset of Vy whose elements are mutually nonconjugate over K. For each v € R4
let z, € V(N,). Let R = {v7| v € Ry, 0 € Aut(N/K)}. Then we can find a finite
extension L of M/K and extend the point (z,)ycr, into a point (z,)wer such that

Zy € V(Ly) and z,0 = 22, for each w € R and each o € Aut(N/L).

Proof:  'We first prove that M /K has a finite subextension L such that zJ € V(L) for
each v € Ry and each o € Aut(N/K). It suffices to do it in the case that Ry consists
of one valuation v.

First choose a finite normal subextension E of N/K such that z, € V(E,). Let
K’ = ENKjys. Since M is perfect, K’ C M. Then E/K’ is a finite Galois extension, and
as such it has a primitive element y. Let v be an integer which is larger than v(y — 3/)
for all conjugates y" of y over K’ with y # y. By Proposition 1.12(b) applied to all
conjugates of y instead of to x, there exists a finite subset B of M with the following
property: For each w € Vi which lies over v|x and each conjugate y’ of y over K’ there
exists b € B such that w(b—1y’) > ~. Then L = K'(B) is a finite subextension of M /K.

Consider 0 € Aut(N/K) and let w = v?, ¥’ = y?. Choose b € B such that
w(b—y’) > 7. By Krasner’s lemma [Lan, p. 43], K/ (y°) C K,,(b) C LK,, = L,,. Hence
z9 € V(K!,(y?)) C V(Lyo), as asserted.

Now choose a finite subset Ry of R that contains R; and represents R|; (Defi-
nition 2.8). For each w € Ry R there exists a unique v € Ry such that w|x = v|k.
Choose A € Aut(N/K) such that w = v* and define z,, = z;}. Then z,, € V(L,,).

If 0 € Aut(N/L) satisfies w? = w, then o € Aut(N/N N L,,). Hence, the unique
extension of o to N,, (Data 1.1(1)) fixes the elements of L,,. In particular z¢ = z,,. It

follows that if for arbitrary w € Ry and 7 € Aut(N/L) we define z,,~ = z],, then z,
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is well defined for each v € R, it coincides with the original z, if v € R, and satisfies

z,0 =2z for each v € R and o € Aut(N/L). i
We return now to the notation of Data 1.1, copy over Theorem 1.2, and prove it.

THEOREM 8.2 (Strong approximation theorem): Let V' be an absolutely irreducible

affine variety defined over K. Consider (z.,)wew € Vi sw and a positive integer .

(a) There exists z € V(M) such that w(z — z,,) > for each w € W.

(b) If V(On,) # 0 for each v € VN W, then there exists z € V(M) such that
w(z — 2zy) > 7y for each w € W and v(z) > 0 for each v € Vy N W.

(c) If V(On ) # 0 for each v € VN NW, and w(z,,) > 0 for each w € W, then there

exists z € V(O ) such that w(z — z,,) > v for each w € W.

Proof: By assumption z,, € Vim(Ny). Also, there exists a finite subextension L of
M/K such that z§, = z,. for each w € W and o € Aut(N/L). Our goal is to find a
point z € V(M) such that w(z — z,,) > v for each w € W.

Proof of (c): Here we assume in addition that V(On,) # 0 for each v € Vy W
and z,, € Vim(Onw) for each w € W. We have to approximate the points z,, with
z € V(Opn).

Choose a point zg € V(K) and recall that N, = K for each v € Vy N W. Let

U={veVy>W|uv(z]) >0 for each 0 € G(L)}, T=Vyv U.

Then 7 is an L-rational small set which contains WW. Choose a finite subset W; of
W which represents W/ and a finite subset Ry of R = 7 W which represents R|.
(Definition 2.8). Let 73 = W; UR;.

For each v € Ry choose z, € V(Opn,,). Now use Lemma 8.1, for L instead of K,
extend L (hence, also Wy, R1, and 77), if necessary, and extend the point (z,),c7; to a
point (z,)ye7 such that z, € V(L,) and z,o =z for all v € 7 and ¢ € Aut(N/L). In
particular, each z, belongs to V(Op ,), hence to V(Ox ), and is separable over L. Now
extend L again to assume that zg is separable over L. Finally, if v € U, then N, = K.

