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DOES THE QUADRATIC EQUATION HAVE GREEK R0OOTS?
A STUDY OF "“GEOMETRIC ALGEBRA", "APPLICATION
OF AREAS™, AND RELATED PROBLEMS '

Sabetai Unguru and David E. Rowe*

"Pe unde iese cuvintul iese $i sufletul.”
Remanian proverb!
glavec le
Zthodes
cte et la
nenpcer est
ue l'ar+ de
doit faire
T o trois empre-
intes & a c o onservent
les idée ui L mettent, 11 en résulte qu'en ne peut
perfecticnner le langage sans perfecticnner la science, nil 1=z
écience sans langage, 2t que quelque certains Que fuskent les
faits, quelque justes que fussent les iddes qu'ils aurcient fait
naitré,hils.:e %ransmettrcient enccre gque des impress;on§ f?gssesw
51 ncus n'avions pas des expressions exactes pour les rendre.’
A. L. Lavoisier<
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2 Does the Quadra

"A translator is to be like his author, it is not his

excel him." '
Dr.

"Error is never so diffic
root in Language."

tic Equation Have Greek Roots?
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Johnson
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ult to be destroyed as when it bas its

Benthamf

"A good Interpretation of anything —

ritual, an institution, a society — takes us

of which it is the interpretation.

& poem, a person, a histeory, a
into the heart of that

When it does not do that, but

leads us instead somewhera else — intc an admiration of its own

elegance, of its author's cleverness,

or of the beauties of Eucli-

dean order — it may have its intrinsic charms; but it is scmething

[0

lse than what the task z* hand .

alls for. "
e

the intellectusl pregeny of some longsta
basic historicgraphic matters by one of its
ecificzlly, a direct cutgrowth cof issues dealt
published In the Archive for History of Exact
article W3S meant &s & sweeping attack on the
po wodelcgy of historisns of ancient mathematics. point-
ing 2Ut, ¢on the cne hand, the inherent iradeguaciss of that methed-
> n the oT n : alternative, more sym-
T To ient texts. Esing,
H ar ri tional, customary,
a £n style ry of mathematics,
i & very colemical., It is,
indesd, arguable whe sgworthy feat;re or
cne of the many reas . But, be that es
it 1 one of the crucial
;; i ical texts, namely,
the on living so
?5 in spite cf
were pointed out at
t *o Rewrite the History of
deta What needs to ke
stated, however, iz -that the criticisms levelled against the inter-
pretive approach embodied In the idea of "geometric algebra' )
focussed on fundamental historico-philosophical considerations and
less on the mathematical underpinnings and consecguences: of the
positicns adopted by "geometrical algebraists.” Moreover it was
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Sabetai Unguru and David E. Rowe 3

repeatedly stated in the course of the argument that mathematically
there was nothing wprong with the reasonings of the adherents of
"geometrical algebra;" what was wrong was endowing those reason-
ings with historical value. It is, therefore, quite possible that
for the mathematically minded historiang, who "assume tacitly or
explicitly that mathematical entities reside in the world of
Platonic ideas where they wait patiently to be discovered by the
genius of the working mathematician,"'? the very fact that there
was nothing wrong with the mathematics of "geometric algebra" was
enough of an enticement to see "geometric algebra' as vindicated,
in spite of the "irrelevant" historical, philosophical, and lin-
If the "mathematical histori-

guistic arguments to the contrary.
ans' swear by the eleventh commandment (that "mathematical equiva-
lence is ..., historical equivalence"!) and if non-mathematical
arguments, be they historical, philosophical, linguistic or what-
e T irrelevant then, indeed "gezinetrical alge-ra"
eems that even th
algebrg" is an
incingly show,
ncocted in order
sitions in Creek gecmetry with othar mors
elementary algebra is, in fact, very weak in
. Thus, while the present work represents
line of argument and the =sntire foray of "In
he History of Greek Mathematics,” and while it
wclusions, it nevertheless concentr
athematical content of "gsometric algsb
g t 1 arguments of the proponents fg
aigedra" very seriocusly and at face value, drawing
implicaticns from these arguments. It follows the
arguments wierever they lead. It adepts the devil
gerous sta b n } in crde o @
devil it c show itz unasccent-
pility. t the geometrical
bralist nged attack on thelir
2a sapping the "arith-
foun n the other hand,
UCin icati
var NOT
of i a thex S
a2l age. In sum, tactically donning the hat of the geometri
ebraists, it espouses thelr mathematical cause and pursues
ine of argument to its bitter end, creering, as it were,
heir skin, in order.to show the unwanted and ludicrocus, but
necessary and incriminating, extreme consequences of their views;
in tzking up the cudgels for "geometric algebra," it strives to




4 Does the Quadratic Equation Have Greek Roots?

display its ahistoricity as an interpretive device for Greek mathe-
matics. On the positive side, it advances throughout an alterma-
tive interpretation, one that does no violence to the texts and
their overwhelming geometric char%cter. '
H

The two-pronged attack on "geometric algebra" that is pre-
sented here involves a detailed examination of a good deal of
mathematics, most of which concerns various results that are found
in the Elements of Euclid. For this reason, a prior knowledge of
the Elements, while certainly not indispensable, will prove to be
very beneficial for those readers who wish to grasp the full force
of the arguments presented here, many of which are fairly technical.
Still, we have attempted here to meke this study accessible to as
large an audience as possible, and every effort has been made to
keep the presentation as self-contained and self-explanatery as

possible. OFf course the drawback to this approach is that it adds
considerabls length to an already long article. This being~the

case, we would recommend that those readers who are thorcugly
versed in their Euclid should skim over Section III, No. & and S,
and proceed as quickly as possible to Section III, Ne. © wherein
the heart of our argument CONMMENCES.

I
ressing the issue of "geometric algebra’ direct-
emarks concerning the nature of algebra itself,
tionship te arithmetic procedures, need To be
the existence of a ccherent system of arithmeti-
necessary (thcugh not sufficient) precondition
f any system of algebra. Tor fundamental to the
v n algebraic enterprise, used in practice by tne
proponents of 'geometric algebra,"” is the abstract treatment of
number, wherein varicus arithmetic properties and arithmetical relia-
tionships between numbers are extracted, generalized, and theredy
exploited via a system of symbolic manipulaticn. But under any
suitable, historically reascnable definition of algebra, ancient
sbylenian and classical Greek mathematical texts are not algebralic
in cheracter. In the Babylonian case T .
in the Greek they are geometrical. Bo
algebraic mode of thinking. It is sta
e 4

mately and engaging in what amounts to
define algebra in an &ad hoc manner as

"ied in Babvlonian and Greek mathematical texts.12 Not only is this

not enlightening, as well as historically unacceptable and philo-
sophically indefensible, but 1t assumes precisely that which needs
proving: an underlying algebraic substructure bolstering ancilent
mathematical texts. And yet, this is exactly what is involved in
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the traditional interpretation of ancient mathematics by historians
of mathematics.

Let us see what this means by way of an example drawn from the
mathematical cuneiform texts published by Otto Neugebauer, namely
BM 13901, which reads in ‘translation:

I have subtracted the [side] of the square from the area, and
14, 30 is it.

Van der Waerden, in response to Unguru's criticism of his position,
having defined algebra as '"the art of hand11ng algebraic expres-
sions 1i ke (a+b)? and of solving equations like =2 + ax = b,"i4

has the following to say about our cuneiform text:
The statement of the rrcblem is completely clear: It is not
necessary te translate it into modern symboliism. f we de
translate it, we obtain the equation
x< - x = 870.
The sclution given in the Text reszds:
Take 1, the coefficient (of the unknwon side). Divide
1 into twe equal parts: 0; 30 times 0; 3¢ iz 0; 13.
Add this To 14, 30 and {(the result) 14, 3C; 15 has 29; 30
33 a sguare roct. Add the O; 30 which you have multi-
plied by itself to 29; 30, and 30 is the (side of The)
square.
This is the same method of scluticn we learn ?g school.
According to our definition, this is algebra.'”
What is one to say about this
tiorn, and is it not rather damagin
tempting to answer this gquestiocn,
van der waerden's historical scholar
van der Waerden introduces his own
without caliling this te the attention of the reader t
fications, needless toc say, are all supportive of his interpretlve
bias. Thus van der Waerden's translation of Neugebauer's rendering
of the solution contains the former's eﬂltor¢a4 improvements in the

same kind of parenthesis that the lat’ar uses for his textual emen-
dations, thus preventing the reader from realising that the origi-
nal cuneiform has been improved twice. Since, allegedly, van de”6
Waerden Is quoting Neugebauer, such a procedure is inadmissible.*
Alsc, we disagree with van der Waerden's claim that '"the method"
described in the cuneiform text is the method "we learn at school."
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taught by recipes. They teach chefs
ethod, not students 1n secon-
st the method of solution of
jes the method by means of
is understood (or the
ed anymore for a whole

Tn our schools, algebra is not
de cuisine and simple cooks by this m
dary schools; the latter are taught fir
a general quadratic and then one exemplif
specific equaticms. Once the general method
guadratic formula available), there is no ne
series of particular, specific equations.

