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Abstract

This work presents a variation of Naor’s strategic observable model (1969), by adding a
component of customer heterogeneity induced by the location of customers in relation to the
server. Accordingly, customers incur a “travel cost” which depends linearly on the distance of
the customer from the server. The arrival of customers with distances less than x is assumed to
be a Poisson process with rate A(z) = [ h(y)dy < oo, where h(y) is a nonnegative “intensity”
function of the distance y. In a loss system M/G/1/1 we define the threshold Nash equilibrium
strategy z., and the optimal social threshold strategy x*. We consider the price of anarchy
(PoA) and prove that it converges to 1 when z, — 0. The behaviour of PoA when z, — oo is
more complex and interesting. We show that if the rate of arriving customers is bounded then
PoA converges to 1, i.e., in the limit there is no difference between the social and equilibrium
optimal benefits (even though the corresponding optimal strategies * and x. do not coincide).
The rest of the paper is dedicated for the case in which the rate of arriving customers is
unbounded. We develop an explicit formula to calculate lim PoA(h,z.) when it exists. We

Te—>00

present sufficient conditions for the limit to exist and for the existence of a simple formula for
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calculating it. We prove that if the relation between two intensity functions converges to a
positive constant, then the corresponding limits of PoA coincide. If, on the other hand, one
intensity function is larger than the other from some point on, then under certain conditions
the limit of PoA (if exists) will be larger for the larger intensity function. For all intensity
functions h, we prove that if h converges to a constant then PoA converges to 2, and that if
from some point on h decreases (increases) monotonically then the limit of PoA, if exists, is
smaller (larger) than 2. In a system with a queue we prove that the price of anarchy may be

unbounded already in the simple case of uniform arrival, namely h = ¢, where ¢ > 0.

Keywords: profit maximization; price of anarchy, travel costs, observable queue.

1 Introduction

The performance and optimization of service systems has attracted much attention in recent
years (see [6], [7]). Naor [12] was the first to introduce a queueing model that describes
customer rational decisions. The model considers an FCFS M/M/1 system and defines social

and individual welfare. The assumptions in Naor’s model are:

1. A stationary Poisson stream of customers with parameter A.
2. Service times are independent and exponentially distributed with parameter p.
3. There is a cost of C per unit time spent while waiting or in service.

4. The benefit from a completed service is R.
The model’s parameters can be normalized so that there are only two relevant parameters:

e The utilization factor p = %

e The reward in terms of the expected waiting cost during a service %.

The Nash equilibrium solution in this model is very simple since there exists a dominant

pure threshold strategy m., such that an arriving customer joins the queue if and only if the



observed queue upon arrival is shorter than n.. This strategy maximizes the individual’s ex-
pected welfare regardless of the strategies adopted by the others. Similarly, the optimal behav-
ior, namely the strategy that maximizes social welfare (i.e., the sum of gains) is characterized

by a pure threshold strategy n*.

Naor observed that the socially optimal threshold is bounded by the Nash equilibrium
strategy. Namely,

n* < ne.

The “Price of Anarchy” PoA, measures the inefficiency of selfish behaviour. It is defined

as the ratio of the social welfare under optimum to the social welfare under equilibrium.

Naor assumes that customers are homogeneous with respect to service valuation. Most of
the more recent works on observable queues (i.e., assuming customers know the queue length
before deciding to join it) follow this assumption. Some exceptions are described in section
2.5 of [6]. For example, Larsen [10] assumes that the service value is a continuous random
variable and proves that the profits and social welfare are unimodal functions of the price. For
the case of a loss system (where customers join iff the server is idle) Larsen proves that the
profit-maximizing fee exceeds the socially optimal fee. Miller and Buckman [11] consider an
M/M/s/s loss system with heterogeneous service values and characterize the socially optimal

fee.

Gilboa-Freedman, Hassin and Kerner [4] discuss the PoA in Naor’s model. They find that
it has an odd behavior in two aspects: First, it increases sharply (from 1.5 to 2) as the arrival
rate comes close to the service rate; Secondly, it becomes unbounded exactly when the arrival

rate is greater than the service rate, which is odd since the system is always stable.

In this paper we introduce heterogeneity in service valuation through a Hotelling-type model
where customers reside in a “linear city” and incur “transportation costs” from their locations
to the location of the server. Similar models have been investigated (e.g. [1, 2, 3, 8, 13, 14])

but they all assume a constant density (possibly restricted to an interval).

Kwasnica and Stavrulaki [9] (2008) assume that the customers are homogeneous with re-

spect to price and the shipping delay for a customer at distance s from the server is a linear



function g(s) = Go + G - s where Gy > 0 and G > 0. They obtain a solution for the optimal

capacities and service semirange in the monopolistic case.

Gallay and Hongler [5](2008) assume two observable queues with general service rates.
Servers are located at points x; € [-A, +A],i = 1,2. Customers arrive at rate A from locations
uniformly distributed over [—-A, +A]. An arriving customer located at = chooses which server

to join by comparing the expected utilities U;(z) from joining the ith queue, i = 1,2:
Ui(xz) = a — pi — ct|x — zi| — co E(W;|N;),

where a is service value, p; is service fee at server 7, ¢; is transportation cost per unit distance
(though travel is instantaneous), ¢, is waiting-cost rate, N; is queue length and E(W;|N;) is

conditional expected sojourn time at 7. They restrict the analysis to heavy traffic.