So, let z, = zg.
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In an appendix to this work we show that there exists an affine absolutely ir-
reducible curve C' which is defined over L, hence also over M, which lies on V' and
passes through zy and through z, for each v € 77. Moreover, z, is simple on C for
each v € W;. For an arbitrary v’ € Vy the point z, is conjugate over L to a point
z, for some v € 73 UU. Hence z,, belongs to C(Op,) and is simple if v € W. So,
(Zw)wew € Co.sw-

By Proposition 7.5 and Remark 1.3(a), there exists z € C(O)y) such that w(z —

Z,) > 7y for each w € W. This is a point of V' we have been looking for.

Proof of (b): Here we only assume that V(Op ) # 0 for each v € Vy N W. We have
to approximate the points z,, with a W-integral point z € V (M).

Since (2w )wew is L-rational, the set {w(z,)| w € W} is finite. Hence, k =
max{0, —w(zy) }wew is a well defined nonnegative integer. By Proposition 1.12(c)
applied to X instead of to f; there exists a € M such that w(a) > k for each w € W
and v(a) = 0 for each v € Vy N W.

Consider the automorphism A\ of A™ defined by A(x) = ax. It maps V onto an
absolutely irreducible variety V' which is defined over K(a). For each v € Vy N W we
have V/(On,) # 0. If w € W, then 2!, = az,, € V;,(Onw). Moreover, if o € G(L(a)),

then z) ., = (z,,)7.

Since W|k is finite, the set {w(a)| w € W} is bounded. Hence, by (c), there
exists z' € V/(Oypy) such that w(z’ — z],) > v+ w(a) for each w € W. It follows that
z=a"172 € V(M) and w(z — z,,) > 7 for each w € W. Finally, as a is a W-unit, we

have v(z) > 0 for each v € Vy N W.

Proof of (a): Choose zy € V(K) and recall that N, = K for each v € Vy N W. Then
U={ve Vv W] v(zd) >0 forall c € G(K)} is a well defined K-rational big subset
of Vn. Hence, T = Vy NU and R =T W are K-rational small subsets of Vy.

As in the proof of (b), k& = max{0,—v(z0)}ser is a well defined nonnegative
integer. By Proposition 1.11(c), there exists a € M such that v(a) > k for each v € R
and v(a) = 0 for each v € Vy NR. Consider the automorphism A\ of A™ defined

by A\(x) = ax. It maps V onto an absolutely irreducible variety V' which is defined
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over K(a). If w € W, then z,, = az,, € V), (Ny). Moreover, if o € G(L(a)), then
= (2,)°. If v € R, then N, = K and hence, z/, = azg € V'(N,) and satisfies

w

/
v(z,) > 0. Similarly, if v € U, then z) = azo € V'(N,) and v(z;) > 0.

N

By (b), there exists z’ € V/(M) such that w(z' —z,) > v+ w(a) for each w € W.
Hence z = a~'2’ belongs to V(M) and satisfies w(z — z,,) >~y for each w € W.

This concludes the proof of the theorem. |

Next we show how to deduce the weak approximation theorem from the strong

approximation theorem.

Proof of Theorem 1.4(a): There exists a finite subextension K’ of M /K over which V'
is defined and such that the map res: 7 — 7 |- is injective. Assume without loss that
K' = K. Extend each v € T to a valuation of N, if necessary, to assume that 7 C Vy.
Recall that Opr,, = On, for each v € Vi (Proposition 1.12(a)).

For each v € TNSy let z, € Viim(On ) and for each v € 7~ Sy let z, € V(On ).
Also, let v be a positive integer. We have to find z € V(O,s) such that v(z — z,) > v
for each v € 7.

Let 7/ ={v7 | veT, 0 € Aut(N/K)}. Then W =Sy U7  and R = Sy N7’
are K-rational small sets. Choose a finite subset R; of R that represents R|x. Then
W) =R U (T NSN) U (T N Sy) represents W|k.