Let us now return to the question of van der Waerden's inter-
Does it £it? And if it does, is
nsor

pretation of our cuneiform text.
it the cnly possible interpretation? By transcribing the text as
%2 - x = 870, van der Waerden shows that the steps followed Dy the
scribe in the solution of the proclem fit exactly the quadratic -
fermuia (without the second, negative solution, we might add):
r”—‘—_————_._ 1 e}
-lz—vw"i—,+s7o ='~;—+°—;—:3:. 4
it prove that this is how the scribe proceed-
There are other possible interpretations
=nd that are, at The sams time, mere 1n tune
Sabvieonian mathematics. Hers iz ore such

[

:" o\
the meri xncwledge of hew te comple a
understand fully, step by step, the ‘s procedu in the
soluticn of BM 13501 above. Thus, th enusnce of steps described
in the cuneiform text Fite exactly the fecllowing order of succes-
sion, +the scribe having started with the knowledge that 302 - 30
= 12,30

%

e e VAT AR
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302 - 2230- 2 + (207 = 1,30 + (£)

2 2

1
(3o-~2—)2 = 14,30;15,
and, since the numbers are "rigged,”" the scribe knows that,.

(30-% 2. (29, :so)2

[
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CGisplaved i be sur T 1s possikl

existing fo ; no guestion abcut it.

rossible Te inte formulas, iIf there

mulaic lang: th the rules ¢f translation I

which 1s av nslater. E
possible tc cn-exlisting
Lssuming th ior. that accompar
Babylionian d van der Waerden
Insist), co eteorical statsment
from that =t o) excreszion? By the
extTant evid

Texts would have been cther eir actual fown, W

the same type cf problem is repeated many, many times on the same
takblet, only the specific, particular numerical data differing
between neighboring problems. This repetition makes sense ciiy i
the recipe for the sclution of a particular kind of problem had t
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be learned and grasped by prolonged
steps involved in that recipe.
fit of formulaic expression (to str
would have been & trivial matter to
ing. What one can say orally, one

atic Equation Have Greek Roots?

practice and reiteration of the

If the oral tpadition had the bene-

etch things to their limit), it
put such an ability, into writ-
can ipso facto say in writing.

Alas, the written texts of Babylonian mathematics contaln mo mani-

pulation of symbols;
the actual problems,
the presence of symbels,
tion.

formulas,

2 k3 - . -
(a+b)2" in Babylonian texts simply
expressions; and, it really follows

Tec sum up, then, there are no

moreover, what they do contain (the form of
the particular recipes) 1s

incomprehensible in
and general procedures of solu-
"glgebraic expressions like
because there are L0 algabraic
from this, there are no equa-

+ions either. Conseguently, "+he art of solving equations like
x4 + ax = b" is a non-existent art in Babylonian texts. It comes
1y y the sD ¢ Babylonian examples have first
¢ hraic langusge. LurLhes that van

I}
=
+~

j
O
.
C
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Now it is ciear that
interpretation of mathema
interpretation. In princ
torical reconstruction of
never transcends the realm of

cases

past

he historian of ideas
+hat it is more

, what

~
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a3t

ne Neugebauer-van der Waerden
cal cuneiform texts
this should be chvious

the possiblie.

corGaTnce with

is just one
for any his-
.  What the hiszeorian establishes
In most nen-trivial
can ciaim for his 1 teppretation
likely than ancther possible
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interpretation, never that it is the only possible interpretation.
This is the very nature of what has been called "deductive recon-
struction.” Such recomstructions are always tentative, hypotheti-
cal, uncertain, for it is at all times conceivable that things
mlght have been different than they are taken to be in a pecullar
reconstruction. History and certainty rarely, if ever, Cohabit

The literature of the history of mathematics contains indeed
interpretations of Babylonian mathematics that differ in varying
degrees from Neugebauer's theory, which van der Waerden has appro-
priated. To be sure, Neugebauer's interpretation is the most .
popular and the best known for clearly understandable reasons:
Neugebauer has been invelved for most of his professional life with
editing and commenting upcn mathematical and astronomical cuneiform
texts, and his studies are among the most thorough

o)

and competent technical discussions of the 3
carrying great appeal with mathematiciazns an
historians. Coupled with this is the fact that
aumber of very able scholars, whose approach
that of thelr master. But, by nc means, has
uncriticized. It Is true that most of those
LTh eb 's ! itics have advanced
b theless, the sign
that recently the
encitive appreach
Among those calling attention to this fact are Michael S.
Mahcney and Arpad Szzbd. The former, in an essay review oI the
1888 reprint of Neugebauer's Vorgriechische Mathematik,“® pcints

it would be best ... toc wield Ockhanm's razor when dealing
with Babylonian maethematics and not to assign tTo the Saby-
lonians any concept, or ferm of mathematical thought, for
wnich there is no explicit documentaticn, nor even nesd ...
If ... the Babvlornians did mathematics, and even 1f they did
it remarkably well, there is absclutely nc evidence that they
thought about mathematics.... That is why one objects tc the
use of [mcdern algebraic] iangusge and ... concepts in imter-
preting Babylonian maethematics.®’

k. Szabd too has taken strong umbrage with Neugebauer's his-
torical methodclogy. In an article written for a Festschrift in
honor of Willy Hartner (Prismata), a preprint of which 5. Unguru
was fortunate to receive,<® Szabd says, ameng other things:
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... 50 findet man ... in den mathematischen Keilschrifttexten
immer wieder Beispiele mit bestimmten Zahlen. Die konkret-
bestimmten Zahlen waren uUberhaupt die Wegweiser, die fur
Neugebauer das Verstehen der babylonischen, Aufgaben ermoglich-
ten. Ebenso ermdglichen diese Zahlen in vielen Fdllen das
Vermuten jenes antiken Rechenverfahrens, das beim Ldsen der
Aufgaben befolgt wurde. Aber redet man nach einer solchen
Rekonstruktion von irgendeinem 'algebraischen Formalismus des
Systems', so verzichtet man von vornherein darauf, die antike
Vorlage und die moderne Interpretation sauber auseinander-
zuhalten. Den die Formeln sind nicht unmittelbar im Text
selbst gegeben. Auch wenn sie auf Grund der antiken Verlage
richtig aufgestellt wurden, sie } antiken Formeln.
Denn zum Aufschreiben dieser an

maodernen Svmbolen anerldsslich

h
o

e et s s
AT this point, we mag! rere
3200 I nsider ansi ative
LeoTe iy WalCO We Consider 27s 1 STIVveE
- - - T a3 o -1 $ e
tc that of van der Waerder 211 s in
SARENPYP o YN o - - e o [P
oreerk mensuraticonal texts iz ica;
in Dicphantus's 1led ic
. '
cecur., A case ng TS

Siven the sum of the & " imeter znd

to find eazch of them separately. It is to Lg done
the given sum be 212, Multiply this by 15&; the r
32648, To this add 841, making 33482, whose squa:
182, Trom this take away 29, leaving 154, whose
part is 1l4; this will be the diameter of the circ
wish to find the circumference, take 28 from 183,
double this, making 308, and take the seventh par:
4y this will be the perimeter. Tc findé the aresa
thus: Multiply the diameter, 14, by the perimeter
£§16; take the fourth part of this, which ls 15H;
the area of the circle. The sum of the three numb
Ay1n 20

Ll

fssuming again that Heron starts with the known answers, It is
not necessary to suppose (as Ivor Thomas claims) that Heron deals
with a quadratic equation by means of an algebraic formuia, but
rather that he plays with specific numbers, completing a given coa-
crete numerical relationship toaperfect square. Thus, written
symbolically, D being the diameter and 22/7 the standard
Archimedean value for 1, the constant ratic of the circumference
to the diameter, what Heron says is:
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22 11 .2
—_— — = 21
D+7D+14D 212

Actually, since Heron knows the answer (D = 14), what he sdys is:
¥

; 22 R 2 .
: 4+ = ;u tip o 1T = 212 (I

His solution-procedure, amounting to the completion to a perfect
Square of the given numerical relationship, follows:

R KA i T

11 2 . 29 '
—_— foa— @ 4 =
Tr LT S 1= 212
) 2. 2 b 1 b D -]
117 2 18% + 2+ 11+ 14 ¢ 20 = 212 - 154
9 28% 20 20w 18 - 2o w22 - sosug 4 062
(11 1% + 29)2 = 3380
11« 14 + 29 = 183
11 - 14 = 183 - 29

: 154
: AT E S
14
I
end this is the diameter. The perimeter and the area are cbtained
from the numerical relationship (I}, g.e.d.

ig 2T the "guadratic equation’ aprear-
ing in Dicphantus IV. cugh Diophantus clearly represents
@ special znd unigue ne sense that what he is doing is
cdefinitely scmething thing else that went on before him
in Greek mathematics, e n Nesselmann's rag%er approximetive
trichotomcus classifi io ynccpated algebra.” Still, it is
et necessary to agree with Iver Thomas +hat ”Dicph§ntus had & per-
fectly general formula for sclving the eguation ax< = bx + ¢
landl ... ax? + bx = ¢ and ... ax? + ¢ = bx."33

It should be clear by now that we believe that there are
irportant distinctions between algebra and the concrete arithmeti-
cal relationships appearing in Babylonian and some Greek materiais.
for there is a vast mathematical gap involved between having a
general knowledge of concrete number facts on the one hand, and
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being able to abstract that knowledge and manipulate it symbcli-
cally without any reference to the concrete, on the other. Ignor- \\
ing these distinctjons, representative as they are of a wide gulf §
in mathematical outlook and technique, has been one of the main ?