In contrast we allow more general intensity functions. Namely, the arrival of customers
with distances less than z is assumed to be a Poisson process with rate A(z) = [ h(y)dy < oo,
where h(y) is a nonnegative “intensity” function of the distance y. The intensity function and
(w.l.o.g linear) travel costs jointly generate the distribution of customer service valuations. A
simple example is a two-dimensional city, in which the arrival of customers is uniform. In this
case the intensity function can be defined as h(x) = 27, and so the arrival of customers with

distances less than x is assumed to be a Poisson process with rate A(z) = fox 2rydy = wa?.

We find that this model of heterogeneity is preferred to an exogenous distribution of val-
uations as we can use natural assumptions on density for generating the distribution rather

than assuming it is exogenous.

We first consider an M/G/1/1 loss system and define z. as the threshold Nash equilibrium
strategy, namely the maximal distance from which customers will join the queue under indi-
vidual optimality, and z* as the threshold value that attains optimal social welfare. We show

how x. is determined by the parameters R, u, c; and ¢y, of the model.

For any nonnegative intensity function h, we consider the price of anarchy (PoA) and prove
that PoA — 1 when z. — 0. The behaviour of PoA when z. — oo is more complex and in-
teresting. We show that this limit does not always exist, and that it may be infinite. We

show that if the amount of customers arriving from far is small (i.e., [;~ h(y)dy < c0), then



in the limit there is no difference between the social and equilibrium optimal benefits, namely
lim PoA(h,z.) = 1, (even though the corresponding optimal strategies z* and z. do not

Te—+00

coincide). The rest of the paper is dedicated for the case in which fooo h(y)dy = oco. We develop

an explicit formula to calculate lim PoA(h,x.) when it exists and show that if 4, h’ are mono-

Te—00
tonic then this limit exists and we arrive at a very simple formula to calculate it. We show that
if h converges to a constant then lim PoA(h,z.) = 2. We prove that if h decreases (increases)
Te—00
monotonically and lim PoA(h,z.) exists, then lim PoA(h,z.) <2 (> 2). In addition, for
Xe—>00 Te—00
any two nonnegative intensity functions hj, he s.t. hy/hy — ¢ > 0, we prove that if the cor-
responding lim PoA(h;,x.), i = 1,2, exist, then lim PoA(hy,z.) = lim PoA(hy,x.).
Le—>00 Le—>00 Le—>00

Finally, if hq, ho, b}, b)), are all monotonic and from some point on hy < hg, then the corre-

sponding lim PoA(h;,xz.), i=1,2, exist, and: lim PoA(hy,z.) < lim PoA(hg,xe).
Te—>00 Te—00 Te—00

In a system with a queue we prove that the price of anarchy may be unbounded already in

the simple case of uniform arrival, namely h = ¢, where ¢ > 0.

2 Model description

Consider an M/M/1 queue, with a server located at the origin. The model makes the following

assumptions:

1. For all z > 0, customers with distances less than x, arrive to the system according to a
x
Poisson process with rate A\(z) = [ h(y)dy, where h(y) is an “intensity” function defined
0
for all y > 0.

h(y)dy

2. An “intensity” function h may be any nonnegative function for which A(z) =

=g

is finite for all z > 0.
3. Each customer knows his distance from the server.
4. The queue length is observable.
5. Customers are risk neutral, maximizing expected net benefit.

6. The service distribution is general with average rate p.



7. The benefit from a completed service is R.
8. The waiting cost is ¢, per unit time (while in the system).

9. The traveling cost is ¢; per unit distance and traveling is instantaneous. (If ¢; = 0, we

obtain the original Naor’s model with rate A = [ h(y)dy.)
0

10. 1/:%>1.

11. The decision of the customer is whether to join the queue or balk.

Remark 2.1 Although this model is described as a model with locations and travel costs, it
may alternatively describe a model with heterogenous services values. In this interpretation,

the value of service, to a customer of “type x” is: R — cix.

3 A loss system

First, we consider an M/M/1/1 loss system i.e., if the server is busy, customers will balk. The

optimal strategy of a customer located at a distance x from the origin, is to arrive if the server

PR Cw . Ru—cw _ cw + _ v—1 _ Rp _
is idle and R > e Equivalently, z < Te T T Tt = where v = o and Kk =

Ctip
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Consequently, the threshold strategy

Ru—c, v-—1
- - &

e K

Te

is the unique Nash equilibrium strategy. Under this individual strategy, a customer located
at a distance x, enters service iff the server is idle and x < z.. If the server is idle then the

utility of the arriving customer located at point z, is:

Rf%ﬂfctx:ct(xefx). (2)

Define p(z) as:

Then the probability of an idle server is:

mo(z) = ! =
TR Py
0



Thus by (2), the expected social benefit per unit of time associated with threshold x satisfies

the following equation:

U L vy — Ctdo (Te — 9)h(y)dy
S(a) = /( e e Th

Let z* be the threshold value that attains optimal social welfare.

