INTRODUCTION INTO
RIGID ANALYTIC GEOMETRY

COURSE NOTES (IN PROGRESS) FOR A COURSE
GIVEN AT TEL Aviv UNIVERSITY
IN FALL 2006
BY

DAN HARAN



1. Valuation Theory
Only rank 1 valuation, that is, valuations with valuation group contained in RT.

EXERCISE 1.1:
(a) | —al = lal
(b) |a| < |b] implies |a + b| = |b].
Proof: (a) | —al? = |(—a)?| = |a|?, hence | — a| = |a].
(b) On one hand |a + b| < max(|al, |b]) = |b]. If |a + b|] < |b|, then |b] = |(a +b) +

(—a)| < max(|a + b|,|a|) < |b], a contradiction. i

Completion, definition of norm eqivalence of norms over complete fields, unique-
ness of extension of valuations from complete fields to finite (and hence algebraic) ex-

tensions.

Definition 1.2: Let (k,| |) be a valued field.
(a) k° = {a € k| |a] <1} is the valuation ring of | |.

It is a valuation subring of k, that is, for each a € k either a € k° or k=1 € kO.

(b) k% ={a € k| |a| < 1} is the (unique) maximal ideal of k", because
() U=k"~k" ={a€k]| |a| =1} = (k%)

(d) k= k°/k" is the residue field of | |.

(e) |k*| ={la|| a € k*} is the value group of | |. i

EXERCISE 1.3: Compute the above objects for k = Q with p-adic valuation and for

k = ko(t). (Notice that |k*| = Z - discrete valuation.)

Let k, be the completion of k. Then k, = k. Indeed, k is dense in k,. Hence for
each b € k,, with |b| <1 there is a € k with |b — a| < 1. In particular, |a| < 1.

If | | is discrete, then |k)| = |k*|. Indeed, if {a,} is a Cauchy sequence in k, then
lim|a,| = |an,| for some m or lim |a,| = 0.

How does k, = Q, look like? Let b € kO. Then there is a unique ag € {0,1,...,p—
1} C Z such that agp = b € k, that is |ap — b] < 1. Thus b = ag + pby, where,
by € kY. Again, there is a uniqe a; € {0,1,...,p — 1} such that |a; — b1| < 1. Thus

oo

b= ag + paj + p*ba, where, by € k2. By induction, b = Y oo GnD™
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For a general b € Q,, there is m > 0 such that p™b € k9, that is, b = p~™b/, where
b € k% Sob= Zzo: N @np", where N € Z. (This is just like the usual p-adic expansion
of numbers, only infinite; the addition and multiplication are the same.) Notice that
(k) =7, ={>27 yanp™| an € {0,1,...,p—1}}.

Similarly, the completion of ko(t) is ko((t)) = {d>_r—n ant™| an € ko, N € Z}.



2. Banach Spaces

(Some theorems that should be here are at the end of this section.)

Recall the following theorem

BAIRE CATEGORY THEOREM: Let X be a nonempty complete metric space, and let
{X;}52, be a sequence of closed subsets of X such that X = |J;-, X;. Then not each

X,; has empty interior.

Proof: For z € X and for a positive number € denote B(x,e) = {2’ € X | d(x,z’) < €},
the open ball around x of radius €.

Assume that each X; has empty interior. Then for each x € X, each € > 0 and
each i the point z is not in the interior of X; and hence there is ' € B(z,¢) such that
2’ ¢ X;. As B(x,¢) is open and X is closed, there is ¢’ > 0 such that B(z’,&’") C B(x,¢)
and B(z',e")N X; = 0.

Fix zg € X and g9 > 0. Use the preceding paragraph to construct, by induction,
a sequence ri,x2,... € X and a sequence of positive numbers 1,9, ... such that
(a) B(zit1,€i41) € B(wi,&i/2) C B(ws, &),

(b) B(zit1,€i41) N X; =0,

By (a), {x;}2, is a Cauchy sequence in X, and hence converges to some z € X.
Let ¢ > 1. As x; € B(x;,¢;/2) for all j > 4, this x is in the closure of B(z;,¢;/2) and
hence in B(z;,¢;). By (b), z ¢ X;. This is a contradiction to X = ;= , X;. i

The actions on a normed vector space (addition and multiplication with scalars)
are continuous.

A complete vector space (over a complete field) is called a Banach space.

BANACH THEOREM 2.1: Let T: V. — W be a surjective continuous linear map of

Banach spaces over a complete field k. Then T is open.

Proof: Fix 7 € k with 0 < |7| < 1.
Denote VO = {v € V| ||v|]| < 1}. This is an open subset of V; moreover, sets
of the form v + 7#"V? form a basis for the topology on V. Similarly put W° = {w €

W |lw|| < 1}. We have to show that the image of every open basic set in V' is open
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in W. Since T'(v + 7"V?) = T'(v) + 7T (V?), it is enough to show that U := T(V?) is
open in W. Equivalently, as U is an additive subgroup of W, show that 0 is an inner

point of U.

CrAM 1: 0 is an inner point of U. Indeed, apply T to V = U, 77"V0 to get
W =2, 7~ "U and hence W = |2, 7~"U. By Baire’s theorem there is n such that
7~ "U has an inner point. Since 7~"U is homeomorphic to U, also U has an inner point
u. Then 0 = v — u is an inner point of U —u = U.

Thus there is m € N such that #W?° C U.

CLAM 2: If 7mWY C U, then #™T'WY C U. Indeed, let w € 7™ WO, We will

construct a sequence {v,}°; in VY such that

(3) w — Z T (v;) € T HIWO,
i=1
Let n > 1. Suppose that we have already constructed vy, vs,...,vn—1 € V° such that

w— Y1 T (v;) € 7 WO, (For n = 1 this is the assumption w € 7™+ 1W0.) Thus
there is w’ € 7™ WY such that

n—1

(4) w — Z T (v;) = 7w’

But w’' € 7mW° C U = T(V?), hence there is v,, € V? such that
(5) w' — T(vy,) € 7™ WO,

Multiply (5) by #" and add it to (4) — and get (3).

Clearly, {>°1" , m'v;}22; is a Cauchy sequence in VY. Let v € VY be its limit.
Then Y7 7'T(v;) = T(Y.;—, 7'v;) converges to T'(v) € T(V?) = U. But by (3),
S 7T (v;) converges to w. Thus w € U. i

COROLLARY 2.2: There is C' > 0 such that for every w € W there is v € V' such that
T(v) = w and |[v]| < Clw]|.

Proof: By Banach Theorem, there is 0 < § < 1 such that
{we Wl Jlwl| <0} S{T(v) [ veV, ||| <1}
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That is, replacing w by a—l,ﬂw, where a € k* and r € Z, we have:
(1) If w € W such that ||lw|| < d|a”|, then there is v € V such that w = T'(v) and
[|v]| <la"].
Choose a € k such that |a| > 1. Put C = ‘%'. Let w € W. Then there is a unique
r € Z such that

C~Hal" = dlal"™" < |lw]| < éla]” = dla".

By (1) there is v € V such that T'(v) = w and
[v]| < la[" < C [[w]].

COROLLARY 2.3: Let T: V — W be a linear map of Banach spaces over a complete
field k. Then T is continuous if and only if its graph G = {(v,T(v)| v € V'} is closed
mVxW=VgeW.

Proof: Every continuous map T: V — W into a Hausdorff space has a closed graph
G. Inded, let (v,w) € (V x W)NG, that is T(v) # w. There are disjoint open
neighbourhoods: W; of T(v) and W5 of w. The neighbourhood T—Y(W;) x Wy of
(v,w) € V x W does not meet G.

Conversely, assume that G is closed. Then it is a complete k-subspace of V' x W.
The projection V' x W — V induces a bijective continuous linear map G — V. By
Banach Theorem it is also open. Hence its inverse V' — G is also continuous, hence so

is its composition with the projection V' x W — W. But this is T'. |

Definition 2.4: Let k be a complete field. A Banach algebra over k is a Banach space
A which is also a commutative ring containing k and ||1|| = 1 and ||ab = ||al| - ||0]]-
A Banach module over A is an A-module M with a norm || || such that M is a

Banach space over k and |lam|| < ||a|| - [|m|| for all a € A and m € M.

THEOREM 2.5: Let M be a finitely generated Banach module over a Banach algebra
A (over a complete field k). Assume that A is noetherian (every submodule of M is

finitely generated). Then every submodule N of M is closed.
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Proof: Let N be the closure of N in M; it is closed and hence complete. By the
noetherianity, N has a finite set e, ..., e, of generators. Define a norm on A™ by
l|(a1,...,an)|| = max(||ai]|,.-.,||an|). Then A™ is Banach A-module (also a Banach
algebra - one can produce examples of Banach algebras this way). The map A™ —
N given by (ay,...,a,) — >.r, a;e; is an A-homomorphism (in particular k-linear),
continuous and surjective. By Banach Theorem there is C' > 0 such that every z € N
can be written as z = Y- | a;e; with ||a;|| < C||z||. Wlog C > 1.
Choose f1,..., fn € N such that ||f; — e;]| < %

Cramn: N =" Af; and hence N = N.

Let € N. We wil construct, by induction, convergent series in A

00 00 00
a; = § aik, a2 = E azk, ) ap = § Ank,
k=1 k=1 k=1

such that z = a1f1 + --- + an fn.- Suppose, by induction, that we have found a;; for

k <l such that
n -1

e =S am) fll < Cllal]

i=1 k=1
(for [ =1 this is obvious). Then there are a; € A such that

n

DYy Zazzez

=1 k=1

and

n (-1 1

||a¢z||SCIIJE—Z(ZM)IISCFIIZBII

i=1 k=1

Hence
1 1 1
||Zazlez ZCM]H—HZCM — Il < C el 55 = gl
[ |

EXERCISE 2.6: Let M be a finitely generated module over a noetherian Banach algebra
A. Then M is a Banach module.

Proof: If M = A™, put ||(a1,...,a,)|| = max; ||a;||. In the general case there is a

surjective A-homomorphism s: A™ — M. Put ||s(z)|| = inf{||lz —y||| v € Ker(s)}. Now
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show that this is a norm on M (here we use that Ker(s) is closed in A™) and M is

complete w.r.t it.

COROLLARY 2.7: Every A-homomorphism of finitely generated Banach A-modules is

continuous.

Proof:  Let M, N be two A-modules and let u: M — N be an A-homomorphism.
Suppose first M is a free A-module with basis ey,...,e, and || > a;e;|| = max; ||a;]].

Then

[u(D_ asen)l| = 11 asules)|| < max ||asu(e;)|| < max ||as|| - max ||u(e;)]|
In the general case there is a surjective map s: A — M. By the previous case s and

u o s are continuous. By Banach theorem s is open. It follows that u is continuous.

(Take U C N open; then =1 (U) = s(s~ 1 (u=2(U))) = s(u o s)~*(U) is open.) |

Definition 2.11: Let V be a vector space over a complete field k. Norm on a E is a

function || ||: E — R such that for all v,v" € V and all a € k

(a) [[v]] > 0.

(b) ||v|| = 0 implies v = 0.

(¢) llav|| = lal - [|v]].

(d) [lv+ o[ < max({[v]].[[v[])-

Excluding requirement (b) we get a semi-norm.

Two norms || ||1, ]| ||2 on V are equivalent norms if there are positive constants

(4, Cy such that Ch]|v]|1 < ||v]|2 < Cal|v]|1 for all v € V. i
Example 2.12: If dimV =n < oo, and vy, ..., v, is its basis,

n

1> aw;]| = max |a|

i=1 ’
defines a norm on V. |
LEMMA 2.13: Let V' be a vector space over a complete field k, let vy,...,v, € V be
linearly independent, and let v(9) = 2?21 agi)vj, for j = 1,2,... be a Cauchy sequence

in V. Then {agi)}{’il is a Cauchy sequence in k, for every 1 < j < n.

Proof: By induction on n.



COROLLAY 2.13: In the above lemma,

fu(i)—>0Ha§-i)—>0fora]11§j§n.

THEOREM 2.14: Let V be a finite dimensional vector space over a complete field k.
Then any two norms on V' are equivalent: There are positive constants Cy, Cy such that

for every v € V
Cilv]lr < v]l2 < Callv]]1.

COROLLAY 2.15: Let E be an algebraic extension of a complete field k. Then the
valuation | | of k uniquely extends to a valuation of E. Moreover, if E/k is finite, then

FE is complete.

Proof: We do not prove the existence of the extension. We proved the completeness

and the uniqueness. (Missing.) i



3. Affinoids in the projective line

Let K be an algebraically closed valued field wrt to a non-archimedian (multiplicative)
valuation | |. Notice that |K*| is dense in [0, 00).

Let P = PYK) = (K x K~{(0,0)})/ ~ where (zg,71) ~ (yo,%1) if there is
a € K* such that yo = axg and y; = ax;.

Denote the equivalence class of (zg,z1) in P by (z¢ : 1) and write z = (2 : 1) and
0o = (1:0). If z1 # 0, then (zg : z1) = (£ : 1) = $2. If 3 = 0, then zo # 0, and

hence (xg : 1) = (1:0) = co. Thus P = P}(K) = KU{cc}. We call P the projective

line.

Definition 3.1: A map ¢: P — P is called an automorphism of P if there exists a

matrix A € Glo(K) such that ¢(x) = Ax. i

EXERCISE 3.2: The set of automorphisms of P is a group, isomorphic to GPly(K).
Given distinct z1, z2, z3 € P and distinct 21, 24, z4 € P, there is a unique automor-

phism ¢ of P such that ¢(z;) = 2}, fori=1,2,3.

Definition 3.3: A subset D of P is a closed [open] disk if there are a € K and p € |K*|
such that

D={ze K| |z—a|l < [<] p} or D={ze K| |z—a|l> [>] p}U{c0}.

EXERCISE 3.4: (i) Let D={z € P| |z—a| < p}. Ifbe D, then D = {z € P| |z —b| <

p}-
(ii) Let D ={z€P| |z —a| > p}. Ifb ¢ D, then D ={z € P| |z —b| > p}.

(iii) Analogous statements hold for closed disks.

LEMMA 3.5: Let D be an open (closed) disk, and let T' be an automorphism of P. Then
T(D) is an open (closed) disk.

Proof: Every automorphism of P is the product of stretchings (z — az with a € K*),
translations (z — z + b with b € K), and the inversion (2 — z7!). (These maps are

defined by elementary matrices over K, and every elementary matrix over K is of one
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1 0 10 0 1 1 ¢ 0 1
of these types, except for (c 1).But<c 1)—<1 O) (O 1)(1 0)) Thus

we may assume that T is one of these three types.

If T is either stretching or translation, the assertion is obvious. Assume therefore
that T is z — z~!. We may also assume that oo ¢ D. Otherwise P\ D is a closed
(open) disk that does not contain co. If (P~ D) = P~T(D) is a closed (open) disk,
then T'(D) will be an open (closed) disk.

This leaves us with four cases. Let < be one of the symbols <, <, and let <’ be the
other one. This notation allows us to deal with a pair of cases simultaneously.

(1) D ={z € P| |z —a|]<p} and |a| <p. Then 0 € D, and hence by Exercise 3.4,
D ={ze€P| |z|<p}. In this case T(D) = {w| % <q|w|}, a disk.

