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Although his negative work brought Quine into philosophical prominence by
the 1950s, he had already developed a positive philosophical vision, which he
expanded and refined during the next forty years. Both the power of Quine’s
criticisms and the depth and scope of his positive views combined to make Quine
an influential—perhaps the most influential—philosopher of mathematics today.
He set the agenda for many current discussions: the role of convention in logic
and mathematics, the nature of the a priori, criteria of ontological commitment,
the indispensability of mathematics in science, the reducibility of mathematics to
logic, the nature of logic, and the value of ontological parsimony.

Here is a very brief overview of Quine’s philosophy of mathematics. Its
fundamental feature is a combination of a staunch empiricism with holism. These
are the ideas that the ultimate evidence for our beliefs is sensory evidence and that
such evidence bears upon our entire system of beliefs rather than its individual
elements (whence the phrase “the web of belief”). This means that our evidence
for the existence of objects must be indirect, and extracted from the evidence for
our system of beliefs. Thus it was essential that Quine develop a criterion for
determining which objects our system commits us to (a criterion of ontological
commitment). Seeing science as the fullest and best development of ‘an empirically
grounded system of beliefs, Quine heralded it as the ultimate arbiter of existence
and truth. Mathematics appears to be an indispensable part of science, so Quine
concluded that we must accept as true not only science but also those mathe-
matical claims that science requires. According to his criterion of ontological
commitment, this also requires us to acknowledge the existence of those mathe-
matical objects presupposed by those claims. Finally, we usually take ourselves to
be talking about a definite system of objects. However, there is enough slack in the
connection between our talk of objects and the evidence for it that one can
uniformly reinterpret us as referring to another system of objects while hold-
ing the evidence for the original system fixed. Thus we have ontological relativ-
ity: only relative to a fixed interpretation of our beliefs is there a fact as to our
ontology.

This chapter will focus on Quine’s positive views and their bearing on the
philosophy of mathematics. It will begin with his views concerning the rela-
tionship between scientific theories and experiential evidence (his holism), and
relate these to his views on the evidence for the existence of objects (his criterion
of ontological commitment, his naturalism, and his indispensability arguments).
This will set the stage for discussing his theories concerning the genesis of our
beliefs about objects (his postulationalism) and the nature of reference to objects
(his ontological relativity). Quine’s writings usually concerned theories and their
objects generally, but they contain a powerful and systematic philosophy of math-
ematics, and the chapter will aim to bring this into focus. Although it will oc-
casionally mention the historical context and evolution of Quine’s philosophy, it
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2.1. Holism: The Basic Idea

When 1 speak of holism here, 1 shall intend epistemic or confirmational holism.
This is the doctrine that no claim of theoretical science can be confirmed or refuted
in isolation, but only as part of a system of hypotheses. This is different from
another view frequently attributed to Quine, namely, meaning holism, which is
roughly the thesis that an expression depends upon the entire language containing
it for its meaning.

Quine used a number of metaphors to expound his holism. The following pas-
sage from “Two Dogmas of Empiricism,” which is an early and particularly strong
formulation of his view, uses the metaphors of a fabric and a field force:

The totality of our so-called knowledge or beliefs, from the most casual
matters of geography and history to the profoundest laws of atomic physics or
even of pure mathematics and logic, is a man-made fabric which impinges

on experience only along the edges. Or to change the figure, total science is like
a field of force whose boundary conditions are experience. (Quine 1951, 42)

In a later book with Joseph Ullian, the operative metaphor was one of a web,
reflected in the book’s title, The Web of Belief (1970).

Whatever the metaphor, holism is based upon an observation about science
and a simple point of logic. The observation is that the statements of any branch
of theoretical science rarely imply observational claims when taken by themselves,
but do so only in conjunction with certain other statements, the “auxiliary” hy-
potheses. For example, taken in isolation, the statement that water and oil do not
mix does not imply that when I combine samples of each I will soon observe them
separate. For the implication to go through, we must assume that the container
contains no chemical that allows them to homogenize, that it is sufficiently
transparent for me to observe the fluids, that my eyes are working, and so on.
Hence—and this is the point of logic that grounds holism—if a hypothesis H
implies an observational claim O only when conjoined with auxiliary assumptions
A, then we cannot deductively infer the falsity of H from that of O, but only that
of the conjunction of H and A, H & A. Furthermore, insofar as observations con-
firm theories, the truth of O does not confirm H but rather H & A. Strictly speak-
ing, it is systems of hypotheses or beliefs rather than individual claims to which
the usual, deductively characterized notions of empirical content, confirmation,
and falsification should be applied.