3)

Note that between z. and x*, x. is the more basic feature of the model in the sense that

Ru—cy

o (see (1)). Hence we

it is determined by the parameters of the model such that z. =

relate to x* as a function of x..

Denote:

o % >0,

; -1 —
* :z:fl;linoof ((L’e) -

Proof: In order to find x* we compute:

s (e~ @@L+ 7 blo)dd) - e (f5 (e =~ 9b)y) )]
e [+ 1 [y h(y)dy)? o

We obtain:
1 [* 1 [*
we—a)|r+ | h(y)dy] = [ =ty
K Jo K Jo
hence:
1 x 1 [*
(e =)+ o ) [ @)y == [ (o = )by,
1% 0 “Jo
and so:

which gives:



Thus z* is a solution to (4), and so: z* = f~1(x.). It is easy to verify that * is indeed a

maximum point.

Now, f is strictly increasing since for all s > ¢ :

f(S)—f(t)Z/ts(s—y)h(y)dy+s—tzs—t>0,

and since f(z) > z, Va, then lim,_,~ f(z) = oo. Since f(0) = 0, then for every z. > 0, z* > 0.
In addition, because h is locally integrable then by the fundamental theorem of calculus for
Lebesgue integrals [16] f is continuous. It follows that for every x, > 0, * is unique and we

have lim f~!(z.) = oo.
Te—+00
|

In the sequel we will not refer to f, f/, hence we summarize the above results in terms of

Te, x* as follows:

:Cllinoom = o0. (5)
x*strictly increasing in .. (6)
1 o * *
Te=— [ (2" —y)hly)dy + " (7)
K Jo
Note that (7) implies:
Te > 2", (8)

Note that the “selfish” optimal strategy z., does not depend on the function h. This is not
surprising as the selfish customer enters the empty system whenever the benefit exceeds the
costs, and this does not depend on the arrival of other customers. In contrast, *, which is the
optimal social strategy depends both on z, and on h, as can be seen in (7). It increases in z,
and decreases in h, namely, if hy(z) < ho(z),Vz > 0, then for any given ., the x* obtained
in (7) for hy is larger than the z* obtained in (7) for hy. To understand this intuitively, note
that a larger z. reflects higher utility of service, which makes x* larger as well. Larger h means
that there are more potential customers (for any given threshold x), and therefore to gain a

specific social benefit one needs a smaller x*.



Define the price of anarchy PoA(h,z.) as:

PoA(h,z,) = S&).

Since z* is the maximum point of S(z) then PoA(h,z.) > 1.

Now:
et (J3 (we—p)h(y)dy) ) 1
PoA(h,z,) = i M0d _(fy (e —y)h(y)dy) (1H5 Jo© hy)dy o
U alltGewhwidy) 7 (ze = p)h(y)dy ) \ 14 L [ h(y)dy )

LT [T h(y)dy

Recall that z. is determined by the parameters of the model. In particular, since xz, =
R“%lf“’, then if R — oo, or ¢ — 0, we get x, — oo, and if Ry — ¢y, or ¢ — 0o, then z, — 0.
We wish to analyse the behaviour of the price of anarchy when z. — 0, and when x, — co.
The first case is simple and is considered in the following proposition. The rest of the paper

analyses the behaviour of PoA(h,z.) when x, — oo.

Proposition 3.2 For all intensity functions h, the price of anarchy PoA(h,x.) satisfies :

lim PoA(h,z.) = 1.

Te—0

Proof:

Note that the first factor appearing in the right-hand side of (9) is always smaller than 1
(as x, > x*), and the second factor converges to 1 when z., — 0, (since by (7), z* — 0 when

ze — 0). Since we always have PoA(h,z.) > 1, then limo PoA(h,z.) = 1.
Te—>

We turn now to analyse the limit of the price of anarchy when z. — oc.

Recall that our process is defined such that for all z > 0, customers with distances less

x
than z, arrive to the system according to a Poisson process with rate A(z) = [ h(y)dy. We
0

9



now show that there is a clear difference between cases in which lim A(z)
and cases in which it is infinite

T—00
Proposition 3.3

h(y)dy is finite

o If [[°h(y)dy =oco then lim z-

Te—r00 Te B 07
° [ffo

¥

y)dy = a < oo then

> ai#, for all x..
Proof: By (7):
* * 1
ro_ — i =1 (10)
Te LT (@ —yh(y)dy+ 2 L[5 (1= Z)h(y)dy+ 1
Consider first the case in which fo y)dy = oo. Note that:
z* Y % Y 1 %
Q= )h(ydy = [ (1= )h(y)dy =5 [ hy)dy
0 x 0 x 2 Jo
Recall that lim «*
Te—>00

= o0, hence when z. — oo, the limit of the right hand side of this
inequality is infinite. Thus the limit of the left hand side is infinite as well, and so returning
to (10) we get in this case: & — 0

If on the other hand, fo

y)dy = a < oo then:

O
The following theorem is interesting, as it suggests that according to the anarchy function

if the amount of customers arriving from far is “small”, in the sense that the rate of arrival is

)
bounded, then in the limit there is no difference between the social and equilibrium optimal

benefits even though the corresponding optimal strategies z* and x. do not coincide

10



Theorem 3.4 For all intensity functions h, if fooo h(y)dy = a < oo, then:

lim PoA(h,z.) = 1.