(2) D={z€P| |z—a|l<p} and p<' |a|. Then every z € D satisfies |z — a| < |a|, and

hence |z| = |a|. Put D' = {w| |w— 1|« #} As # <'|1], every w € D’ satisfies
w— 1< ﬁ, and hence |w| = |le| Therefore
1 1 1 p 1
TD g _ — < — | = g —_ =] — s = — g
(D) ={w! Iy =al <p, I1| = lal} = {wl o= 1] ful, ol = )
1 p 1 ,
- —| <, = —}=D" |
(] o=l ol = o)

LEMMA 3.6: Let Dy, Dy be two disks (open or closed, not necessarily of the same type!)
such that D1 N Dy # () and D1 U Dy # P. Then either D1 C Do or Dy C D;.

Proof: Using an autormorphism of P we may assume that oo ¢ Dy, Dy. Thus
D;={z€P| |z—a;] < pi} or D; ={z€P| |z—a;| < pi}, i=1,2.
Let a € Dy N Dy. By Exercise 3.4, wlog a1 = as = a. The assertion follows. (If p; < pj,

then D; C Dj; if p; = p;, and D; is open or D, closed, then D; C D;.) |

COROLLARY 3.7: Let F’ # P be the union of finitely many disks. Then F’ is the union
of finitely many disjoint disks.

Proof: Let Ci,...,C,, be disks such that F' = U;nzl C;. Let Di,...,D, be the
maximal among C1,...,Cy, (with respect to inclusion of sets). Then F' = (J;_, D;.
For ¢ # j, neither D; C D; nor D; C D;, and D; U D; # IP. Therefore, by Lemma 3.6,
D;ND; = 0. i
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Definition 3.8:

(a) A non-empty subset of P is called a connected affinoid, if it is the intersection of
finitely many closed disks. Equivalently, the set is the complement of the union of
finitely many open disks and the union is not P.

(b) An affinoid is the union of finitely many connected affinoids. |

The value group |K*| is not discrete, and hence it has infinitely many values

between p; and ps. Therefore R is infinite. |

LEMMA 3.9: Let Dy, ..., D, be disks. If D; U D; # P for all ,j, then |J;_, D; # P;

n . . .
moreover, P\ |J;_, D; is an infinite set.

Proof: Replace Dy, ..., D, by the maximal disks among them to assume that there
are no inclusion among them. By Lemma 3.6, Dy, ..., D, are disjoint. By Lemma 3.5
we may assume that either Dy = {z € P| |z| > 1} or Dy = {z € P| |2| > 1}. Let
1<i<n. As DoynND; =0, we have D; = {z € K| |z — a;]| <; p;}, where <; is either <

or <.

PART A: Dy ={z€P| |z]| >1}. Let1<i<mn. As DynND; =0, we have |a;| < 1.
As DoUD; # P, also p; < 1. Thus 7 := maxj<;<n(|a;|, p;) is smaller than 1, and hence
{z € K| m < |z] <1} is contained in P J;_, D;.

PART B: Dy ={z € P| |z] >1}. Let 1 <i<mn. As DynN D; =, we have |a;|, p; <
1. However, if p; = 1 and <«; is <, then D; = {z € K| |z] < 1}, which gives the
contradiction Dy U D; = P. Therefore either p; < 1 or «; is <, and hence D; C {z €
K| |z —a;| <1}. Thus P~ J._, D; contains the set

U:={z€K| |z|=1,]z—a;] =1, 1 <i<n}
:{ZEKO| 27&076]17"'7&1”}
which is infinite, since K is infinite. [

COROLLARY 3.10: Let Dq,...,D,, and C4,...,C,, be disks.
(a) If D;ND; # 0 for all i, j, then (;_, D; # 0.
(b) If 0 # =y Di € Uj~, Cj # P, then there are i and j such that D; C Cj.
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(c) If Dy,...,D, are disjoint, of the same type (closed or open), then P is not their
disjoint union.

(d) If U, D; = U;n:l C; # P, and there are no inclusions among the D; and no
inclusions among the C, then n = m and, up to a permutation, D; = Cj;, for

1=1,...,m.

Proof: (a) Apply Lemma 3.9 to the disks P\ Dy,...,P\ D;.

(b) It Ny Di CUjL, Cj, then P = U, (P~ D;)UUSL, Cj. By Lemma 3.9 either
(P~ D;)U(P~ D) =P for some i,i’, or C;UC;, = P for some j, j’, or (P~ D;)UC; =P
for some i, j. The first option gives D; N D;; = (), a contradiction to 0 # (\;_, D;. The
second option contradicts U;n:l C; # P. The third option gives D; C Cj.

(c) We have D; U Dy, # P for all i,k (otherwise D; = D5, are of the same type).
Apply Lemma 3.9.

(d) Fix1<i<m. As # D; C U;;lcj # P, by (b) there is 1 < j < n such
that D; C C;. Similarly, there is 1 < i’ < m such that C; C D;;. Thus D; C D;. By

assumption, this implies that ¢ = ¢’. Hence D; = C}. |

PROPOSITION 3.11: Let F' be a connected affinoid, and let F1, ..., F,, be disjoint con-
nected affinoids, m > 2. Then F # |J;" | F;.

Proof: Write F' as FF =P U§:1 C;, where C; are disjoint open disks, and p > 0.
Similarly, for each 1 < ¢ < m we have F; = P UZ;I D;;,, where the D;;, are
open disks.

Assume that F = J;2, F;. Let T = {t = (t1,...,tm)| 1 <t; <n;}. Then

Nm

(3) P#JC =) Di)n---n(l) Due) = | D,

]:1 t]_:l t7n:1 teT
where Dy = Dy, N---N Dy, , for each t € T.

PART A: If Dy # 0, then there is 1 < k < m such that Dy, C Dy, for all1 <i<m
and hence Dy = Dy, .

Indeed, Dy C Uj C; # P, so by Corollary 3.10(b) there are 1 < k < m and
1 < j < psuch that Dy, C C;. In particular, Dy C C;. As (1, ..., C) are disjoint, this
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J is uniquely determined by t. Let 1 <i <m. As F; C F' and hence C; C UZ:1 D, .,
by Corollary 3.10(b) there is (a unique) s; such that C; C D;,,. Thus there is a unique
s = (s1,...,5m) € T such that C; C Ds. We get Dy C Dy, € C; C Ds. But t = s,
since Dy N Dg # (). Therefore Dy = Dy, , which proves the claim.

PART B: Foralll <i < j < m there are t; and t; such that Dy, UD;;, = P. Indeed,
F,NF; =0, that is, Z;l Dy, U U?jjzl Dj;; = P. By Lemma 3.9, P is the union of two
of the disks on the left handed side. As (J;"_; Dit,, U?j:l Dji, # P, one of the two disks

is of the form D;;, and the other one of the form D, .

PArT C: Construction of a special t € T. By Part B there are t; and t; such that

Dy, U Dy, =P. Choose such ¢;. For 2 <7 < m choose ¢; in the following way:

(a) If there exists t; such that Dy, U Dy, = P, — choose such t;.

(b) Otherwise, by Part B, there are ¢} # t; and t; such that Dy U Dy, = P. Choose
such t;. As Dy, N Dlt'l = (), we have Dy, C th,l C Djt,. Thus we have chosen ¢,
such that Dy, € Dy, .

PART D: There is no i such that D;;, € D14, ..., Dy, . Observe that (a) applies to
v = 2, that is, Dy, U Dy, = P. Thus Dyy, € Doy,. It follows that if ¢ has been chosen
by (b), then also D;;, € Dsy,. If i has been chosen by (a), then D;t, D1y, .

PART E: Dy # (. By Corollary 3.10(a) it suffices to show for 1 < ¢,j < m that
Diy, N Dy, # . Suppose first j = 1. If ¢; has been chosen by (a), then Dy, U Dy, = P,
and hence Dy, N Dy, # 0. If t; has been chosen by (b), then Dy;, € Dy, and hence
D1y, N Dy, # 0.

Now the general case: If ¢; has been chosen by (b), then Dy, C Dj;,, hence by
the previous case Dy, N Dy, # (). Similarly if t; has been chosen by (b). If both
t; and t; have been chosen by (a), then Dy, U Dy, = P = D1y, U Djy;, and hence
0 # P Dy, € Dy, N Djy,. i

EXERCISE 3.12: Let Fy, F5 be connected affinoids, Fy N Fy # (). Then both Fy; N Fy and

F, U Fy are connected affinoids.

Proof: The first assertion is trivial. As for the second one, write P\ F} and P\ F, as
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unions of open disks, say, PN Fy = J, D; and P\ F; = Uj E;. Then

PN UF,) =(P~F)N(P~F)=|JD;nE;.
ij

The assumption F; N Fy # () implies that D; U E; # P, for all ¢,j. By Lemma 3.6,
D; N E; is either empty or an open disk. |

THEOREM 3.13: Let F' # P be an affinoid. There are unique connected affinoids

Fy,...,F,, such that F =" | F}.

PRroor: Existence. Write F' as the union of connected affinoids F1, ..., F,,. If there
are 1 <i,j < m such that F; N F; # (), then F; U F} is a connected affinoid itself, by
Exercise 3.12. Proceed by induction on m.

Uniqueness. Suppose that F' = [-J;" | F; = U?Zl G, where F;, G are connected
affinoids. Then F; = (J;_, Fi N G;. By Exercise 3.12, each Fy, N G is either empty
or a connected affinoid. Therefore, by Proposition 3.11, there is (a unique) j such that
F,, = F, NGy, that is, F,,, € G;. Wlog j = n. By a similar argument there is a
unique ¢’ such that G; C Fj. As the F; are disjoint, ¢’ = m. Therefore F,,, = G,,. Thus
UritE = U;le G,. Tt follows by induction on min(m,n) that m = n, and F; = G,

fori=1,...,m, up to a permutation. |

EXERCISE 3.14: Assume that K is algebraically closed. Let f € K(z) be a rational
function, and let p € |[K*|. Then F' = {z| |f(2)| < p} is an affinoid.

Proof:  Write f as ¢[[;_;(z — a;)™, where a; # a; for i # j, and n; € Z~{0}. Let

n = deg(f) = >, n;. Replacing p by & we may assume that ¢ = 1.

||

PART A: s=1. In this case

L .
F:{Z||2_a1‘n1§p}: {Z||Z—a1|§0i} lfTL1>O,
{z| |z—ai1| > pm1} ifny <O.

This is a closed disk.

PART B: Reduction. Assume s > 2. Let T be an automorphism of P. As 7! maps

affinoids onto affinoids, it suffices to show that F' = {z| |f(T(2))| < p} is an affinoid.
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For instance, if T is z — az, where a € K, then

= lal”

S S
. ai ., p
P = {z] T[laz — al™ < ph = (=] T] 1=~ 2 <
=1 i=1

ag

L we may assume that

Replacing a; by
(1) maxX;- |ai - aj| =1.
If Tis z — z+ a, where a € K, then I/ = {z| [[._; |z — a}|™ < p}, where

' = a; — aj, so that

a; = a; — a. Hence we may replace a; by aj. (Observe that a; — a’

(i) is preserved.)

Apply this with a = a1 + u, where v € K such that |u| = 1 but a; —a; # u. We
have |a}| < max(|a; — a1, |u|) < 1, but a] = a; —a; —u together with a; —a; # w implies
that but |a}| £ 1, otherwise a; — a; = u, a contradiction. Replacing a; by a; we may
assume that

(ii) |a;] =1 for each i =1,...,s.

PART C: Assume that |a; — aj| =1 for all i # j. We have F = Fy UJ;_, F;, where

Fo={z] Nle=ajl 210 If(2) < p}. Fi={z] [z—a| <1AIf(2)] < p}. 1<i<s.
j=1
Let z € Fy. Then |z — a;| = |z — a;| for all i # j. Indeed, if |z — a;| > 1 for some
i, this follows from the above assumption; otherwise |z — a;| =1 = |z — a,|. Therefore
Fo={z| /\;:1 |z —a;| > 1A |z—a;|™ < p}is an affinoid (an intersection of s+ 1 closed
disks, by Part A).
Let 1 < ¢ < s and let z € F;. Then |z —a;] < 1. By the above assumption

|z — a;| =1 for all j # i. Therefore

F={z] |z—a;)| <1AN|z—a|" <p}=
{z||z—ai|§p’+i} if p <1 and n; > 0;
0 if p<1and n; <O0;
{z] Njzilz—ajl =1N][z—a;| <1} if p>1 and n; > 0;

{z]| /\j#|z—aj|:1/\p%§|z—ai|<1} if p> 1 and n; <0.

It suffices to show that Fy U F; is an affinoid. By Part A, Fj is an affinoid. In the first

two cases also F; is an affinoid (possibly empty). Let U = {z| /\;:1 |z —aj| =1}. In
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the last two cases F; U U is an affinoid; but now p > 1, and hence U C F{;. Therefore
FoUF;, = FoU (UUF,) is an affinoid.

PART D: Assume that |a; — ag| # 1. There is k such that |a; — ax| = 1, otherwise
lag —ax| < 1forall k=2,...,s, whence |a; —a;| <1 for all ¢ # j, a contradiction to
(i). Wlog there is 2 < t < s and a € |K*| such that @ < 1 and |a; — a;| < a < 1 for
i=1,...,tanda<|ag —a;|=1fori=t+1,...,s.
If |2z—a1] < a, then |z —a;] = 1fori=t+1,...;s. If |z—a1] > «a, then
|z —a;| = |z —aq| for i = 1,...,t. Therefore F' = F; U F5, where
¢

Fi={z] l-ai|<anl|fz) <py={z| | —al <an]]lz—a
i=1

"< p}
and

Fy={z| [z—ail Z a A [f(2)] < p}

S
={z| z—ail Zanlz—a " T ] 12— al™ < p}
i=t+1

Both Fj and Fj are affinoids, by induction on s. |

LEMMA 3.15: Let Fy, Fs, ..., F,. be disjoint connected affinoids.

(a) If r > 2, there are disjoint closed disks Fi,Ey such that Iy, C E;, Fy C FEs,
Fy,....F. CE UE,.

(b) Suppose Fy = ﬂjzl D;, where D; are closed disks with disjoint complements. Then
DyUFU---UF,. #P.

Proof: (a) By induction on the number m of non-disks among Fi,..., F.. If m =0,
that is, Fy,..., F, are disjoint closed disks, this is Corollary 3.10(c). Suppose m > 1.
Then there is ¢t such that F; is not a disk, and hence F; is the complement of the
disjoint union of open disks U7_,C;. For each ¢ # ¢ we have F; C U;_;C}, and hence,
by Corollary 3.10(b), F; C C}, for some (unique) j.

If t =1, wlog Fr, C C;. Apply the induction hypothesis to (C¢, Fy, {F;| i >
3, F; € C4}) to get the required assertion. (In detail: the elements of this sequence are

disjoint connected affinoids and the number of non-disks among them is < m (we have
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replaced at least F; by a disk Cf). So there are disjoint closed disks Ej, Fo such that
C¢ C Fy (and hence Fy; C Fy and F; C Ey if F; € C1), F» C Ey, and F; C Ey U Es,
whenever ¢ > 3 and F; C (C1.)

Similarly if ¢ = 2.