: ; . ' . ;
ways that confusion has arilsen over the use of the term "algebra." |
It fcllows, then, that arithmetic precedes algebra, i.e., the exis-/
rence of a coherent arithmetic system is required in order to have

an algebraic superstructure, and withcut a firm arithmetical foun-

dation, the attempt ToC do algebra (or, in our case, tc find alge-
sra) collapses like a house of cards. It is our contention that
+nis is exactly the predicament of "geometric zlgebra,” the arith-
metical foundaticns of which turn out, a2t close scrutiny, to be
er shaky. To show this convincingly will require an extended
dlgcussion of the various operations that comprise the "gecmetric
hmetl W an ass ir place in
i erpre o mathe-
ry <l cn iz the
able 4 this, the
ical , h difficul-
the founcart ‘s much tToo weak To sup-
ired algebraic supersiructure.

+
of their more fami-
dency will be &ll the
k IT is "nothing but
ror the existence
positicn that there
geometric ematics, &n "algebra"
that is largely £ i
Book 11, in the
ook VI, and (T
who espouse the
nave little dif
i Greek

e
minclegy. They ere a
-:ons (ontological and of other kinds) betwe a
and their modern couUnterparts, and that, in most instances no
is lost by transcribing Greek mathematics into modern notatio
serforming modern operations similar to Menown!! Greek technigues.
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The practitioners of "geometric algebra" (none of whom were
ancient Greeks) have, however, not been entirely content with the
"arithemtical" operations that explicitly appear in the Elements.

Not that there is anything wrong with them; it is just that they
, are too limited for the purposes required. What is needed in order
» to have an actual (as opposed to a mythical) "geometric algebra,"
15 an arithmetic capable of handling arbitrary magnitudes, and so
they’ invented, what we shall call, the "geometric arithmetic."3?
Using this, one is able to perform arithmetic cperaticns in the
general realm of magnitude (L€yeBo¢) rather than in +the more

restricted arena of (natural) number (dp16ud¢) or, at most, in
that of ratios of numbers. On the other hand, without such a
"geometric arithmetic" there is no longer a foundation on which to
build & "gecmetr " b N 1Tice

1c algebrs
. X

b » and the entire "algebraic’ 24!
crumbles and collapses under ir ¥

S own weight.

o]
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ot
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saere Ere, however, drawbacks te the system of "geometric
: arithmetic,” and one of the main theses of this paper Is cconcerned
? with showing that these drawbacks easily outweigh the Yadvantages"
i it be itizlly o will be focused on the "gec-
: r its cture the &3
gatior h ittle
which cperarions of
a cperations ex-
T hu tchin
£ atio
e d in
tric ily
eve eads
ably garded
f a surgical
int what happens once the patient his left the
Cperating table and iIs out on his own. Thus the crucial test for
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'geometric arithmetic" consists in applying it, in conjunction with
the established techniques of '"geometrical algebra" (e.g., Book II),
to solve some of the important algebraic problems that supposedly
engaged the interests of the finest mathematicians of antiquity.
The results obtained’by pursuing this critical test (ecritical not
just for "geometric arithmetic,” but for the entire edifice of
"geometrical algebra') offer a rescunding confirmation of our pre-
liminary conclusion. For the "natural” algebraic solutions that
one cbtains by pursuing the techniques of "geometric arithmetic" to
their logiczl end, lead to the creation of a "geometrized" algebra,
utterly unlike anything known in the extant corpus of Greek mathe-

rate, then, that the system of operations we are
("geometric arithmetic") deces not explicitly

any of the Greek texts. We emphasize system
v of the Isclated cperations of "geometric arith-
e i lements, but they are never

d coherent network of

nitudes. Thus
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eometric arithmetic" iIs really a hybrid creature which can be
cted along the following lines. First it incorporates the
hmetic" operations of additidn, subtraction, and ratio-
formation as they are actually found in the Elements. To these,
however, it adds a whole arsenal of gecmetric operations which are
grafted onto the usual "arithmetical' operations. For)the "geome-
trical algebraists" (whe have, in fact, invented this system them-
selves), the result is an "arithmetic" that generalizes the "arith-
metic" operaticns explicitly delineated in the Elements; but for
us, this is accomplished only at the cost of badly blurring the
distinction between certain operations which are geometric, (e.g.,
rectangle formation) and others which are "arithmetic" (e.g.,
formation of a ratic). What is even more serious, the operations

of "geometric arithmetic" fail to accomplish their intended pur-

- 0Q

+ (0

For shall show in the course of our analysis, they
‘dean "arithmezic” oreratiocns in
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Jotions. This suggests that additicn a a

insofar as their range of applicability once "y &

sheli see later, the fact that there is nc corresponding statement

in the Common Notions concerning multipiication, viz., "If equals

be multiplied by equals, the products are equal," is difficult to
1les riew that the multipliicetion
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operation is more restrictive and does not apply with the same gen-
erality as do addition and subtraction. This is the position we
shall take up and defend later in this paper. The implications
this has for "geometric algebra" are, of course, devastating, for
without a generalized multiplication operation, there.is no arith-
metic substructure upon which to build an algebraic system worthy
of the name.

Because there are no specific statements made in the Elements
that would shed light on the nature of the cperations of addition
and subtraction, we must learn about this matter from what the
Greeks do rather than from what they say. What we find in Greek
practice confirms the view that addition and subtraction are appli-
cable in the broadest possible context, i.e., to arbitrary magni-
+udes, but with the important proviso that the magnitudes In ques-
tion be homogenecus, i.e., of the same kind. Again, there is no
explicit statement in Euclid to this effect, 40 nor is there any
itudes are of which kind. It 1s not
ar how many different types of magnitudes were recognized

' + clear that these matters were ever
eon to believe, however, that
magnitudes was primarily an intui-
as Greek gecmetry was concerned, whereas in philc-

ot
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Lought. There is gooT rea
t ni
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o
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sCp circles (which were, of course, very closely tied to the
ma tical) these matters were hotly debated.'! Taking these
th into consideration, the best we can hope to do 1s learn wnat
we from the Greek practice involving the manipulaticn of dif-
ferent kinds of megnitude. It turns out that by doing so, several
im nt generalizations can be made.

5. When it comes to studving the exact manner in which the
Gpeeks handled different kinds of magnitude, it is just as impor-
tant to observe what they did not do as it is to observe what they
did. Thus one will not find, for example, a line added to a rec-
tan le anywhere in Fuclid, since magnitudes represented by figures

i
ifferent dimension are not homogeneous. < Nor will cne f
an argle subtracted from a magnitude represented by & p £
square, this in spite of the fact that "... Bucii
ded angles as magnitudes." n%3  on the other hand
s did represent magnitudes of like kind, and th

a
be added or subtracted as in I.17:

d
[UR
]

In any trialgle two angles taken together [i.e., added
any manner are less than two right angles.

We also know that rectilinear and even curvilinear plane figures
were sometimes added, e.g., when Hippocrates shows that squaring
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the circle is equivalent to squaring a certain lune, he does so by
adding a hexagon to both sides of a certain equalityi of gecmetric
figures, thereby obtaining the very pretty result that a triangle
plus a hexagon are equal to the aforesaid lune plus a circle.*

Propositiod I.47, the so~called "Pythagorean Theorem," gives
an excellent illustration of the broad applicability of Common
Notion 2 (the property that says equality is preserved when equals
are added to equals). The proof makes use of C.N. 2 first for the
addition of angles, and then for the addition of plane areas. The
metivation for the argument comes from the visual appeal of the
"windmill" figure, while the proof itself relies on the idea that
two-dimensional plane figures are homogeneous, and hence can be
added.*® An illustration of subtraction in comjunction with C.N. 3
can be found in the proof of II.11, which we will examine in detail
when we discuss examples of the alleged Greek solution of gquadratic
equations.“’ - :

These, then, are some examples illustrating the manner

which the Greeks added and subtracted geometric figures. (I

Se operations are not nearly as general as the modern cpe
ral magnitudes, whereby the size of a gecmetric figur
be thought of as a positive real number completely inde
the figure that pens to represent it. Onc magnitud
ciated from geometry, it has the freedom from ontclogical com
ts that makes it possible to develop arithmetical operati
and eventually symbolic manipulations which are the very hall
of an algebraic system.*® But first magnitude must become numbe
What we have seen is that, although addition and subtraction are
employed for general magnitudes in the Euclidean tradition, the
dependence of these operations on a geometric formulation impos
a limitation that makes these operations qualitatively d rent
from their modern counterparts. The modern notion of real number
transcends this limitation, making it possible to equate and com-
pare figures of differing dimensions, equating these in turn with
angles or anything whatsocever capable of being measured. When
number reigns supreme, everything can be related numerically to
anything else. This the Greek could not do.

(U
n

6. With this as background, we shall now consider what Heath
has to say concerning the role these fundamental cperations (addi-
tion and subtraction) play in the "geometric arithmetic!:

The addition and subtraction of quantities represented in the

geometrical algebra by lines is of course effected by produc-

ing the line to the required extent or cutting off a pertion
1+ 49

of it.
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Thus the prototypic representation of a one-dimensional magni-

+ude is a straight line of apbropriate length, whereupon addition
and subtraction are performed in the obvious manner. for two-
dimensional magnitudes the prototypic figure is the rectangle,
which gives a geometric representation ?or the preduct of two mag-
nitudes:

The addition and subtraction of products is, in the geometric

algebra, the addition and subtraction of rectangles or squares
+he sum or difference can be tpansformed into a single rectan-

gle by means of the application cf areas To any line of given

length, corre ;ggding ©c the algebraical process of finding a

o Wn

COmmMCN measur

e
o @

(&N

ot

P

algebra" might 28, here is nc gues-
n of areas" plaved an 1MEpOrianit role
311 _1r ol

L b

The following argument gives a simple proof for this importar
result. We are given a line AB, and angle R, and & rectilinea
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1 8. If we restrict I1.45A to the case where the given recti-
lineal figure is a rectangle and the given angle a right angle, it
can readily be seen that this is exactly what is needed in order
to add and subtract rectangles just as Heath lndlcated above. For
if we are given two rectangles A and B, I. 454 enables us to
transform B +to a rectangle B', where B' 1is equal to B and
has the same height as A. Then A +B = A + B' = C, where C

is formed by adding the bases of A and B' ({(an operation that
Heath has already defined, see #5 above). To subtract B from A
we simply follow the same procedure, only this time, subtracting
the base of B' from the base of A.