Te—>00

Proof: From (9) we have:

(11)

PoA(h, ) = <fox* (ze — y)h(y)dy> (1 + if(fe h(y)dy> |

Jo (e —y)h(y)dy ) \ 1+ L [ h(y)dy

As explained earlier £* — oo as x. — 00, hence the second factor in the right hand side of

the equation above converges to 1.

Now, the first factor equals:
Jo (0= E)h(y)dy
Jo (= D)n(y)dy

Let I 4+ be the indicator function of [0, z*]. Then for every fixed y,

(12)

T (1 = L)h(y)

Te
is increasing in z, and converges to h(y) when z. — oo. (Recall that z* is an increasing function

of z¢).

Hence, by the monotone convergence theorem:

x* 00

lim (1- g)h(y)aly = lim ; Ig o+ (1 — %)h(y)dy = /0 h(y)dy = a.

zTe—00 J Te Te—>00

Similarly for the denominator in (12) (with z. instead of z*), and so the first factor in (11)

converges to 1 as well. O

Corollary 3.5 If h(y) = By®, a < —1, 8> 0 then:

lim PoA(h,z.) = 1.

Te—00

Theorem 3.4 completes our analysis of the case in which fooo h(y)dy is finite.

From now on, we always assume that [;° h(y)dy = co.

11



In the following theorem and corollary we present two formulas to calculate the limit of

PoA (if exists).

Theorem 3.6 If [;° h(y)dy = oo then:
lim PoA(h,z.) = lim —z f 35 y)dy ,
Te—00 Te—00 f — x—)h(y)dy

by which we mean that the first limit exists iff the second limit exists and in that case they are

equal.

Proof: From (9) we have:

(Jo = E)h(y)dy 2ot hy)dy
mmmM—<1+L% @><Im—imww>' (18)

Now, since for all 0 <y < z* :

AP AP
Le Le
then:
* x z* y z*
I=—) [ hydy< [ (1—==)h(y)dy< [ h(y)dy
Te Jo 0 Te 0
So: . . .
(1-2) fo fo 1_£ )dy Jo hy )dy (14)
1+1 [ h dy T o1+ L [ h(y)dy 1+1f0 y)dy
Now, since ligl fo h(y)dy = (because hm x* = 00) then by Proposition 3.3 lim ﬂ =0.

Te—>00

It follows that the expressions appearing on the left- and on the right-hand sides of (14) both

converge to u. Thus also the expression in the middle converges to i, namely:

(1-*% d
lim Jo ) v_ (15)
Te—00 ] 4 L fO dy
Returning to Equation (13) we get:
lim PoA(h ] ( ik h(y)dy) 16
e o 0(’””_%§&(F6-—imwmy' (16)

12



Now:

Te ZTe 1 Te
im [ (1- Dn@)dy> lim [ (1— L)h(y)dy > lim 2/ * hy)dy = oo, (17)
0

zTe—00 J Te Te—00 [ Te Te—>00

By this we get from (16):

lim PoA(h,z.) = lim — N hiy)dy ; (18)
Le—r00 Te—>00 0 ( —m—e)h(y)dy

by which we mean that the first limit exists #ff the second limit exists and in that case they

are equal.

The following corollary gives another presentation for lim,, .o PoA(h,x.).

Corollary 3.7 If [[° h(y)dy = oo then:

1

h(zct)dt
lim PoA(h,z.) = lim 1f0 (ct) ,
Te—>00 Te—00 fO (1 _ t)h(xet)dt

by which we mean that the first limit exists iff the second one exists and in that case they are

equal.

Proof: Substituting y = x.t, dy = x.dt in Theorem 3.6 we get the required statement. O

Note that in Theorem 3.6 and Corollary 3.7 the limit of the anarchy function when x, — oo
is expressed without z*. In what follows, we always use the formula appearing in Theorem 3.6,

except for Example 3.16, in which we use the formula introduced in Corollary 3.7.

Proposition 3.8 For all intensity functions h, and for all b > 0 :

lim PoA(bh,z.) = lim PoA(h,x.),

Te—>00 Te—>00

by which we mean that the first limit exists iff the second limit exists and in that case they are

equal.

13



Proof: If [;° h(y)dy = oo then By Corollary 3.7:

1 1

bh(zct)dt h(xct)dt
lim PoA(bh,z.) = lim lfo (@t) = lim lfo (@t) = lim PoA(h,x.).
Te—00 w00 [H(1 —t)bh(xet)dt e [J(1 —t)h(wet)dt — Te0

If however [™ h(y)dy is finite then also: [ bh(y)dy is finite hence by Theorem 3.4:

lim PoA(bh,z.) = lim PoA(h,z.) = 1.

Te—>00 Te—>00

Corollary 3.9 If h(y) = fy®, a> —1, >0 then:

lim PoA(h,x.) = a+ 2.

