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INDUCTIVE INFERENCE: AN AXIOMATIC APPROACH

By ITZHAK GILBOA AND DAVID SCHMEIDLER!

A predictor is asked to rank eventualities according to their plausibility, based on past
cases. We assume that she can form a ranking given any memory that consists of finitely
many past cases. Mild consistency requirements on these rankings imply that they have
a numerical representation via a matrix assigning numbers to eventuality-case pairs, as
follows. Given a memory, each eventuality is ranked according to the sum of the numbers
in its row, over cases in memory. The number attached to an eventuality-case pair can
be interpreted as the degree of support that the past case lends to the plausibility of the
eventuality. Special instances of this result may be viewed as axiomatizing kernel methods
for estimation of densities and for classification problems. Interpreting the same result for
rankings of theories or hypotheses, rather than of specific eventualities, it is shown that one
may ascribe to the predictor subjective conditional probabilities of cases given theories,
such that her rankings of theories agree with rankings by the likelihood functions.

KEYWORDS: Case-based reasoning, case-based decision theory, prediction, maximum
likelihood, kernel functions, kernel classification.

1. INTRODUCTION

PREDICTION IS BASED ON PAST CASES. As Hume (1748) argued, “From causes
which appear similar we expect similar effects. This is the sum of all our experi-
mental conclusions.” Over the past decades Hume’s approach has found reincar-
nations in the artificial intelligence literature as reasoning by analogies, reasoning
by similarities, or case-based reasoning. (See Schank (1986) and Riesbeck and
Schank (1989).) Many authors accept the view that analogies, or similarities to
past cases hold the key to human reasoning. Moreover, the literature on machine
learning and pattern recognition deals with using past cases, or observations, for
predicting or classifying new data. (See, for instance, Forsyth and Rada (1986)
and Devroye, Gyorfi, and Lugosi (1996).) But how should past cases be used?
How does, and how should one resolve conflicts between different analogies? To
address these questions, let us first consider a few examples.

EXAMPLE 1: A die is rolled over and over again. One has to predict the out-
come of the next roll. As far as the predictor can tell, all rolls were made under
identical conditions. Also, the predictor does not know of any a priori reason
to consider any outcome more likely than any other. The most reasonable pre-
diction seems to be the mode of the empirical distribution, namely the outcome

1 We wish to thank Yoav Binyamini, Didier Dubois, John Geanakoplos, Bruno Jullien, Edi Karni,
Simon Kasif, Daniel Lehmann, Sujoy Mukerji, Roger Myerson, Klaus Nehring, Ariel Rubinstein,
Lidror Troyanski, Peter Wakker, Peyton Young, an editor, and three anonymous referees for the
discussions that motivated this work, as well as for comments and references.
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that has appeared most often in the past. Moreover, empirical frequencies sug-
gest a plausibility ranking of all possible outcomes, and not just a choice of the
most plausible ones.?

EXAMPLE 2: A physician is asked by a patient if she predicts that a surgery
will succeed in his case. The physician knows whether the procedure succeeded
in most cases in the past, but she will be quick to remind her patient that every
human body is unique. Indeed, the physician knows that the statistics she read
included patients who varied in terms of age, gender, medical condition, and so
forth. It would therefore be too naive of her to quote statistics as if the empirical
frequencies were all that mattered. On the other hand, if the physician considers
only past cases of patients that are identical to hers, she will probably end up
with an empty database.

EXAMPLE 3: An expert on international relations is asked to predict the out-
come of the conflict in the Middle East. She is expected to draw on her vast
knowledge of past cases, coupled with her astute analysis thereof, in forming her
prediction. As in Example 2, the expert has a lot of information she can use,
but she cannot quote even a single case that was identical to the situation at
hand. Moreover, as opposed to Example 2, even the possible eventualities are
not identical to outcomes that occurred in past cases.

We seek a theory of prediction that will permit the predictor to make use
of available information, where different past cases might have differential rele-
vance to the prediction problem. Specifically, we consider a prediction problem
for which a set of possible eventualities is given. This set may or may not be
an exhaustive list of all conceivable eventualities. We do not model the process
by which such a set is generated. Rather, we assume the set given and restrict
attention to the problem of qualitative ranking of its elements according to their
likelihood.

The prediction rule. Consider the following prediction rule for Example 2. The
physician considers all known cases of successful surgery. She uses her subjective
judgment to evaluate the similarity of each of these cases to the patient she is
treating, and she adds them up. She then does the same for unsuccessful treat-
ments. Her prediction is the outcome with the larger aggregate similarity value.
This generalizes frequentist ranking to a “fuzzy sample”: in both examples, like-
lihood of an outcome is measured by summation over cases in which it occurred.
Whereas in Example 1 the weight attached to each past case is 1, in this example
this weight varies according to the physician’s subjective assessment of similarity
of the relevant cases. Rather than a dichotomous distinction between data points

2 The term “likelihood” in the context of a binary relation, “at least as likely as,” has been used by
de Finetti (1937) and by Savage (1954). It should not be confused with “likelihood” in the context
of likelihood functions, also used in the sequel. At this point we use “likelihood” and “plausibility”
informally and interchangeably.
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that do and those that do not belong to the sample, each data point belongs to
the sample to a certain degree, say, between 0 and 1.

The prediction rule we propose can also be applied to Example 3 as follows.
For each possible outcome of the conflict in the Middle East, and for each past
case, the expert is asked to assess a number, measuring the degree of support
that the case lends to this outcome. Adding up these numbers, for all known
cases and for each outcome, yields a numerical representation of the likelihood
ranking. Thus, our prediction rule can be applied also when there is no structural
relationship between past cases and future eventualities.

Formally, let M denote the set of known cases. For each ¢ € M and each
eventuality x, let v(x,c) € R denote the degree of support that case ¢ lends
to eventuality x. Then the prediction rule ranks eventuality x as more likely than
eventuality y if and only if

(1) > v(x,c) > Y v(y,c).

ceM ceM

Axiomatization. The main goal of this paper is to axiomatize this rule. We
assume that a predictor has a ranking of possible eventualities given any possible
memory (or database). A memory consists of a finite set of past cases, or stories.
The predictor need not envision all possible memories. She might have a rule,
or an algorithm that generates a ranking (in finite time) for each possible mem-
ory. We only rely on qualitative plausibility rankings, and do not assume that the
predictor can quantify them in a meaningful way. Cases are not assumed to have
any particular structure. However, we do assume that for every case there are
arbitrarily many other cases that are deemed equivalent to it by the predictor
(for the prediction problem at hand). For instance, if the physician in Example 2
focuses on five parameters of the patient in making her prediction, we can imag-
ine that she has seen arbitrarily many patients with particular values of the five
parameters. The equivalence relation on cases induces an equivalence relation
on memories (of equal sizes), and the latter allows us to consider replication of
memories, that is, the disjoint union of several pairwise equivalent memories.

Our main assumption is that prediction satisfies a combination axiom. Roughly,
it states that if an eventuality x is more likely than an eventuality y given two pos-
sible disjoint memories, then x is more likely than y also given their union. For
example, assume that the patient in Example 2 consults two physicians, who were
trained in the same medical school but who have been working in different hos-
pitals since graduation. Thus, the physicians can be thought of as having disjoint
databases on which they can base their prediction, while sharing the inductive
algorithm. Assume next that both physicians find that success is more likely than
failure in the case at hand. Should the patient ask them to share their databases
and re-consider their predictions? If the inductive algorithm that the physicians
use satisfies the combination axiom, the answer is negative.

We also assume that the predictor’s ranking is Archimedean in the following
sense: if a database M renders eventuality x more likely than eventuality y, then
for every other database N there is a sufficiently large number of replications of
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M such that, when these memories are added to N, they will make eventuality x
more likely than eventuality y. Finally, we need an assumption of diversity, stating
that any list of four eventualities may be ranked, for some conceivable database,
from top to bottom. Together, these assumptions necessitate that prediction be
made according to the rule suggested by the formula (1) above. Moreover, we
show that the function v in (1) is essentially unique.

This result can be interpreted in several ways. From a descriptive viewpoint,
one may argue that experts’ predictions tend to be consistent as required by
our axioms (of which the combination is the most important), and that they
can therefore be represented as aggregate similarity-based predictions. From a
normative viewpoint, our result can be interpreted as suggesting the aggregate
similarity-based predictions as the only way to satisfy our consistency axioms. In
both approaches, one may attempt to measure similarities using the likelihood
rankings given various databases.

Observe that we assume no a priori conceptual relationship between cases and
eventualities. Such relationships, which may exist in the predictor’s mind, will be
revealed by her plausibility rankings. Further, even if cases and eventualities are
formally related (as in Example 2), we do not assume that a numerical measure
of distance, or of similarity is given in the data.

Our decision rule generalizes several well-known statistical methods, apart
from ranking eventualities by their empirical frequencies. Kernel methods for
estimation of a density function, as well as for classification problems, are a spe-
cial case of our rule. If the objects that are ranked by plausibility are general
theories, rather than specific eventualities, our rule can be viewed as ranking the-
ories according to their likelihood function. In particular, these established statis-
tical methods satisfy our combination axiom. This may be taken as an argument
for this axiom. Conversely, our result can be used to axiomatize these statistical
methods in their respective set-ups.