(@]

O

The key step in adding A to B 1is the transformation of B

o B' wusing I.45A. 1In the language of 'geometric arithmetic,”
his procedure is cne form of "division":

ct

rt

The division of a product of two guantities by a third is
ﬂepﬂesantea in the geometrical algebra [or, as we would

refer to say, 'gecmetric arithmetic"] by the finding of &
reCtangle with one side of a g;ven length and egual tc 2
given rectangle or sguare. This is the Drobl m i

tion of areas solved in I.L4,

The use of "application of areas" in order to add and subtract
rectangles plays a key role in the arguments appearing in Book X.
Cne finds "additions" of rectangles, for example, in Propositions
X.23, 25, 41, 47, etc., while X.38, 75, 78, etc. utilize subtrac-
tion, and X.60-65 invoke both operations. Thus there is no ques-
tion about the significance of these technigques. The issue,
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rather, concerns whether or not the Greeks employed these tech-
niques as part of a Systematic anithmetic for general magnitudes.
In this regard, it is interesting to look at Heath's remarks fol-
lowing Proposition I.u44: ‘
?
This proposition will always remain one of the most impres-
sive in all geometry when account is taken (1) of the great
importance of the result obtained, the transformation of a
parallelogram of any shape into another with the same angle
and of equal area but dith one side of any given length, e.g.

& unit length, and (2) of the simplicity of the means
emploved..,5S

Later, in Section III, we will discuss I.uy in detail as part
of a survey of the method of "application of areas,' but here we
would be remiss not to mention the fact that Heath seems to misre-
present Intentionally Euclid in order to bolster nis view that I.44

dients in the machinery of the "geomet-

and I.45 agre two key ingredient
ric arithmetic." Proposition I.u44 does not deal with the "trans-
£i "transfor-

Iormation of a parallelegram;™ the
maticen' is a *triangle. Furthermere,
about the *ransformation of a figure of " :

with the same angle ..." — the given angle of the resulting paral-
ielogram is, in fact, completely arbitrary.

Flnally, there is the suggestion that one side of the con-
Structed parallelogram might be a "unit length." This remar
© suggest (is there any othev feasible interpretatic
ssibility pregnant with implications for Greel geometry,
he utilization of I.44 as 5 mechanism for the determina-
of plane areas! For if a plane figure can be transformed i
angle (which happens to be the "[mJost impcrtant of all ...
elograms ... [as it] corresponds to the product of twe
itudes in algebra c."),80 then the "great importance’ of I
ording to Heath) due tc the fact that this rectangle can be
formed "into another with the same angle and of equal arsa

acc
ranst
but with one side of any given length, e.g. a unit length;" the
upshot of all this being that, since the newly formed rectangie
Pémresents a product with one side of unit length. the other side
"measures” the area of the original plane figure. Thus it seems
impossible to escape. the conclusion that Heath is alluding here to
& procedure for measuring the area of plane figures., Furthe?m?re,
by utilizing the above transformation, the problem of deig?mlnlng
the size of a two-dimensional figure is reduced to a one-dimen-
Sional prcblem, namely "measuring" the line that forms Fhe ?ther
side of the newly formed rectangle. This is an attractive 1dea?
eéspecially when taken in conjunction with a similar interp?etatlon
for Euclid's approach in Book X of the Elements.®! Alas, it has
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the unfortunate dpawback that it never seems +o appear anywhere in
the extant corpus of Greek mathematics. Considering the tight
scpictures that the Greek concept of magnitude imposes ©OD doing
wapithmetic," nowever, (i.€«s the strict adherence 1O the princi-
ple that only homogenecus magnitudes can ne combineds, etc.), it
<hould not be at 511 surprising that the Greeks themselives "over-
1ocked'! the "great importance" of I.uk. For had they employed

+his proposition ipn the manner Yeath suggestss the integrity of the
;rinciple that magnitudes of different dimension &re distinct weu
have been weaxened, +hereby opening he way for thé formulation O

= conception of magnitude net just a8 cize, but as generalized
! ependent of any pa-ticular geometri: peple-
3 - gcse, the €V a at T peeks

nce again, & ijuding T a & Prope

5. It is certainly curprising ther Heath 2

+he fact that the key P:oposition I.L5R, which iS used
in the proot of VI.2E anc throughout Bock X, i8S neithel
nor proved anywhere in the Eiements!

e ot it R A s
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We have nct called attention to these "sins" of omission and

» commission in Heath's commentary merely for the sake of nit-picking.
Rather our purpose in bringing this up is to illustrate the some-
times rather subtle interpretive bias that colors Heath's other-
wise admirable commentary on the Elements. For it seems to us that
there 1s something more than mere accident behind Heath's uncharac-
teristic carelessness in discussing I.44 and 45, especially con-
sidering the '"great impcrtance" he attaches to these results. Why
is it, we must ask, that this great scholar, who normally devotes
meticulous attention tc even the sliightest detzils, is so sloppy
when it comes to these important matters to which, moreover, he

T
pays such short shrift?

F b O

b

: 2 ing & commentary in

‘ 1 he e e i that there 1s any-
Thing secretive or 1 stericus zbcut Heath's views concerning the
neture of the mathematics in the Elements. These are plainly
written and readily apparent To any careful reader. The point is
that Defore we accept Heath's views lock, stock, znd barrel, we
need to examine ;reéisel" what the Euclidezn text says. 1in the
course cf cur analysis, we shall see to what extent Heath's views
are justified. In the meantime, it is a healthy activity to
ex;uige from Heath's notes those remarks which clearly run counter
o the letter and the spirit of Greek mathematics. Certainly one

t want tc do without Heath's Invaluable commentary. but 1t
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II
.

1. In section I we discussed the operations of addition and
subtraction, both as they appear in the Elements and as important
components of the "geometric apithmetic.™ This discussion pro-
vides us with the necessary background information that sets the
stage for much of the analysis that will now follow. One of the
key ideas we discussed (and that bears repeating, as it directly
affects the main issue in this section) concerns the fact that,
throughout classical Greek mathematics, there is a strict adher-
ence to the principle that only magnitudes of like species can be
added or subtracted. In particular, this means that there was no
generalized concept of number Tnderlving Creek magnitude, and,
‘ﬁéﬁEé;MﬁEWIdéé“Ef"6ombihing"&égnf§ﬂaéémof'différéﬁt dimensions.

4o alsc saw that, except for the somewhat subtle matter of homo-
e t and subtraction were per{ectly general opera-
i be applied to arbitrary magnitudes. 1T was this
Jication that, we comjectured, accounts for the
and subtraction are the only “aprithmetic"
ring in the Commen Noticns.

pacticon alsc indicated how
ted to, and theredy
tic." Of particular
plication of areas' as a
ion of T ai s al
arlier 13

This is ti culd k in mind when
~onsideri Tt will chserved, how-
ever, tha ertain
subtracta STYONE!
arithmetic,” & is power i
bastion is net tex this par 1
the reason being that a ction are ind ge
operations. The weak 1 i ji+hmetic" turns_out
To be tne multiplication opera to
of twe magnitudes {(given as 11
sie with the given lines as sl
this operation, unlike addition
rneariy sc nicely into the framewo
For, as we shall see, the osperations of rect
ordinary multiplication, as explicitly performed throughout the
Elements, are in fact incompatible with one another, i.e., Yec-

tangle formation cannct be "ge 1ized multiplication" without
producing inconsistency in the system of operations that we know
the Greeks utilized. Before coming to this, however, we must

o]
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r
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first consider the evidence From the other side,

beginning again
with Heath's views on this subject.