Ift#1,2, wlogt=r>2and Fy C C;. Apply the induction hypothesis to

(Fy, Fo,{F;| i >3, F; CC1},CY) if F, CCy
(F1,{F;i| 1 >3, F; C C1},CY) if Fr £ C4

to get the required assertion. (In detail: the elements of this sequence are disjoint
connected affinoids and the number of non-disks among them is < m (we have replaced
at least F). by a disk Cf). So there are disjoint closed disks F1, Fo such that F} C Fy,
each F; is contained in E; U Ey —either by assumption or because F; C Cf C By UEy—
and Fy C Fy —either by assumption or because Fy C Cf C Ey U Fo—.)

(b) First assume r = 2 and Fj is a closed disk. Then (\;_, D; N Fy = (). By
Corollary 3.10(a) there is j such that D; N F; = (). Hence if j = 1, we have D; UF, # P
by an exercise (the union of two disjoint closed disks is not P). If j # 1, then Df, DY
are disjoint, and hence Fy C DJQ C D, whence Fr, U D, = Dy # P.

By induction on the number m of non-disks among F5, ..., F.. If m = 0, that is,
F, ..., F, are disjoint closed disks, by an exercise F; UF; # P for i # j and F;UD, # P
by the preceding special case. Hence D1 U Fy U ---U F,. # P by Lemma 3.9.

Suppose m > 1. Then r > 2 and wlog F). is not a disk. Hence F;. is the complement
of the disjoint union of open disks W;_;C}. For each i # r we have F; C U5_,C}, and
hence, by Corollary 3.10(b), F; C Cj, for some (unique) j. Wlog F; C Cy. Apply the
induction hypothesis to (Fy,{F;| i > 2, F; C Cy},CY) (which produces a larger union)

to get the required assertion. |

Remark 3.16: There are disjoint connected affinoids Fy, F5, F3 for which do not exist
disjoint closed disks FEi, Fs such that F} C E; and Fs, F3 C Fs. Indeed, let F; =
(C1 U C9)¢, where C1 = {z] |2| < 1} and Cy = {z]| |z — 1] < 1}, and let F; C C;
be a closed disk, containing 0,1 respectively. If such FE;, F» existed, then 0,1 € E;
and oo ¢ FE;. Hence E; = {z] |z2| < p} for some p € |[K*| and p > 1. But there is
0,1# z € K. Lift it to z € K°; then z € E; and z € Fy, a contradiction/ |
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LEMMA 3.17: Let F' be a connected affinoid such that oo ¢ F. Then either F is a

closed disk or a finite union of sets of the form
Crp ={2z€ K| r<|z—a <r'},

Cr={z€K]| |z—ap| == |z—ay| =1},
where r,7’" € |[K*|, ag,...,a, € K such that |a; — a;| = r.

Proof: If F' is not a closed disk, then it is the intersection of n + 1 > 2 closed disks
Dy, ..., Dyy1, such that their complements are disjoint. As co € F¢ = U?jol D¢, wlog

oo € Dy 1. Thus
D;=A{z]|z—a;| >m}, i=0,...,n, and Dpy1 ={z| |z — ans1| < mpy1}-

Put

Fp={z€eF||z—a| <|z—ai], i=0,...,n}, k=0,...,n.

Then F = J}_, Fr. (By an exercise each F}, is a connected affinoid, but we will not
use this.) Thus it suffices to present each Fj as a finite union of sets of the form C, -
and C,.. Wlog k = 0.

As translations move C,.,» and C). into sets of the same form, we may assume that

ap = 0. Then 0 = ag € D§ C D,,41; by Exercise 3.4, wlog a,,+1 = 0. Thus
Do ={z| [z| =m0}, Di ={z| [z —ai| 2 m}, i=1,....n, Dpi1={z] 2] < mps1}

and

Fo={z€F| |z|<|z—ay|, i=1,...,n}.

The disjointness of D, ..., Dy, implies, in particular,
7r0§|a¢|§7rn+1, 1=1,...,n,
Wig‘ai‘, z:l,,n

(Indeed, a; € D C Dg, Dy41, hence |a;| > mo, |ai| < mp41. Further, 0 € D§ C D;,

hence |a;| > 7;.)
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Let mp = r9p < 1 < --- < rg = w41 be all the distinct numbers in the set

{mo,|a1l, ..., |an|, Tny1}. Then
Fo=Ul_{ze Fy| ri_1 < |z| <m}uUi_{z € Fy| |z| =r}.

But if .1 < |z] < 14, then mp < |z] < mp41, and for every 1 < i< n

1z — a;] = 2] > 11 > a;|  if |ag| < e
' la;| > re > |2 if |a;| > r1—1, and hence |a;| > ;.

In both cases, |z — a;| > |z] and |z — a;| > |a;| > ;. Hence z € Fy. Thus
{zeFy| g <lzl<m}={z€ K| r_1 <|z| <rs} =Cri_q,7m4.

Similarly if |z| = 7, then 7y < |z| < 741, and for every 1 <i <n

lz| =1 > |ag| if |a;| < 7y
|z —a;| =< <r¢ if |a;| = r;
la;| > 1y = |z if |ag| > re.

Thus if |a;| # r¢, then |z —a;| > |2| = ry and |z — a;| > |a;| > m. If |a;| = ry, then
|z —a;| > |z| = re,m < |2 — ai| = re(= |a;| > 7;). Hence

n

{ze Ryl |z|=r}={2€ K| |z| =r¢,m0 < |2| < Tpy1, /\ |z —a;| > re, ™)
i=1
lajl=r¢

n

={zeK| |z|=r /\ |z — a;| > re, i}

i=1
la;]=r¢

n

={zeK||zl=r, N\ lz—ail=rs},
\azlz:lrt

The last set is of the form C,.. Indeed, if for 1 <i < j < n we have |a;| = |a;| = 7, then
la; — a;| < re. If |a; — aj| < 71y, then from |z — a;| = ry follows |z — a;| = r¢. Therefore
we may throw away the condition |z — a;| = .. Thus wlog |a; — a;| = r for all i < j.
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4. Holomorphic functions

Let (K,||) be an algebraically closed complete non-archimedian valued field. Recall
that K¢ is its valuation ring and K°° is its maximal ideal.

Let F' be a subset of P = P(K). For a function f: FF — K define the norm
Il = Ifll7 :=sup,ecr|f(2)| € K. Observe that
(1) [If + gl| < max(||f]], |lg]]);

@) [Ifgll < 1AL Nlgll;
3) llefll = lel - [If]], for every ¢ € K.

Let ' C P be an affinoid.

Definition 4.1: A function f: F — K is holomorphic if for every ¢ € |K*| there is a
rational function g € K(z) without poles in F' such that ||f — g||r < €. i

We set:

i) O(F) = the set of K-holomorphic functions on F'.

(

(ii) O°(F) ={f € O(E) | [IfIl <1}
(i) O(F) ={f € O(F) [ [|f]] <1}
(iv) O(F) = O°(F)/O°(F).

EXERCISE 4.2: Let g € K(z) be without poles in F. Show that ||g||Fr < co. Deduce

that ||f||r < oo for every holomorphic function f on F.

Proof: As K is algebraically closed, g is the product of a constant function, linear
functions z — ¢, with ¢ € K, and the inverses of linear functions, all of them without
poles in F'. Thus we may assume that g is one of them. In particular, g has only one
pole in P. As F' is the union of connected affinoids, we may assume that F' is connected.
But then F' is the intersection of closed disks, and the single pole of g is not in all of
them. Therefore we may assume that F' is a disk. In this case the assertion is easy.

LEMMA 4.3:

(a) O(F) is complete.
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(b) O(F) is a K-algebra, O°(F) is a K°-algebra, O°°(F) is an ideal of it, and O(F) is
an algebra over K = K°/K°°.

Proof: (a) Let {f,} be a Cauchy sequence in O(F'). Let z € F. Obviously, {f,(2)} is
a Cauchy sequence in K. As K is complete, this sequence has a limit, say, f(z) € K.
This yields a function f: F — K.

Let ¢ > 0. There is N such that for all n,m» > N and each z € F we have
|fr(2) = fm(2)| < ||fn — fmll < . In particular, |f,(z) — f(2)| < e for all n > N and
each z € F'. Hence ||f, — f|| < e for all n > N. Thus f, — f.

Finally, for each € > 0 there is f,, such that ||f,, — f|| < € and there is g € K(2)
without poles in F such that ||f, — g|| < e. Then ||f —g|| <e. i

PROPOSITION 4.4: Let D ={z € K| |2| < 1}.
) O(D) ={>"7"yanz"| a, € K and lim,_,o a, =0} =: O.
b) O(D)° ={>."yanz"| an € K° and lim,_. a, = 0}.
c) O(D)° ={>"""an2"| an, € K° and lim,,_,o a, = 0}.
d) O = K]|z], the ring of polynomials in one variable over K.
) Let ,g € O. Then ||fgll = |Ifl- sl
f) If Y7 janz™ € O, then || 37, a,2"||p = max |a,|. Moreover, there is ¢ € D such

(a
(
(
(
(
(

that | Y0, anc”| = max|ay,|.
Proof:

PART A: First part of (a). Let us denote the right handed side by O. Its elements are

convergent sequences of powers of z, hence O C O(D).

PARrT B: Proof of (f).

If > janz™ € O, then clearly || > a,2"||p < max|a,|. To show “=", we
may assume, by (3), that max||a,|| = 1, and we have to show that there is z € D such
that |f(2)| = 1. Let f:= Y .- ,a,Z". This is a nonzero polynomial over K. Thus
there is z € K such that f(z) # 0. It is the residue of some z € K° = D. Then

m = f(%) # 0. This means that |f(z)| = 1.
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PART C: O is complete. Let {} 7, aﬁf )z"}ﬁ be a Cauchy sequence. By the above
formula for the norm {a } ©, is a Cauchy sequence for each n > 0. Hence it converges
to some a,, € K. It is easy to see that lim, .o a, =0and ) - ja (Z)z — >0y anz".
(Indeed, let ¢ > 0. There is i such that if j > i, then |al? — a{’| < e for all n; hence
|a,(1) — an| < e for all n. There is also N such that if n > N then |a,(1)\ < ¢. Thus

lan| < e forallm > N.)

PART D: Second part of (a). As O is complete, to show that O(D) C O, it suffices to
show that every rational function f € K(z) with no poles in D isin O. As O is a K-
algebra (check!), we may assume that f is either a polynomial over K (whence fe O)
or f = Zib, where b ¢ D, that is, [b] > 1, whence ﬁ = ibl = _b S, bn
S — g2 € 0.

(b),(c) — clear.

(d) Let z be a variable over K. The map > oo, an2™ — Y oo @,z" is a well
defined homomorphism O° — K|[z]. The sequence 0 — 0% — 0° — K[z] — 0 is
exact. Hence 0°/0% = K|z].

(e) Clearly || fall < IIfIl-1lgll- Wlog ||f]| = |lg]| = 1, and we have to show that
|fgl| = 1. That is, f,g # 0, and we have to show that fg = fg # 0. This follows from

(d), since K|z] is an integral domain. i

EXERCISE 4.5: Let ¢ be an automorphism of P. Let F' be an affinoid. Show that
f+— fo is an isomorphism O(p(F')) — O(F') of K-algebras that preserves the norm.

EXERCISE 4.6: Let c€ K and m € K*.

(a) Let F ={z| |z —¢| < |m|}. Then

O(F) Zan (z—0o)"| a, € K and lim a,7" = 0}

n—00
n=0

_{Zb

”|b € K and hmb =0}

and || Y07 an(z — ¢)"||p = max|ay||7|" = max |b,|.
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(b) Let F ={z| |z —c| > |n|}. Then

O(F) :{Z an(z—¢)""| ap € K and lim a,7m " =0}
n=0

:{nz_%bn(zic)ﬂ b, € K and nllr%obn =0}

and || Y07 an(z — ¢)"||F = max|a,||7|" = max |b,|.

Proof: An application of Exercise 4.5 to Proposition 4.4:

zZ—C

(a) The automorphism z — maps F' onto the unit disk.

s

(b) The automorphism z +— —"— maps F onto the unit disk. i

For an affinoid F adopt the following notation: For ¢ € F let O(F). = {f €
O(F)| f(c) = 0}. Furthermore, let C(F') be the algebra of constant K-holomorphic
functions on F. Clearly C(F') = K.

PROPOSITION 4.7 (Decomposition of Mittag-Leffler): Let Dy,..., D,, be m disjoint
open disks. Let F; be the complement of D; and let F' = ﬂ?;l F;. Let c€ F. Then
(a) O(F)=C(F)® ™ ,0(F)..

(b) Let fo € C(F) and let f; € O(F;), for i = 1,....,m. Then ||} /", fillr =

max || fi||r,. Moreover, there is z € F such that | Y .~ fi(z)| = max || fi|| F,.

Proof: (b) We may assume that || fo||r < maxi<i<m ||fil

F;, otherwise for every z € F
we have | Y " fi(2)] = |fo(2)]. Using (3) we may normalize the f; to assume that
maxi<;<m || fill;, = 1 > ||fol|F, and we have to show that there is z € F such that
|22 filz)| = 1.

By Exercise 4.5 we may assume that ¢ = co. Hence F; = {z| |z — a;| > |m;|}, for
each 1.

Reordering F1, ..., F,, we may assume that

(i) there is 1 < s < m such that ||f;]

g, = 1for i =1,...;s and ||fi||r, < 1 for
t=s+1,....,m;
(ii) |my| > || fori=1,...,s.

By Exercise 4.5 we may assume that a; = 0 and |m| = 1.
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Let 2 <i. As D1 N D; = () and hence a; ¢ Dy and a; =0 ¢ D;,

(x) |ai| > |m1], |mil, for 2 <i < m.

Therefore, reordering Fb, ..., Fs we may assume that
(iii) there is 1 < r < s such that |a;| = |m| for i« = 2,...,r and |a;| > |7 for
1=r+1,...,s.

Put I ={1}uU{2<i<m| |a;| = |m|} and
G=({zeK]||z—a=|ml}
el

We claim that
(iv) G C F;
(v) every z € G satisfies |f;(z)] <1fori=r+1,...,m; and
(vi) there is z € G such that | >_7_, fi(2)| = 1.
It then follows that there is z € F such that | Y~ f;(z)| = 1, whence || >, fi|| = 1.

(iv) Let z € G and let 1 < ¢ < m. If i = 1, then |z| = |my|, and hence z € Fy. If
i >2and i € I, then |a;| = |m], so |z — a;| = |71| = |a;| > |7, by (x), whence z € F;.
If i ¢ I, then i > 2 and |a;| > |m1| = |z|, hence |z — a;| = |a;| > |m|, by (x), whence
z€F;,. Thus z€ (-, F; = F.

(v) For s < i < m this follows from (i). If r < i < s we have |z| = |71| and
la;| > |m1|, hence |z — a;| = |a;| > |m].

(vi) Let 1 < i < r. Recall that ||f;||r, = 1. Hence by Exercise 4.6(b), f; =
S b(i)(L)”, where b € K°, not all in K°°, |m;| < 1, and |a;| = 1. Therefore

n=1"" \z—aq;

fi=>,_, b,(f)(i)” € K(z). Moreover, fi # 0 (as ||fi]] = 1), and has a pole in

zZ—a;

z = @y = 0, whereas f;, for i = 2,...,7, has a pole in @; # a; = 0 (or f; = 0), and
fo has no poles. Therefore »_, fi has a pole in 0. In particular, Yoo fi # 0. Hence
there is z € K such that |Y;_, fi(2)| # 0 and z # a;, for each i € I. Lift z to an
element z € K with |2 =1. Then z € G and | Y_._, fi(z)| = 1.