If v € T\ Sy, then N, = K (Proposition 1.12(a)). Since Vi (K) is Zariski open
in V(K), it is v-dense in V(K) [Mum, p. 82]. Hence, we can assume without loss that
z, is simple. Finally, for each v € Ry we choose z, € Viim(On v)-

By Lemma 8.1, the point (z,)wew, extends to a point (z,)wew of Vik s w. So,
Theorem 8.2(c) gives a point z € V(Oyy) such that w(z — z,,) > v for each w € W and

in particular for each w € 7.

Proof of Theorem 1.4(b): Replace the use of Theorem 8.2(c) in the proof of (a) by a
use of Theorem 8.2(a). i

The assumption we made on M to be weakly PSC over Oy, is not intrinsic because
it involves the field N. We show below that, as a consequence of the strong approxima-

tion theorem, M has the more elegant property of being ‘PSC over Oy;’. The stronger
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condition implies the weaker one and therefore eventually implies the strong approxi-
mation theorem. However, starting from an algebraic extension M, of K which is PAC
over O (e.g., K(o), for almost all o € G(K)¢), all we could prove for M = My N N at
the beginning of the long proof is that M is weakly PSC over Oj;. So, we had to start

with the latter condition.

Remark 8.3: PSC fields. (a) A perfect algebraic extension L of K is said to be PSC if
every absolutely irreducible variety V' defined over L has an L-rational point provided
it has a simple L,-rational point for each v € Sp. Theorem 1.4(b) with 7 = ) implies
that M is PSC. This generalizes a result of Pop [Pop] that N is PSC.

(b) The actual results of our paper depend however on the notion of a PAC field
over a ring. Generalizing this concept, consider a perfect algebraic extension L of K.
We say that L is PSC over Oy, if for every absolutely irreducible variety V' of dimension
r and every dominating separable rational map ¢: V — A" over L there exists z € V(L)
such that p(z) € OF provided that for each v € Sy, there exists z, € Vim(Ly) such that
p(zv) € OF -

(c) Let U be a nonempty Zariski-open affine subvariety of V over L and let v € Sr.
Then, Of , is v-open in Ly and ¢: V(L,) — L; is v-continuous. Also, each v-open
neighborhood of a point of V(L) is Zariski dense in V' [GPR, Cor. 9.5]. Hence, if
there exists z, € Vim(Ly) such that p(z,) € O7 ., then there exists y, € Usim (L) such
that o(y,) € Of ,. It follows that in order for L to be PSC (resp., PSC over Oy) it

suffices to consider only affine absolutely irreducible varieties. |

If L is a perfect subextension of N/K which is PSC over Oy, then L is also weakly
PSC over Oy,. Indeed, in the notation of Data 1.1(n) for L instead of M, we may take
V as the affine plane curve h(T, X)) = 0 (with finitely many points deleted) and ¢ as the
projection on the first coordinate. Note that this observation, as well as the definitions
and the comments of Remark 8.3 do not depend on the assumtion that K is a global
field. The next result is however a consequence of the strong approximation theorem

and therefore relies on the assumption that K is a global field.
THEOREM 8.4: M is PSC over Oyy.
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Proof: Let V, ¢, and 2z, be as in Remark 8.3(b) with M instead of L and with V
affine. We have to find z € V(M) such that ¢(z) € O},.

Assume without loss that V is defined over K. As p: V' — A" is dominating,
we can choose zg € Vim(K) such that o(zg) € O". Consider the K-rational big set
U={veVy Sn| v(zf) >0 for each 0 € Aut(N/K)} and let W = Vy N U. Make
U somewhat smaller, if necessary, to assume that YW\ Sy is nonempty. For each w &€
W Sy let z,, = 2.