Methodological remarks. The Bayesian approach (Ramsey (1931), de Finetti
(1937), and Savage (1954)) holds that all prediction problems should be dealt
with by a prior subjective probability that is updated in light of new information
via Bayes’ rule. This requires that the predictor have a prior probability over a
space that is large enough to describe all conceivable new information. We find
that in certain examples (as above) this assumption is not cognitively plausible.
By contrast, the prediction rule (1) requires the evaluation of support weights
only for cases that were actually encountered. For an extensive methodological
discussion, see Gilboa and Schmeidler (1995, 2001).

Since the early days of probability theory, the concept of probability serves a
dual role: one relating to empirical frequencies, and the other to quantification
of subjective beliefs or opinions. (See Hacking (1975).) The Bayesian approach
offers a unification of these roles employing the concept of a subjective prior
probability. Our approach may also be viewed as an attempt to unify the notions
of empirical frequencies and subjective opinions. Whereas the axiomatic deriva-
tions of de Finetti (1937) and Savage (1954) treat the process of the generation
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of a prior as a black box, our rule aims to make a preliminary step towards the
modeling of this process.

Thus, our approach is complementary to the Bayesian approach at two lev-
els: first, it may offer an alternative model of prediction, when the information
available to the predictor is not easily translated to the language of a prior prob-
ability. Second, our approach may describe how a prior is generated. (See also
Gilboa and Schmeidler (2002).)

The rest of this paper is organized as follows. Section 2 presents the formal
model and the main results. Section 3 discusses the relationship to kernel meth-
ods and to maximum likelihood rankings. Section 4 contains a critical discussion
of the axioms, attempting to outline their scope of application. Finally, Section 5
briefly discusses alternative interpretations of the model, and, in particular,
relates it to case-based decision theory. Proofs are relegated to the Appendix.

2. MODEL AND RESULT
2.1. Framework

The primitives of our model consist of two nonempty sets X and C. We inter-
pret X as the set of all conceivable eventualities in a given prediction problem,
p, whereas C represents the set of all conceivable cases. To simplify notation, we
suppress the prediction problem p whenever possible. The predictor is equipped
with a finite set of cases M C C, her memory, and her task is to rank the eventu-
alities by a binary relation, “at least as likely as.”

While evaluating likelihoods, it is insightful not only to know what has hap-
pened, but also to take into account what could have happened. The predictor
is therefore assumed to have a well-defined “at least as likely as” relation on X
for many other collections of cases in addition to M itself. Let M be the set of
finite subsets of C. For every M € M, we denote the predictor’s “at least as likely
as” relation by =, C X x X.

Two cases ¢ and d are equivalent, denoted c ~ d, if, for every M € M such that
¢, d € M, Zpuiey=Zmuay- TO justify the term, we note the following.

OBSERVATION: ~ is an equivalence relation.

Note that equivalence of cases is a subjective notion: cases are equivalent if,
in the eyes of the predictor, they affect likelihood rankings in the same way.
Further, the notion of equivalence is also context-dependent: two cases ¢ and d
are equivalent as far as a specific prediction problem is concerned.

We extend the definition of equivalence to memories as follows. Two memories
M,, M, e M are equivalent, denoted M; ~ M,, if there is a bijection f: M; - M,
such that ¢ ~ f(c) for all ¢ € M,. Observe that memory equivalence is also an
equivalence relation. It also follows that, if M; ~ M,, then, for every N € M such
that NN (M, UM,) =3, Znum, =Znum,-

Throughout the discussion, we impose the following structural assumption.
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RICHNESS ASSUMPTION: For every case c € C, there are infinitely many cases
d € C such that c ~ d.

A note on nomenclature: the main result of this paper is interpreted as a
representation of a prediction rule. Accordingly, we refer to a “predictor” who
may be a person, an organization, or a machine. However, the result may and
will be interpreted in other ways as well. Instead of ranking eventualities one
may rank decisions, acts, or a more neutral term, alternatives. Cases, the elements
of C, may also be called observations or facts. A memory M in M represents the
predictor’s knowledge and will be referred to also as a database.

2.2. Axioms

We will use the four axioms stated below. In their formalization, let >,, and
~, denote the asymmetric and symmetric parts of 2-,,, as usual. 2=, is complete
ifxzyyoryr,xforalx, yeX.

Al ORDER: For every M € M, Z,, is complete and transitive on X .

A2 COMBINATION: For every disjoint M, N € M and every x, y € X, if x ",
y(x >y y) and x Zy y, then X Zyoun Y(X >mun ¥)-

A3 ARCHIMEDEAN AXIOM: For every disjoint M, N € M and every x, y € X,
if x >y y, then there exists | € N such that for any I-list (M;)!_, of pairwise disjoint
M;’s in M, where for all i <1, M; ~M and M;NN =@, x > ..umun Y holds.

Axiom 1 simply requires that, given any conceivable memory, the predictor’s
likelihood relation over eventualities is a weak order. Axiom 2 states that if
eventuality x is more plausible than eventuality y given two disjoint memories, x
should also be more plausible than y given the union of these memories. Axiom
3 states that if, given the memory M, the predictor believes that eventuality x is
strictly more plausible than y, then, no matter what is her ranking for another
memory, N, there is a number of “repetitions” of M that is large enough to
overwhelm the ranking induced by N.

Finally, we need a diversity axiom. It is not necessary for representation of
likelihood relations by summation of real numbers. Theorem 1 below is an equiv-
alence theorem, characterizing precisely which matrices of real numbers will sat-
isfy this axiom.

A4 D1VvERSITY: For every list (x,y, z, w) of distinct elements of X, there exists
M e M such that x >, y > 2 =y w. If | X| < 4, then for any strict ordering of the
elements of X there exists M € M such that >, is that ordering.
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2.3. Results

For clarity of exposition, we first state the sufficiency result.

THEOREM 1, PART I (Sufficiency): Let there be given X, C, and {2} prens Sat-
isfying the richness assumption as above. Then (i) implies (ii(a)):
(D) {Zwmtmeu satisfy A1-A4;
(ii(a)) there is a matrix v: X x C — R such that:

for every M € M and every x, y € X,
@ xZuy L)z Y (o).

ceM ceM

In other words, axioms A1-A4 imply that {2, }eu follow our prediction rule
for an appropriate choice of the matrix v. Not all of these axioms are, how-
ever, necessary for the representation to obtain. Indeed, the axioms imply special
properties of the representing matrix v. First, it can be chosen in such a way that
equivalent cases are attached identical columns. Second, every four rows of the
matrix satisfy an additional condition. Existence of a matrix v satisfying these
two properties together with (2) does imply axioms Al-A4. Before stating the
necessity part of the theorem, we present two additional definitions.

DEFINITION: A matrix v: X x C — R respects case equivalence (with respect
to {Zutmem) if for every ¢, d € C, ¢ ~ d iff v(:, ¢) = v(-, d).

When no confusion is likely to arise, we will suppress the relations {2 }yem
and will simply say that “v respects case equivalence.”

The following definition applies to real-valued matrices in general. It will be
used for the matrix v: X x C — R in the statement of the theorem, but also
for another matrix in the proof. It defines a matrix to be diversified if no row
in it is dominated by an affine combination of any other three (or less) rows.
Thus, if v is diversified, no row in it dominates another. Indeed, the property of
diversification can be viewed as a generalization of this condition.

DEFINITION: A matrix v: X x Y — R, where | X| > 4, is diversified if there are
no distinct four elements x,y,z, w e X and A, u,0 € R with A+u+6 =1 such
that v(x, -) < Av(y, ) +pv(z, -) + 0v(w, -). If | X| <4, v is diversified if no row in
v is dominated by an affine combination of the others.

We can finally state the following results.

THEOREM 1, PART II (Necessity): (i) also implies:
(ii(b)) the matrix v is diversified; and
(ii(c)) the matrix v respects case equivalence.
Conversely, (ii(a,b,c)) implies (i).
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THEOREM 1, PART III (Uniqueness): If (i) [or (ii)] holds, the matrix v is
unique in the following sense: v and u both satisfy (2) and respect case equivalence
iff there are a scalar A > 0 and a matrix B: X x C — R with identical rows (i.e.,
with constant columns), that respect case equivalence, such that u = Av+ .

Observe that, by the richness assumption, C is infinite, and therefore the matrix
v has infinitely many columns. Moreover, the theorem does not restrict the car-
dinality of X, and thus v may also have infinitely many rows.

Given any real matrix of order | X| x |C|, one can define for every M e M a
weak order on X through (2). It is easy to see that it will satisfy Al and A2. If the
matrix also respects case equivalence, A3 will also be satisfied. However, these
conditions do not imply A4. For example, A4 will be violated if a row in the
matrix dominates another row. Since A4 is not necessary for a representation by
a matrix v via (2) (even if it respects case equivalence), one may wonder whether
it can be dropped. The answer is given by the following.

PROPOSITION: Axioms A1, A2, and A3 do not imply the existence of a matrix v
that satisfies (2).

Some remarks on cardinality are in order. Axiom A4 can only hold if the set of
types of cases, T = C/ ~, is large enough relative to X. For instance, if there are
two distinct eventualities, the diversity axiom requires that there be at least two
different types of cases. However, six types suffice for X to have the cardinality
of the continuum.’

Finally, one may wonder whether (2) implies that v respects case equivalence.
The negative answer is given below.

REMARK: Condition (2) does not imply that v respects case equivalence.