(a) Again, we may assume that ¢ = co. We have to show that for every f € O(F)
there are unique f; € O(F;)oo, ¢ = 1,...,m, such that f =" | f;. The uniqueness fol-
lows from (b): If 0 = Y. | f;, where f; € O(F})oo, then 0 = max(||f1]|ry, - - -, | fml| £, )
and hence f; =---= f,, =0.
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To show the existences, it suffices to assume that f is rational. (Why?) As K is

algebraically closed, f can be written as a finite sum of the form

(6) f= ZZ (Za_ké)k’
bk

where £ > 1, and b€ K~ F and a;, € K. Put

beD; k

Then f=>"1", fi and f; € O(F})oo-
[ |

EXAMPLE 4.8: Let 0 < ry < ry and let F' = {z| r1 < |z| < ry}. For each n € Z put

r1 ifn<O0
'Fn:{l ifn=0 . Then
ro ifn >0

(a) O(F) = {3 __an2"| an € K and lim,, 4o, |a, |7 = 0},

(b) [132n=—oe anz"||F = max [an |7

Proof: We have F' = Dy N Dy, where Dy = {2z € P| r; < |z|} and Dy = {2z €
P| |z| < r2}. Let f € O(F). Choose ¢ € F. By Mittag-Leffler there are fo € K (a
constant function), f1 € O(D1)e., f2 € O(D3)., such that f = fy+respfi +respfa, and

1f 1|7 = max(| fol, [ f1l| Dy [ f2]]Ds)-
Choose p1, p2 such that |p;| = r;. By Exercise 4.6(a), f2(2) = ag + Y o an2",

o0

where lim,, o |an|ry = 0. As fao(c) =0, we have ag = = >~ | anc”.

Similarly, by Exercise 4.6(b), changing n to —n, we have f1(z) = a1 +>., > | a,2",

—00
n=-—1

Thus f(z) = fo+ f1(2) + f2(2) = >0 anz™, where ag = fo — a1 — a2 and

limn—>—oo |a‘n|r? = O and hmn—>00 |an|,r§l = O

where lim,,,_ |an|r? = 0. As fi(c) =0, we have a; = — ) anc”.

(The a,, as above are unique; this follows from (b).)

(b) Observe that |a1| < max,<o(|an|7)) and |as| < max,~o(|a,|7)). Therefore

1f1lp = max(| fol, [ fillpy, |[f2llp,) = max(| fol, lenl, [azl, lan|7y) = max(|fol, lan|7y).
n#0 n#0
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We have to show that this is M, where M = max,+(|fo — a1 — azl, |a,|7};). Clearly
M < |[f[lp. Also, if [ fo < maxpo(|an|ry), then |[f[|p < M. If [fo > maxy.o(]an|m7),
then [fo — o1 —ao| = |fol, so M = [|f[|r. N

LEMMA 4.9: Let Iy, ..., F, be disjoint connected affinoids in P. Put F' = U]_,F;. Then
O(F) =2 [[i, O(F;), via f — (resp, f,...,resp,).

Proof: Wlog r > 2.

The map res: O(F) — [[;_, O(F;) is clearly injective. Each (f1,...,f,) €
[T;—, O(F;) is the sum of elements of the form (0,...,0, fx,0,...,0), where 1 <k <r
and fr € O(F})). Therefore it suffices to show that the latter element is in the image of
res. Wlog k = 1.

PART A: fi(2) =1 for all z € Fy. Let 1 <[ <r such that [ # 1. By Lemma 3.15(a)
there are two disjoint closed disks D’ and D" such that FF C D’ UD” and F; C D’ and
F, C D",

Wlog D' = {z]| |2| < p'} and D" = {z| |z| > p"}, where p/ < 1 < p’. The
sequence gp(z) = z"—l—l—l (of rational functions without poles in D’ U D") converges
(uniformly!) to 1 on D" and to 0 on D”. Its restriction to F is a function f1,; € O(F)
that is 1 on F} and 0 on Fj.

Let f =TI, fi;. Then f € O(F), and resf = (1,0,...,0).

PART B: Arbitrary fi € O(Fy). Write Fy as (\;_; D;, where Dy, ..., D, are closed
disks such that P Fy = Uj_; Dj. By Mittag-Leffler-Decomposition, f1 = go + g1 +
-+++ gs, where gg is constant and g; € O(F') extends to a function ¢g; € O(D;), for each
1 <1 <s. Wlog fi = g; for some [ and wlog [ = 1.

Apply an automorphism of P to Lemma 3.15(b) to assume that 0 € D; and
oo ¢ Dy UFyU---UF,.. Then wlog D is the unit disk.

We can write f; € O(D1) as fi1(z) = Y07, anz™, where |a,| — 0. For each N the

n=1

function fl(N) =Y > anz™ has a pole only in oo, and hence fl(N) € O(F). By Part A

there is g € O(F') such that g is 1 on F} and 0 on the rest. Then {gfl(N)}]o\,oz1 C O(F)

is a Cauchy sequence. Its limit f € O(F) satisfies the required conditions. |
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LEMMA 4.10: Let F' be a connected affinoid, and let D be a closed disk contained in

F. Let 0 # f € O(F). Then resp f # 0.

Proof: Write F' as the intersection of r closed disks D1, ..., D, such that their com-
plements DY, ..., D¢ are disjoint. Wlog oo € D and 0 ¢ D. Thus

Dy ={z| |z —ag| > |mk|}, for k=1,...;r, and D ={z] |z| > |p|}.

Wlog || f||lr = 1. If f(c0) # 0, the assertion is trivial. So assume that f(oco) = 0.
By Mittag-Leffler there are unique f; € O(D1),..., fr € O(D,) vanishing at oo, such
that f =respf1 +--- +respfr. As1=||f||r = maxy||fx||D,, we have ||fx||p, <1 for
each k, and there is k with || fx||p, = 1.

PART A: r = 1. We may assume that a; = 0 and m; = 1. Thus Dy = {z| |z| > 1},
and D = {z] |z| > |p|}, where |p| > 1. Then f(z) = 32 bi(2), where max(|b;|) =
|f||7 > 0. Thus not all b; are 0. Now, respf(z) = 2% % (2)% and ||f||p = max(|%|).

i=0 pt\z i

pZ
Hence ||f||p > 0.

Assume, by induction, that » > 2 and that the assertion is true for less than r

disks.

PART B: Reductions. Wlog (apply the automorphism z +— Z of IP) max(|ax —a;|) = 1.
For distinct 1 < k,l < r we have D§ N Df = (), and hence |ay, — a;| > |7k, |m]. Thus
(1> |7T1|7---7|7r1“|§]--

Furthermore, wlog |p| is very large, say

(2> |p| >1,|6Lk|, |7Tk|7 k=1,...,r

Indeed, let |p'| > |p| and let D' = {z| |z| > |p|}. Then D' C D C F. If resp/ f # 0,
then also resp f # 0.

PART C: Reduction to |ay —a;] =1 and 7, =1 for all k # 1. By Mittag-Leffler there
are unique f; € O(Dy),..., fr € O(D,) vanishing at oo, such that f = respf; +---+
resp fr. As f # 0, not all fj are 0.
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For each 1 < k < rlet D; = {z] |z —ax| > 1}. By Part C, D C D;. By (1),
D;. C Dy. Some of the disks in the sequence Dj,..., D, may coincide (see below).
Let F1q,...,Es be the distinct elements of this sequence, and for each 1 < j < s let
K@) ={k| D}, = E;}.

More precisely, if |ay —a;| < 1, then D) = Dj. If, on the other hand, |a; —a;| = 1,
then the complements of D) and D are disjoint, and hence Dj # D,;. As there are k, !
such that |ax — a;| = 1, not all the disks in the sequence D/,..., D, are equal. Thus
2 < s and #K(j) < r for each 1 < j < s. Furthermore, the complements of F1, ..., E
are disjoint.

Put G = ﬂjzl E;. This is a connected affinoid. We claim that resg f # 0. Indeed,
for each 1 < j < s let g; = Zkelc(j) resg; fr € O(E;). Then resgf = ijl resgg;.
Therefore this is the Mittag-Leffler decomposition of resgf. Hence it suffices to show
that there is j such that g; # 0.

There is ko such that fi, # 0. Let j be such that kg € K(j). Now, F; =
Mkex () Dr is the intersection of #K(j) < r closed disks with disjoint complements.
Put g; = ZkelC(j) resp, fr € O(Fy). This is the Mittag-Leffler decomposition of g’.
Therefore, as fx, # 0, also g; # 0. But g; = resp, g;. As #K(j) < r, by the induction
hypothesis we have g; # 0. This shows that resg f # 0.

Now, either s < r or or s = r. In the first case, by the induction hypothesis
(applied to D C G = ﬂjf:l E;) respf # 0. In the second case we may replace F' with
G (and Dy, with Dj for each k) and thus assume that |ax — ;| = 1 and 7, = 1 for all

k1.

PART D: Assume that |ay —a;| =1 for all k # 1 and |m;| =1 < p for all i.
Write fj, as 520, bF) (—2—)4,

j=1"3 z—ag

Then
(i) |agl, |b§-k)| < 1 for all j and k; in particular, @,@ € K are defined.
(ii) @, ...,a, are distinct;
(iii) There are j and k such that |b§k)\ = 1; that is, not all bg—k) are 0.

Furthermore, ]b;k)\ — 0, for each 1 < k < r. Therefore
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(iv) there is m such that bgk) =0 for all k£ and all j > m.

It follows that f(t) = Y7j_; 272, @( 7==)’ # 0is a non-trivial rational function

over K. Therefore there is & # 0 in (the algebraic closure of) K such that f(&) # 0.

Thus there is ¢ in the algebraic closure of K such that |c¢| = 1 and f(c) # 0. In
particular, the restriction of f to D’ = {z| |z| > 1} is not trivial. Since |p| > 1, we

have D C D’. Hence by Part A also resp f # 0. |
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5. Factorization

The aim of this section is to prove the following

THEOREM 5.1: Let F' be a connected affinoid in P such that oo ¢ F'. Let 0 # f(z).
(a) f has finitely many zeroes in F. Moreover, there are ci,...,c, € F such that
f(z) =g(2) T2, (2 — ¢;), where g € O(F) has no zeroes in F'.
(b) The following are equivalent:
(i) feOF)";

(ii) f has no zeros in F;

(iii) There is @ > 0 such that |f(z)| > 0 for all z € F.
(b) The ring O(F) is a principal ideal domain; its maximal ideals are (z — ¢)O(F),

where c € F.

We prove this in several steps:

LEMMA 5.2 (Factorization): Let F' be an affinoid in P. Let oo # ¢ € F and let f € O(F)
such that f(c) = 0. Then there is a unique g € O(F') such that f(z) = (z — ¢)g(z) on
F ~{oo}.

Proof: To show the uniqueness, it suffices to prove that if 0 # g € O(F), then (z —
¢)-g(z) # 0. There is a € F such that g(a) # 0. As g is continuous (it is the limit of
rational functions, which are continuous on F'), we may assume that a # ¢,00. (There

is 0 # d € K with |d| sufficiently small; then g(a + d) # 0 and a + d # ¢,00.) Then
(a—¢)-gla) £ 0.

PART A: Reduction to a connected affinoid. Write F' as the disjoint union of connected
affinoids Fi,..., F.. Wlog ¢ € F;. For 2 <i <7 we have ¢ ¢ F; and hence (z —c)~! €
O(F;), whence g; := (z — ¢)7 L f; € O(F;) satisfies resp, f = (z — ¢)g;(2). Suppose there
is g1 € O(F1) such that resp, f = (2 — ¢)g1(2). Then by Lemma 4.9 there is a unique
g € O(F) such that resp,g = g;. Clearly f(z) = (z — ¢)g(2).

PART B: Reduction to a closed disk. Write F' as the intersection of closed disks

ﬂjzl D;. By Mittag-Leffler, f = > f;, where f; € O(F). extends to a holomorphic
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function on D;. It suffices to prove the assertion for each f;. Therefore wlog f extends

to a holomorphic function on D;. So wlog F' = D;.

PART C: f is the restriction of an automorphism of P to F'. Say, f(z) = ii j;? , where

(: ?) € Gly(K). Since f(c) = 0, we have ac + 8 = 0. Thus f(z) = 2E=9 —

yz+96
(z—¢) 7355

PART D: F is the unit disk. Suppose that F' = U := {z| |z| < 1} and ¢ = 0. By
Proposition 4.4, f(z) = Y07, a,2", where a, — 0. As f(c) = 0, we have ag = 0.
Moreover, h(z) := >.°7  ap,z""t € O(U). Therefore f(z) = zh(z).

n=1

PART D: The general case. There is an automorphism ¢ of P such that p(F) = U
and ¢(c) = 0. There is f1 € O(U)o such that f(z) = fi(p(2)). By Part D, fi = z - g1,
where g1 € O(U). Thus f = f1(¢(2)) = ¢(2) - 91(¢(2)), and g1((2)) € O(F). By Part
C, p(2) = (2 — ¢)g2(2) for some g2 € O(F). So f = (2 — ¢)g1(2)g2(2)- i

The main tool is a lemma we already proved:

LEMMA 3.17: Let F' be a connected affinoid such that oo ¢ F. Then either F is a
closed disk or a finite union of sets of the form
Crp={2€K|r<|z—ag <r'},

Cr={zeK| |z—ag|=-=|z—an| =71},
where r,7’" € |K*|, ag, . ..,a, € K such that |a; — a;| = .

LEMMA 5.3: Let D = {z]| |z| < 1} be a closed disk. Let 0 # f(z) = >.07 jan2" €
O(D), and let m = max(n| |an| = ||f||D)-
(a) If m > 1, then f has a zero in D; more precisely —
(b) There are ¢y,...,¢, € D and g € O(D) with no zeros in D such that f(z) =
9 I (= — o).
(c) The following are equivalent:
(i) feO(D)*;
(ii) f has no zeros in D;

(iii) f=¢(1+s), where c € K* and s € O°(D) (that is, m =0);
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(iv) |f(2)| = ||f||p for each z € D.

Proof: Wlog a,, = 1. Hence f € O°(D).
(a) For k > m let fr(z) = ZZ:O apz". Then

Write fj as
s t
fk(Z) = H Z - Czk H
=1 j=1

where |¢;i| < 1 and |dji| > 1. Put X = XN(—di)---(—dw) (and X is the leading
coefficient of fj, which is not necessarily ay, because the latter could be 0). Then we

can write the preceding equation as

G2 g = fi(2) = AT (2 - e

Hence A = 1 and m = s.
For each k put Zx = {c1k, ..., cmr}. Then #2Z; < m.

Fix k and let cxy1 € Zi41. Then

m

[T lersr = cnl = [fulers)] = 1 frlersr) = s (crs)] < 1 fx = forall-

i=1

Hence there is ¢ = ¢;; € Zj such that |cpy1 —cx| < ||fk—fk+1||%. Choose this ¢, € Zy;
this defines a map : Zx+1 — Zx by crp+1 — ci. Now, <ll_m Z, # 0, so there is a sequence
{ck}r € D such that fr(cr) = 0 and |cpe1 — cx| < ||fx — frgrl|™ for every k. Thus
{ck }r is a Cauchy sequence. Hence its limit ¢ € D is a zero of f.