Let now W be the graph of . That is, W is the Zariski closure of the set of all
points (z, p(z)) with z € V(K) at which ¢ is defined. The Jacobian criteria implies that
(Zaw, P(Z)) € Weim(INVy,) for each w € W. Let v be a large positive integer. By Lemma
8.1, we can redefine the points z,, such that (z,,¢(zw))wew € Wk sw. Theorem
8.2(b) then supplies (z,y) € W(M), such that w((z,y) — (2w, p(zyw))) > 7 for each
w € W and v(z,y) > 0 for each v € Vy N W. In particular z € V(M). Also, z is Zariski
close to zg, hence ¢ is defined at z, and therefore y = ¢(z). Finally, w(y) > 0 for each

w € W. Conclude that ¢(z) € O}, as desired. |

Remark 8.5: Algebraic extensions. Let My be a perfect algebraic extension of K. Let
M = My N N and suppose that My is PAC over O);. Consider a subextension M’
of N/M and let Mj = MoM’'. Then M)/ NN = M’ and M is PAC over Oy [JRI,
Corollary 2.5]. Hence, the approximation theorems and the local global principle hold
also for M’.

Combining the methods of proof of [Ja5, Lemma 7.2] and [JR1, Lemma 2.1], it
is possible to prove that if M’ is an algebraic extension of M which is unramified over
Sur, and in particular if M’ C N, then M’ is PSC over Oy;. But we do not elaborate
on this. |
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9. Decidability

In this section we assume that S is empty, therefore N = K, and M is a perfect algebraic
extension of K which is PAC over Oj;. The local global principle allows us in this case
to develop a decision procedure for diophantine problems of M with coefficients in K
which is independent of M. Thus, Hilbert’s tenth problem with coefficients in K is
uniformly solvable for all algebraic extensions M of K which are perfect and which are
PAC over Oyy.

Our basic auxiliary tool in this procedure is a lemma which uniformizes the
decomposition-intersection procedure for Zariski K-closed affine sets [FrJ, Sec. 19.1].

In this lemma K and M do not denote any more the fields which Data 1.1 fixed.

LEMMA 9.1 (Uniform decomposition-intersection procedure): Let K be a field. Let A
be a Zariski K-closed subset of A™. Then there exists a finite normal extension () of
K and for each subfield L of Q) such that Q)/L is Galois there exists an L-closed subset
A7 of A which decomposes into a union of absolutely irreducible varieties which are
defined over L such that if M is a perfect field which contains K and (Q "M = L, then
A(M) = A5 (M).

Moreover, if K has elimination theory in the sense of [FrJ, Def. 17.9], then we can
effectively construct (), and for each L as above we can effectively construct A} and

decompose it into its absolutely irreducible components over L.

Proof: We use the notation E < @) for two fields F and () to denote that () is a Galois
extension of E.

Decompose A into its absolutely irreducible components, A = |J,.; Vi and con-
struct a finite normal extension Q¢ of K over which each V; is defined. Let K C E < Qg.
Then G(Qo/F) permutes the V;’s. Consider a decomposition

(Villie 1} = | {Villi € I;}
j€EJE
into G(Qo/E)-orbits. For each j € Jg, U; = ﬂielj V; is invariant under G(Qo/E) and is
therefore an E-closed subset of A. If I consists of only one element 7, then U; = V; is an

absolutely irreducible variety which is defined over E. Otherwise, dim(V;) = dim(V}/)
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and V; # Vi for distinct 4,7" € I;. Hence, dim(U;) < min;ey, dim(V;) < dim(A) [FrJ,
Lemma 9.19]. Let
Ag= |J U; ad Bg= |J U;
j€JE je€JE
|1;1=1 [1;]>1
Then Ag is a union of absolutely irreducible varieties which are defined over E and

dim(Bg) < dim(A).

Cram: If M is a perfect field which contains K and Qo N M = E, then A(M) =
Ap(M)U Bg(M). Indeed, let x € A(M). Then, there exist j € Jg and i € I; such
that x € V;(M). If |I;| = 1, then x € Ag(M). Otherwise, consider i € I;. By
definition, there exists 0 € G(Qo/E) such that Vi, = V7. Since Qo/FE is Galois, o
extends to an element of G(QoM/M). Hence, x € V;/(M). It follows that x € U;(M)
and therefore x € Bg(M), as was to be shown.

If Bg is nonempty, use induction on the dimension to obtain a finite normal
extension Qg of E, and to construct for each £ C F < Qg an F-closed subset A’ such
that all absolutely irreducible components of A’ are defined over F' and such that if M
is a perfect field which contains E and Qg N M = F, then Bg(M) = A'n(M).