%

There is no direct textual ev1dence that the Greeks ever

viewed the formation of drectahgle on two glven sides as multi-

gg&icatlon &nd Heath apoears ‘to ' rest his case that they did view
it in this manner on the

"plausibility" of extendlng the rectangu-
lar representation of products in the Dytﬁagorean Y€¢or ("pebble™)
arithmetic to arbitrary magnitudes. In the "pebble'" arithmetic:

A "plane number" is ... described as 2 number cbtained by

multiplying two numbers together, which two numbers are

sometimes spoken of as "sides," sometimes as the "length"
and "breadth" respectively,
product.

of the number which is their

repre

e discovery

in corder tc

uCT of anv
53

. id ber

to havs evolved frc

is 1 a gratuit
t the h ical bo

is that, svern thoug
‘square-', etz. nu
Tangles or squares
terms, as they ap
1

mzgnitudes. :
“ategories are employ
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multiplication in Greek pathematics? ' Certainly many authorities

would peint to Book
indicated (cf., 7. 81),

tive treatment of commensurability relations
wherein rectangle formation as a
there is a strict adherence through-

figures,
plays a key role. Moreover,
out Book X to the integrity of
the Greek napithmetic' dealing
+ial counter-argument wWe would
Fuclid VI.16:

i)

four straight lines be
ined by the extremes is
t the
rectangel

he means; and, if
equal TC
T

straight

or O oo M
M <P

(o]

R

<2

3 ot
jog
[¢5]
]
[
o)
o]
[
<
)

e
3

Q
Q
o]

[V

ot

Trhe theory of proportions a
a perfectly general form appli
although the representation o}
geometrical appearance’s it
TG tne particuiar case of

gives it 2
apply the theory
tigation. 8

Here Heath has aptly
structure,

¥ in this regard,
Book X should be regarded as a gualita—

net

but also the metivation

but as we have already

between geometric
geometric operation

the homogeneity relation underlying
with magnitudes. One other poten—
1ike to anticipate stems from

proportional, the rectangle con-
equal to the rectangle contained
rectangle contained by the extremes

contained by the means, the four
7.65

i

@®

N

i1

w4 rt
®

t

are adiacent sides.
uantity represented by a
line is simply the
principles of

more clesely, no

soth for wha
say. i

very seginning of Book

has been established in Bock V. i
cable to &ll kinds of magnitude®
£ magnitudes by straignt 1ines

characterized not only the underlying

tehind the layeut of Books V¥
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and VI. Bock V presents a general theory of proportion that deals

with, the theoretical manipulaticn, via ratio and proportion, of any
homogeneous entities whatever that happen to possess magnitude.
Using this theory, one no longer had (closely paraphrasing
Aristotle) to develop separate arguments for numbers, lines, sol-
ids, and times, as it was now possible to consider the entire

genus of magnitude at once and prove pertinent conclusions for all

‘kinds of magnitude by one demonstration.®? Book VI, on the other !
‘ ‘hand, shows how the general theory contained in Book V can be '
; fapplied to the situation of paramount interest
‘of geometric figures.

rea—

namely the study
It is, therefore, highly significant that
VI.16 occurs where it does, and not in Book V, as this is a strong
indicator that this proposition was primarily a geometric result
and not a thecretical relationship on a par with the other results

“ia
; obtained in Book V. Heath's remarks Foliowing VI.1l6 are, in fact
¢ fully consistent with this interpretation. He observes, for exam-
§ le, that VI.1€ is actuzlly only a particular case of VI.14:

]

S A P AR

wulangular parallelograms the sides about the
equal anglss are reciprocally proporticnal; and equiangular
parallelograms in which the sides about the egual angles ars
reciproczlly properticnal are equal.70

fuaiagte ek um A

E tc o The above rezscns seem to us Lo
X cons those whe would

§ main ing mere than the Creek formulation of
¢ the n and division are inversely

% rela osition occurs in Book VI and nct
i in B th t its motivation has more Tc

: do w t ontent than with its alleged algebraic
utility

z

% 2, We must now turn to the evidence against the view that

% rectangle formation meant, for the Greeks, generalized multipli-

% cation, by first considering CGreek multiplicaticn as it actuall

3 appears in the Elements. In Definition VII.15, we have an explicit
§ statement of what it means to multiply numbers:

A number is said tc multiply LmoAlamiaciageiv] & number when
that which is multiplied is added to itself as many times as

there are units in the other, and thus some number is pro-
duced.’?
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Thus multiplication of numbers is the familiar operation of
repeated addition, an operation which, when applied to one-dimen-
sional magnitudes, produces not 2 two-dimensional but another one-
dimensional magnitude. But multiplication is not confined to

numbers in Greek mathematics, as can be seen from & cupsory inspec-

tion of Book V, wherein it serves as the very backbone of the
general theory OT proportion. Thus we encounter the term multiple
[ﬁQXXuﬂA&Olo;] in Definition V.2,73 and we see it actually used as
a criterion for homogeneity in Definitions V.3 and H:

v.3: A ratio is a sort of relation in pespect of size
[rnhikdtngl between TWo magnitudes of the same kind.’"
y.4: Magnitudes are said to have & ratio to one another
which are capable, when multipliied [ﬂokkaﬂkaolazéusva,

) from ﬂokkaﬁlac1é§€1v], of exceeding one another.
Here, ion means One thing anc
cne © urthermore, Definitions VY.<
and & are homogenedus if
enly sther, i.e. if and
if th ancther.

e are : D o e essential interplay
nhetween the operaticns of addition, SU +traction, moltiplication,
and patio formation &s +hey actually occur in the Elements of
(reek mathematics. The key feature uponh Jhich we wish To focus
cur attention ConCErnE +he fact that these cperations are onily
appiied to homogeneous magnitudes, i.e., magnitudes of the same
dimension. In this sense these operaticns form a ccherent SYSS
SF Varithmetic,' but one with idicsyncrasies 211 its own. fer
example, there ie an asymmetric quallty about Greek multiplicaticn
frar differentiates i+ from the other operaTions. whereas addl-
tion, subtraction, and ratio—ﬂckmation are defined fop arbiTrary
pairs of hom C nit pultiplication requires that onE
~f thess magh 2 ! betwee
formation an i
The ratioc Le
per, & ratic g s
zhie, their ratio may be OnE of XampLes
E-~k X. There Is interplay o io formeTill
. 'v.1877 (anachronistically, a+b)
and between subtraction and ratic Formati &«
implies (a-c):(b-d) = a:b). These properties have a si jgance
in Greek ratio and proportion theory far beyond the mere fzct that
they happen to be, for us, valid rules that apply te fractions.
They alsc happen to be, for us, gtterly trivial. One way wWe might
verify both V.18 znd 18 is by multiplving means and extremes.
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(a+b):b = (c+d):d = (atb)d

b(c+d)
ad + bd = be + bd

ad = be

H
But ad = he @ a:p = c:d.
lent to (a+b):b = (c+d):d.
using the Greek methods,
mathematics +
ad = be

Hence a:b = c:d is actually equiva-

Yet this argument cannot be applied

hat in any way resembles a:b = c:d 1if and only if
(VI.16 applies only to lines).’9

Another curious quality of ratiecs is that, unlike the other
operations, ratio-formation produces a i
The ratio between two th
dimensional magnitude, nor is it a two- or even cne-dimensional
magnitude; it is a pure, dimensionless quantity r

Greeks themselves vie

as there is no general rinciple in Greek
g P

3 quantity without extension.
ree-dimensional magnitudes is not a three-

29

¥ residing in & realm
of magnitude without extension, a veritable scalar quantity. This
(=} 3 2 J
givVes us an Important clue (which we i1l now pursue) to how the
a

wed the essential interpl

v betwe
formation, on the one hand, and generalized "multiplication” on
the cther.

system, ratio
nd that ratics
licaticn, on
1 emen east, to the
factors Is a number. We have
‘tha alize *h tiplication cper-
ion, by introducing rectangle formatric hmetic opera-
tion, has been accomplished only by ignoring substantial textual
evidence to the contrary. The question thus arises: ¥Was thers
cver a generalized "multiplication" operati reel

c a
"hat served as the inverse of Greek style rati

One does not need to look very far before answering this

ig indeed a well-known Greek technique, which

T L © TO being a true
O ratio-formation, namely the *echni

oroportional .80 Thus if Ta

s c
lines, then applying VI.12, one can find x such that a:b = CIX,
l.e., ‘@ = x:¢. It will readily be seen thet, in the case where
b:a is a number m (i.e., b is a multiple of a), the line x
cbtain

ed via VI.12 is precisely the same as the 1i
Multiplying ¢ times m.

Procedure is still a far cr
fOl"ma‘cion, as, for one thin

ne obtained by
Now it must be recognized that this

y from being a true inverse to ratio-
g, it is only explicitly worked out for

ralizes the operation of neltiplication as repeated
and which also comes one step closer 1o bed a
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iines in the Elements. If a, b» and c were arbitrary curvi-
linear plane figures, for example, the prospects for obtaining X
such that a:b = ¢:¥ would be slim indeed.

The key point we wish to emphasize, howéver, is not this.
Rather it concerns the fact that, once we view the trechnique of
solving for the fourth proportional as a kind of generalized mul-
tiplication, there is still & completely coherent system of opera-
rions at work here that, nevertheless, preserves the homogeneity
of the magnitudes involved. One can compare the relative sizes of
+40 homogeneous magnitudes by forming their ratic, and one can
"puitiply' a given magnitude (assuming the fourtn proportional can
be found) by & ratio, thereby realizing another homogeneous magni-
cude, bearing & prescribed ratio tec the original. Thus all of the
various nypithmetical operations” come together TC form a coherent

c
network for the manipulaticn of genera but homogenscus magn

s i-
fpeedom that W&, who

-

3. A& corol a K¢
and multiplication {viewed as repeated addition) P
imension, and 1t 1s _absolutely essential that they GO SC. ror,
25 we have Seenl, addition, subtraction. and ratioc formation all
require that the dimensions of the magnitudes ipvolved be equal-
Ty foilows that the introduction by Heath and others of the opera-
£ » B iplicati

O
=}
3
- ®
ae)
3
®

1:# (R
a

i r
mental tenet of homogeneity that governs the
This situation, once its

pent of magnitude.
1ized, pDreSenis
even though tThe pract

im;lications are
tr

e b

e
underestimated its sign
Thus having opted for +he view that rectangle formation Wass

the Greeks, generalized multiplication, they have conveniently
overiooked the difficulty that arises here due to the peculiarl
pestrictions that the Greek concept of ratid places on the magn”
tudes involved. Tor if rectangle formation is supposed 1o be a8

extension of the known technique for multiplying numbers , this nfi‘_
technigue ought to yield the same 3nswWers as the old one€, wh%ch S
clearly does Dnot, ;¥ one adheres 10 the principles employed'ln

ficance or else overlcoked it completeLY-
£
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Greek geometry. For instance, multiplication of four times three,
using the two definitions available for the purpcse, produces,’ on
the one hand, a rectangle of twelve square units, on the other, a
line of twelve units. But, being magnitudes of different dimen-
sion, these two products (which are presumably equal to one .anoth-
er) have no ratio to one another.. As a matter of fact, according
to the rectangle definition, the product, twelve, cannot be com-
pared with either of its factors, four and three!