Te—>00

In particular: If h is constant, namely: h =c¢, ¢ > 0, then:

lim PoA(h,z.) = 2.

Te—>00

Example 3.10

Consider first the one-dimensional city. Assume that the arrival rate is uniform, s.t.,
h(y) = A > 0, for all y > 0. By Corollary 3.9, the price of anarchy in this case converges to 2,
as . — o0o. In the case of two-dimensional city, with a uniform arrival: h(y) = 2A7y, Yy > 0,
by Corollary 3.9, the price of anarchy converges to 3. Intuitively, the difference between the an-
archy in the uniform 1- and 2-dimensional cases, is due to the fact that on the two-dimensional
city there exist relatively more customers with high distances that enter the system. We argue
that because of this difference, the anarchy is larger in the case of 2-dimensional city than in the
1-dimensional city. This intuitive argument can be generalised for all uniform n-dimensional
city, to explain why we get wliinoo PoA(z"™,x.) = n + 2, which increases in n. Thus the higher
the dimension, the higher thé price of anarchy. Later on we generalize this argument in The-

orem 3.19 to hi, he, which satisfy hq(z) < ha(x) from some point on. We prove that under

certain conditions: lim PoA(hy,z.) < liin PoA(hs, x.) (see Theorem 3.19).

Te—>00

Theorem 3.11 Given two intensity functions hy, ha s.t. fooo hi(y)dy = fooo ha(y)dy = oo, if




then:
lim PoA(hi,ze) = lim PoA(ha,x.),

Le—>00 Le—>00

namely, if one of the limits exists then so does the other, and in this case they are equal.

Proof: Because of Proposition 3.8 we can replace ho by cho and have: lim @) _q,

z—00 h2(@)
Define u = h; — hy. Then:
u(x) (@) —ho(x) o (@)
A () T holr) ey Y
Now:
Iy h(y)dy Iy (ha(y) + u(y)) dy Jo ha(w)dy + [ u(y)dy

JTO=Dhidy [T =) (haly) +u(y)dy  [7(1— Dhaly) + Jo(1— Luly)dy

dividing the numerator and the denominator by fox ha(y)dy to get:

foz u(y)dy

Lt Ry (19)
Jo (= Dha(wdy | Jy' (1= Flulw)dy ”
Jo ha(y)dy Jo ha(y)dy
Now, [ ha(y)dy — oo and so we can use L’Hopital’s rule [15] and get that: %

appearing in the numerator of (19) converges to: lim h“2 (é)) = 0, so the numerator converges
T—00

to 1.

Jo =Du(y)dy
Jo ha(y)dy

Jo @ =Du(y)dy  [5 w(y)dy
0= Jo ha(y)dy = Jo ha(y)dy

Jo A=%)ha(y)dy
Jo h2(y)dy

In addition: appearing in the denominator of (19) satisfies:

— 0,

and so it too converges to 0. Note that the limit of

of (19) is

appearing in the denominator

1 :
T PoATha) Taken together, we have:
Te—>00

lim PoA(hi,ze) = lim PoA(hg,x.).

Te—>00 Te—>00

Proposition 3.12 If lim h(x) =c > 0, then:

T—00

lim PoA(h,z.) = 2.

Te—>00

15



Proof: First, lim h(z) = ¢, implies [;° h(y)dy = co. By Corollary 3.9 lim PoA(1,z.) =
T—00 Te—>00
2, where 1 is the constant function 1. Substituting ho(z) = 1, in Theorem 3.11 proves the

proposition.

Corollary 3.13 If two intensity functions hy, ho, coincide from some point on, then:

lim PoA(hi,z.) = lim PoA(ha,x.),

Te—>00 Te—>00

by which we mean that the first limit exists iff the second limit exists and in that case they are

equal.
Proof: The proof follows immediately from Theorem 3.11.

Theorem 3.14 If [° h(y)dy = oo and if lim PoA(h,x.) exists then:

Te—>00

1. If h increases monotonically from some point on then: ligl PoA(h,x.) > 2.
Te—>00

2. If h decreases monotonically from some point on then: lim PoA(h,z.) < 2.
Te—>00

Proof:

Note first that it is sufficient to prove the theorem for monotonic functions, and then by
Corollary 3.13 the theorem is proved also for functions that are monotonic only from some

point on.

Assume that h is monotonically increasing then we will show that for all > 0 :

foz h(y)dy
TP Dh(g)dy =

and then by Theorem 3.6 this will prove 1.

For each x > 0 define:
e = /0 h(y)dy.