Let now @ be a finite normal extension of K which contains )y and all fields Qg
for which K C F < Q9. Consider a field K C L < ). Then E = Qg N L satisfies
K CFE<Qoand F=QgNLsatisfies E C F < Qg. By the above, A} = Ag U A,
is an L-closed subset of A that decomposes into absolutely irreducible varieties each of
which is defined over L.

Let M be a perfect field which contains K such that L = Q@ N M. Then L < Q.
Hence, in the notation of the preceding paragraph A(M) = Ag(M)UBg(M) = Ag(M)U
AW(M) = Aj (M), as desired.

Finally, if K has elimination theory, then Chapter 17 of [FrJ] shows how to make

all the above constructions effective. [ |
We return now to the notation of Data 1.1.

THEOREM 9.2 (Decidability of diophantine equations): Let A be a given Zariski closed
subset of A" over K.
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(a) If A is absolutely irreducible, then we can effectively decide whether A has an O-
rational point, and therefore, by Theorem 1.8(a), also an Oy rational point for each
algebraic extension M of K which is perfect and which is PAC over Oyy.

(b) We can compute a finite normal extension ) of K and the maximal purely insep-
arable extension K' of K in @, and for each field K' C L C Q we can effectively
assign an integer v(L) € {0, 1} such that if an algebraic extension M of K is perfect
and is PAC over Oy and QN M = L, then A(Op) =0 if v(L) = 0 and A(Opr) # 0
ifv(L)=1.

(c) For each positive integer e we can compute the Haar measure of all ¢ € G(K )¢ such

that A has an O(e)-rational point. This measure is a rational number.

Proof of (a): By the local global principle, it suffices to check if for each v € V there
exists z € A(K) such that v(z) > 0. To this end choose a € A(K), if possible [FrJ,
Thm. 8.4]. Let L be a finite extension of K which contains the coordinates of a. Then
find a finite set 7 of Vp, such that v(a) > 0 for all v € V;, N7. For each v € T use
Abraham Robinson’s decision procedure ([Rob, p. 54] or Weispfening’s procedure [Wei,
Cor. 3.3]) for the theory of algebraically closed valued fields to decide whether A(K)
has a point a, such that ©(a,) > 0 for some (hence for all) extensions © of v to K. If

one of these checkups is negative, then A(O) is empty, otherwise it is nonempty.

Proof of (b): Use the notation of Lemma 9.1. Decompose A} into its absolutely
irreducible components, A} = (JWr,;. Lemma 9.1 says that each of them is defined
over L. For each i check, by (a), whether Wy ;(O) is empty. If this is the case for all 4
put v(L) = 0, otherwise let v(L) = 1.

Let now M be a perfect field which is PAC over Oy, and let L = Q N M. By
Lemma 9.1, A(M) = A5 (M) = JWy(M). Hence A(Opr) = 0 if and only if v(L) = 0.

Proof of (¢): Use the notation of (b). For each oy € G(Q/K')¢ let Q(o() be the fixed
field of oo in Q. Let k be the number of all oy € G(Q/K’)® for which v(Q(ay)) = 1.
For almost all & € G(K)¢, the field M = K (o) is perfect and is PAC over O [JRI,
Prop. 3.1] and hence also over Ojs. Hence, by (b), the desired measure is k/[Q : K']°.
|
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10. Appendix: Drawing a curve through points of a variety

The reduction of the aproximation theorem for arbitrary affine varieties over K to the
same theorem for curves uses an essentially known result from algebraic geometry. We

thank Ron Livne for his help in the proof.

LEMMA 10.1: Let V- C A™ (resp., V. C P™) be an affine (resp., projective) absolutely
irreducible variety of dimension r > 1 which is defined over an infinite field L. Let P
be a finite subset of V(Ls). Then there exists an absolutely irreducible curve C' C A™
(resp., C C P™) over L which lies on V and passes through each of the points of P.

Moreover, if p € P is simple on V', then it is also simple on C.