3. RELATED STATISTICAL METHODS
3.1. Kernel Estimation of a Density Function

Assume that Z is a continuous random variable taking values in R™. Having
observed a finite sample (z;),.,, one is asked to estimate the density function
of Z. Kernel estimation (see Akaike (1954), Rosenblatt (1956), Parzen (1962),
Silverman (1986), and Scott (1992) for a survey) suggests the following. Choose
a (so-called “kernel”) function k: R™ x R” — R, with the following proper-
ties: (i) k(z,y) is a nonincreasing function of ||z — y|; (ii) for every z € R™,
Jan k(z,y)dy = 1.* Given the sample (z,),,, estimate the density function by
f(ylzl’ o Zn) = (l/n) Zisn k(zi’ y)'

3 The proof is omitted for brevity’s sake.
4 More generally, the kernel may be a function of transformed coordinates. The following discus-
sion does not depend on assumptions (i) and (ii) and they are retained merely for concreteness.



INDUCTIVE INFERENCE 9

Consider the estimated function f as a measure of likelihood: f(y) > f(w) is
interpreted as saying that a small neighborhood around y is more likely than the
corresponding neighborhood around w. With this interpretation, kernel estima-
tion is clearly a special case of our prediction rule, with v(y, z) = (1/n)k(z, y).
Observe that kernel estimation presupposes a notion of distance on R”, whereas
our theorem derives the function v from qualitative rankings alone.

3.2. Kernel Classification

Kernel methods are also used for classification problems. Assume that a clas-
sifier is confronted with a data point y € R™, and it is asked to guess to which
member of a finite set A4 it belongs. The classifier is equipped with a set of exam-
ples M C R™ x A. Each example (x, a) consists of a data point x € R™, with a
known classification a € 4. Kernel classification methods would adopt a kernel
function as above, and, given the point y, would guess that y belongs to a class
a € A that maximizes the sum of k(x, y) over all x’s in memory that were classi-
fied as a.

Our general framework can accommodate classification problems as well. As
opposed to kernel estimation, one is not asked to rank (neighborhoods of) points
in R™, but, given such a point, to rank classes in 4. Assume that a point y € R™
is given, and, for a case (x, a) € M, define v, (b, (x, a)) = k(x, y)1,_, (where 1,_,
is 1 if a = b and zero otherwise). Clearly, the ranking defined by v, boils down
to the ranking defined by kernel classification.

As above, this axiomatization can be viewed as a normative justification of ker-
nel methods, and also as a way to elicit the “appropriate” kernel function from
qualitative ranking data. Again, our approach does not assume that a kernel
function is given, but derives such a function together with the kernel classifica-
tion rule.

A popular alternative to kernel classification methods is offered by nearest
neighbor methods. (See Fix and Hodges (1951, 1952), Royall (1966), Cover and
Hart (1967), Stone (1977), and Devroye, Gyorfi, and Lugosi (1996).) It is easily
verified that nearest neighbor approaches do not satisfy the Archimedean axiom.
Moreover, for k > 1, a majority vote among the k-nearest neighbors violates the
combination axiom. Thus, our axioms offer a normative justification for prefer-
ring kernel methods to nearest neighbor methods.

3.3. Maximum Likelihood Ranking

Our model can also be interpreted as referring to ranking of theories or
hypotheses given a set of observations. The axioms we formulated apply to this
case as well. In particular, our main requirements are that theories be ranked by
a weak order for every memory, and that, if theory x is more plausible than the-
ory y given each of two disjoint memories, x should also be more plausible than
y given the union of these memories.
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Assume, therefore, that Theorem 1 holds. Suppose that, for each case ¢, v(x, ¢)
is bounded from above. (This is the case, for instance, if there are only finitely
many theories to be ranked.) Choose a representation v where v(x, ¢) < 0 for
every theory x and case c. Define p(c|x) = exp(v(x, c)), so that log (p(c|x)) =
v(x, c).

Our result states that, for every two theories x, y,

xzyy it D v(x,c)= ) v(y, ),

ceM ceM

which is equivalent to

exp(Z v(x, c)) > exp(Z v(y, c)) or to

ceM ceM

[T p(elx) = TT p(ely).
ceM ceM

In other words, if a predictor ranks theories in accordance with A1-A4, there
exist conditional probabilities p(c|x), for every case ¢ and theory x, such that
the predictor ranks theories as if by their likelihood functions, under the implicit
assumption that the cases are stochastically independent.’ On the one hand,
this result can be viewed as a normative justification of the likelihood rule: any
method of ranking theories that is not equivalent to ranking by likelihood (for
some conditional probabilities p(c|x)) has to violate one of our axioms. On the
other hand, our result can be descriptively interpreted, saying that likelihood
rankings of theories are rather prevalent. One need not consciously assign con-
ditional probabilities p(c|x) for every case ¢ given every theory x, and one need
not know probability calculus in order to generate predictions in accordance with
the likelihood criterion. Rather, whenever one satisfies our axioms, one may be
ascribed conditional probabilities p(c|x) such that one’s predictions are in accor-
dance with the resulting likelihood functions. Thus, relatively mild consistency
requirements imply that one predicts as if by likelihood functions.

Finally, our result may be used to elicit the subjective conditional probabili-
ties p(c|x) of a predictor, given her qualitative rankings of theories. However,
our uniqueness result is somewhat limited. In particular, for every case ¢ one
may choose a positive constant 8, and multiply p(c|x) by B, for all theories x,
resulting in the same likelihood rankings. Similarly, one may choose a positive
number « and raise all probabilities { p(c|x)}. , to the power of a, again without
changing the observed ranking of theories given possible memories. Thus there
will generally be more than one set of conditional probabilities {p(c|x)}. , that
are consistent with {24} yrem-

The likelihood function relies on independence across cases. Conceptually,
stochastic independence follows from two assumptions in our model. First, we

5 We do not assume that the cases that have been observed (M) constitute an exhaustive state
space. Correspondingly, there is no requirement that the sum of conditional probabilities .., p(c|x)
be the same for all x.
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have defined {;,}yem Where each M is a set. This implicitly assumes that only
the number of repetitions of cases, and not their order, matters. This structural
assumption is reminiscent of de Finetti’s exchangeability condition (though the
latter is defined in a more elaborate probabilistic model). Second, our combina-
tion axiom also has a flavor of independence. In particular, it rules out situations
in which past occurrences of a case make future occurrences of the same case
less likely.®

4. DISCUSSION OF THE AXIOMS

The rule we axiomatize generalizes rankings by empirical frequencies. More-
over, the previous section shows that it also generalizes several well-known sta-
tistical techniques. It follows that there is a wide range of applications for which
this rule, and the axioms it satisfies, are plausible.

But there are applications in which the axioms do not appear compelling. We
discuss here several examples, trying to delineate the scope of applicability of the
axioms, and to identify certain classes of situations in which they may not apply.

In the following discussion we do not dwell on the first axiom, namely, that
likelihood relations are weak orders. This axiom and its limitations have been
extensively discussed in decision theory, and there seems to be no special argu-
ments for or against it in our specific context.

We also have little to add to the discussion of the diversity axiom. While it does
not appear to pose conceptual difficulties, there are no fundamental reasons to
insist on its validity. One may well be interested in other assumptions that would
allow a representation as in (2) by a matrix v that is not necessarily diversified.

The Archimedean axiom is violated when a single case may outweigh any
number of repetitions of other cases. For instance, a physician may find a single
observation, taken from the patient she is currently treating, more relevant than
any number of observations taken from other patients.” In the context of ranking
theories, it is possible that a single case ¢ constitutes a direct refutation of a
theory x. If another theory y is not refuted by any case in memory, a single
occurrence of case ¢ will render theory x less plausible than theory y regardless
of the number of occurrences of other cases, even if these lend more support to
x than to y.® In such a situation, one would like to assign conditional probability
of zero to case c given theory x, or, equivalently, to set v(x, ¢) = —oo. Since this
is beyond the scope of the present model, one may drop the Archimedean axiom
and seek representations by nonstandard numbers.

We now turn to the combination axiom. As is obvious from the additive for-
mula in (2), our rule implicitly presupposes that the weight of evidence derived
from a given case does not depend on other cases. It follows that the combina-
tion axiom is likely to fail whenever this “separability” property does not hold.

6 See the clause “misspecified case” in the next section.
7 Indeed, the nearest neighbor approach to classification problems violates the Archimedean axiom.
8 This example is due to Peyton Young.
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We discuss here several examples of this type. We begin with those in which
redefinition of the primitives of the model resolves the difficulty. Examples we
find more fundamental are discussed later.

Misspecified cases. Consider a cat, say Lucifer, who every so often dies and
then may or may not resurrect. Suppose that, throughout history, many other
cats have been observed to resurrect exactly eight times. If Lucifer had died and
resurrected four times, and now died for the fifth time, we would expect him to
resurrect again. But if we double the number of cases, implying that we are now
observing the ninth death, we would not expect Lucifer to be with us again. Thus,
one may argue, the combination axiom does not seem to be very compelling.

Obviously, this example assumes that all of Lucifer’s deaths are equivalent.
While this may be a reasonable assumption of a naive observer, the cat connois-
seur will be careful enough to distinguish “first death” from “second death,” and
so forth. Thus, this example suggests that one has to be careful in the definition
of a “case” (and of case equivalence) before applying the combination axiom.

Misspecified theories. Suppose that one wishes to determine whether a coin is
biased. A memory with 1,000 repetitions of “Head,” as well as a memory with
1,000 repetitions of “Tail” both suggest that the coin is indeed biased, while their
union suggests that it is not. Observe that this example hinges on the fact that
two rather different theories, namely, “the coin is biased toward Tail” and “the
coin is biased toward Head” are lumped together as “the coin is biased.” If one
were to specify the theories more fully, the combination axiom would hold.’