(c) (i) = (ii) - clear.

(ii) = (iii): If f has no zeros in D, then by (a), m = 0. Hence f = ag+s=1+s,

where s = | a2, satisfies ||s||p < 1.
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(iii) = (iv): Let z € D. Then |s(z)| <||s||p < 1, hence |1 + s(z)| = 1.
(iv) = (i): Write f as the limit of a sequence of rational functions f; without
poles in D (for instance, the partial sums fx(z) = ZZ:O a,z"). We may assume that

||fx — f|| < 1 for each k, and hence fj has no zeros in D; in fact, for every z € D we

have |fx(z) — f(2)| < 1, but |f(z)| = 1, whence |fr(z)| = 1. Thus f_lk is a sequence of

1 1
_ — =
fr

7
(b) By induction on m. Assume first that m = 0. Then ||1 — f|| < 1, hence by
(c), f € O(D)*.
Assume that m > 1. By (a), f has a zero ¢ € D. Then f can be written as f(z) =
>0 o bn(z—c)™, where |b,| < 1. As f(c) = 0, we have by = 0. Thus f(z) = (2 —c)h(z),

where h(z) = Y 07 by(z — )" € O°(D). Write h(z) as h(z) = >~ al,z", and put

n:o n

rational functions with no poles in D. Check that

m' = max(n| |a/,| = 1). From f(z) = (z — €)h(z) we see that m’ = m — 1. By the
induction hypothesis h(z) = g(2) H?l_ll(z —¢i), where ¢1,...,¢n—1 € K and g € O(D)
has no zeros in D. Put ¢ = ¢,,,. Then f(z) = g(2) [[12,(z — ¢:)g(2). i

REMARK 5.4: Let C be a subset of an affinoid F, and let f,q € O(F') such that
If —dlle <|Ifllc. Then

() [Iflle = llalle-
(ii) If z € C and |f(2)| = |[fllc, then [f(2)] = |a(2)]

Proof: Let C" ={z € C| [f(2)| > |[f —dllc} As sup.cc|f(2)] = |[flle > |If —dlle,
the set C’ is not empty. Hence C’ contains all z € C with |f(2)| = ||f||c. For z € C’

we have |f(2)] > |f(2) — q(z)], and hence |f(z)| = |q(z)|. This proves (ii). Also

flle = sup.ecr [f(2)] = sup.ecr la(2)[ = llallc- - m

LEMMA 5.5: Let r € |K*|, and let by,...,by € K such that |by| =--- = |by|=7. Put

C={zeK| |z|=rz=b|=r, 1<v <N}
N
={zeK| |z|=r}~|J{ze K| |z—b| <1},
v=1
Let q be a rational function with no poles in C. Let {dy,...,d,} C C contain all the

zeroes of q in C'. Then
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(a) |q(2)| = llgllc, if z € C and |z —d;| > r, fori=1,...,n;
(b) llall¢z| jz—aij<ry = lldlle, fori=1,....n.

Proof: Tt suffices to show that there are k£ € N and p, p € |K*| such that p < r and:
(i) if z € C and |z —d;| > r, for i = 1,...,n, then |q(z)| = p;
(ii) |g(2)| < p for all z € C;
(ili) For each 1 <i<m,if z € C and p < |z — d;| <7, then |Z=%|kp < |q(2)| < p.
Observe that if this assertion is true for two rational functions ¢i, g2, then it also
holds for their product ¢;¢2. Thus we may assume that either ¢(z) = z—a, where a € K
or q(2) = -1, where a ¢ C.
Futhermore, we may assume that {di,...,d,} is the set of all zeroes of ¢ in C.
(We could have assumed this from the beginning, but this “more general” setup was
necessary for the preceding reduction from ¢ to its factors: The set of zeroes of ¢1¢2
may properly contain the set of zeroes of ¢;.) More precisely, let k, p, p such that (i),
(ii) and (iii) hold, and let dyy1,...,d, € C. Let

p' =max(p,|d; —d;j| | 1<i,5<n,|di—d;| <r).

Then the corresponding assertions, say (i’), (ii’), and (iii’), hold for dy, ..., dp41, - ., dp

with &, p’, p. Indeed, (i’) is weaker than (i), and (ii’) does not depend on di, ..., d,:.

Fix 1 < j <n’ and z € C such that p’ < |z —d;| < r. If there is no 1 < ¢ < n such

that |z — d;| < r, then |q(2)| = p by (i). If there is 1 < ¢ < n such that |z — d;| < r,

then |d; — d;| < r, and hence |d; — d;| < p/, by the definition of p’, whence |z — d;| =

|(z —d;) + (di — d;)| = |z — dj|. As p <p’, condition (iii’") for j follows from (iii) for i.

Let q(z) = z —a. Let a € K, and let z € C. Recall that |z| = 7.

(1) If |a| > r, then |z — a| = |a|. (In this case n = 0.)

(2) If |a| < 7, then |z —a| = 7. (In this case n = 0.)

(3) If |a| = r, but a ¢ C, then there is v such that |a — b,| < r. As |z —b,| =, we
have |z —a| = [(z — b,) — (a — b,)| = r. (In this case n = 0.)

(4) If |a| = r and a € C, then n = 1 and a = d;, because a is the only zero of ¢q. If
|z —di| > r, then |z — a| = |z — dy1| = r (because |z| = |di| = 7). If |z —dq| <7,

|z—da|

then |z —a| = =—*r.
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In case (1) put p = |al, otherwise p = r. Let k = 1, and let p be arbitrary. Then
(1),(ii),(iii) hold.
If ¢(z) = =L, where a ¢ C, then the assertion follows from cases (1),(2),(3) above.

z—a’

LEMMA 5.6: Let F be an affinoid that contains D = {z € K| |z| < 1}. Let 0 # f €
O(F). Then f has finitely many zeroes in D. Furthermore, f(z) = g(2) [[1=,(z — ¢),
where ¢y, . .., ¢y, are the zeroes of f in D, and g € O(F') has no zeroes in D. Moreover,

llgllp = |g(z)] for all z € D.

Proof: In this proof let D, denote the closed disk of radius r around 0, and U, the
circle of radius r around 0. Put p = ||f||p (< ||f||F). Then p > 0 by Lemma 4.10. Let
q € O(F) be a rational function such that ||f —¢||p < §. (E.g., ||f —dq|lr < §.)

If 0 < rog < 1is sufficiently large, || f||p,, > §; this, together with ||f —ql|p,, <5,
gives ||q|[p,, > § (there is 2 € Dy, such that |f(2)| > §; of course, |f(2) — q(2)] < §,
so |q(z)| > §). In particular, ¢ # 0 has only finitely many zeroes. Provided that r is

sufficiently large, we may assume that ¢(z) has no zeroes in {z € K| ro < |2| < 1}.

Let ro <7 < 1, and let z € D such that |z| = r. We have

p
(2) —a(2)| < |If —dllp < 5 <|ldllp,, <llallp,-

But ||¢||p, = |l¢||lu,, and, by Lemma 5.5 or Proposition 4.4, ||q||u. = |g(z)|. Thus
f(2) = a(2)] < lq(2)], and hence [f(2)| = [q(z)| > 0.

In particular, all the zeroes of f in D are in D,,. By Lemma 5.3 there are
Cly+Cm € Dyy and g' € O(Dy,) with no zeroes such that resp, f(2) = ¢'(2) [[12, (2 —
¢i). (Observe that this ¢’ is unique.) By the Factorization Lemma and by induction on
i we can write f(z) = g(z) [[\2,(z — ¢;), where g € O(F). By the uniqueness of g’ we
have resp, g(z) = g'(2). Thus g has no zeroes in D, and hence also in D (by the first
statement of this paragraph).

Let z € D. Let |z| < r < 1. By Lemma 5.3, |g(2)| = ||g||p,.. Hence |g(2)| =

lim, ;- [l9llp, = llgllp-®
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LEMMA 5.7: Let C be as in Lemma 5.5, and let I’ be an affinoid that contains C. Let

0# feOF).

(i) f has finitely many zeroes in C. More precisely, f(z) = g(z) [[:=(z — ¢i), where
C1,-..,Cm are the zeroes of f, and g € O(F) has no zeroes in C.

(ii) If f has no zeroes in C, then |f(z)| = ||f||c for all z € C.

Proof:  Since C' contains a closed disk, by Lemma 4.10, ||f||c > 0. Let ¢ € O(F)
be a rational function such that ||f — q||c < ||f|lc. Then ¢ # 0. By Remark 5.4,
llallc = ||fllc- Let dy,...,d, be the zeroes of ¢ in C. Put

Di={z€C||z—dijl]<r}, 1<i<n, and G:C’\CJDi.
i=1
By Lemma 5.5, |¢(2)| = ||¢||¢ for every z € G.

It follows that for every z € G we have |f(2) —q(2)| < ||f —qllc < ||fllc = lldllc =
lg(2)], and hence |f(z)| = |q¢(2)| = ||g||c. In particular, f(z) has no zeroes in G. Thus
all the zeroes of f are in the open disks Dq,...,D,. By Lemma 5.6 their number is
finite, and we get the required factorization.

(ii) Let

p=IIflle = llglle = llgllp;; fori=1,....n

(the equalities follow from Remark 5.4 and Lemma 5.5, respectively). It suffices to
show that |f(z)| = p for every z € C. For z € G this is written above. For z € D;, by
D;- As

Lemma 5.3, (present D; as the increasing union of closed disks) |f(z)| = || |

ILf = dllp, <IIf =dlle <Iflle = p=llallp;,

by Remark 5.4, || f|

;- Thus |f(z)] = [lq]

D; = Hq‘ D; = p- i

LEMMA 5.8: Let 1,19 € |K*|, where r1 < r9. Put

C={ze K| r <|z| <ra}.

Let F be an affinoid that contains C'.
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(i) Let f € O(F). If f # 0, then f has a finite number of zeroes in C. Furthermore,
f(z) =g(2)[[i~,(z = ¢), where c1, ..., ¢y, are zeroes of f in C, and g € O(F) has
no zeroes in C.

(ii) If g € O(F') has no zeroes in C, there is 6 > 0 such that |g(z)| > 0 for all z € C.

Proof: Foreachry <r <rglet U, ={z€ K| |z| =r}. Put 0 =inf{||f||lv.| 1 <r <
ro}. We claim that 6 > 0.
Indeed, for all ; < ] < rf < rglet F/ = {z € K| r] < |2 < r}}. By

Example 4.8, there are a,, € K such that

“+oo
FO= Y awm,

n=—oo

n

where |a,|(r5)™ — 0 as n — oo and |a,|(r])” — 0 as n — —oo. By Example 4.8(b),
these a,, are unique. This implies that a,, do not depend on r{,75. As f # 0, there is
k € Z such that ai # 0.

If ri <7l =r=rh <rg, then F/ = U,. By Example 4.8, ||f||v,. = max,, |a,|r".
Hence ||f||v, > |ag|r® > |ag| - min(r§, 75). Tt follows that 8 > 0.

Let ¢ € O(F) be a rational function such that ||f — ¢||r < 6. Then ¢ # 0,
and hence ¢ has only finitely many zeroes in C. Let r; < r < ry such that r # |d|
for each zero d € C of ¢, and let z € U,. Then ¢ has no zero in U,, and hence by
Lemma 5.5, |¢(2)| = ||¢||v,. Furthermore, ||f — q|lu, < ||f —dqllr <0 <||f||u,.. Hence

by Remark 5.4, ||f||u, = ||g||u,.. Thus for every z € U,
1£(2) —a(2)| <O < |[fllv, = llallu, = la(2)],

and hence |f(z)| = [q(2)| = llallv, = [|lv,-
Therefore |f(z)| > 0 for all z € C except for finitely many U,’s on which f has
zeroes. In particular, this prove (ii). Now apply Lemma 5.7 (to each U, instead of C

there). |

Proof of Theorem 5.1: (a) By Lemma 3.17, F'is the union of certain sets C1, ..., C,. By

induction, f = fo Hle(z—ci), where ¢1,..., ¢ € U;:ll C; and fy € O(F) has no zeroes
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in U;:ll C;. By Lemmas 5.3, 5.5, 5.7, fo = g\, 1 (2 — ¢i), where ¢pq1,...,¢cm € Gy
and g € O(F) has no zeroes in C,,.

(b) Implication (iii) = (ii) is trivial. By the preceding lemmas, (ii) = (iii). To
deduce (iii) = (i), approximate f by rational functions with no zeroes on F, so that
their inverses are rational functions on F'; they converge to f~!.

(c) First notice that F' is an integral domain: Let f,g € O(F) ~{0}. By (i) they
have only finitely many zeroes in F. Since F' is an infinite set, there is ¢ € F' such that
f(e),g(c) # 0. Hence fg # 0. (One could also use Lemma 4.10, which proves that
O(F) C O(D) for some closed disk D. As O(D) is an integral domain, so is O(F).)

Consider the obvious homomorphism (actually, an embedding) K[z] — O(F). Let
J < O(F) be an ideal. Let {f;}icr be a set of its generators. By (i) and (ii) each f; is,
up to an element of O(F)*, a polynomial in z. Thus we may assume that f; € K|z].
Let Jy be the ideal of K|z] generated by the f;; then J = JoO(F'). As K|z] is a PID,
the ideal Jp is generated by some f € K|[z]. Hence J = fO(F). i
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6. Affinoid algebras

In this section let (k,| |) be a complete non-archimedean valued field. Let K be the

completion of the algebraic closure of k. (Then K is algebraically closed.)

Definition 6.1: Formal power series. Let Nyg = {0,1,2,...}. The elements of Njj are
n-tuples « = (a1,...,qa,). For an n-tuple of indeterminates z = (z1,..., 2,) and for
a=(a,...,a,) € N§ write 2& = 20 ... 2% (Thus 2927 = 29HF))

Let R be a commutative ring with 1. Then
Rl[z1,...,24)] = {Z aaz2”| an € R}

is an R-algebra, the ring of formal power series in z24,..., 2, over R. |

LEMMA 6.2: Let R be a commutative ring with 1.

(a) Rl[z1, ..., 20]] = Rl[21, - -, 2n_1]][[2a]].

(b) If R is an integral domain, then so is R|[z1, ..., zy]].

Proof: (b) Suppose f = > a.2%,9 = ZB bpz? # 0. Choose smallest «, 3, in the
lexicographical order on N¥, such that a,,bg # 0. Then the coefficient of 227 in fg is

aabg 7& O.) [ |

Assume that (R, || ||) is a normed Banach (k, | |)-algebra. Then
R’ ={reR| |r][ <1}
is a subring of R (in fact, a k°-algebra) and
R ={reR|||r]| <1}

an ideal in R°. Let R = R°/R°°. This is an k-algebra.
Definition 6.3: Standard affinoid algebra. For oo € Njj put || = max;(c;). (This has

got nothing to do with the absolute value on k.) Put

Tow(R) = R{z1,...,2,) = {Zaazo‘ | aq € R, lim a, =0}.

|| =00
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This is a subalgebra of R|[z1, ..., 2z,]]. Put
1) aaz?|| = max||aa]|

This is a norm (of an algebra over k):

(a) ||f]| = 0 if and only if f = 0.