Yet any attempt to bypass this first horn of the dilemma
brings us face to face with the second. Seeing that it is patent
nonsense to have a number which has ndvratio tc any of its factors,
one might seek to get around this by simply transforming one num-
ber to another "equal" number "reexpressed" by using the appro-

priate dimension. With this approach, there is never irfi-
culty in "dividing" the line of length four K
ideg ' w zund thhee, az cne car
s by 1 unit} and then form
to obtain the answer, 1.
3. But it should be app
less than the abandonmen
of homogeneity) altoget
erden, et al. (at leas* somet v
alsc apparent that if one wishes <c cling to the
formation represents z generalization of crdi-
cétion, Then these twe definitions can be recon-
ay. If four times three sgquals, on the cne
and, on the other hand, a iine, then cieariy if
1, one must insist that magnitude is independsant

Now the stance that Heath and cthers have acdopted towards this
c t in tr

dilemma does nocthing, in Trutn, to remedy the situation. According
to Heath, &s we saw,

of one quantity represented
representad by a line is simply
en lines on the principles of
T e d of a product of two quantities
by a third is represented in the geometrical algebra by the
finding of a rectangle with one side of a given length andé
equal to a given rectangle or square. This is the problem
of application of areas soived in I.uy, u5, 81

One would assume that these operations generalize to three
dimensions, even though Heath does not say so explicitly. If this
Were so, division of magnitudes of the same dimension, whether
lines, rectangles, or rectangular solids, would be accomplished
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via ratio-formation, whereas division of a three-dimensional mag-
nitude by an one- or two-dimensional magnitude would involve an
application of volumes. The trickier of the two latter cases in-
volves the construction of a rectangular~solid on a given base and
equal to a given rectangular solid. But this is really straight-
forward. For if, when written symbolically, ab and xyz are the
given base and solid respectively, then applying our I1.454 to the
rectangular area Xy, We can construct ap = XY, and reapplying
I.45A to pz we have Dbg = pZ- Thus, Xyz = apz = abq, gq-e-4d.
as desired! This, needless to say, never appears 1in Greek mathe-
matics.

o What we have, then, igs a bifurcated definition of divisicn

which utilizes ratio-formation when the dimensions are equal, and
an appropriate "application of areas' when they are not; ©r, for

hat , even application of volumes' when needed! This
might, at first, seem to sclve the dilemma posed by the two forms
of muitiplication (i.e. the one found in Greek mathematics and the
other in "geometric arithmetic'): To divide the rectangle of area
~welve by the lime cf length four, one simply applies & new rectan-
gle, equal to the cld cne, to the 1ine of length four, producing
another line (the other side of the newly formed rectangle)} of
length three.
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gle. Now if rectangle formati t
cperation for numbers, it follows that 12 + 1= 12, 1.€.» the
i ‘ne are both equal But if they are equal
T

have & T c
can be transformed to the recta

iearly they do not unless e
- “
a a, il.e. un

ngle and vice-vers less
magnitude is independent of dimension. 5S¢, again, we are led to
the inevitable conclusion *hat viewing rectangle formation as

generalized multiplication requires that wWe abandon th

relation underlying the Greek theory of magnitude, and, in par-
ticular, that we view Greek magnitude as being independent of

dimension.

If we step to consider what this bifurcated fo
the rocts of its S

amounts tc, we soon realize that
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are already present in the conflicting definitions for multipli- -
cation that we have considered above. On the one hand, the Greek
definitions for multiplication and ratio-formation go hand in hand|

to form, along with addition and subtraction, a reasonably inte-
grated system of "arithmetical” operations that preserves the ; ,
integrity of the homogeneity relation between magnitudes; whereas,;

on the other hand, rectangle formation and "application of areas" |

are natural, inverse, geometric operations. However the attempt

to put the arithmetical and geometrical operations together to

form an arithmetic for general magnitudes creates a hybrid crea- |

ture that plays havoc with the central assumptions of Greek geome:

try. .

. It is our contention that the dilemma posed by the incom-
patibility between rectangle formation as generalized multipliica-
tion and the hemoganeity relation underlying Greek magrnitude can
be resolved in but cne reasonshle way, namely by taking rectangle
formation at face value, precisely the way we find it throughout
Greek geometry, and viewing it as a gecmetric operaticr and not as
rart of a system of generalized arithmetic. Thus, while recog-
nizing the orerztional character of this ¢ on, as well as
the close analogzy it shares with the e
bers, we cannot accept that this. const:

"algebraicized" geomstry which sought
"arithmetic" operations found in the
(gecnetriczl and "arithmetical) carno
al ng alt ther the character of G 2TV, o
Tarith stem found in the Elements cannot wit d the
required tc support an algebra for general magni-
wS that rectangle Termation, "application of
uld be viewed as gecmetric operations end not as
ized system of "arithmetic." Thus | 7
nathematics is ratic-formazicn, and
t that no Greek would havs confused
ation of a rectzngle to & given line
different forms of 2 mcre general
rd to rectangle formaticn, we ars
of Dijksterhuis as speaking sympa-
nd.8% ror, by adepting 2 1
operations, e.g.,

ilelogram with sides a, b.

"
el
ol
a ]
I
} ]

rectangle with sides a, b.

o
Y
]
o
S
i

square of side =z,
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he, at:once, calls attention tc the importance and operational
character of these constructions, while at the same time emphasiz-
ing that they are geometric operations, and not part of a "geome-
tric arithmetic," and, as such, should not be confused with the
ordinary operations of Creek "arithmetic' from which, .as we have

seen, they differ fundamentally. !

The alternative position concerning ''geometric arithmetic"
;s motivated by the belief that the study of magnitude for its own
sake, i.e. magnitude divorced from geometry, held a central place
in Greek mathematics. The proponents of this view argue that, to
accomplish this, the Greeks found it convenient to assoclate cer-
+ain gecmetric operations (e.g. rectangle formation and "applica-
[

ion of areas') with other arithmetical operations (e.g. multipli-
cation and divisier t e necessary foundation
for the study of various o tcal relationships between certzin
magnitudes, or clas

But, should by now be clear
+hat this Not only is its
motivation te support it is both
methodclog actually inepplicable. The
approach © reudenthal illustrates what we
mean Very ve adopted 2 viewpeoint pegarding
these + with the spirit of modern-day
math + there is no essential (mathe-
mati rotions of rectangle Sormaticn
and , so long as we can an
iscm aticsl structures. the
a . 2 N R .

square on and writing &  are, accerdingly , ©oniy
&ifferent rames for wnat is the same mathematical cperation, CnNCE
we have stripped 1 rien. 1t is, therefore,
altogether fitt o h o
"But what i

loss of in

algebraic

of Greek
What does need pointing cut is the fact thax what the prop -
of "gedmetric algebra'l have taken as a virtual mathematical verity
(namely tne alleged isomorphilsm between the structures of
itric algebra' and modern day elementary algebra) is, in fact,
) {nothing more than a superficlal similarity that conveys noti
3

isignificant sbcut the sundamental character and assumptions
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(Greek geometry, For, as we have already seen, the attempt to

integrate the fundamenta; CPerations of "geometpie arithmetion
into Greek geometry (i.e., the attempt to view these Operationg
as already embedded within the Greek System) leads to immediate

[0t enough 14 point OUt, as 35 vag Héﬁ'Wééﬁaeﬂ*éﬁa“Fféudenthal,
that thepe is a ”resemblance” between Some of the bropositions ip
Books 11, x, and XIII apg Various familiarp algebraic identities,
were actually algeﬁraically motivated, One must 43
is Consistent With what we f
i of (3 ; the

o G

by lines) ed, subtrae ed,
€V could pe manipulated as Guanti-
ST Properties o= elementar; algebry
étc.),and treated ag Constants
Uations; if all thar is true, then
sreeks, wa;wn?mberf And yet the p?3~
Seem to bé most reluctant tq follow
vitable conclusicn, szpg for s very
d of evidence that woulid Support

ba L geometric Cperations, whose "arithmetic

explicitly Stated, amounts, in our opinion, to

&N inversiey ©f Mmeans and engs. For while the Practitioners of

"geometrical algebprg” hold o the view that the gometrical forp

{in, fop eXample, the "aprlication cf areas") j; incidental to the

rue algebraic content, it ig oy Contention that "arithmetic
——sTrlaic

Content! ;g n

h <
4]
o]

o]

[
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operations and quasi-"algebraic" relations were never an end unto
themselves, but were always used as a means for the solution of
problems that were grounded primarily, if not exclusively, in the
rich soil of Greek geometry.

v
b

5. Ve have seen sc far that the attempt to understand Greek
mathematics as 'geometric algebra' requires fl“St of all an appro-
Drlate _system of ar*fhmeflcal ooeratlons, i. €., geometrlc

ahlthmetlc ,/' and, secondly, something even more fuqcanental ‘an
appropriate gecmetric quantity, upon which the arithmetical syster
£an ocperate, Botn of these a“e essential ingredients without whic
tne possibility of Eav1ng a "geometric algebra" is simply unthink-
able. The appropriate geometric quantity for "geometric arithme-
tic" is the Greek “Othn of magnitude, and it is for this reason

. . . . e
If Heath never explicitly endorses this view, he certainly
gounds a sympathetic note, by continuing:

ertain it is that there is an exact correspondence, &lmostT
coincldence, between Euclid's definizion of equal ratégs

- . . s 1, /
and the modern thecry of irrationals due to Dedelind.