Proof: The affine case follows from the projective one. So, we assume that V is
projective. For r = 1 there is nothing to prove. So we assume that r» > 2. Add a point
of Vaim(Ls) to P, if necessary, to assume that Py, = P N Vim(Ls) is nonempty. Add
all L-conjugates of points in P, if necessary, to assume that P is invariant under the
action of the Galois group G(L).

Consider a positive integer d. Order the set of monomials in Xy, ..., X,, of degree
d as mo, ..., mq. Let h(X) = > 7_; a;m;(X) in L[Xy, ..., Xy] be a form of degree d. It
defines a hypersurface H in P" such that H (L) is the set of zeros of h in P*(L). Identify
H with the point a = (ag : - - - : aq) of P?. In this way we identify the set H = H, of all
these hypersurfaces with P? and equip ‘H with the Zariski topology of P9.

Let P = P4 be the closed subset of ‘H consisting of all H which pass through each
point of P. It is isomorphic to a linear subspace which is isomorphic to P for some
m < q. In particular, P is absolutely irreducible. Since P is invariant over L and each
point in P is separable algebraic, P is defined over L.

Let Z = Z; be the set of all H € H such that H NV is absolutely irreducible.
Let J = J4 be the set of all H € ‘'H which do not contain V. For each p € Py, let
Ep = &Ep.a be the set of all H € J such that p is simple on HNV.

We prove that Z, J, and &, are open in ‘H. We also prove for d > |P| that &, NP
are nonempty. Finally we prove that for infinitely many d’s the set Z NP is nonempty.

As P is irreducible, this will imply for some large d that Y = Z N () Ep NP is a

pePsiln
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nonempty open subset of P. Since L is infinite and P is linear, there exists H € U(L).
By the dimension theorem, H NV is an absolutely irreducible variety of dimension r — 1
which is defined over L, goes through each point of P, and p is simple on H NV for
each p € Py Now use induction on 7 to find the desired curve C.

We have therefore to prove the above claims.

CLAIM A: 7 and J are open. The Veronese mapping [Sha, p. 40] (also called the
d-uple embedding [Har, p. 13]) v maps each point x = (z¢ : --- : x,) in P*(L) to
the point y = (mg(x) : --- : my(x)) of P4(L). Tt is an isomorphism of P" onto a
subvariety of P4, called the Veronese variety, which is defined over the prime field
of L. In particular, ¥ maps V isomorphically to an absolutely irreducible subvariety
V* of P4. For each hypersurface H of degree d in P" which is defined by a form
hX) = 37y a;m;(X) the map v attaches the hyperplane H* in P¢ which is defined
by the linear form h*(Y) = ?:0 a;Y;. The intersection V N H is absolutely irreducible
if and only if V* N H* is absolutely irreducible. We identify H* with the same point a
of P? to which we have already identified H. By [HoP, p. 79, Lemma 1], the set of all
hyperplanes H* in P? such that H* N V* is absolutely irreducible is open. Hence, 7 is
open.

Similarly, the set of all H* which do not contain V* is open. Hence, so is J.

CLAIM B: For p € Py, the set & is open. Let fi,..., fr be forms in L[Xo,..., X,]
which generate the ideal of all polynomials in L[Xo, ..., X,] that vanish on V. For each
form h € L[X] of degree d consider the (k + 1) x (n + 1) matrix

Ofi

8 .
m=(£)

8pj

with ¢ = 1,...,k and j = 0,...,n. Here g%; = gij_(p) and gTZ = %(p). If the

hypersurface H that h defines belongs to [, then each absolutely irreducible component
of H NV has dimension r — 1. Hence, p is simple on H NV if and only if Dj, has a

nonzero subdeterminant of order n —r 4 1. So, & is open.
CraM C: Suppose that d > |P| and let p € Pyp,. Then £, NP is nonempty.
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Indeed, let Ty, be the tangent space to V' at p. Let T p be the dual space consisting