Note that: h(0) < “ and also h(z) > “. This is true since if h(0) > <, then since h

T cx

is increasing then ¢, = [ h(y)dy > [ %dy = ¢, which is a contradiction. Similarly, if

16



h(z) < & then ¢, = [ h(y)dy < [ % = cs, a contradiction. Since h is increasing this implies

that there exists 0 < 0 < z, s.t:

Now
<1_z> /Ox (My)—%)dy: <1_z> [/Oxh(y)dy—/oxcxdy} = (1—0) [ —cz] =0
Hence
[ 02 o= ar= (-0~ (- 2)] (- 2)= [ (-
/00 o ; Y (h(y) - %) dy + : Q—Ty (h(y) - %) dy. (20)

The integrand in the first integral is negative, being a product of a function which is positive

and a function that is negative, in the given domain. The integrand of the second integral is

[ (=) (n - ) ay <o 1)

similarly negative. Thus:

and so:
v y v Y\ Co Ca T o Jo h(y)dy
/0 (1 :r) hy)dy /0 (1 x) xdy (x 2) 2 ’ (22)
hence:
f() h(y)dy 9
Jo L ="5)h(y)dy ~
This proves 1. The proof of 2 is similar. O

Note that the limit of PoA(h,x.) does not always exist. In particular, this implies that
PoA is not always monotone in z.. The following two examples show two cases in which
lim PoA(h,xz.) does not exist. In the first example h is monotonic and in the second example,

Te—>00

h is bounded between two strictly positive constants.
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Example 3.15

We define h as a piecewise linear function (see Figure 1) as follows: Divide the domain R*

into intervals [a;, b;], and [b;, a;+1], i = 1,2,... Define:
h(:c) = Cj, Vai S x § bi,

and

h(z) = (c; —b;) +x, Vb <2< aiq.
Define ¢;+1 = ¢; — b; + a;+1. It is easy to verify that h is continuous.

We now need to specify a;, b;. Recall that when h(z) = ¢; for all x large enough, then
lim PoA(h,z.) = 2, (Proposition 3.12) and when A is linear from some point on, then

Te—>00

lim PoA(h,z.) = 3, (Example 3.10 and Corollary 3.13). Define a; = 0. On [0,b1] : h(x) =

Le—>00

c1, Vz. Define: hi(x) as the function that equals ¢; for all z > 0, namely hy = ¢;.

By Corollary 3.9 wh_}rgo PoA(éy,x) = 2, hence there exists by s.t for all x > by, PoA(¢y,z) <
2.3. Now, in [by,as] h is linear. Define: ho(z) as the function that equals ¢; on [0,b1] and
from that point on equals (ca — b2) + . By Corollary 3.13 xll)nrolo PoA(hg,z) = 3, hence there
exists ag > by s.t for x > ag, PoA(hg,z) > 2.7, and so on we continue defining a;,b; in the
same way such that h = h; for all x between 0 and the end of the ith interval. Thus we get
that PoA(h,z) < 2.3 and then PoA(h,x) > 2.7 alternately, and so PoA(h,z.) does not have

a limit.

18
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Figure 1: An illustration of h for Example 3.15.

Example 3.16
Divide the domain R™ into intervals: [0,1),[1,10), [10, 100), [100, 1000), ...

Define h as the function that attains the constant functions 1 and 2 alternately on these

intervals starting with 1 at the first interval [0, 1).

One can verify easily that for x = 2,200, 20000 - - - :

I h(zt)dt .3 20
i@ =th(atydt ~ §—55 11

and for x = 20, 2000, 200000 - - - :

1
o h(xt)dt 3
Jy@ =th(atydt ~ -+ 9

[\

Thus according to Corollary 3.7 PoA(h, z.) does not have a limit. Note that h defined in

this example can be smoothed out to give a continuous function with similar properties.

The following theorem shows that in many cases the limit of the price of anarchy does exist

and has a simple presentation.

19



Theorem 3.17 If [ h(y)dy = oo and lim (D) eists then lim PoA(h,x.) exists and:

T—00 h(l‘) Te—>00

/
lim PoA(h,z.) =2+ lim (@)

Te—>00 T—00 h((l))

Proof: From (17) we have that if [ h(y)dy = oo, then also: lim [;*(1 — £)h(y)dy = oo,

Te—00 Te

and so we can use L’Hopital’s rule to get:

% hiy)d 2
lim — fo iy) y = lim —m—7—F—— ;L(w) = lim 7;: h(a?) .
a0 [F(1—L)h(y)dy =0 [§ Lh(y)dy —=—oo [ yh(y)dy

(the contribution of the derivative with respect to the upper limit of the integral appearing
in the denominator on the left-hand side of the equation above is 0, since (1 — %) h(y) is O for
Yy =x).

Using L’Hopital’s rule again we get that this equals:

_ 2zh(x) + 22K (z) . xh/(x)
1 = =2+ 1 .
2300 oh(z) o ()

a

Note that the number 2 plays a central role in our work (see Theorems 3.14 and 3.17,
Corrolary 3.9 and Proposition 3.12). This is interesting since as mentioned earlier, Gilboa-
Freedman, Hassin and Kerner [4] showed that if A = g in Naor’s model, then the price of

anarchy equals 2 as well.

Examples 3.18

o h(x)=c¢€".
Then h/(x) = e* as well, and so:

xh/(z) )
= lim z = oo,
z—oo h(x) =300

hence by Theorem 3.17:

lim PoA(e®,xz.) =2+ 00 = o0.

Te—>00
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e h(z)=In(z+1).

Then h/(z) = and so:

. xh(x) x 1 B
xh—glo h(z) _mlggo <:U+1> <ln(x+1)) =0,

hence by Theorem 3.17:

1
z+17?

lim PoA(In(z+1),z.) =2+0=2.