- +hat:
And, after explaining this correspondence, he conciudes tha

«.. EBuclid's de lnition div*des al
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Now, what Heath Says hepre is, strictly speaklng, éoﬁrect;

there is, lnterestingly €hough, 4 very Close, mathematical Corpe.
Spondence betweer Definition V.5 ang the Dedekind Cut, Howevep

3
8Ssigneq & reaj Aumber | ;. <an bhe Proven thas all the "holeg" are
Led in, or, to Speak in more mathematical terms, that, i, thisg

this. There ; ne QUestiop or constructing something cut of Some-
thing else, becayse the Paties themselves, which ars the cbject of
the deflniticn, re already given, they already exigt, Nor ;¢
therg any 1hteregt in shcwing that the Cellectiop of a1l Tatics

forms 4 Completea Space (i.e, showing that a3, Cauchy S€gquenceag
converge). What the Greejk mind jig interested in ig defining
. - =, ‘\\\\

the modern’nbtion of (positiVe) Teal numberp.

1Mportan s part of what hag been well Called geometricg) alge-

bra, the Mmethogd, Namely | of aaglication of reas. e have

Seen that this method Working by the representation of pro-
- .. < ;

Some Particuiay Quadrat ;. €quationg, But the limitationg
°Ff such 4 methgq are Obvioys . So long ag generg] quantities

are TePresenteq by Straight lines only , we €annot, if oup
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geometry is plane, deal with products of more than two such
quantities; and, even by the use of three dimensions, we
cannot work with products of more than three quantities,
since no geometrical meaning could be attached to such a pro-
duct. This limitation disappears so SOON & We can represent
any general quantity, corresponding tc what we denote by a
letter in algebra, by a ratio; and this we can do because, on
the general theory of proportion established in Beok V, a
ratio may be a ratio of two incommensurable quantities as
well as of commensurables. .Ratios can be compounded ad
infinitum, and the division of cne ratio by another is equal-
it is the same thing as compounding the first
inverse of the second. rrhu's e.g. i

S Seen

[ N

the ceoeffic adra
n be repr Ta_;
solurion oF
ing t o

[8]
Ne)
.o
h

=

regerding
as quadratic
in e we wish
cr n order o gel
cr that acco
T to sugges
T ratios, and gl r
T ‘ratios. His assertic ies
= for the Greeks, math
Y at, sc far as we are a
s Sreek mathematics wher e C-
fermaticn are replaced by ratios an com-
g them in order To obtain ctherwis
re in his commentary, Heath revert
cutlock, that the cper
ratios is knewn in Gr ek geometr y.92 H that
compoundl same as forming e g
lines is T Moreover, were i case, Cne WOIT
ders why t { heuld ever have bothered with their ''geomée-
tri " — it would have been so much easier simply
deas L2

it is our impression that Heath's

Lo

3
are nothing more than an ex post facto reconstruction with no
historical basis whatscever.

In our opinion, the proper yersPect1ve on Greek magnitude ";-
ratic comes from viewing them as gﬁounced in nothing more than the
no*;on of size {wniixétng). He ptly suggested t?at the .
: between nc51*-ude_ cho¢, and size, TTAIKETNG cab
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2Ute Possessed by
. Ratio, on the ofﬁé?‘ﬁéﬁaj~3§: tomﬁgraphrase Eucliq,
9u0f Pelatiop between t} {
kind, 9% i i

X Of the
"geometria ;
which

to have ;
lewed 48 numben
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System w3+
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NOTES
}
*The contribution and original ideas of David Rowe, a Ph.D. candi-
date in mathematics and a graduate student in .the history of sci-
ence at the University of Oklahoma, constitute a major and sub-
stantial portion of this study. Rowe's work is part of a forth-
coming Master's thesis in the History of Science.

1nThe Soul and the Word leave [the body] through the same
orifice."

27Pp3ité Flémentaire de Chimie, 2 vols., vol. 1 (Paris, 1789),
pp. V-VII (""'Discours Préliminaire").

JAfter Bazbel: Aspects of Language and Translati
etc.: Oxford University Press, 1975), pp. 24, 216, 3
As quoted in ibid., p. 81.

Ibid., p. #02.

As quoted in C. K. Cgden and I. A. Richards,”
(New York: Harcourt, Brace and World, Inc., n.d. — fir

1823), p. XXIV. :

erpretation of Cultures {(New York: Basic Books,
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i lized reijcinder
ter m “ﬂy exertions, in Unguru, "History of
I s: Some Reflections on the State of the Art,”
ol. 70, no. 254 (1979), pp. 555-565. The preceding list
exhaust the numercus reactions to the "On the Need to
h "_article. Most of these reactions, however (ail of the
favorable ones), came in private ccmmunications from colleagues,
friends and students, either in perscnal lettersz (scripta m
cr orally {verba volant).

10vEistory of Ancient Mathematics," p. 53%.

lllbld

12%nile one canmnot &
Algedra and What has it te
there being no "Supreme Court to decide such gquestions" as "What
is algebra?", it shculd be clear that the implications inherent
in his retort to Unguru ("But What is in a name?", ibid., p. 194)
lead to precisely the kind of disregard for the historicity of
ideas that we find exemplified sc well in van der Waerden's Science
Awakening {(New York: John Wiley and Sons, Inc., 1963, hereinaftel
referred to as SA). Thus algebra is, more or less, anything one
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Wants it to he, For Freudenthal, the ”ability to describe rela-
tions and Solving Procedures | apg the techniques involved ip a
genera) Way, is ... such an important feature of algebraic\think—

As in that baper, here too we take algebra to be that branch of
Mathematicg whose pPrimary PUrpose ig finding unknowns, i.e, solv-
ing fquations. In the final analysis, the approach of Freudenthgy
and van dep Waerden ig nothing mope than g convenient coven for

a@ll those who wish to transcribe ancient mathematicg into modern
SYmbolism with impunity, and ix inevitably leads to 4 confusion
between the SUppesitions that govern the practice of ancient mithe-
Matics and those which Eovern our own. C f

niques of alternation invers: i

Conversion ¢ :
Tents, ( Sily Presg) 1908}, here.
inafrep ol = Vol. 2, o 1ib4-115) I ic operg-
Tiong" t} e 3 ES o
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T in the Criginal per in
Defence of a ’Shockidg'

ons themselveg 478 not withous
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0 .
Hy m

‘NS akoyt Neugebauer's OWh translation. For exam-
transiates "m8glichst unbestimyen Pigitam oy
ient" (MKT, II1, p. 5), while Thureau—Dangin translates i+
YS as ”l'unf?g;” (ibid., P- 11) and Points out that "ia sig-
cation est tyag uncertaine” (jbig
17cee O. Neugebauer, The Exact ¢
B Princeton Jniversity
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181hid. , chapter II, "Babylonian Mathematics," pp. 28-53.

190, Neugebauer, Vorgriechische Mathematik (Berlin: Springer-
Verla%, 1934 ; reprinted Springer-Verlag, 1969), p. 33,

095: text to note 14 above.

21"Defencej" p- 200, our italics.

227bid. ,

23Tpid.

247 Fter Babel, p. 296.

25Most of these alternative interpretations are, however,
algebraic. Cf. S. Gandz, "The Origin and Development of the Qua-
dratic Equations in Babylonian, Greek and Early Arabic Algebra,"
Osiris, vol. 3 (1938), 405-557; Kurt Vogel, Vorgriechische
Mathematik, 2 vols. (dandover: Paderborn, 1958-59); "Bemerkungen
zu den quadratischen Gleichungen der babylonischen Mathematik,"
Osiris, vol. 1 (1936), pp. 703-717; "Zur Berechnung der quadratis-.
chen Gleichungen kel den Bauylonlc n," Unterrichtsbldtter fur
Mathematik und Naturwissemschaften, vol. 35 {(1¢ 33), pp. 76-81;
alsc, Thureau-Dangin's works.

26ug4h abylenian Algebra: Form vs., Content," Studies in History
and Philosorhy of Sciencs, vol. 1 (1970-71), pp. 369-380.

271bid., p. 377. Manoney's essay should be read in its entir-
ety for the cogent criticism it contains of Neugebauer's (i.e.,
van der Waerden's) approach.

28v7um Problem der sog. 'Gecmetrischen &lgebra' in Euklids
Elementen,'" completed in 1975. We had no access to the printed
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czl Thought and the
Press, 1568), pp.
elongs to the category
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of tAeoretwcdl logi st
5

330p. cit., p.