of all linear forms Y ., %Xi with f € L[X] a form which vanishes on V. Then

A

dim(7p) = r and dim(7p) = n—r < n—1. On the other hand, the space Ap, of all linear
forms in X which vanish at p is of dimension n — 1. Hence A, € Tp. Also, if q # p,
then A, ¢ Aq. Choose ¢ € V(L) P. Choose A(X) = S0 b;X; € Ap (T U Ao).
For each q € P{p} choose \q(X) € Aq “(Ap UA.). Finally choose an extra linear

form p(X) in LIX]N(Ap U Ac). Then h(X) = A(X) [Igep - (py 2a(X)u(X)* 1Pl is a

form of degree d which vanishes at each point of P but not at c. Moreover, g—;‘_ =

bi quP ~{p} >\q(I))M(I))d_“D| and therefore

> gy X1 =AX) I 2a@wm*r.

=0 acP ~{p}
As a multiple of A(X) by a constant the latter form does not belong to T,. It follows
that the rank of Dy is n — r + 1. Conclude that the hypersurface H that h defines

belongs to &, N P, as claimed.

CLAIM D: There exist infinitely many d’s for which ZN'P is nonempty. Blow up P™ at

the points of P to obtain a birational morphism 7: P* — P" over L with the following

properties [Mum, pp. 219-225]:

(1a) P* C P* is an absolutely irreducible variety of dimension n defined over L (we
have assumed that each point in P is separable over L) for some positive integer
k.

(1b) The restriction of 7 to P, ~ 7~ !(P) is an isomorphism onto P™ \ P.

(1c) The Zariski closure of 7=1(V \ P) is an absolutely irreducible subvariety V of P*
of dimension 7 and the restriction of 7 to V is a birational morphism onto V.

(1d) For each p € P the fiber 7~1(p) is of dimension n — 1.

By (1c), V € 7~ 1(p), and hence, by (1d) and the dimension theorem

(le) dim(7~'(p)NV) =r — 1 for each p € P.

We have already mentioned that the set of all hyperplanes in P* which intersect a

given absolutely irreducible variety of dimension m in an absolutely irreducible variety

of dimension m — 1 is Zariski open. Moreover, it is nonempty [HoP, p. 78]. Since L
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is infinite, P¥ has a hyperplane H’ over L such that H* = H’ N P" is an absolutely
irreducible variety of dimension n — 1 and H’ N V, which is equal to H* NV, is an
absolutely irreducible variety of dimension r» — 1. Moreover, we can choose H' such that
for each p € P it does not contain 7' (p) N V.

It follows that for each p € P, H* does not contain 7~ *(p)NV. Hence H = w(H*)
is an absolutely irreducible subvariety of P™ of dimension n — 1 which is defined over
L. Let h(X) € L[X] be a form which defines H. Then H € Hy with d = deg(h). Note
that H (L) is the set of zeros of any power of h. So, we may assume that d is large. In
order to complete the proof of the theorem we have to prove that H NV is absolutely
irreducible and contains P.

Indeed, by the dimension theorem for projective spaces, and since r — 1 > 1, each

of the sets 71 (p) N H* is nonempty. Hence W = n(H*NV) is an absolutely irreducible

subvariety of V' of dimension » — 1 which contains P and is defined over L.

Obviously W(L) € H(L) N V(L). Conversely, let a € H(L) NV (L)~ P. Then
there exist b € H*(L) and ¢ € V(L) such that 7(b) = a = 7(c). Both b and ¢ do
not belong to 7' (P). Since 7 is bijective on P*(L) \ 7~ (P), we have b = c. Hence,
a € W(L). Conclude that W =HNV.

This completes the proof of the last claim. |

45



[CaR]

[Del]

[De2]

[DMR]

[FrJ]

[GPR]

[Har]

[HoP]

[Jal]

[Ja2]

[Ja3]

[Jad]

[Jab]

[JaR]

References

D.C. Cantor and P. Roquette, On diophantine equations over the ring of all algebraic
integers, Journal of Number Theory n18 (1984), 1-16.

M. Deuring, Lectures on the Theory of Algebraic Functions of One Variable, Lecture
Notes in Mathematics 314, Springer, Berlin, 1973.

M. Deuring, Reduktion algebraischer Funktionenkoérper nach Primdivisoren des Kon-

stantenkorpers, Mathematische Zeitschrift 47 (1942), 643-654.