Pierre Duhem expounded these ideas at the beginning of the twentieth cen-
tury, and defended the law of inertia and similar physical hypotheses against
the charges that they have no empirical content and are unfalsifiable. One way of
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putting the law of inertia, you will recall, is to say that a body remains in a state of
uniform motion unless an external force is imposed upon it. Since we can de-
termine whether something is moving uniformly only by positing some observ-
able reference system, this law, taken by itself, implies no observational claims.
Furthermore, by appropriately changing reference systems we can guarantee that a
body moving uniformly relative to our present system is not relative to the new
one, and thereby protect the law against falsifying instances. All this troubled the
law’s critics, because they believed that it should have an empirical content and be
falsifiable. Duhem responded to their worry by observing that the law readily
produces empirical consequences when conjoined with auxiliary hypotheses fixing
an inertial system; and that in needing auxiliaries to produce empirical conse-
quences, it was no different from many other theoretical principles of science,
whose empirical content everyone readily acknowledged. Thus the law’s critics
could not have it both ways: to the extent that their critique challenged the em-
pirical status of the law of inertia, it also challenged that of most other theoretical
hypotheses. (Duhem 1954).

Using logic to extract observational consequences from the law of inertia also
depends upon including mathematical principles among the auxiliary hypotheses.
Duhem drew no conclusions from this about mathematics. But Quine subse-
quently did, as the quote above indicates. Using the very strategy Duhem used in
defending the law of inertia, he argued that even mathematical principles, which
by most accounts are just as unfalsifiable and devoid of empirical content as the
law of inertia, share in the empirical content of systems of hypotheses containing
them (Quine 1990, 14-16).

In his later writings Quine toned down his holism. In speaking of “the totality
of our. .. beliefs,” the passage quoted above gives the impression that each of our
beliefs and observations is connected logically to every other belief and obser-
vation. In Word and Object, Quine notes this and qualifies his holism:

... this structure of interconnected sentences is a single connected fabric in-
cluding all sentences, and indeed everything we ever say about the world; for the
logical truths at least, and no doubt many more commonplace sentences too, are
germane to all topics and thus provide connections. However, some middle-sized
scrap of theory will embody all the connections that are likely to affect our
adjudication of a given sentence. (Quine 1960, 12-13)

(Note also the footnote to the first sentence of this passage:

This point has been lost sight of, I think, by some who have objected to an
excessive holism espoused in occasional brief passages of mine. Even so, I think
their objections largely warranted. (p.13)

So long as these “middle-sized scraps” of theory contain bits of mathematics,
Quine’s points about its falsifiability and empirical content will continue to hold.
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2.2. Important Consequences of Quine’s Holism

Let us note some important consequences of Quine’s version of holism. First, and
foremost, it entails rejecting the distinction between empirical and a priori truths,
where the a priori truths are those that are known independently of experience
and immune to revision in the light of it. This is because, for Quine, experience
bears upon bodies of beliefs and, insofar as it may be said to bear upon individual
beliefs of a systern, it bears upon each of them to some extent. Quine rejects other
means for distinguishing between the a priori and the empirical, such as the use
of a priori intuition, self-evidencing truths, or sentences true by convention or
by virtue of the meanings of their component terms. Thus no belief is immune
to revision in the face of contrary experience. As Quine famously put it in “Two
Dogmas”:

... it becomes folly to seek a boundary between synthetic statements, which
hold contingently upon experience, and analytic statements, which hold come
what may. Any statement can be held true come what may, if we make

drastic enough adjustments elsewhere in the system. Even a statement very close
to the periphery [of experience] can be held true in the face of recalcitrant
experience by pleading hallucination or by amending certain statements of

.the kind called logical laws. Conversely, by the same token, no statement is
immune to revision. (Quine 1951, 43)

. Second, although Quine acknowledged abstract objects and their perceptual
inaccessability, and even spoke of some of our beliefs as arising from observation
and others as arising through the exercise of reason, this provided him with no
epistemological distinction for privileging statements about abstract mathematical
objects. The difference here is simply one of degree rather than of kind.