Theories about patterns. A related class of examples deals with concepts that
describe, or are defined by patterns, sequences, or sets of cases. Assume that a
single case consists of 100 tosses of a coin. A complex sequence of 100 tosses
may lend support to the hypothesis that the coin generates random sequences.
But many repetitions of the very same sequence would undermine this hypoth-
esis. Observe that “the coin generates random sequences” is a statement about
sequences of cases. Similarly, statements such as “The weather always surprises”
or “History repeats itself” are about sequences of cases, and are therefore likely
to generate violations of the combination axiom.

Second-order induction. An important class of examples in which we should
expect the combination axiom to be violated, for descriptive and normative pur-
poses alike, involves learning of the similarity function. For instance, assume that
one database contains but one case, in which Mary chose restaurant x over y.!
One is asked to predict what John’s decision would be. Having no other infor-
mation, one is likely to assume some similarity of tastes between John and Mary
and to find it more plausible that John would prefer x to y as well. Next assume
that in a second database there are no observed choices (by anyone) between x
and y. Hence, based on this database alone, it would appear equally likely that

% Observe that if one were to use the maximum likelihood principle, one would have to specify
a likelihood function. This exercise would highlight the fact that “the coin is biased” is not a fully
specified theory. However, this does not imply that only theories that are given as conditional distri-
butions are sufficiently specified to satisfy the combination axiom.

10 This is a variant of an example by Sujoy Mukerji.
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John would choose x as that he would y. Assume further that this database does
contain many choices between other pairs of restaurants, and it turns out that
John and Mary consistently choose different restaurants. When combining the
two databases, it makes sense to predict that John would choose y over x.

This is an instance in which the similarity function is learned from cases. Lin-
ear aggregation of cases by fixed weights embodies learning by a similarity func-
tion. But it does not describe how this function itself is learned. In Gilboa and
Schmeidler (2001) we call this process “second-order induction” and show that
the additive formula cannot capture such a process.

Combinations of inductive and deductive reasoning. Another important class
of examples in which the combination axiom is not very reasonable consists of
prediction problems in which some structure is given. Consider a simple regres-
sion problem where a variable x is used to predict another variable y. Does the
method of ordinary least squares satisfy our axioms? The answer depends on
the unit of analysis. If we consider the regression equation y = a+ Bx + & and
attempt to estimate the values of a and B given a sample M = {(x;, y;)}<,, the
answer is in the affirmative. Consider, for instance, a. Let a, @’ be two real num-
bers interpreted as estimates of a. Define a -, @’ if a has a higher value of the
likelihood function given {(x;, y;)},<, than does a'. This implies that 7, satisfies
the combination axiom. Since the least squares estimator a is a maximum likeli-
hood estimator of the parameter a (under the standard assumptions of regression
analysis), choosing the estimate a is consistent with choosing a - ,,-maximizer.

Assume now that the units of analysis are the particular values of y, for a new
value of x, x,. That is, rather than accepting the regression model y=a+Bx+¢
and asking what are the values of @ and 3, suppose that one is asked to predict
(formulate Z,) directly on potential values of y,. The regression estimates a, b
define a density function for y, (a normal distribution centered around the value
a+bx,). This density function can be used to define z,, but these relations will
generally not satisfy the combination axiom.

The reason is that the regression model is structured enough to allow some
deductive reasoning. In ranking the plausibility of values of y for a given value of
x, one makes two steps. First, one uses inductive reasoning to obtain estimates
of the parameters a and b. Then, espousing a belief in the linear model, one uses
these estimates to rank values of y by their plausibility. This second step involves
deductive reasoning, exploiting the particular structure of the model. While the
combination axiom is rather plausible for the first, inductive step, there is no
reason for it to hold also for the entire inductive-deductive process.

To consider another example, assume that a coin is about to be tossed in an
i.i.d. manner. The parameter of the coin is not known, but one knows proba-
bility rules that allow one to infer likelihood rankings of outcomes given any
value of the unknown parameter. Again, when one engages in inference about
the unknown parameter, one performs only inductive reasoning, and the combi-
nation axiom seems plausible. But when one is asked about particular outcomes,
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one uses inductive reasoning as well as deductive reasoning. In these cases, the
combination axiom is too crude.!!

In conclusion, there are classes of counterexamples to our axioms that result
from under-specification of cases, of eventualities, or of memories. There are
others that are more fundamental. Among these, two seem to deserve special
attention. First, there are situations where second-order induction is involved,
and the similarity function itself is learned. Indeed, our model deals with accu-
mulated evidence but does not capture the emergence of new insights. Second,
there are problems where some theoretical structure is assumed, and it can be
used for deductive inferences. Our model captures some forms of inductive rea-
soning, but does not provide a full account of inferential processes involving a
combination of inductive and deductive reasoning.

5. OTHER INTERPRETATIONS

Decisions. Theorem 1 can also have other interpretations. In particular, the
objects to be ranked may be possible acts, with the interpretation of ranking as
preferences. In this case, v(x,c) denotes the support that case c¢ lends to the
choice of act x. The decision rule that results generalizes most of the decision
rules of case-based decision theory (Gilboa and Schmeidler (2001)), as well as
expected utility maximization, if beliefs are generated from cases in an additive
way (see Gilboa and Schmeidler (2002)). Gilboa, Schmeidler, and Wakker (1999)
apply this theorem, as well as an alternative approach, to axiomatize a theory
of case-based decisions in which both the similarity function between problem-
act pairs and the utility function of outcomes are derived from preferences.
This model generalizes Gilboa and Schmeidler (1997), in which the utility func-
tion is assumed given and only the similarity function is derived from observed
preferences.

Probabilities. The main contribution of Gilboa and Schmeidler (2002) is to
generalize the scope of prediction from eventualities to events. That is, in that
paper we assume that the objects to be ranked belong to an algebra of sub-
sets of a given set. Additional assumptions are imposed so that similarity values
are additive with respect to the union of disjoint sets. Further, it is shown that
ranking by empirical frequencies can also be axiomatically characterized in this
set-up. Finally, tying the derivation of probabilities with expected utility maxi-
mization, one obtains a characterization of subjective expected utility maximiza-
tion in face of uncertainty. As opposed to the behavioral axiomatic derivations
of de Finetti (1937) and Savage (1954), which infer beliefs from decisions, this
axiomatic derivation follows a presumed cognitive path leading from belief to
decision.

11 We have received several counterexamples to the combination axiom that are, in our view, of
this nature. In particular, we would like to thank Bruno Jullien, Klaus Nehring, and Ariel Rubinstein.
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APPENDIX: PROOFS

PROOF OF OBSERVATION: It is obvious that ~ is reflexive and symmetric. To show that it
is transitive, assume that ¢ ~ d and d ~ e for distinct c¢,d,e. Let M be such that c,e ¢ M. If
d ¢ M, then 2y =Zmugy DY €~ d and Ty =Zpuy bY d ~ €, and Z i = Ty follows.
If d € M, define N = M\{d}. Since c,d ¢ NU{e}, ¢ ~ d implies tNU(,,U(C}=§NU(,,U(d,. Similarly,
since d, e ¢ NU{c}, d ~ e implies ZNuieuid) = Znuicjuiey- 1t follows that ,tMU(C} =i~u(a,4) =§Nu(a,e) =
ftNU(d. ey = tMU(e}‘

PROOF OF THEOREM 1: The strategy of the proof is as follows. The notion of case equivalence
allows us to reduce the discussion to vectors of nonnegative integers. We define the set of fypes of
cases to be the ~-equivalence classes: T = C/ ~. Assume, for simplicity, that there are finitely many
types and finitely many eventualities. Rather than referring to sets of specific cases (memories M),
we focus on vectors of nonnegative integers. Such a vector I: T — Z, represents many equivalent
memories by counting how many cases of each type are in each of these memories. Thus, instead of
dealing with subsets of the set C, most of the discussion will be conducted in the space Z]. Next,
using the combination axiom, we extend the family rankings {>,} from I € Z] to I € QJ.

Focusing on two eventualities, x and y, we divide the vectors I € Q] to those that render x more
likely than y, and to those that induce the opposite ranking. Completeness and combination are the
key axioms that allow us to invoke a separating hyperplane theorem. With the aid of the Archimedean
axiom, one can prove that the separating hyperplane precisely characterizes the memories for which
x is (strongly or weakly) more likely than y.

If one has only two eventualities, the proof is basically complete. Most of the work is in showing
that the hyperplanes, which were obtained for each pair of eventualities, can be represented by a
single matrix. More concretely, the separation theorem applied to a pair x,y yields a vector v¥,
unique up to multiplication by a positive constant, such that x is at least as likely as y given memory
I iff v¥ - I > 0. One now wishes to find a vector v* for each eventuality x such that v* is a positive
multiple of (v* —v”) (simultaneously for all x, y).

This can be done if and only if there is a selection of vectors {v”}, , (where each is given only
up to a multiplicative constant) such that v** = v*» + v’ for every triple x, y, z. It turns out that, due
to transitivity, this can be done for every triple x, y, z separately. The diversity axiom guarantees that
this can also be done for sets of four eventualities, and the proof proceeds by induction.

The final two steps of the proof deal with extensions to infinitely many types and to infinitely many
eventualities.