Te—>00

o h(x)= I%rl
Then b/ (z) = — ~—L+5, and so:

(z+1)2>

'
lim 2l (z) = lim — z = -1,
z—oo  h(x) T—00 z+1

hence by to Theorem 3.17:

lim PoA (1,1‘6) =2+ (-1)=1
x

Te—00 +1

The following example shows a case in which we cannot use Theorem 3.17 since le xgég)
X o0

does not exist. In such a case li_r)n PoA(h,x.) should be computed directly from Theo-
Le—>00

rem 3.6 or Corollary 3.7.

o h(z) =2+sinzx.

Then h/(x) = cosz, and so:
xh/(x) T CcosT

h(z) — 2+sinz’

To see that this expression does not have a limit (and therefore we cannot use The-

orem 3.17), denote: u(z) = FFL. Then: wu(2km) = km, whereas u((2k + 1)7) =
zh! ()

— (k: + %) 7, and so h) does not have a limit. However according to Theorem 3.6:

7(2 + siny)d 2T — 1
lim PoA(2+sinz,z.) = lim — Jo“( y)‘ Y = lim —= coslxe'+
Te—00 ze—voo [F¢(1 — 2)(2+siny)dy  we=oo . + 1~ sinz,

1 1
Q—Ecosxe—i-;e
1

2
Te

= lim = 2.

Te—r00 ] 4 xi — 5 sinz,
e
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The following theorem generalizes our observation regarding h,(y) = y" (see Example 3.10),

that the more customers arriving from far, the higher the limit of the price of anarchy.

Theorem 3.19 Given two intensity functions hi, he with infinite integrals and for which the

limits of Ihh_;(%) exist (i = 1,2) then if there exists M > 0, s.t for all x > M : hy,hy are

monotonic and hi(z) < ha(z), then:

lim PoA(hi,ze) < lim PoA(hg,x.).

Te—>00 Te—>00
Proof: If hy is decreasing and hy is increasing then by Theorem 3.14

lim PoA(hi,z.) <2< lim PoA(hg,xe).

Te—>00 Te—>00

If A; is increasing and ho is decreasing then both must converge to a positive constant and so

by Proposition 3.12 lim PoA(hi,z.) =2 = lim PoA(hs, ).
Te—+00 Te—+00

Hence we need to prove the theorem for the case that the functions are either both increasing
monotonically or both decreasing monotonically. If both are increasing and ho converges to a

positive constant then so does h; and in that case by Proposition 3.12 li_r>n PoA(h;, ze) = 2,
Te oo
for both ¢ = 1,2. If only h; converges to a positive constant then since hs is increasing then
according to Proposition 3.12 and Theorem 3.14: lim PoA(hy,2z.) =2 < lim PoA(hs,x.).
Te—>00 Te—>00

Hence if both are increasing we only need to prove the theorem for the case in which both
functions are increasing monotonically to infinity. Similarly, if both are decreasing we need to

prove the theorem only for the case in which they both converge to zero.

Assume that hy, he both decrease monotonically to 0. Then A, h}, < 0, and so there exist

a,b s.t:

Iy h.

() =a<0, and lim zhy()
T—r00 hz(ﬂj)

=b<0.

Assume contrary to our statement, that lim PoA(hy,z.) > lim PoA(ha,x.). Then by
e Te—>00

Te—>00

Theorem 3.17 b < a <0, and so: 0 < § <1, (since b is negative).

Hence:
Zi Ex; Ihh’l((w)) a
. () . (@ _a
A = e = < b
ho (x) h2(1)
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In other words:
(Inhy)  a
= - < 1. 2
xlanolo (ln hg)/ b < ( 3)

Now, since hg — 0, then In hy — —o0, so we can use L’Hopital’s rule in (23) to get:

. lnh1 a
A e b S

Thus there exists A > 0, s.t. forall x > A : ﬁll}]g < 1. Since Inhy(z) < 0 for x large enough,

then we get: Inhy(z) > Inhs(x), implying: hy(z) > he(x), for all z > A, contradicting the
assumption of the theorem, that there exists M > 0, s.t for all x > M : hi(z) < ha(z).

The proof for the case in which h; and hy are both increasing monotonically to infinity is

similar.

Example 3.20 Return to h(x) = e* in Ezxample 3.18 and h,(x) = x" discussed earlier in

Example 3.10. Since for alln x™ < e&® from some point on, then according to Theorem 3.19:

lim PoA(z",z.) < lim PoA(e®,z.), Vn.

Te—>00 Te—>00

Indeed, as shown earlier: lim PoA(x",x.) =n+2, and lim PoA(e*,x.) = oc.
Te—00 Te—00

4 A system with a queue

In this section, we analyse a system with a queue, with a uniform intensity function, s.t.,
h(y) = A, Vy > 0. The optimal strategy of a customer located near the server (namely x = 0)
is to enter the system iff the queue length n satisfies: R > @, and so: n+1 < %,
equivalently n < n. = L%J like in [12]. A customer located at a distance z from the server

and observing a queue length i, 0 < i < n, — 1 joins the system iff R — wjl) —cx > 0.