Mathematics does not yield a priori knowledge, though it seems to proceed
largely through the exercise of reason. What, then, of philosophy? Since, for Quine,
there is no a priori or conceptual knowledge, any knowledge that philosophy can
impart about science must be a piece of science. This is part of what Quine calls
naturalism. Here are two passages characterizing it:

-~ . naturalism: abandonment of the goal of a first philosophy. It sees natural
science as an inquiry into reality, fallible and corrigible but not answerable to any
supra-scientific tribunal, and not in need of any justification beyond observation
and the hypothetico-deductive method. (Quine 1981b, 72)

-..naturalism: the recognition that it is within science itself, and not in some
prior philosophy, that reality is to be identified and described. (Quine 19814, 21)

As we will see below, Quine’s naturalism is a key component of his argument for
mathematical realism (see chapters 13 and 14).
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Several interesting questions now arise concerning Quine’s own philosophical
theory: What is its status? Is it to be a contribution to knowledge? And if it is
knowledge, what is its source? Now philosophers commonly distinguish between
normative and descriptive epistemology. The former assesses our ways of knowing
and systems of beliefs with an eye toward improving upon them; the latter merely
describes them. Many of Quine’s more recent pronouncements concerning epis-
temology indicate quite clearly that he takes himself to be pursuing it descrip-
tively. For example, in “Epistemology Naturalized” we read:

Epistemology, or something like it, simply falls into place as a chapter of
psychology and hence of natural science. It studies a natural phenomenon, viz., a
physical human subject. The human subject is a accorded a certain experimen-
tally controlled input—certain patterns of irradiation in assorted frequencies,
for instance—and in the fullness of time the subject delivers as output a
description of the three dimensional world and its history. The relation between
the meager input and the torrential output is a relation that we are prompted
to study for somewhat the same reasons that have always prompted episternol-
ogy; namely, in order to see how evidence relates to theory, in what ways one’s
theory of nature transcends any available evidence. (Quine 1969b, 82—83)

Can we interpret Quine’s doctrine of holism as a piece of descriptive episte-
mology? As I noted earlier, holism arises in part from observing scientific practice
and noting that scientists usually make numerous auxiliary assumptions when
designing experiments for testing their hypotheses. That they do so is a straight-
forward descriptive claim that in turn can be scrutinized scientifically. But this is
not enough, since this claim will not yield the conclusion that no statement of
science is immune to revision.

Curiously, I don’t think that Quine intended his claim that no statement is
immune to revision as a description of what scientists have done or as prediction
of what they will do. He would be the first to emphasize how radical it would be
to revise mathematics in order to save a scientific theory. Perhaps he meant the
conclusion as remark concerning the methodological code to which scientists
subscribe. This remark could be counted as descriptive epistemology and again be
subjected to scientific scrutiny, although, due to its imprecision, the results are
likely to be inconclusive. However, I am inclined to read Quine as claiming that
not only do scientists use auxiliary assumptions, they must do so to deduce testable
conclusions from their hypotheses. If scientists must use auxiliary hypotheses,
then it would follow that a negative test result would only call into question the
conjunction of the auxiliaries and the main hypothesis rather than the main
hypothesis alone. So, absent further specification, revising any component of this
conjunction would violate no law of logic. Moreover, given that scientists freely
draw our auxiliary assumptions from the entire body of science, we can arrive at
the more general conclusion that circumstances could arise in which logic would
permit revising any one of our (nonlogical) beliefs.
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On the reading of Quine that I am offering, the claim that none of our beliefs
Is immune to revision amounts to the thesis that from a logical point of view,
none of our beliefs is immune to revision. Now, in speaking of what logic permits,
I have been using normative terms. Thus one might wonder whether Quine’s
holism is a piece of normative epistemology after all. [ think not. In the case at
hand, apparent normative talk of what logic permits is only a metaphorical sub-
stitute for descriptive speculation about how various arguments would fare when
subjected to standard logical tests. Nor in applying logic do we involve ourselves

in the a priori—provided, of course, that with Quine we reject the distinction
between a priori and empirical knowledge.

2.3. Holism and Logic

But what of logic itself? Doesn’t its role in forging the connections between theory
and experience give a kind of a priori status, some immunity to empirical falsi-
fication? While we know that in “Two Dogmas™ Quine counted the laws of logic
as part of the fabric confronting experience, the next passage seems to reflect a
change in his view. Here he is discussing the options we have when revising a set
of sentences § in the face of failed prediction (a “fateful implication”):

Now some one or more of the sentences in S are going to have to be rescinded.
We exempt some members of S from this threat on determining that the
fateful implication still holds without their help. Any purely logical truth is thus

exempted, since it adds nothing to what S would logically imply anyway. ...
(Quine 1990, 14)