() 1S +gll < IfI1 + llgll- n fact, [|f + gl| < max([[£]], lg]]).
(c) llefll = lell[f1], for ¢ € k and f € T.

(@) |1fgll < 1IN 1lgll-
It follows that

|| =00

TP = {Z aoz®| ao € R°, lim a, = 0}.
is a subring of 7T, and

T = {Z aaz®| aq € R°°, lim a, = 0}.

|| =00
is an ideal in 77.

Remark 6.4: We have T°/T°° = R[zy, ..., z,], the ring of polynomials in n variables.
Indeed, the map 7" — R[z1,...,2,] given by > anz® — Y. aqz" is well defined

and its kernel is precisely 7,7°. |

EXERCISE 6.5: Let R be a Banach algebra over k.

(a) T, is complete, that is, a Banach algebra.

(b) T, (R) = T,—1(R)(zn) (and the norm on T,,(R) is the norm coming from the right
handed side). (This is the main reason that we consider a general ring R instead of

a complete field k.)

PROPOSITION 6.6: Let R =k be a field. Then R = k is the residue field.
(a) [Ifgll = IfIl-llgl| for all f,g € T),.

(b) T, is an integral domain.

(¢) f = > anz™ of T, is invertible if and only if |ag| > |as| for each a # 0. (Here
0=(0,...,0) e N}.)

Proof: (a) We may assume that f, g # 0. Multiplying them by suitable elements of k

we may assume that ||f|| = ||g|| = 1. In particular their images f, g in k[z1,. .., Z,] are
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not 0. As k[Z1,...,2,] is an integral domain also the image fg of fg is not 0, that is,

I Fgll = 1.

(b) If f, 9 # 0, then |[f[|, ||g]| # 0, and hence || fg[| = ||f-|lg]| # O, whence fg # 0.

(c) Suppose that |ag| > |as| for all @ # 0. Dividing by ag we may assume that
ap = 1. Then f may be written as f = 1 — h, where ||h|| < 1. It is easy to see that
g=>."oh"™eT, satisfies fg = 1. Hence f is invertible.

Conversely, suppose that f is invertible. Then || f|| # 0. Dividing by ||f|| we may
assume that ||f|| = 1. In particular, f € T. Its residue f = > a,2z" is invertible in

k[Z1,...,Zn). Therefore a, = 0 for each a # 0. Thus |as| < 1 = ||f]|. It follows that
|a0| =1. |

In what follows we could take R = k{z1,...,2,-1) and z = z,, so that R{z} =
T, (k).
Definition 6.7: For g = > ja,z" # 0 in R{z} define the pseudodegree of g to be

the integer d = max(n : ||an|| = ||g]|). Call aq the pseudoleading coefficient of g.

Call g regular, if ag € R* and ||caq|| = ||c|| - |aq]| for all ¢ € R. i

Remark 6.8:  Let g be regular of pseudodegree d and let 0 # g € R{z} of pseudodegree [.
Then qg is of pseudodegree d + 1 > d and ||qg|| = ||q]| - ||g]|-

Indeed, let g = ZZOZO anz™ and ¢ = ZZOZO cn,z™ and let | be the pseudodegree of
q- Then |lqg|| < |lq][ - [lg[l, but, by Remark ? (if [|a[| < [[b]| then [la + b]| = [[b[|), the

norm of the coefficient of 24+ in qg is ||caq|| = ||| - [laal| = llql| - |g]]- i

THEOREM 6.9 (Weierstrass Division Theorem): Let f € R{z} and let g € R{z} be
regular of pseudodegree d. Then there are unique ¢ € R{z} and r € R|z] such that
f =qg +r and degr < d. Moreover,

(1) lagll = llall - llgll < MIfIl - and —lr|[ < [|f]].
Proof: Write g as g = > ja,2" € R{z}.

PART I: Estimates (1). Assume that f = qg + r, where degr < d. If ¢ = 0, then
(1) is clear. Assume that ¢ # 0. By Remark 6.8, ||qg|| = |l¢|| - |lg]| and qg is of

pseudodegree m > d. In particular, ||g|| - ||g|| is the norm of the coefficient of 2" in
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qg. This coefficient is also the coefficient of z™ in f = gg + r, since degr < d < m.
Therefore ||q][ - |[g]] < |[f]|. It follows that ||r|[ = |[f — qg|| < max(|[f]],lqg]]) < [|f]]-

PART II: Uniqueness. Assume that f = qg +r = ¢'g + 1/, where degr,degr’ < d.
Then 0 = (¢ — ¢')g+ (r — /). By Part I, ||g — ¢'|| = ||r — || = 0. Hence ¢ = ¢’ and

r=r.

PArT III: Existence if g is a polynomial of degree d. Write f as > b,2". For
each m > 0 let f,, = >I" by2™ € R[z]. As g is regular of pseudodegree d, its
leading coefficient is invertible. FEuclid’s algorithm for polynomials over R produces
Gm,Tm € R[z] such that f,, = ¢ng + 7 and degr,, < degg. Thus for all &k, m we have
fm = fr = (am — ar)g + (rm — 7). By Part L {lgm — qil| - [|gl], [[rm — [l < [[fm — frll-
Thus {gm}5°_, and {r,, }>°_, are Cauchy sequences in R{z}, and hence they converge

to ¢ € R{z} and r € R[z] with degr < d. Clearly f = qg+r.

PART IV: Existence for arbitrary g. If g =3 " a,z", put go = 22:0 anz" € R[z].
Then ||g — gol|| < ||lg||. By Part III with go and f there are ¢y € R{z} and ro € R|[z]

such that f = qogo + ro and degry < d. By Part I, ||go|| < % and ||ro|| < ||f||- Thus

f =0 + 70+ fi, where fi = —qo(g — go), and || ]| < Lg=gell . £)].

Put fo = f. By induction we get, for each k& > 0, elements fi,qx € R{z} and

ri € R[z] such that degr < d and

|| £l

||g—go||
||g||,||7°k||§||fk||, and | fr1|| < I fxll-

gl

fe=arg +ri+ ferr, ]l <
It follows that || fx|| — 0, whence also ||gx]l, ||7%|| — 0. Therefore ¢ = >~ g € R{z}
and r =Y p-,rr € R[z]. Clearly f = qg +r and degr < d. [

THEOREM 6.10 (Weierstrass Preparation Theorem): Let f € T, (k) have norm 1. Then
there exists a norm-preserving k-algebra automorphism o of T, (k) such that o(f) is

regular in z,.

Proof: Let eq,...,e,—1 € N. Define o by

21 21 2 21 b Zpm1 20T 2 o 2y
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that is, if g = > a2, then 0(g) = > aqo(2), where
0(2%) = (21 +25") -~ (Zn—1 + 27771 )2

This is a well defined continuous homomorphism T, (k) — T, (k). Indeed, ||o(2%)|| <
||2%||. Hence for each g = > an2* € T,,(k) the series )  a,0(2*) converges, whence
o(g) € T, (k). Moreover, ||o(g)|| < ||gl|- The inverse of ¢ is given by replacing + with
— in the definition of o.

We claim that o(f) is regular in z, for suitable e,...,e,_1 € N.

Indeed, write f =) ca2®. The set A = {a € N{j| ¢4 # 0} is finite. We have

U( ) = Z @(zl -"- Zfll)al e (Z’I’L—l + Z,’infl)anflzgn

— E a(zzlal_'_"'—'_en—lan—l_'_an + .. )
acA

where the other monomials with coefficient ¢, are of degree in z, strictly smaller than
eqay + -+ ep_10n,_1 + a,. Thus if the degrees eya; + -+ + e,_1000,-1 + @, Of the
‘leading’ monomials are distinct for distinct o € A, these monomials will not cancel
each other, and one of them will be with the maximal degree.

To achieve it, take e; = €' with e > «; for all j and all & € A. (The above
degrees are then e-adic expansions of natural numbers; the sequences of digits in these

expansions are distinct, hence the numbers are distinct.) |
THEOREM 6.13: The ring T, is noetherian (every ideal of T,, is finitely generated).

Proof: By induction on n. Suppose T),_; is noetherian. Then so is the ring of polyno-
mials T,,_1[z,]. Let I be a non-zero ideal of T,,. Then there is f € I such that ||f|| = 1.
By the Preparation we may assume that f is regular in z,, say, of degree d. By the
Division each g € I is of the form g = qf +r, where ¢ € T,, and r € T,,_1[z,]N 1. Thus I
is generated by f and the finitely many generators of the ideal T,,_1[z,] NI of T}, —1[2,].
|

LEMMA 6.14: Let f € T, be regular in z, of pseudodegree d. Then f = qg, where
g € (T,)* and g € T),_1[2y] is monic of degree d and norm 1 (and hence also regular in

zy, of degree d).
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Proof: The Division gives ¢ € T, and r € T,,_1[z,] such that z¢ = fq + r; moreover
d

deg, r < d and ||r|| < ||z%|| = 1. Hence 2¢ — r is also regular of degree d, and so we
may perform another division: f = ¢/(z¢ —r) +7'. This gives f = q¢'f + r’. But also

f =1f40. The uniqueness of division by f gives ¢¢' =1 and ' = 0. Thus f = ¢'g,
d

where ¢ is a unit and g = 25 — r € T),_1[2,] is monic with norm 1. i

LEMMA 6.15: Let f,g € T,,—1[2s], and g be monic of norm 1. Then g|f in T,,—1[zy] if
and only if g|f in T,.

Proof: The division with reminder in 7},_1[2,] gives f = qg + r, with ¢, € T),_1[2,]
and degr < d. But ¢ € T}, and g is regular in z,. Thus if g|f in T},, by the uniqueness
of the division in 7}, we must have r = 0. Therefore g|f in 7},—1[z,]. The converse is

trivial. |

LEMMA 6.16: Let g € T),_1[2] be monic of norm 1. Then g is irreducible in T}, _1[z,] if

and only if g is irreducible in T,.

Proof: An element of a ring is invertible if and only if it divides 1 in that ring, Thus
by Lemma 6.15, a monic polynomial of norm 1 in 7},_1[2,] is invertible in T}, _1[z,] if
and only if it is invertible in T,.

Suppose ¢ is reducible in T},_1[z,], that is, ¢ = g192, where g1, g2 € T,,_1[z,] are
not invertible. Wlog g1, g2 are monic, whence ||¢1]/, ||g2|| > 1. But ||g1]|-||g2|| = ||g|| = 1,
so ||g1]] = ||lg2]| = 1. By the preceding paragraph g1, g2 are not invertible in 7T},,. Thus
g is reducible in T,.

Conversely, suppose ¢ is reducible in T},, that is, ¢ = g192, where g1, g2 € T}, are
not invertible. We may assume that ||g1]|| = [|g2]|] = 1. By Exercise 6.12, g1, g2 are
regular in z,. By Lemma 6.14 we may assume that g; is monic in 7},_;[z,]. Division
with remainder in T),,_1[z,] gives g = g1 + r with ¢,r € T,,_1[2,] and degr < deg g;.
By the uniqueness of division in 7T,, we have ¢ = go and r = 0. Thus g5 € T),_1[z,]. As
g = 9192, also g2 is monic. By the first paragraph of this proof g1, go are not invertible
in T},_1(2,]. Thus g is reducible in T}, _1[z,]. |

THEOREM 6.17: The ring T}, is a unique factorization domain.
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Proof: By induction on n. Suppose T;,_1 is a UFD. Then so is the ring of polynomials
Ty—1[zn] [Lang, Algebra, Theorem IV.2.3].

Let 0 # f € T,,. We want to show that f is a product of irreducibles, unique up
to invertibles. Without loss of generality || f|| = 1. By the Preparation we may assume
that f is regular in z,, say, of pseudodegree d. By Lemma 6.14 we may assume that

f € T,—1[2n] is monic of degree d and norm 1.

Write f = g1---g., where g; € T,_1[z,] are irreducible. Then their leading
coefficients must be invertible. So wlog they are monic. Thus ||g;|| > 1. As f =g1 - gy,

we have ||g;|| = 1. By Lemma 6.16, the g; are irreducible in 7,.

To show the uniqueness of the product, let g € T;, be irreducible, g|f in T,,. By
Lemma 6.14 we may assume that g € T;,_1[z,] is monic of norm 1. By Lemma 6.15,

glf in T, _1[2,]). Thus there is ¢ such that g|g; in T},—1[2,]. Therefore g = g;. ]

THEOREM 6.18: Let I be an ideal of T,,. Then there exist an integer d < n and a norm
preserving k-automorphism o of T, such that the composition Ty — T, ——T, — T/I

is a finite injective morphism.

Proof: (a) By induction on n. The assertion is clear for n = 0. Assume n > 1. If

I =0, take d = n and let o be the identity. So assume that I # 0.

By the Preparation there is a norm-preserving k-automorphism p of T, such that
p~(I) contains some f regular of degree m in z,,. Put J = p~*(I)NT,_1. The canonical
morphism \: Ty,_1/J — Ty, /p~t(I) is injective. The division by f in T}, shows that
T./p (1) = Tr_1{zn}/p~ (1) is a finite T,,_1 /J-module, generated by 1, 2, ..., zm 1.

Thus A is finite. The map p: T,,/p~*(I) — T, /I induced from p is an isomorphism.

By the induction hypothesis there is d and a norm-preserving k-automorphism 7

of T},_1 such that Ty — T},_y——T,_1 — T},_1/J is a finite injective morphism. Extend
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T to an automorphism of T}, by 7(2,) = 2.

Tn T Tn id Tn P

-
Tn—l B Tn—l

Ty — "> Ty )T —25 T, Jp= (1) =T, /1

Then pA7: Ty — T, /I is an injective finite morphism. Hence o = pr has the required

property. |

COROLLARY 6.19: Let m be a maximal ideal of T,,. Then the field T,,/m is a finite

extension of k.

Proof: By Theorem 6.18 there is a subring T, of T;,/m over which T}, /m is finite. As
T,/m is a field, so is T; [AM, Prop. 5.7]. It follows that d = 0 (for instance, z; is not

invertible in T,;) and hence T}, /m is a finite extension of Ty = k. i

Definition 6.20: An affinoid algebra A over k is a k-algebra which is finite over Ty,
for some n. That is, there is a ring homomorphism 7T;,, — A such that via it A is a finite
T,,-module. By Theorem 6.18 we may assume that 7;, — A is injective. (A composition

of finite homomorphisms is finite.) i
THEOREM 6.21: An affinoid algebra is a noetherian ring.

Proof: By definition, an affinoid algebra is a finitely generated extension of some T,

which is noetherian by Theorem 6.13. Hence A is noetherian. |

COROLLARY 6.22: Let A be an affinoid algebra, and suppose A is a Banach algebra
with respect to some norm on A. Let I < A be an ideal. Then

(a) I is closed with respect to the norm.

(b) The norm on A induces a norm on A/I such that A/I is a Banach algebra with

respect to it.
Proof: (a) This is Theorem 2.5.
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(b) Put E = A/I. Define norm on E by |le||g = inf{||f||| ©(f) = e}. We check
that this is a norm: Suppose ||e||g = 0. Then there is {f;}32, C A such that ¢(f;) =€
and ||fi|| — 0. Thus fo — f; € I and f — f; — fo. But [ is closed by (a), hence fy € I.
Thus e = ¢(fy) = 0.