M. Dayvis, Y. Matijasevi¢, and J. Robinson, Hilbert’s tenth problem. Diophantine equa-
tions: Positive aspects of a negative solution, Proceedings of Symposia in Pure Math-

ematics 28 (1976), 323-378.

M.D. Fried and M. Jarden, Field Arithmetic, Ergebnisse der Mathematik (3) 11,
Springer, Heidelberg, 1986.

B. Green, F. Pop, and P. Roquette, On Rumely’s local-global principle, Jahresbericht
der Deutsche Mathematickervereinigung 97 (1995), 43-74.

R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics 52, Springer,
New York, 1977.

W.V.D. Hodge and D. Pedoe, Methods of Algebraic Geometry II, Cambridge Univer-
sity Press, Cambridge, 1952.

M. Jarden, Elementary statements over large algebraic fields, Transactions of AMS

164 (1972), 67-91.

M. Jarden, The Skolem problem over the rings of integers of large algebraic fields,
manuscript, Tel Aviv, 1989.

M. Jarden, Intersection of local algebraic extensions of a Hilbertian field (A. Barlotti

et al., eds), NATO ASI Series C 333 343-405, Kluwer, Dordrecht, 1991.

M. Jarden, The inverse Galois problem over formal power series fields, Israel Journal

of Mathematics 85 (1994), 263-275.

M. Jarden, Algebraic realization of p-adically projective groups, Compositio Mathe-
matica 79 (1991), 21-62.

M. Jarden and Peter Roquette, The Nullstellensatz over p-adically closed fields, Jour-
nal of the Mathematical Society of Japan 32 (1980), 425-460.

46



[JR1]

[JR2]

[Lan]

[MB1]

[Ro2]

[Rob]

[Rul]

[Ru2]

[Sha)

[Wei]

M. Jarden and A. Razon, Pseudo algebraically closed fields over rings, Israel Journal

of Mathematics 86 (1994), 25-59.

M. Jarden and A. Razon, Skolem problem over the ring of integers of large algebraic

fields, Nieuw Archief fur Wisskunde
S. Lang, Algebraic Number Theory, Addison-Wesley, Reading, 1970.

L. Moret-Bailly, Points entiers des varietés arithmétiques, Séminaire de Théorie des
Nombres, Paris 1985-86, Progress in Mathematics 71, 147-153, Birkhauser, Boston,
1988.

L. Moret-Bailly, Groupes de Picard et problémes de Skolem I, Annales Scientifiques
de ’Ecole Normale Superieure (4) 22 (1989), 161-179.

L. Moret-Bailly, Groupes de Picard et problémes de Skolem II, Annales Scientifiques
de I’Ecole Normale Superieure (4) 22 (1989), 181-194.

D. Mumford, The Red Book of Varieties and Schemes, Lecture Notes in Mathematics
1358, Springer, Berlin, 1988.

F. Pop, Fields of totally Y-adic numbers, manuscript, Heidelberg, 1992.

A. Razon, Primitive recursive decidability for large rings of algebraic integers, Ph.D

Thesis, Tel Aviv, 1995.

P. Roquette, Reciprocity in valued function fields, Journal fiir die reine und ange-

wandte Mathematik 375/376 (1987), 238-258.

P. Roquette, Rumely’s local global principle, Notes from a meeting in Oberwolfach on

model theory, 1990.
A. Robinson, Complete Theories, North Holland, 1956.

R. Rumely, Arithmetic over the ring of all algebraic integers, Journal fiir die reine und

angewandte Mathematik 368 (1986), 127-133.

R. Rumely, Capacity Theory on Algebraic Curves, Lecture Notes in Mathematics
1378, Springer, Berlin, 1989.

I.R. Shafarevich, Basic Algebraic Geometry, Grundlehren der mathematischen Wissen-

schaften 213, Springer Berlin, 1977.

V. Weispfenning, Quantifier elimination and decision procedures for valued fields, in

Models and Sets, Lecture Notes in Mathematics 1103, Berlin 1984, 419-472.

47