We finally turn to the formal proof. Let T = C/ ~ be the set of #ypes of cases.”>? We prove the
theorem in three steps. First we assume that there are finitely many types, that is, that |T| < oo.
In this case the proof relies on an auxiliary result that is of interest in its own right. Since the proof
of this theorem applies to an infinite set of eventualities X, we do not restrict the cardinality of X

12.C/ ~ is the set of equivalence classes of ~.
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in this case. Step 2 proceeds to deal with the case in which |T| is unrestricted, but X is finite. Lastly,
Step 3 deals with the general case in which both |X| and |T| are unrestricted.

In all three steps, memories in M are represented by vectors of nonnegative integers, counting how
many cases of each type appear in memory. Formally, for every T C T define J; =77 ={I|I. T — Z,}
where Z, stands for the nonnegative integers. I € J; is interpreted as a counter vector, where I(t)
counts how many cases of type ¢ appear in the memory represented by I. For I € J, if {¢]I(¢) > 0}
is finite, define 27, C X x X as follows. Choose M € M such that M C U, ¢ (recall that ¢ C C is an
equivalence class of cases) and I(t) = #(M Nt) for all t € T, and define 7, =,,. Such a set M exists
since, by the richness assumption, |¢| > R, for all ¢ € T. For this reason, such a set M is not unique.
However, if both M,, M, € M satisfy these properties, then M, ~ M, and 2, = Z,. Hence Z, is
well-defined.

Moreover, this definition implies the following property, which will prove useful in the sequel: if
Iedyand I'e J;, where TC T, I'(t)=I(t) for t € T and I'(t) =0 for t € T'\T, then X, =7,
Another obvious observation, to be used later, is that for every M € M there exist a finite 7 C T and
I €J; such that M CU,,t and I(¢) =#(MnN¢t) forall teT.

Step 1: The case |T| < oo.

Denote the set of all counter vectors by J =J, = ZI. For I € J, define 7;C X x X as above.
We now restate the main theorem for this case, in the language of counter vectors. In the following,
algebraic operations on J are performed pointwise.

Al* ORDER: For every I € J, 7, is complete and transitive on X.

A2 COMBINATION: For every I,J € J and every x,y e X, if x 5,y (x =, y) and x =, y, then
X Zpes Y (X140 )

A3* ARCHIMEDEAN AXIOM: Forevery I,J € Jand every x,y € X, if x >, y, then there exists | € N
such that x >, y.

Observe that in the presence of Axiom 2, Axiom 3 also implies that for every I, J € J and every
x,y € X, if x >, y, then there exists / € N such that for all k > [, x >, y.

A4* DIVERSITY: For every list (x,y,z,w) of distinct elements of X there exists I € J such that
x>, y>=; 2> w. If |X| <4, then for any strict ordering of the elements of X there exists I € J such
that > is that ordering.

THEOREM 2: Let there be given X, T, and {Z,},., as above. Then the following two statements are
equivalent:

(1) {%1}reo satisfy A1*-A4%;

(ii) there is a diversified matrix v: X x T — R such that:

forevery I € J and every x,y € X,
@) xZiy i LI 02 S IO, 1).
teT

teT

Furthermore, in this case the matrix v is unique in the following sense: v and u both satisfy (3) iff there
are a scalar A > 0 and a matrix B: X x T — R with identical rows (i.e., with constant columns) such
that u = Av+ .
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Theorem 2 is reminiscent of the main result in Gilboa and Schmeidler (1997). In that work, cases
are assumed to involve numerical payoffs, and algebraic and topological axioms are formulated in
the payoff space. Here, by contrast, cases are not assumed to have any structure, and the algebraic
and topological structures are given by the number of repetitions. (In this respect, the present model
resembles that of Young (1975) and Myerson (1995).) This fact introduces two main difficulties.
First, the space of “contexts” for which preferences are defined is not a Euclidean space, but only
integer points thereof. This requires some care with the application of separation theorems. Second,
repetitions can only be nonnegative. This fact introduces several complications, and, in particular,
changes the algebraic implication of the diversity condition.

Before proceeding with the proof, we find it useful to present a condition that is equivalent to
diversification of a matrix. We will use it both for the matrix v: X x T — R of Theorem 2 and the
matrix v: X x C — R of Theorem 1. We therefore state it for an abstract set of columns:

AUXILIARY PROPOSITION: Let Y be a set. Assume first | X | > 4. A matrix v: X x Y — R is diver-
sified iff for every list (x, y, z, w) of distinct elements of X, the convex hull of differences of the row-vectors
(x, ) —v(y,), w(y,-)—v(z,-)), and (v(z,-) — v(w,-)) does not intersect RY . Similar equivalence
holds for the case | X| < 4.

PROOF: We prove the lemma for the case | X| > 4. The proof for | X| < 4 is similar. Assume first

that a matrix v is diversified. Assume that the conclusion does not hold. Hence, there are distinct
x,y,z,we X and a, B,y >0 with a+ B+ y =1 such that

a(v(x, ) - U(y, )) +B(v(y, ) - U(Z, )) + ‘)’(‘U(Z, ) - v(w, )) <0.
If a > 0, then

B Y

v(x,) < v(y, )+ —v(z, )+ —v(w, 2)

which means that v(x, -) is dominated by an affine combination of {v(y, -), v(z, -), v(w, -)}, in con-
tradiction to the fact that v is diversified. If @ =0, then, by a similar argument, if 8 > 0, then v(y, -)
is dominated by an affine combination of {v(z, -), v(w, -)}. Finally, if « = B =0, then v(z, -) is dom-
inated by v(w, ).

For the converse direction, assume that the convex hull of {(v(x,-) — v(y,-)), (v(y,-) —
v(z,-)), (v(z, ) —v(w,-))} (over all lists (x, y, z, w) of distinct elements in X') does not intersect RY
but that, contrary to diversity of v, there are distinct x, y,z,we X and A, u,0 e Rwith A+ p+6=1
such that

4) v(x, -) < Av(y, -) + pu(z, -) + 0v(w, -).
Since A+ pu+60 =1, at least one of A, u, 0 is nonnegative. Assume, w.l.o.g., that 6 > 0. Hence

A+ =1-0<1. This means that at least one of A, u cannot exceed 1. Assume, w.l.o.g., that A < 1.
Inequality (4) can be written as v(x, -) — Av(y, -) — uv(z, -) — Ov(w, -) < 0 or, equivalently, as

((x, ) = v(y, )+ (1= ) ((y, ) —v(z, )
+(1=A=p)(v(z, ) —v(w,)) <0.

Since 1—-A>0and 1—-A—pu=0>0, dividing by the sum of the coefficients yields a contradiction
to the convex hull condition. Q.E.D.

PROOF OF THEOREM 2: We present the proof for the case |X| > 4. The proofs for the cases
|X|=2 and |X| =3 will be described as by-products along the way.
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We start by proving that (i) implies (ii). We first note that the following homogeneity property
holds:

CLAIM 1: Forevery I € ZT and every k €N, =7, .
PrOOF: Follows from consecutive application of the combination axiom. Q.E.D.

In view of this claim, we extend the definition of 7, to functions I whose values are nonnegative
rationals. Given I € QI, let k € N be such that kI € ZT and define X, =,,. =, is well-defined in

~

view of Claim 1. By the definition and Claim 1 we also have the following Claim.
CLAIM 2 (Homogeneity): For every I € Q) and every g€ Q, ¢>0:2,=2%,.
Claim 2, Al*, and A2* imply Claim 3.

CLAIM 3 (The Order Axiom): For every I € QY, =, is complete and transitive on X, and (the
Combination Axiom) for every I,J € QY and every x,y€ X and p,qe @, p,q>0:if x 2,y (x>, y)
and x t] Ys then x rtpl+q! y (x >pl+ql y)

Two special cases of the combination axiom are of interest: (i) p=¢ =1, and (ii) p+g9 = 1.
Claims 2 and 3, and the Archimedean Axiom, A3*, imply the following version of the axiom for the
QT case:

CLAIM 4 (The Archimedean Axiom): For every I,J € QY and every x,y € X, if x >, y, then there
exists r € [0, 1)NQ such that x >,;,q_,; ¥-

It is easy to conclude from Claims 3 and 4 that for every I,J € QT and every x,y € X, if x >, y,
then there exists r € [0, 1) NQ such that x > ,;,,_,, ¥ for every p e (r,1)NQ.

The following notation will be convenient for stating the first lemma. For every x,y € X let
AY={Ie€Q] |x>,y}and BY={I Q] | x ,; y}.

Observe that by definition and Al*: 4 C B¥, BN A’ =@, and B U A*”* = Q. The first main
step in the proof of the theorem is the following Lemma.

LEMMA 1: For every distinct x,y € X there is a vector v¥ € R" such that:

(i) BY={IeQl|v7-I>0}

(i) A ={IeQ]|v”-I>0}
(iii) B*={le QI |vY-I1 <0}
(iv) A*={1eQl|v7-1<0};

(v) neither v¥ <0 nor v > 0;
(vi) —v¥ =v".
Moreover, the vector v¥ satisfying (i)—(iv), is unique up to multiplication by a positive number.

The lemma states that we can associate with every pair of distinct eventualities x, y € X a sepa-
rating hyperplane defined by v*¥-¢ =0 (£ € R"), such that x 5, y iff I is in the half space defined
by v¥-I > 0. Observe that if there are only two alternatives, Lemma 1 completes the proof of suf-
ficiency: for instance, one may set v* = v*> and v’ = 0. It then follows that x X, y iff v*-1 >0, i.e,,
iff v*- I > v”- I. More generally, we will show in the following lemmata that one can find a vector v*
for every alternative x, such that, for every x, y € X, v is a positive multiple of (v* —v).