Clearly ||ae|| = a| - ||e]|g, for every a € k. Let e, e’ € E. Let f, f' € A such that
o(f) =e,p(f")=¢€". Then |lee’||g <|Iff|| <I|If]l-|If]|. Taking infimum on the right
handed side, |le¢’||g < |le]] - ||€/||-

In particular (e = ¢ = 1), ||1]||g > 1. But ||1||g < ||1]| = 1. So ||1||g = 1.

To show that |le + €’|] < max(||e||,||¢’]|), use that for A, B C [0,00) we have

inf,e 4 pe p max(a, b) = max(inf(A), inf(B)). i

EXERCISE 6.23: Let g € T,,_1[2,] be monic of norm 1. Then T,,_1|zy]/9Th—1(2n] —

T, /9T, is an isomorphism.

THEOREM 6.24: Let E be an affinoid algebra. Then E = T,, /I for some n and for some
ideal I < F.

Proof: (a) By the definition there exists a finite homomorphism ¢: Ty — E. Thus
E =Tyleqt1,--.,en], (by abuse of notation we write Ty instead of ¢(T};)) and each e;
is integral over Ty, that is, satisfies some monic g;(X) € Ty[X].

Fix i. Say, ¢ = X" + a1 X" ' + ... + a,,, with aj € Ty. We may assume that
max ||a;|| < 1, otherwise replace e; by ae;, where o € k* with |«| sufficiently small.

(Then ae; satisfies X™ + aa; X™ 1 + ...+ a™a,,.)

CrAM: We can extend ¢ to a homomorphism ¢: T,, — E such that ¢(z;) = e;. Indeed,
by induction on ¢ suppose we have already extended ¢ to ¢: T;_1 — E. Extend it to
¢ Ti—1[zi] — E by ¢(2;) = €;. Then g;(2;) € T;—1[z] and ¢(gi(2;)) = 0. Hence ¢
factors into T;_1[z;] — T;-1[z2:]/9iTi—1]zi] — E. By the preceding paragraph, ||g;|| = 1.
By Exercise 6.23 we may replace the first map by T; — T;/¢;T; and thus extend ¢ to
T;.

As the image of ¢ contains the generators of E over Ty, ¢ is surjective. Let

I =ker(p); then E = T, /1. It is easy to see that F is complete. i
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THEOREM 6.25: Let (A, || ||:), for i = 1,2, be two affinoid algebras, which are Banach
k-algebras w.r.t. their respective norms. Let u: A1 — Ay be a homomorphism of k-
algebras. Then u is continuous. In particular, all norms on an affinoid algebra which

make it into a Banach k-algebra are equivalent.

Proof: By Corollary 2.3 we have to show that the graph {(x,u(x))| z € A1} is closed
in A; X Ag. That is, if (x;, u(x;)) — (z,y) € A1 X Ag, then y = u(z). Replacing x; by
xz; —x and y by y — u(z) we have to prove: if limz; = 0 and limu(x;) = y € As, then
y=0.

Let I < As be an ideal such that dimy As/I5 < co. Let I} = Ker(A; — A —
As/I5). Then

A1—U>A2

G

Al/Il #AQ/IQ

commutes, with & an embedding. So also dimy 4;/I; < occ.

By Theorem 6.18, A;/I;A; are affinoid algebras and by Corollary 6.22, they are
Banach algebras, wrt the induced norms. The norm of As/I;As restricts via @ to
another norm on A;/I;A;. By Theorem 2.14 these two norms are equivalent. Thus u
is continuous. Therefore mo 0o u = @ o 71 is continuous. Thus 7o (y) = 0, that is, y € I5.

It remains to show that (g, 4/7<00 I = 0.

Let M < A be a maximal ideal. By Theorem 6.24 there is an epimorphism
7 T, — A; As m=1(M) < T, is maximal and T, /7~ (M) = A/M, by Corollary 6.19,
dimy A/M < oco. Moreover, dimyg A/M™ < oo for every n > 1. (Indeed, by induction on
n, using the short exact sequence 0 — M"™~1/M™ — A/M™ — A/M"™1 — 0, it suffices
to show that dimy M™~1/M™ < co. As A is noetherian, the A-ideal M"~! is a finite
A-module; hence M™~1/M™ is a finite A/M-module. But A/M is a finite k-module, so
M™1/M™ is a finite k-module.)

Assume there is 0 # y € (), ), M". Put J = {a € A| ay = 0}. Thisis a a
proper ideal of A. Hence there is a maximal M < A such that J C M. Thus every

s € AN DM satisfies sy # 0. This means that ¥ € Ajs is not zero. Furthermore,
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Y€ M"Ay = (MAp)". But by Krull’s Theorem, (in noetherian ring A we have

N, rad(4)" =0) ), (MAy)" = 0. A contradiction. i
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7. Affinoid spaces

Definition 7.1: An affinoid space is the set X = Sp(A) of the maximal ideals of
an affinoid algebra A. For each x € X the field A/x is a finite extension of k by
Corollary 6.19. The valuation | | of k£ uniquely extends to A/x. For f € A put f(x)
to be the image of f in A/x under the quotient map A — A/x. Define topology on A:
generated by {x € X | |f(z)| < 1}. Put ||f||sp = sup,ex |f(x)]. Define

A2={fe Al |lfllp <1} A" ={fc Al [[fllsp <1}

|
LEMMA 7.2: Let || || be a norm on A. Then ||f||sp < ||f|| for every f € A.

Proof: 1t suffices to prove: |f(x)| < ||f]| for every f € A and every x € X. Fixing
x, it suffices to prove: |f(x)| < ||g|| for every g € A such that f(x) = g(z). That is,
la| < ||al|| for every a € A/x, where || || is the induced norm on A/x.

There is C' > 0 such that C|b| < ||b|| for every b € A/z. In particular, Cla|™ =

Cla™| < ||a™|| < ||a||™. Thus CY™|a| < ||a||. Taking limit, |a| < ||a||. i

Remark 7.3: The map || ||sp is a semi-norm, called the spectral semi-norm. It is a

norm if and only if the intersection of all maximal ideals of A is 0. |

Example 7.4: Let A be an affinoid algebra. Let k be an algebraic closure of k. Every
x € Sp(A) defines a homomorphism (necessarily continuous, by Theorem 6.25) u: A —
k, whose image is a finite extension A/z of k. Two such homomorphisms w1, us are
equivalent if they have the same kernel, i.e., there is a k-isomorphism 60: uq(A) — u2(A)
such that ug = 6 o uy. Thus elements of Sp(A) correspond to equivalence classes of
k-algebra homomorphisms u: A — k with image finite over k. (If k = K is algebraically
closed, each equivalence class contains a unique homomorphism.)

In particular, for A = T, each such u: T, — k defines (1,...,2,) € k"™ by
z; = u(z;). The continuity of v implies that |z;] < 1 (for every a € k with |a| < 1 the

} is mapped into a Cauchy series 3277, a’x], so |a| - |z;| < 1).

Cauchy series > 7%, a/2

Conversely, every such (z1, . ..,x,) € k" defines a homomorphism u: T}, — k with image
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finite over k. Thus Sp(T},) = Dy, = {z = (z1,...,2,) € k" | || <1}/ = If k= K is
algebraically closed, then Sp(T,) = D,, = {z = (z1,...,x,) € k| |z < 1}. i

LEMMA 7.5: The spectral norm on T,, coincides with the standard norm. Moreover,

for every f € T,, there is v € Sp(T,,) such that ||f|| = |f(x)|.

Proof: By Lemma 7.2, ||f||lsp < ||f]| for every f € T,,. So we only have to prove
the second assertion. Wlog ||f|| = 1. Hence f € k[z1,...,2,] is not zero. So there
are Ii,...,ZT, in the algebraic closure of k such that f(zy,...,%,) # 0. Lift them
to z1,...,2, € k with |x;| < 1. (For instance, first lift Z; to x; € K°, where K is
the completion of k, and then, as k is dense in K, replace x; by a sufficiently close
element of k.) There is a finite extension I of k such that z1,...,z, € [°. The k-map

T, — [ defined by z; — x; is a continuous epimorphism. Its kernel x € Sp(T,,) satisfies

[f(@)] = 1. u

EXERCISE 7.6: Let A be an affinoid algebra. Let f € A. TFAE:
(a) inf{[f(z)|| = € Sp(A)} > 0;

(b) f(x) # 0 for all x € Sp(A);

(c) feA”;

Example 7.7: Let k = K be algebraically closed. We have defined a connected affinoid
in P as the complement F' of a union of disjoint disks in P. We now show that O(F') is
an affinoid algebra and that Sp(O(F)) = F.

To make notation easier assume that co € F. Thus F° = J;_,{a € P| |a — a;] <

||}, with a;, m; € K. Define ¢: F' — (K°)" by

T Tn

pla) = ( )-

a—a;’  Ta-—ay,

It is an injection and

UL 4% . .
@(F)Z{(:L‘l,,,_,xn)e(Ko)n| ;+a¢=ﬁ+aj forz;éj}
J

(2

={(z1,...,2pn) € (K°)"| mx; — mjx; + (a; — aj)x;x; =0 for i # j}

={(z1,...,2pn) € (K°)"| aiiiajxj + aj?aixi—f—xixj =0 for i # j}
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Let I be the ideal of T, generated by

T T4
Bij = ——zj+ —2
a; — ay a; —

zi + ziz; GTn:K<Zl7~'~7Zn>7 fOI”L;léj}

and put A = T,,/I. Then A is an affinoid algebra and Sp(A) can be identified with
©(F'). We show that there is an isomorphism ¢: A — O(F') such that ¢ = Sp(v).
Since O(F') is a Banach algebra with respect to the ‘supremum’ norm || || and

Ti— extends to a unique homomorphism v T, — O(F)

|ZZ-[lp < 1, the map z; — -
such that [[¢(f)||r < ||f]| for every f € T,. Obviously 1 (E;;) = 0, hence ¢ induces
a homomorphism YA — O(F) such that |[¢(f)||r < ||f||a for every f € A (in the
infimum norm on A). Using the E;; it is easy to see that every f € T,, is of the form
f=fota+ > > _a;mz", where fo € I and a,a;,, € K with lim,, a; , = 0.
By the Mittag-Leffler decomposition in O(F’) we see that @ZAJ is surjective, its kernel is I,
and for every g € O(F) there is a preimage f € T,, such that ||f|| = ||g||r. Thus ¥ is

an isometric isomorphism. |
The above identification allows to give a different proof of ?

THEOREM 7.8: Let F' be a connected affinoid in P. Then O(F) is a principal ideal
domain. In particular, every 0 # f € O(F) has only finitely many zeroes.
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8. Spectral norm

LEMMA 8.1: Let K be an algebraically closed complete field. Let P(X) = X" +
ai X" '+ +a, € K[X] and let aq,...,a, € K be its roots. Then max; |a;| =

max; |a;|*/*.
Proof:  We have

PX)=X"4+au X" '+ da,=X—a1) (X —a).
Wlog || > || for all i. Substitute X = a1 Y. Then o "P(a1Y) is

yrpfyntp o p Iy oy - 2y - B,
Qq aq

The right handed side is in K°[Y]. Hence |2+ < 1 for each i. We must have |2+| =1
1 1

for some i, otherwise modulo K°° the left handed side of the above displayed equation

would be Y” and the right handed side would have root 1, a contradiction. |

PROPOSITION 8.2: Let A be an affinoid algebra without zero-divisors and let Ty — A
be a finite monomorphism. Then every f € A satisfies a monic irreducible P = X™ +
a1 X" 4. 4a, € Ty[X]. We have ||f||sp = max; ||a1||sléZ and there is x € Sp(A) with

|f(2)] = max; ||a| 55" (We can write || || instead of || l|lsp, by Lemma 7.5.)

Proof: The map Ty — A is an inclusion of integral domains. Let P(X) be the monic
irreducible polynomial of f € A over the quotient field of T;. But T, is a unique
factorization domain, hence integrally closed, [L, Prop. VII.1.7], hence P(X) € Ty[X]
[L, Cor. VII.1.6]. Division with remainder gives that T,[f] = Ty[X]/(P(X)).

Let z € Sp(A4) (a maximal ideal of A). As A/Ty is integral, y = x N1y is a
maximal ideal of Ty [AM, 5.8], that is, y € Sp(7y). Thus k C T,;/y C A/x. There is a
complete algebraically closed field K such that A/x C K. As P(f) =0, f(z)is aroot
of X" +ay(y) X"+ +a,(y) € K[X]. By Lemma 8.1,

£ ()] < maxfai(y)|'/* < max ||| 3"

In particular, ||f||sp < max; HalHir/,l So we only have to find x € Sp(A) such that

v
|f ()] > max; [|a;||3h"
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Choose ¢ which attains the maximum on the right handed side. By Lemma 7.5
there is y € Sp(Ty) with |a;(y)| = ||ail|lsp- Let K be a complete algebraically closed
field such that T,;/y C K. By Lemma 8.1 there is a root A € K of X" + a;(y) X" ! +
-+ an(y) € K[X] such that [A| > |a;(y)|*/*. So it suffices to find = € Sp(A) such that
f(z) =M\

As T4[f] = Tq4[X]/(P(X)), we may extend the homomorphism T; — Ty/y to
w: Tylf] — K such that u(f) = A. The image u(Ty[f]) = Ts/y[A] is a field, because
Ty/y is a field. Hence Ker(u) is a maximal ideal of Ty[f]. As A is integral over Ty and
hence also over Ty[f], there is z € Sp(A) lying over Ker(u) [AM, 5.10 and 5.8]. Then
f(z) =M\ i

EXERCISE 8.3: Let u: A — B be an epimorphism of affinoid algebras. Then ||u(f)||sp <
|| f||sp for every f € A.

Proof: Let y € Sp(B). Then x = u~!(y) € Sp(A) and (u(f))(y) = f(x). Therefore

[u(H)llsp = suPseu-1(sp(ay IF (@) < supsespa) [F (@) = [[fllsp- @

Let A be a commutative ring with unity. Recall that the nilradical nil(A) = {f €
A| (3n € N)f™ =0} is an ideal of A. It is the intersection of all prime ideals of A, and
hence the intersection of all minimal prime ideals of A. If A is noetherian, there are
only finitely many minimal prime ideals of A. Always nil(A) C rad(A), the intersection
of the maximal ideals of A. We say that A is reduced if nil(4) = 0.

COROLLARY 8.4: Let A be an affinoid algebra. Then nil(A) = rad(A). If A is reduced,

then || ||sp Is @ norm.

Proof:  'We have rad(A) = {f € A| ||f||sp = 0}. So the second assertion follows from
the first one.

Let f € rad(A), that is, || f||sp = O.

Suppose first that A has no zero-divisors. By Theorem 6.18 there exists a finite
monomorphism T; — A. By Proposition 8.2, f satisfies a monic irreducible P(X) €

Ty4[X] whose coefficients, except for the leading one, are 0. Thus P = X, and hence
f = 0. Therefore rad(A) = 0.
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In the general case let P be a prime ideal of A. Then A/P is an affinoid algebra
with no zero-divisors. Let f be the image of f in A/P. By Exercise 8.3, || f|lsp < ||f]lsp =
0. Hence by the previous case f = 0. Thus f € P. Therefore f € (P = nil(A). |

PROPOSITION 8.5: Let A be an affinoid algebra. Let ¢: T; — A be a finite monomor-
phism. Then

(a) (1Y) C A°.