34pddition and subtraction can be found at the very Deginning
of the Elements in Common Notioms 2 and 3, which state that equal-
ity is yPcSG“VEG when squals are added (res;ect*we'y subtracted)
tc (or from) equals. These principles can be seen in practice in
the proofs of Propositicns I.47 and IX.1il. Multiplication and
ratic formation do not occur until Book V, where they are funda-
mental to the theory of general proportion that 1is develecped
therein. CFf. EE, vol. 2, pp. 113-114, for the use of multiple
(norramidoroc) and the definition of ratio (Aéy0¢). The concept
of ratio that appears in Euclid (Definitions V.3 and 4) is for

itio
some modern tastes rather opague, and D. H. fowler ("Ratio in
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Early Greek Ms

. thematics,” Bulletin of the American Mathematical
Soc1e£z, vol.‘i (1979), 7o. 6, pp. 807~846, °n p. 812) has even
dCgued thayt AGyo¢ should be taken zq an up i Bo
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with concepts — in the nature of ouwr cwn intentionality." By
intentionality Klein means, "... the mode in which our thought,
and also cur words, signify or intend their objects" (p. 118).
Thus he continues: "Ther necessity of abstaining as far as possi-
ble from the use of modern concepts in the interpretation of
ancient texts is therefore generally accepted, and even stressed.
It is clear, to be sure, that the feasibility of an interpretation
not based on modern presuppositions must always be limited; even
if we succeed in ridding ourselves completely of present-day sci-
entific terminology, it remains immensely difficult to leave that
medium of ordinary intentionality which corresponds to our mode
of thinking, a mcde essentially established in the last four cen-
turies. On the other hand, the ancient mode of thinking and con-

ceiving is, after all, not totally 'strange' or closed to us.
Rather, the relation of our concepts to those of the ancients is
oddly 'ruptured' — our a@pproach to an understanding of the worid
is rooted in the achievements of Greek science, but it has broken
locse from the presuppositions which determined the Greek develop-
ma if to clarify our own ccnceptual presuppos
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*2on. ds tnis pracrice employed only in the late Hellenis-
tic peri T example in Heron (fl. 2nd nalf of lst Cent. A.D.).
W= have tered such an example above (see text to n. 30).
“3ue view &s expressec in BE, vol. 1. p. 178.
By D. 281,
L*Srfhomas, SCM, vol. 1, .
“8Sse pel discussion , o, S, Fer oa
1.47, cf. DD. 34E-50 followed
n 350-368.

TII, no. 5 or EE, vol. 1, pp. u402-4C3.
his liberation 5-magnAtude from gecm-
iéte (1540-1603), in his In artem
tion tc the &nalvtical Art) which first
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dbpeared ;i 1591, In Chaptep I (pp. 322-32y4 of the aPpendix ¢4
Jacop Klein’s Greek Mathematiéél Thought a rigi

Egé) Vidte laid doug his ”stipulations s governing equa-
tions and proportions." These principles give 4 g%od indidation,
Of the enormeyg €3p that exigtg between the "arithmet;an Opera-

Symbolga include the Common Notiong of the Eiements, and Many of
the Cthers ape Simjilap to Pesultg that gpe Proven jp the E)

~EMentg
(cr, Klein! 1 ting ip °b. cit., P. 263), But, significantly,
there are alsg Severg Qigebrgie Tules thgt are miSSlng from Luclij
like

2aly gre divideg by Squals, +he
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are equa]l ¢o one
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ibig, b. 323),
5§”Equal triangles Which ape °n equal bases ang SN the same
Side apre also in the same Paraliejgn (ibid., P- 337).
367y Simplest way tqo Prove 1 454 is to make 4 slight modi-

“4€ Drogf of

A
T.ys, The Proof ip Euclig Uses 1,45
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605eath's remark in EE, vol. 1, p. 3H47.
611n Book X a means is established for classifying various
types of incommensurable magnitudés. The basic idea can be seen
from Definition X.2, which introduces the notion of magnitudes
(represented by lines) that are commensurable im square (Syvauel =
GUNUETPOL), i.e., lines the squares oOn which are commensurable
«ith one another. Thus if a given line is taken as unit, the
collection of all lines which are commensurable in square with
this given line includes all of the lines commensurable in length
(uhker) with the given line as well as many others besides, €.&-»
the diagonal of the square on the unit, for t+he square on the diag-
onal is exactly twice the area of the unit square, and hence 1is
commensurable with it. One sees here, then, +he attempt IO uti-
iimensicnal figures in order to make assertions about
{ gures, namely lines. Moreov theye are numer-
X -

ou es thro: Bock X wherein ‘applicatics £ areas” 1is
ttilized. In fact, almost everywhere that one two-dimen
sicral figure Bock roof accompany + involves an
"application

41, 80-65, 7

sionally the

with ''excess

{Cf., for ex

nformaticon

I i

{ude (cI. ¥.1i11, EE, vol. 3. PP« H
tive, not quantitative. ~here is absolutely 1o
F Ffepent magnitudes within a given "eguivalence © .
is irrelevant. Furthermncre, there 15 & strict adherence to the
sptegrity of dimension throughcut Bock X. Although informatiod
pertaining to the sguare on & 1ine 'is utilized to make assertions
about the line jtself, there is not the sliightest suggestion &y~
where that one can correlate magnitudes of different dimensions by
using’zatios or anything else.

62pp, vel. 1, T 3u7.
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631bid., p. 372.
SYEE, vol. 2, pp. 277-42y,
S3CE., SA, pp. 168-172.
SSEE, vol. 2, p. 221.
°’EE, vol. 1, p. 37,
°EE, vol. 2, p. 187,
59Cf., Aristotle, The Works Of Aristotle, ed. Ross (Oxford/
London:~_bxford University Press/Humphrey Milford, 1937 reprint
of the 1st ed. of 1928) vol. 1, Analytica Posteriopa, 1.5, 74¢
17-25,

721b3d., .. 278,
73Definition V.20 "The greater is a multiple of the less
when it is measureq by the less™ (ibid., p. 113V,
78Thid. p. 114, .
‘>Ipid. '
76This multiplication, viewed as & inary operation, does not
sarily involve hemogenecus magnitude
at

necessa S. The homcgeneity
restriction arisesg only when muitiplic ion is viewed as an n-folid
@pplicarion of addition.

7’Proposition V.l8: v1f magnitudss be Eroporticnal Separando,
they will alsc be properticnal compenendo! (ibid., p. 163}, i

78?roposition V.i8: "If 35 & whole is to g whole, so is a
part subtracted to = Part subtracted, the remainder will also be
To the remainder az who ® to whole" (ibida,, p. 174},

792uclid aSSumes, in the course of troving Prop, V.18, that
ELVeN an arbitrary ratic and an arbitrary magrnitude, there exists

4t, as Heath rightly points cut, this is
D. 163-170).
dY

80In this context, Euclid's Temarks in the Data are pertinent,
2ta reads: "A ratio Is sald to he

nagnitude to a given magnitude
h it can be foung" (The Eiements of
uclid, Books I-vi, x1, XII, and the DPata, ed. R. Simson (London:
QT e D3 Dy AL o T, e ae N
G. Woodfall, 20th ed., 1822), p. 259). This indicates the usual
£ (as well as the name) when solving for the fourth propor-

i.e., one is given a pair of hemogeneous magnitudes and a
thir magnitude, from which cne t ! 3!

vt -+~ e
“

i
s when a ratio of g gi
hich is the same ratioc wit

<
)
]
=

£
consiruct a fourth magnit

tios between the EivVen pair and the latter two

magni
8lEE, vol. 1, p. 374,
82D{5ksterhuis was also one of the first (o recognize the
dangers inherent in the notion of "geometric algebra." The follow-

ing passage, "translated" by E. M. Bruins, from the second volume
of De Elementen van Euclides was  wriften in 193p and shows that

the main features of the present situation were already recognized
even fifty years ago:
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The second Book of the Zlements, elaborating the proposi-
tions I. 43-47, brings about the foundation of & method of
research typlcal for Greek mathematics of which the impor-
tance can be briefly depicted indicating that it enabled
the Greek mathematicians to obtain without the help of an
algebra a great number of results, which in our times seem
to be almost inseparably connected with an application of
algebraic concepts and methods to geometry. The explanation
of this theory is rendered more difficult by a danger, which
always threatens everybody, who wishes to write about Greek
mathematics from the modern point of view, but here in par-
ticular, namely, that one using to ewplain classical reason-
ings — for abbreviation and clarification — medern concepts
, comes to ascribe to t 1ese reasonings a tenor
orically., they did not have. i
thus

i b
e hus much exactly for the subject which Is to be
treated now, bzcause, as we shall see, the steps of the Greek
mathematical argument can be rendered cne by one in the
1an; g r od T t
1 g
c

u

between whi we discovar
method. The method applil
Zeuthen, by gecmetric alg
himeelf formulztes 1t, 'Ya
irraticnale sowie rationa
als die gawdhnliche Sprac nu
anscheulich zu machen und
stall in this work net foll
to the use of the word "a-'
forward, that the Greek m

jole
fFPUQéWLh*L "What 1s Algebra,' p. 1894.
BJUnguru, op. cit., pp- 73-76, 88-89, passim.
86EE, vol. 2, p. L124. '
S’Ibld.
88Tpid., p. 126
haben die Griechen &

. Oskar Becker ("Eudoxos-Studien II. Warum
je Existenz der vierten Proportionale
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S%genommeny v Q.u.S., B, voi. 2, 1933, PP. 369-387) has amplified
thig inteppretation that the Dotion of the Qedekind Cut is~already
implic1t in eariy Greek mathematics, by,relating it to the "method
of exhaustion, " Since Deflnition V.5 ang the "method of exhays-
tion" gpe both generally attribyteq to Eudoxus, Becker 3uUggestg
that i+ jq he who ig behing the deVelopment of thig (rather too)
SCphisticated idea,

%4 Sequence (xn) is Cauchy 1f, given any e > g, there
exists ap integer N, Such thay fx - x [ <. for z11 o,m > N,

The dSsertigp that the S€Quence (4 ) COnverges means that thepg
L

With the Preperty that, given any e > g thep
] ;
: s - x|

iz

R

e e, R