Before starting the proof we introduce additional notation: let B* and A* denote the convex
hulls (in RT) of B and A, respectively. For a subset B of R' let int(B) denote the set of interior
points of B.

PROOF OF LEMMA 1: We break the proof into several claims.
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CLAIM 5: For every distinct x,y € X, A” ﬂint(z‘y) # Q.

PROOF: By the diversity axiom A® # @ for all x,y € X,x#y. Let I € AYNZY and let J € Z]
with J(z) > 1 for all t € T. By the Archimedean axiom there is an / € N such that K =11+ J € A”.
Let (¢ )2l1rl be the 2!T distinct vectors in RY with coordinates 1 and —1. For j (j=1,...,2!™)
deﬁne 1; = K +¢;. Obviously, n; € QY for all j. By Claim 4 there is an r; € [0,1)NQ such that

L =rK+(1-r; )17, € A¥ (for all j). Clearly, the convex hull of {s; | j=1, ..., 2™}, which is included
in A"y contains an open neighborhood of K. Q.E.D.

CLAIM 6: For every distinct x,y € X, B nint(Z"Y) =0.

PROOF: Suppose, by way of negatlon, that for some ¢ € mt(A"y ) there are (n,)% —, and (4, ) keN,
such that for all i, 9, € B**, A; € [0, 1], Z, A =1,and £ =Y% A, Since §elnt(A”) there is a ball
of radius & > 0 around ¢ included in A7 Let 8= e/2Y%, IIn; ||) and for each i let g; € @QN[0, 1] such
that |g,— A;| <8, and %, g, = 1. Hence, n = %, g;n; € QT and ||n— £|| < &, which, in turn, implies
ne A NQYI. Since for all i: 7; € B’*, consecutive application of the combination axiom (Claim 3)
yields 7= 3%, g;m; € B’*. On the other hand, 7 is a convex combination of points in 4 C QY and
thus it has a representation with rational coefficients (because the rationals are an algebraic field).
Applying Claims 3 consecutively as above, we conclude that 7 € 4*Y—a contradiction. Q.E.D.

THE MAIN STEP IN THE PROOF OF LEMMA 1: The last two claims imply that (for all
x,yeX,x#Yy) B® and 4* satisfy the conditions of a separating hyperplane theorem. (Namely,
these are convex sets, where the interior of one of them is nonempty and does not intersect the other
set.) So there is a vector v™ # 0 and a number ¢ so that

vY¥.[>c forevery I € BY,

v¥.I<c forevery I € A*.
Moreover,

vW.I>c foreveryle int(E‘y),

vY.I <c forevery I e int(;f”‘).

By homogeneity (Claim 2), ¢ = 0. Parts (i)-(iv) of the lemma are restated as a claim and proved
below.

CLAIM 7: Forall x,ye X,x#y: BY={l€Ql |v? - 1>0}; A ={I Q] |v7-I>0} B*=
{IeQl|vY-1<0}; and A*={I eQ} |v™”-I <0}

PROOF: (a) B~ c {I € Q! |v™ 1> 0} follows from the separation result and the fact that ¢ =0.
(b) A c{I e Q] |v¥-I > 0}: Assume that x >, y, and, by way of negation, v -I < 0. Choose
ale AY"nint(Ey"). Such a J exists by Claim 5. Since ¢ =0, J satisfies v*¥-J < 0. By Claim 4 there
exists r € [0, 1) such that rI+(1—r)J € A~ C B¥. By (a), v¥-(rI+(1—r)J)>0. But v*.1 <0 and
v .J <0, a contradiction. Therefore, 4~ C {I € QY | v -I > 0}.

(c) A*c{IeQf|v7 1< 0} Assume that y >, x and, by way of negatlon v¥ .1 >0. By Claim 5
there isa J € 4™ with J € mt(A‘y) c int(B*). The inclusion J € int(B*) implies v*” - J > 0. Using the
Archimedean axiom, there is an r € [0,1) such that rI + (1 —r)J € A’*. The separation theorem
implies that v*”- (r1+ (1 —r)J) <0, which is impossible if v -1 > 0 and v**-J > 0. This contradiction
proves that 4”* C {I € QT | v¥-I < 0}.

(d) B c {I € Q] | v”-I <0}: Assume that y 2, x, and, by way of negation, v*”-I > 0. Let J
satisfy y >, x. By (c), v .J < 0. Define r = (v - I)/(—v* -J) > 0. By homogeneity (Claim 2),
y >,; x. By Claim 3, I +rJ € A’*. Hence, by (c), v*¥- (I +rJ) < 0. However, direct computation yields
v (I+rJ)=v".I+rv?.J =0, a contradiction. It follows that B** C {I ¢ Q] |v-I <0}.
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(e) BY >{I € Q} |v¥-I >0} follows from completeness and (c).
(f) A >{I € Q] |v™-I > 0} follows from completeness and (d).
(g) A" >{I Q! |v”-I <0} follows from completeness and (a).
(h) B > {I € Q! | v -1 <0} follows from completeness and (b). Q.E.D.

COMPLETION OF THE PROOF OF THE LEMMA: Part (v) of the lemma, ie., v ¢ RIURT for
x # y, follows from the facts that 4*” # @ and 4’ = @. Before proving part (vi), we prove uniqueness.

Assume that both v*¥ and u* satisfy (i)—(iv). In this case, u* - ¢ <0 implies v - ¢ < 0 for all
£ € RT. (Otherwise, there exists / € Q7 with w*-I <0 but v .I > 0, contradicting the fact that
both v and u* satisfy (i)—(iv).) Similarly, u™ - ¢ > 0 implies v - ¢ > 0. Applying the same argument
for v¥ and u*, we conclude that {¢{ € RL | v . £ =0} = {¢£ € R | u™ - £ = 0}. Moreover, since
int(A4*) # 2 and int(4**) # @, it follows that {£ € R” | v* - ¢ = 0} Nint(RT) # . This implies that
{€EeR" | v7. £ =0} ={£ eR" |u”- ¢ =0}, ie., that v and u™ have the same null set and are
therefore a multiple of each other. That is, there exists a such that u*’ = av®. Since both satisfy
(i)~(iv), a > 0.

Finally, we prove part (vi). Observe that both v*> and —v’* satisfy (i)—(iv) (stated for the ordered
pair (x, y)). By the uniqueness result, —v** = av’* for some positive number «. At this stage we rede-
fine the vectors {v™}, .y from the separation result as follows: for every unordered pair {x, y} C X
one of the two ordered pairs, say (y,x), is arbitrary chosen and then v* is rescaled such that
v = —v*. (If X is uncountable the axiom of choice has to be used.) Q.E.D.

LEMMA 2: For every three distinct eventualities, x,y,z € X, and the corresponding vectors
v, 0% v* from Lemma 1, there are unique a, 3 > 0 such that:

av” + Bv? = v,

The key argument in the proof of Lemma 2 is that, if v** is not a linear combination of v** and
v”?, one may find a vector I for which >, is cyclical.

If there are only three alternatives x, y, z € X, Lemma 2 allows us to complete the proof as follows:
choose an arbitrary vector v** that separates between x and z. Then choose the multiples of v*”
and of v* defined by the lemma. Proceed to define v* = v**, v = Bv*?, and v* = 0. By construction,
(v* —v?) is (equal and therefore) proportional to v**; hence x Z; z iff v* -1 > v*- 1. Also, (v* —v?) is
proportional to v** and it follows that y =, z iff v”- I > v*- I. The point is, however, that, by Lemma 2,
we obtain the same result for the last pair: (v —v*) = (v* —Bv*?)=av? and x 1, y iff v*- I > v’ -1
follows.

PROOF OF LEMMA 2: First note that for every three distinct eventualities, x, y, z € X, if v and
v”* are colinear, then for all ] either x >, y & y >, z or x >, y <& z >, y. Both implications contradict
diversity. Therefore any two vectors in {v*”,v”?,v**} are linearly independent. This immediately
implies the uniqueness claim of the lemma. Next we introduce Claim 8.

CLAIM 8: For every distinct x,y,z € X, and every A, p € R, if Av?Y +uv** <0, then A=p =0.

PROOF: Observe that Lemma 1(v) implies that if one of the numbers A and p is zero, so is the
other. Next, suppose, per absurdum, that Au # 0, and consider Av™ < uv?. If, say, A, u > 0, then
v¥ - I > 0 necessitates v¥ - I > 0. Hence there is no I for which x >, y >, z, in contradiction to the
diversity axiom. Similarly, A > 0 > u precludes x >, z >, y; u > 0 > A precludes y >, x >, z; and
A, p <0 implies that for no I € Q7 is it the case that z >, y >, x. Hence the diversity axioms holds
only if A=pu=0. Q.E.D.