(b) A° is integral over T3.

Proof: (a) By a home exercise, || f||sp = ||¢(f)||sp- Thus ¢(T3) C A°.

(b) Let f € A°. We want to find a monic P(X) € T7[X] such that P(f) = 0.

If A has no zero divisors, the irreducible polynomial P(X) of f over T has coef-
ficients in T)7, by Proposition 8.2.

In the general case let Py, ..., Ps be the minimal prime ideals in A.

Fix 1 <i<s. Let A; = A/P;, let m;: A — A; be the quotient map, and put f; =
mi(f). Then A; is without zero-divisors. By Exercise 8.3, f; € A?. Let Q; = Ker(m;0¢).
Then ¢ induces a finite monomorphism @: Ty /Q; — A;. By Theorem 6.18, there is ¢ < d
and a norm-preserving automorphism o of T; such that 5: T, — Ty—Ty — Ty /Q; is a

finite monomorphism. The composition ¢ a finite monomorphism 7T, — A;.

T, —I T, —2 =4
Tc—&>Td/Qi@—>Ai

By the above special case there is a monic P;(X) € T2[X] such that P;(f;) = 0. Since

the spectral norms on T, Ty are the standard norms and o preserves the latter, P;(X) =

A

o(P;) € T3[X]. Moreover, P; is monic and P;(f;) = 0. Thus P;(f) € P;.
Put P(X) =[];_, P;(X). Then P € T3[X] is monic and P(f) € [, P;. Therefore
P(f) is nilpotent. So for a suitable m > 1 we have P™(f) = 0. |

COROLLARY 8.6: Let A be an affinoid algebra with a norm || || which makes it a Banach

algebra. Then A° = {f € A| sup,> |[f"|| < oc}.
Proof: Let f € A.
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Suppose N = sup,,~q |[f"]| < co. Let x € Sp(A). Then for every n > 1, [f(z)" =
(@) < If"lsp < I/l < N, whence |f(z)] < 1. Therefore [|f|[sp < 1, whence
f e A°.

Conversely, suppose f € A°. There is a finite monomorphism 7; — A. By
Theorem 8.5(b), f is integral over 7). Thus f" = Z?:_OI a;f* with a; € TS. By
induction, f™ = Z?:_OI b;f* where b; € T9. As T, — A is continuous (Theorem 6.25),
there is C' > 0 such that ||b;|| < C||bi||7,. But ||bi||7, = ||billsp, by Lemma 7.5, and
|b:]|sp < 1, hence ||b;|| < C. Thus ||f™|| < max}—y C||f!|| is bounded. i

COROLLARY 8.7: Let A be an affinoid algebra with a norm || || which makes it a Banach

algebra. Then || f||sp = limu oo || £}/

Proof: By a home exercise, || f|[, = |[f"|[sp- Hence by Lemma 7.2, || f|[%, = [|f"|sp <
1£7|], whence ||f]]sp < ||f™]|™. Tt now suffices to show that limsup || f™[|Y/™ < || f||sp-
Choose a € k such that |a] > 1. Let s € Z and m € N such that ||f||sp < |a|™.

Then || f||2 < |a]*, hence ||-% f™||sp < 1, whence by Corollary 8.6 there is C’ > 0 such

as

that |

L fma|| < C’ for every ¢ € N. In particular, if n € N, write it as n = mq +r

with ¢,7 € Nand 0 <r <m. Then sq = Zn — 2=, and hence

m

n m r ! s r / fT SN
71 < 17 17 < a7 < o g

ol

Let C be the maximum of C’ :'J;—T_H over the finitely many choices of r, s. Then ||f"|| <
al ™

O(|a‘%)n Thus lll’IlSuprnHl/n < |a % X

EXERCISE 8.8: Let ¢: A — B be a homomorphism of affinoid algebras over k. Put
C = A(Xy,...,Xs). Let by,...,bs € B. Then there exists a homomorphism of k-
algebras 1: C' — B extending ¢ such that 1(X;) = b; for each i if and only if ||b;||sp < 1

for each i. If v exists, it is unique and continuous.

LEMMA 8.9: Let T be an integral domain, E its quotient field, V' a vector space over
E, and A,B C V finitely generated T-modules. Let Ag, Bg be the E-vector spaces
generated by A, B. If Ap C Bg, then there is 0 # t € T such that tA C B.

Proof: Suppose that A = 37", Ta; and B = Y7 | T3;. For each i there are t;;,0 #
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t;; € T such that a; = Y77, %ﬁj Put ¢ = [[; [, tij- Then 0% ¢ € T and and % eT

for all i, j. Hence to; =, t;; t%ﬂj € Z?zl TB; = B, for all ¢, whence tA C B. |
LEMMA 8.10: Let A be an affinoid algebra without zero-divisors and let Ty — A be a
finite morphism. Then ||fallsp = ||f]| - ||e||sp for all f € Tq and oo € A. (Recall that

|| fllsp = || f|| and the norm on T, is multiplicative.)

Proof: Let X" 4+ a; X" ! + ...+ a, € Ty[X] be the irreducible polynomial of o € A
over the quotient field E of Ty. Then X" +a; X" ! +---+a, € Ty[X] is the irreducible
polynomial of fa over E. Hence by Proposition 8.2

1 forllsp = masx || ffas|[* = masc | £]]]/7 - [|asl[V/* = [| £[| max[ai][V/* = [ £][[]ev]|sp-
|
LEMMA 8.11: Let l/k be a finite extension of complete fields, and let ¢ € N. Then
T = l<zi/q, ey Z;/q> is a finite extension of Tg = k{z1,...,2q).

Proof: Let p1,..., 03, be a basis of [ over k. We show that

n

m qg—1 q—1
T = ZZ Z Z Td(ﬁﬂ?l/q”-zrﬁ"/q).

1=1 j=1 p1=0 Hn=0
Let f =), aoé(zi/q)a1 e (zrl/q)a” € T', with a, € [ such that a, — 0. Then each

aq €l can be uniquely written as
m
Qo = Zaa,iﬁh Qa,i € k.

i=1
We have seen that a, — 0 implies a,,; — 0 for each i. Therefore f = Z:il fiBi, where

1 n .

fi= Zaa,i(zl/q)al . (Z}L/q)a , i=1,....m
(0%

are well defined elements of 7”. But

£ = Z Z Goi (Zi/Q)ozl . (Z}L/q)a”

«
0<p1,-spn<q aj=n;  (mod q)

— Z ( Z aaﬂ:(zi/q)al_ﬂl ...(Z’rll/q)an_M’L)ZiLl/q...an/q

e
0§“17""un<q aj=p (mod q)

and the series in the brackets are elements of 1. ]
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LEMMA 8.12: Let k be a complete field of characteristic p > 0 and assume that [k :
kP] < co. Let q be a power of p. Let T = k(z1,...,2q) and T' = kl/q<zi/q, ) ..,z;/q).
Then T' = T"/1,

Proof: (The equality takes places in some algebraically closed field K containing 7’
and hence also T'.)
Let ¢ € N. The isomorphism k£ — kP’ given by a +— a?’ maps kP C k onto

i1

kP — k' hence [kP"" : kP'] < co. Therefore [k : k9] < co. Apply the inverse of the

isomorphism & — k7 to get that [k'/7: k] < oco.

Cram: T' C TYV4, Let fzzaaazf‘l/q~-~zg"/q e T'. Then a, € k% and a, — 0.

Therefore al € k and aZ — 0. It follows that f7=3"% alz{" ... 20 € T.

Cramm: T4 C T'. Let f € TY4. Then f9 € T, hence f7 =3 an2{" -+ 2%, with

ao, € k and a, — 0. Then aé/q € kY7 and aé/q — 0. Put g:=)_, aé/qzixl/q---z,?"/q €

T'. Then ¢g? = f. Hence f € T'/1. |

THEOREM 8.13: The spectral norm on a reduced affinoid algebra A is equivalent to

any norm which makes A a Banach algebra.

Proof: Let || || be a norm on A such that A is a Banach k-algebra. We have to show
that there is C' > 0 such that || || < C|| ||sp. Since all Banach norms on an affinoid
algebra are equivalent, we actually have to show that A is complete with respect to
| {lsp-

PART A: Reduction to an integral domain. Let Py, ..., Ps be the minimal prime ideals
of A. Each A; = A/P; is a Banach algebra with respect to the norm || ||; induced
from A (Corolllary 6.22). Assume that each A; satisfies the assertion of the theorem.
Then so does A = Ay x --- x A, with respect to the Banach norm || | 4 given by

[(a1,...,a4)|| 4 = max; ||a;||;. Indeed,
Sp(A) = U{A1 XX Aj_p Xaox Ay XX Ag| © € Sp(A;)},
i=1

and hence ||(a1,...,as)||sp = max; ||ail|sp. If ||ai]li < Cillaillsp, then [|(a1,...,as)||4 <

Cl|(a1, ..., as)||sp, where C' = max; C;.
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As A is reduced, the canonical map 1: A — A is injective. Its image ¢(A) is a closed
A-submodule of A (Theorem 2.5), and hence Banach with respect to || || 4- Therefore
it induces a Banach norm || ||, on A by ||f||. = ||¢(f)|| 4. By Theorem 6.25, || ||, and
|| || are equivalent. On the other hand, the restriction of the spectral norm on A to
A (via ¢) is the spectral norm on A. (Indeed, every maximal ideal of A restricts to a
maximal ideal of A, and every maximal ideal of A contains some P; and hence extends

to a maximal ideal of fl) Therefore the assertion for A follows from the assertion for

~

A.

By Theorem 6.18 there is a finite monomorphism T; — A.

PART B: Reduction to: the quotient field Q(A) of A is a normal extension of the
quotient field Q(Ty) of T;. Let L be a finite normal extension of Q(7y) containing Q(A).
There are finitely many by,...,b,, € L such that L = Q(A)[b1,...,b,]. Multiplying
them by a suitable element of A we may assume that bq,...,b,, are integral over A.

Then B = A[by, ..., by,] is finite over A, and hence also over T, and the qotient field of

B is L. If we can show that B is complete with respect to its spectral norm || ||, then
A is complete with respect to || ||, by Theorem 2.5. By a home exercise, the restriction
of || || to A is the spectral norm on A.

PART C: Reduction to: the quotient field Q(A) of A is a separable extension of the
quotient field Q(Ty) of T;. 1f char(k) = 0, there is nothing to prove. If char(k) =p > 0,
we prove the theorem only in the case [k : kP] < co. Let M be the maximal purely
inseparable extension of Q(7y) in Q(A). As Q(A)/Q(Ty) is normal, Q(A)/M is separable
L, V.6.11].

There are (1,...,03m € M such that M = Q(Ty)[f1,...,0s]. Each (; is purely
inseparable over Q(T,;) and hence there is a power ¢; of the characteristic p such that
B € Q(Ty). Take ¢ = max;¢q;. Then ¢ is a power of p and M? C Q(Ty), that is,
M C Q(T,)'4. By an exercise (to be written down later) Q(T,)'/? = Q(T"), where

T = kl/q<zi/q, . .,zcl/q>.

is a finite extension of Ty = k(z1,..., 24). Let A’ be the compositum of 77 and A (that
is, the smallest ring containing both 7" and A) in the algebraic closure of Q(7"). Then
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A’ is finite over T” (is generated by the finitely many generators of A over T,;) and hence
over T,, whence also over A. We have the following commutative diagrams of rings and

their quotient fields

A—s A Q(A) — QA
a ]
T, T Q(Ty) M Q(T")

As Q(A)/M is separable and Q(A’) is the compositum of Q(A) and Q(T”), the extension
Q(A")/Q(T") is separable. If we can show that A’ is complete with respect to its spectral
norm || ||, then A is complete with respect to || ||, by Theorem 2.5. By a home exercise,

the restriction of || || to A is the spectral norm on A.

PART D: A basis of Q(A) over Q(Ty). Choose a basis ey, ..., e, of Q(A) over Q(Ty).
By Lemma 8.9 we may multiply each e; by some 0 # f; € T, to assume that f;(Tze;) C
A, that is, f;e; € A. Replace e; by f;e; to assume that eq, ... e, € A.

Notice that Zle Tye; is a free Ty-module, contained in A. The standard norm
|| || on Ty induces the ‘maximum’ norm on Y ., fie; by || i_; Taeil| = max; || f;]]. It

is easy to see that Zle Tye; is complete with respect to this norm.

PART E: The restriction of the spectral norm of A to Y ._, Tae; is equivalent to the
above maximum norm. To prove this, we will be using the trace Tr: Q(A) — Q(Ty)
[L, ?]. This is a Q(T,)-linear operator, defined as follows: If the irreducible polynomial
of a € Q(A) over Q(Ty) is X"+ a1 X" ! + -+ + ay, then n divides r = [Q(A) : Q(T4)]

and

Tr(a) = —zal.
n

In particular, if o € A, then by Proposition 8.2, a1, ...,a, € T,, and

L times
n

. —_———
(1) 1o sp = maxc [[asl|/* 2 Jlaa]| = |[as + -+ ax || = || Tr(a)]]

Furthermore, as Q(A)/Q(Ty) is separable, there is a basis ef, . . ., e of Q(A) over Q(Ty).
such that Tr(eje;) = d;5. As in Part D, for each j there is 0 # g; € Ty such that
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gje; € A. Replace €] by gje} to assume that
(2) el .., e, € Ais a basis of Q(A) over Q(Ty) and Tr(eje;) = ;595 € Ta.

Let f1,..., fr € T;. Then
Te(ef Y fied) = > fiTx(efe) = > fi9;6:5 = 95,
i=1 i—1 i=1

hence by (1)
T T T
gsll - 1Fill = Nlgs fillsp = 1 Te(es Y fiealllsp < Nlef D fiesllsp < llefllsp - 11 fieillsp
i=1 i=1

i=1

whence

T T
lle5 s
1> fieal| = max|| f]] < max (=L==)|1 > _ fieillsp-
— j i gl 7

On the other hand,

T

™
1D fieillsp < max||fillspllellsp < (max [leil|sp) max|| fil] = (max le|lsp)|[ -1 Y Fiesll.
=1

i=1
Hence the two norms on Y7, Tye; are equivalent.

PART F: End of the proof. Obviously, > 7, Tye; is complete with respect to the
maximum norm. By the preceding part, >, Tye; is complete with respect to the
spectral norm of A.

By Lemma 8.9, there is 0 # f € T, such that fA C Y7 | Tye;. Therefore the
Ty-submodule fA of A is complete (Theorem 2.5). But by Lemma 8.10, ||fo|lsp =
I fllsp - el lsp = [|£1] - [|et||sp for every ov € A. Hence A is complete with respect to || ||sp.

61



References
[AM] M.F. Atiyah, I.G. MacDonald, Introduction to Commutative Algebra, Addison-Wesley,
Reading Massachussetts, 1969.
[L] S. Lang, Algebra, third edition, Addison-Wesley, Reading Massachussetts, 1994.

[FP]  J. Fresnel and M. v.d. Put, Rigid Analytic Geometry and its Applications, Progress in
Mathematics 218, Birkhauser, Boston, 2004.

[FP’] J. Fresnel and M. v.d. Put, Géométrie Analytique Rigide et Applications, Progress in
Mathematics 18, Birkh&user, Boston, 1981.

21 January, 2007

62