Define z{ as the Nash equilibrium threshold when the queue length is i. Hence the equilibrium

strategy is characterized by a vector of thresholds (zf,x{,...,z;,_ _;) where:
Ry —c v—1
xh = R Cw ,  for queue length 0,
Cefh K
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Ry —2 —2
z$ = Mc P Cw _ Y — for queue length 1,
t

Ry — (ne —1 (e —1
T g = H (ZZ )Cw _ 7 (T/L: ), for queue length n. — 2,

Ru — _
o1 = P New VY ne’ for queue length ne — 1. (24)
K

Ctlh

Thus when a customer observes a queue length i, he joins the system if x < zf and balks

X

otherwise.

Recall that x. was defined earlier as the equilibrium strategy in the loss system and note

that x§ equals z., as both equal ”T_l

Let S(zo,x1,...,2n,—1) be the expected social benefit per unit of time when the thresh-
old strategy is (zg,z1,...,Zn,—1). We consider the case of one-dimensional uniform arrival.
Namely, the arrival rates are A\zg, A\x1,..., Az, —1 (depending on the queue length) and the
probability vector of observing n customers in the system (n =0,1,...,n¢) is (mo, 71, ..., T, ).

Therefore, (mg,m,...,T,, ) is a solution to the balance equations system:
—Azgmo + pmyp = 0,

Axomo — (Axy + p)m + pre = 0,

Aximy — (Axg + p)mwo + prg = 0,

ATy, —1Tn,—1 — T, = 0.

The solution of the equations system is m; = p'zg - - - 2;_17m0, 1 < i < n, where p = %, and:

1
B 1+pm0++pnemol’n671

0

The expected social benefit satisfies the following equations,

le [Tt CuN
S(x0,T1,. s Tpe—1) = Z/ (R - wT - Cty> ATn—1(Z0, 1, - -+, Tno—1)dy
n=1 0
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Ne
Cyyh CtTp—1
= <R_ - D) >x’n—l)\ﬂ-n—l('xﬂafglv"‘7$TL5—1)

n=1 H

Ne

Tp—1
e n

= E (xn—l - 9 ) Ctxn—l)\'ffn—l(x()a T1,--- >xne—1)

n=1

Tn—1 -1
(o1 — 5%) Acap—1p" g T2

55 (afios — 50) A

Ne
n=1

In the loss system we proved that the price of anarchy is always bounded. The following

theorem shows that this does not hold in the case of a system with a queue.

Theorem 4.1 The price of anarchy, PoA(p,x§, x5, ..., x5 _1), is unbounded.

TNe—

Proof: Recall that * denotes the optimal solution for the loss system, and recall that: zf = ..
Then:

* ok * * Ctl‘)k ¥
S(zo, 23, 2y, 1) = 8(2%,0,0,...,0) = i <5U(e) _ 2> '

The above is true since the right-hand side is the optimal social benefit S(z*) for the loss-

system when h(y) = A (see (3)), and is not necessarily optimal for a system with a queue.

Thus:

* *
S :C* (1}‘* - x* CctT 7. — T
PoA(p,x§, x5, .., 28 (x5, 27,2y 1) T (ze — Z)

nefl) = e e e ne €
S(x, xg, - xh ) $< (Iiff k;l)Ctpk—le...1-271
k=1

1+pzg+--+prexs- -z

ne—1

o (76— %) T (25— %)

n - 2 : n

1 5= e k—1.e e < k—1.e e 2
5%%(%-1)9 o Tp_1 k¥1p g (1)
1+pzg+-+prex--ay g 1+pxg+-+preasxy

e z* e e Ne 1€ e

R A R 2 xg (1 + pxg + -+ peag - an, 1)
e e\2 e(e\2 2 1€ € (ne\2 —1..e e e 2°
(Lt pz) xf (26)? + pag(e1)? + p2afat(es)’+, o +pmemtag - ap o(af, )
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o 1 1_1(1*) 1+ pz§+ -+ pleaf - al
L+ 2\e) )\ af+ p(af)? + P2 (a§)+, ... +pme T oaf y(af, )2

(25)

Denote /%” as s. Given s, choose the parameters R, and ¢, such that: ¢ = 1, and

R= (258__11)82. Substituting these choices in (24), yields:

s o
s—1 ’

x5 =R —cw/p=
. 1
$1:R—2Cw/ﬂzﬁ'8 .
which implies:
:1778: R—cy/p .
z§ R—2cy/p

Recall that ne = L%J = | 2=1] = 2. Therefore (25) becomes:

1 1 * 1 e 2, .e..e
PoA(p,a5,25) 2 2 | 7 -5 (5) ) [ A, (26)
e +p 2\, g + P(.fl)

Now, z* and z., both relate to the loss system, and we have already shown that (7) implies

that z. > z*, and: z* — oo and % — 0, when z. — oco. Note that when s — oo, then
xh ~ 52 — 0o. Hence when s goes to infinity, the first two factors in (26) converge to % and 1,

respectively, and so:

1 e 2,..€.e 3
lim PoA(p, x5, z7) > lim +pf0 tr 56(2]331 = lim 5—2 = 00,
== oo pluh+p(ah)?) | eoees
which completes the proof. O
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