We now turn to the main part of the proof. Suppose that v, v**, and v** are column vectors and
consider the |T| x 3 matrix (v¥, v’*, v**) as a 2-person 0-sum game. If its value is positive, then there
is an & € A(T) such that v - ¢ > 0, v**- ¢ > 0, and v** - £ > 0. Hence there is an I € @7 N A(T) that
satisfies the same inequalities. This, in turn, implies that x >, y, y >, z, and z >, x—a contradiction.
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Therefore the value of the game is zero or negative. In this case there are A, u, { > 0, such that
AV + pv** + {v** <0 and A+pu+ ¢ = 1. The claim above implies that if one of the numbers A, u, and
{ is zero, so are the other two. Thus A, u, { > 0. We therefore conclude that there are a =A/{ >0
and B=pu/{ > 0 such that

5) av” + Bv** < v,

Applying the same reasoning to the triple z, y, and x, we conclude that there are y, § > 0 such that
(6) Yv7 + 80 < v

Summation yields
) (a—8)v” +(B—vy)v* <0.

Claim 8 applied to inequality (7) implies @ = 6 and B = y. Hence inequality (6) may be rewritten
as av® + Bv** < v**, which together with (5) yields the desired representation. Q.E.D.

Lemma 2 shows that, if there are more than three alternatives, the likelihood ranking of every
triple of alternatives can be represented as in the theorem. The question that remains is whether
these separate representations (for different triples) can be “patched” together in a consistent way.

LEMMA 3: There are vectors {v"}, .y .., as in Lemma 1, such that for any three distinct acts,
x,y,z € X, the Jacobi identity v™ + v* = v** holds.

PROOF: The proof is by induction, which is transfinite if X is uncountably infinite. The main
idea of the proof is the following. Assume that one has rescaled the vectors v*” for all alternatives
X,y in some subset of acts 4 C X, and one now wishes to add another act to this subset, w ¢ A.
Choose x € 4 and consider the vectors v**, v** for x, y € A. By Lemma 2, there are unique positive
coefficients @, B such that v* = av*™ + Bv*”. One would like to show that the coefficient a = a,
does not depend on the choice of y € 4. We will show that, if a, did depend on y, one would find
that there are x, y, z € 4 such that the vectors v**, v’*, v** are linearly dependent, and this would
contradict the diversity axiom.

CLAIM 9: Let AC X, |A| 23, we X\A. Suppose that there are vectors {vV}, ,c4 .z, GS in
Lemma 1, and for any three distinct acts, x,y,z € A, v* + v = v** holds. Then there are vectors
{v”}s yeauiu}, szy» @S in Lemma 1, and for any three distinct acts, x, y, z € AU{w}, v +v”* = v** holds.

PrROOF: Choose distinct x,y,z € A. Let ™, 9, and 9" be the vectors provided by Lemma 1
when applied to the pairs (x, w), (y, w), and (z, w), respectively. Consider the triple {x, y, w}. By
Lemma 2 there are unique coefficients A({x, w}, y), A({y, w}, x) > 0 such that
®) v = A{x, w}, )0 + A({y, wh, )9

Applying the same reasoning to the triple {x,z, w}, we find that there are unique coefficients
A({x, w}, 2), A({z, w}, x) > O such that

v = A({x, w}, 2)0"" + A({z, w}, x) 0.
or

) v = A({x, w}, ) + A({z, w}, x)v*".
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We wish to show that A({x, w}, y) = A({x, w}, z). To see this, we consider also the triple {y, z, w}
and conclude that there are unique coefficients A({y, w}, z), A({z, w}, y) > 0 such that

(10) v = A{y, w}, 2)?" + A({z, w}, y)o**.
Since x, y, z € A, we have
v+ 4™ =0
and it follows that the summation of the right-hand sides of (8), (9), and (10) also vanishes:

[A{x, wh y) — A({x, w}, )]0 + [A({y, w}, 2) — A({y, w}, x)]"™
+[A({z, w}, x) — A({z, w}, Y)]9** = 0.

If some of the coefficients above are not zero, the vectors {9, ", 9**} are linearly dependent,
and this contradicts the diversity axiom. For instance, if 9 is a nonnegative linear combination of
" and 0**, for no I will it be the case that y >, z >, w >, x.

We therefore obtain A({x, w}, y) = A({x, w}, z) for every y,z € A\{x}. Hence for every x € A
there exists a unique A({x,w}) > 0 such that, for every distinct x,y € 4 v¥ = A({x, w})?™ +
A({y, w})v*”. Defining v** = A({x, w})?* completes the proof of the claim. QE.D.

To complete the proof of the lemma, we apply the claim consecutively. In case X is not countable,
the induction is transfinite (and assumes that X can be well ordered). QE.D.

Note that Lemma 3, unlike Lemma 2, guarantees the possibility to rescale simultaneously all the
v*’s from Lemma 1 such that the Jacobi identity will hold on X.

We now complete the proof that (i) implies (ii). Choose an arbitrary act, say, g in X. Define
vé8 =0, and for any other alternative, x, define v* = v*¢, where the v*¢’s are from Lemma 3.

Given I € QT and x, y € X we have:

X,y v I>068 (VE+v8)-1>0

&S WE—v8).I>0 v - [-0-I>0v"-I1>v"1.

The first implication follows from Lemma 1(i), the second from the Jacobi identity of Lemma 3, the
third from Lemma 1(vi), and the fourth from the definition of the v*’s. Hence, (3) of the theorem
has been proved.

It remains to be shown that the vectors defined above are such that conv({v* —v*, v —v*, v* —
v} NR' = @. Indeed, in Lemma 1(v) we have shown that v* —v¥ # R". To see this one only uses
the diversity axiom for the pair {x, y}. Lemma 2 has shown, among other things, that a nonzero
linear combination of v* —v” and v’ —v* cannot be in R', using the diversity axiom for triples. Linear
independence of all three vectors was established in Lemma 3. However, the full implication of the
diversity condition will be clarified by the following lemma. Being a complete characterization, we
will also use it in proving the converse implication, namely, that part (ii) of the theorem implies part
(i). The proof of the lemma below depends on Lemma 1. It therefore holds under the assumptions
that for any distinct x, y € X there is an I such that x >, y.

LEMMA 4: For every list (x, y, z, w) of distinct elements of X, there exists I € J such that
x>, y>=,z>=w iff conv({v?, v, v"PNR =@.
PROOF: There exists I € J such that x >, y >, z >, w iff there exists / € J such that

vl v [, v -1 > 0. This is true iff there exists a probability vector p € A(T) such that
v.p, v .p, v -p>0.
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Suppose that v*, v’?, and v** are column vectors and consider the |T| x 3 matrix (v, v, v**) as
a 2-person 0-sum game. The argument above implies that there exists / € Jsuch that x >, y >, z >, w
iff the maximin in this game is positive. This is equivalent to the minimax being positive, which means
that for every mixed strategy of player 2 there exists ¢ € T that guarantees player 1 a positive payoff.
In other words, there exists I € J such that x >, y >, z >; w iff for every convex combination of
{v®, v*?,v™} at least one entry is positive, i.e., conv({v*™, v?, v*})NRT = 2. QE.D.

This completes the proof that (i) implies (ii). Q.E.D.

PART 2—(ii) implies (i): It is straightforward to verify that if {,t,,},.EQIr are representable by
{v*},cx as in (3), they have to satisfy Axioms 1-3. To show that Axiom 4 holds, we quote Lemma 4
of the previous part. Q.E.D.

PART 3—Uniqueness: It is obvious that if u* = av* + B for some scalar @ > 0, a vector 8 € R7,
and all x € X, then part (ii) of the theorem holds with the matrix u replacing v.

Suppose that {v*},., and {u*},.x both satisfy (3), and we wish to show that there are a scalar
a > 0 and a vector B € R" such that for all x € X, u* = av* + B. Recall that, for x # y, v* # Av’ and
u* # A for all 0 # A e R by A4.

Choose x # g (x, g € X, g satisfies v&8 = 0). From the uniqueness part of Lemma 1 there exists a
unique @ > 0 such that (u* —u) = a(v* — v¥) = av*. Define B = u?.

We now wish to show that, for any y € X, u’ = av” + B. It holds for y = g and y = x, hence assume
that x # y # g. Again, from the uniqueness part of Lemma 1 there are unique y, 8 > 0 such that
(W —u*) = y(v —v*) and (u8 —u”) = 6(v& —v¥). Summing up these two with (u* —uf) = a(v* — v8),
we get

0=a(v" —v®)+y(v —v")+8(v® — V") = av* +y(vV —v*) - 6v.

Thus (a—y)v*+(y—8)v =0.
Since v* # 18 =0, v’ # v8 =0, and v* # Av” if 0 # A € R, we get @ =y = 6. Plugging a = vy into
(W —u*) = y(v’ —v*) proves that v’ = av’ + . QE.D.

This completes the proof of Theorem 2. Q.E.D.

We now turn to complete the proof of Step 1. First we prove that (i) implies (ii). Assume that
{"=u}u satisfy A1-A4. It follows that {>,}, satisfy A1*~A4*. Therefore, there is a representation of
{’=},; by a matrix v: X x T — R as in (3) of Theorem 2. We abuse notation and extend v to specific
cases. Formally, we define v: X x C — R as follows. For x € X and ¢ € C, define v(x, ¢) = v(x, t) for
t € T=C/~ such that ¢ e . With this definition, (2) of Theorem 1 holds. Obviously, ¢ ~ d implies
v(:, ¢) = v(-, d). The converse also holds: if v(-, ¢) = v(-, d), (2) implies that ¢ ~ d. Finally, observe
that, for every distinct four eventualities x, y, z, w € X, the vectors v(x, -), v(y, -), v(z, -), v(w, -) € R®
are obtained from the corresponding vectors in R by replication of columns. Since v: X x T — R is
diversified, we also get that v: X x C — R is diversified.

We now turn to prove that (ii) implies (i). Assume that a diversified matrix v: X x C — R, respect-
ing case equivalence, is given. One may then define v: X x T — R by v(x, ) =v(x,¢c) fort e T=C/~
such that ¢ € ¢, which is unambiguous because v(-, ¢) = v(-, d) whenever ¢ ~ d. Obviously, (3) of
Theorem 2 follows from (2) of Theorem 1, and v: X x T — R is diversified as well. Defining {3=,},
by the matrix v: X x T — R and (3), we find that {=,}, satisfy A1*-A4*. Also, >, = >, for every
M e M. Hence {=,}, satisfy Al-A4.

To see that uniqueness holds, assume that v, u: X x C — R both satisfy (2) of Theorem 1, and
respect case equivalence. Define v, u: X x T — R as above. The uniqueness result in Theorem 2
yields the desired result. Q.E.D.
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Step 2: The case of arbitrary T and finite | X|.

We first prove that (i) implies (ii). Observe that a representation as in (ii) is guaranteed for
every finite 7 C T, provided that T is rich enough to satisfy the diversity axiom A4. We therefore
restrict attention to such sets 7', and show that the representations obtained for each of them can be
“patched” together.

For every ordered list (x, y, z, w) € X, choose M € M such that x >, y >, z >, w. Such an M
exists by A4. Let M, be the union of all sets M so obtained. Since X is finite, so is M, i.e., M, € M.
Let T, be the set of types (equivalence classes) of cases in M. Choose g eTX . Apply Theorem 2 to
obtain a representation of {>,},. s, by vg: X x T, and (3) for all [ € Jp = Z.%, such that vr (8, )=0.
For every finite T C T such that T, C T, apply Theorem 2 again to obtain a representation of {3=,},,,
by vr: X x T and (3) for all I € J; = Z7, such that v;(g,-) =0 and such that v; extends vy Ur
is uniquely defined by these conditions. Moreover, if T ¢ T,NT,, T, C T, and T; and 7, are finite,
then the restriction of vy, and of vy, to T coincide. The union of {vr} .., defines v: X x T — R
satisfying (3) for all I € J; for some finite 7 C T. Defining v on X x C as above yields a function
that satisfies (2) of Theorem 1 and that respects case equivalence.

We now turn to prove that (ii) implies (i). Given a representation via a matrix v: X xC — R as
in (2), it follows that {>=,},, satisfy Al and A2. A3 also holds since v respects case equivalence. It
remains to show that the above, for a diversified v, imply A4. Assume not. Then there are distinct
(x,y,z,w) € X such that for no finite memory M is it the case that x >, y >, z >, w. We wish to
show that this condition contradicts the fact that v is diversified.

By diversification of v we know that

conv{(v(x, ) = v(y,)), (v(y, ) = (z, ), (v(z,") = v(w, )} NRE = @.

This implies that, for every vector (a, B8, y) in the two-dimensional simplex A?, it is not the case
that

a(v(x, ) —v(y,)) +B(v(y, ) —v(z,)) +7(v(z,-) - v(w,)) < 0.
In other words, for every (e, B, ) € A? there exists a case ¢ € C such that
a(v(x, ) = v(y, ©)) +B(v(y, €) — v(2, ¢)) + y(v(2, ¢) —v(w, ¢)) > 0.
Thus
{(a, B, ) € Ala(v(x, c) —v(y, ) + B(v(y, ©) — v(z, €))
+7(v(z; ¢) - v(w, ¢)) > O}cec

is an open cover of A? in the relative topology. But A? is compact in this topology. Hence it has an
open subcover. But this implies that there is a finite memory M € M such that, restricting v to X x M,

conv{(v(x, ) - U(y, ))’ (U(y, ) - U(Z, ))’ (U(Z’ ) - v(w, ))} nRA_A =a.

Let T be the set of types of cases appearing in M. Define v: X x T — R as above. It also follows
that

COIIV{(‘U(X, ) - ‘U(y, ))’ (U(Y’ ) - 'U(Z, ))» ('U(Z, ) - v(w, ))} ﬂRZ =4a.

By Theorem 2 this implies that there exists / € J; for which x >, y >, z >, w. Let M’ be a set of
cases such that I(t) = #(M’'Nt), and M’ C U,,¢. It follows that x >, y >, z >, w, a contradiction.
Finally, uniqueness follows from the uniqueness result in Step 1. Q.E.D.
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Step 3: The case of infinite X, T.

We first prove that (i) implies (ii). Choose e, f, g, h € X. For A, ={e, f, g, h} there exists a diver-
sified function v, : 4, xC—> R satisfying (2) and respecting case equivalence, as well as v, (e, -) =0.
Moreover, all such functions differ only by a multiplicative positive constant. Fix such a function
d,,,- For every finite set 4 C X such that 4, C A, there exists a diversified function v,: A xC —> R
satisfying (2) and respecting case equivalence. Moreover, there exists a unique v, that extends 9, .
Let us denote it by 9,. We now define v: X x C — R. Given x € X, let A be a finite set such that
A,U{x} C A. Define v(x, -) = ¥ 4(x, -). This definition is unambiguous, since, for every two finite sets
A, and A, such that 4,U{x} C A4, 4,, we have D, (x,-) = D4,04,(¥,-) = D4, (x,-). To see that v
satisfies (2), choose x,y € X and consider A = 4,U{x, y}. Since v(x, ) =1 4(x,-), v(y,-) =0 ,4(y,")
and v, satisfies (2) on A, v satisfies (2) on X. Next consider respecting case equivalence, namely,
that v(-, ¢) = v(-, d) iff ¢ ~ d. The “if” part follows from the fact that, if ¢ ~ d, then for every finite
A, 0 ,4(-,¢)=0,(-, d). As for the “only if” part, it follows from the representation by (2) as in Step 1.
Finally, to see that v is diversified, let there be given x, y,z, w and choose 4 = 4,U{x, y, z, w}.
Since 1, is diversified, the desired conclusion follows.

That (ii) implies (i) follows from the corresponding proof in Step 2, because each of the axioms
A1-A4 involves only finitely many eventualities. Finally, uniqueness is proven as in Step 1. Q.E.D.

PROOF OF PrROPOSITION—Insufficiency of A1-A3: To see that without the diversity axiom rep-
resentability is not guaranteed, let X = [0, 1)* and let -, be the lexicographic order on X.? Define,
for every nonempty M e M, Z,, =2, , and Z,= X x X. It is easy to see that {,, } yen Satisfy A1-A3.
However, there cannot be a representation as in (2) since for any nonempty M, z,, is not repre-
sentable by a real-valued function. Q.E.D.

PROOF OF REMARK: Consider an example in which {7, },, rank eventualities by relative fre-
quencies, with a tie-breaking rule that is reflected by small additions to the value of v. These small
additions, however, vary from case to case and their sum converges. Specifically, let X = {1, 2, 3, 4}.
Define T = {1,2,3,4}. T will indeed end up to be the set of types of cases, as will become clear
once we define {,},. For the time being we will abuse the term and will refer to elements of T
as “types.” Let the set of cases be C=T x N. We now turn to define v: X xC — R. For x € X,
teT,and ieN, if x #¢,v(x, (¢,i)) =0. Otherwise (i.e., if x =¢), if x € {1, 2, 3}, then v(x, (¢,i)) =1.
Finally, v(4, (4,i)) = 1+ (1/2) for i € N. Define {5}, by v via (2).

We claim that two cases (¢, i), (s, j) € T x N are equivalent ((¢,i) ~ (s, j)) iff £t =s. It is easy to
see that if £ # s, then (¢,i) and (s, j) are not equivalent. (For instance, ¢ >, ;, s but s> » t.)
Moreover, if t =s € {1, 2, 3}, then v(-, (¢, 1)) = v(:, (s, j))- By (2), (,) ~ (s, j). It remains to show
that, for all i, j e N, (4, i) ~ (4, j) despite the fact that v(-, (4, i)) # v(-, (4, j))-

Observe, first, that {2, },, agree with relative frequency rankings. Specifically, consider a memory
M € M. Let I), € Z4 be defined by I,,(r) # #{i e N | (¢,i) € M} for t € {1,2,3,4}. For any s,t €
{1,2,3,4}, if I,,(t) > I),(s), it follows that ¢ >,, s. Also, if I,,(t) = I,,(s) and s,t <4, then t =, s.
Finally, if, for t € {1, 2,3}, I,(t) = I,;(4), then 4 >, ¢.

Let there be given M € M such that (4, i), (4, j) ¢ M. The memories M U{(4,{)} and MU{(4, j)}

agree on relative frequencies of the types, that is, Jyyu.i = Inue - HENCE Zaue iy =X muie, i
and (4, i) ~ (4, j) follows.
Thus v satisfies (2) but does not respect case equivalence.™* Q.E.D.

13 A1-A3 do not suffice for the existence of a representation as in (2) even if X is finite. See Gilboa
and Schmeidler (1997) for an example with | X'| =4, which can be easily adapted to the present set-up.

14 Observe that the relations {3z}, satisfy Al and A2 (as they do whenever they are defined by
some v via (2)), as well as A4, but not A3. Indeed, such an example cannot be generated if A3 holds
as well. Specifically, one can prove the following result: if {27, },, are defined by v via (2), and satisfy
A3 and A4, then v(x, ¢) —v(y, ¢) = v(x, d) — v(y, d) whenever ¢ ~ d. If, for instance, v(e, -) =0 for
some e € X, then v respects case equivalence.
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