Quine’s point here is that giving up a logical truth to repair S is idle. For let L be a
logical truth and W any sentence or conjunction thereof. Then the conjunction of
Wand L implies a sentence O only if W alone implies O. To deactivate the fateful
implication, we must revamp logic at least to the extent of refusing to recognize
that S has the implication in question.
Now one might wonder how any revision of logic could even be an option for
us. For without logic a failed prediction would be neither connected to a theory
nor contrary to it. But this kind of worry can be set aside. Of course, without
some logical framework, hypothesis testing could not take place, but that does not
mean that the framework and the hypotheses tested cannot both be provisional.
Obviously, revisions in the framework must come very gradually, since after
changing it, we will need to determine whether previously tested hypotheses still
pass muster. Thus, instead of denying all instances of, say, the law for distributing
conjunction over alternation, we might reject certain applications of it to quan-
tum phenomena. In this way there would be no danger of lapsing into total
incoherence. Nor need we abandon the norms surrounding deduction. While we
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data. But does this refute Quine? Let us take a closer look at these objections. As [
see it, they reduce to two points. The first is that Quine is wrong about the
revisability of mathematics and logic, and they are a priori, or at least Quine has
not shown that they are not. The second is that holism cannot be correct, since it
excludes important forms of reasoning used in science and mathematics. Thus
Quine’s argument, based as it is upon holism, fails to show that mathematics and
logic are not a priori,

Sober seems to be urging the first point when he points out that there are very
few mathematical statements that we know how to test empirically in any rea-
sonable sense of empirical testing.” Now this would tend to favor the apriority of
mathematics if we knew how to test empirically almost all statements of theoretical
science. But in fact we don’t know how to apply the sorts of specific tests that Sober
has in mind to the framework principles of the various branches of science. They
function as the background principles that we hold fixed when testing lower-level
hypotheses. For example, we don’t know how to test the hypothesis that space-
time is a continuous manifold, and, given quantum mechanics, this may be un-
testable in principle. (To put my point in Kuhnian terms, the framework principles
are part of the paradigms held fixed while we do the testing that is part of ordinary
science.) If we take Sober’s idea to heart, we will count much more as a priori than
tans of the a priori want. Furthermore, we might find ways of testing many more
mathematical statements if we tried. At best we have a notion of the a priori that is
relative to our current ability to design empirical tests.

On the other hand, one might argue against Quine that as a matter of fact, we
have never revised an established branch of mathematics in the face of empirical
findings, and thus have little grounds for thinking that it is revisable.” Of course,
never revised does not entail not revisable, and even Sober admits that when an
observation falsifies a prediction, there is a choice of revising the main hypothesis
or the auxiliary assumptions. (Sober 2000, 267). The problem with this response is
that no well-formulated methodology recommends taking the choice of revising
the mathematics contained in the auxiliary assumptions. Quine’s own suggestions
(e.g., that we revise so as to obtain the simplest overall theory and try to save as
much of our current theory as we can) are too vague, and fail to lead to a unique
outcome. Furthermore, we have no reason to believe that revising mathematics or
logic will ever lead us to a theory that would even count as optimal in comparison

* Many philosophers would argue that no mathematical statement can be tested
empirically. However, Sober cites a mathematical conjecture that he takes to have been
tested empirically (Sober 2000, 268~269). I have also argued for the empirical testability of
certain mathematical statements (Resnik 1997).

? Let us set the case of Euclidean geometry to the side, since there is much contro-
versy as to whether in using non-Euclidean geometry in general relativity theory, Einstein
falsified a mathematical theory of space.
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with its competitors.” But, perhaps it is enough that revising logic or mathematics
could lead us to a theory that is at least acceptable, if not optimal. Ruling this out
would appear to beg the question by assuming that any theory arising from
revising mathematics or logic is unacceptable. We may have arrived at a standoff
here. Quine and his fans see revising mathematics and logic as a live option to be
used only when we must take extreme measures. His opponents fail to see how it
could ever be appropriate to exercise this option.

We still have to consider the second point: that holism cannot be correct,
since it excludes important forms of reasoning used in science and mathematics.
The strategy I will use here is to try to show that even within the framework of
empiricist holism, one can make sense of the scientific and mathematical practice
to which Sober, Chihara, and Parsons have called our attention.

Duhem noted that scientists often leave their auxiliary assumptions un-
questioned in the course of testing hypotheses, and thereby take the evidence they
obtain as bearing upon the main hypotheses. Duhem said that ordinarily this was
just using “good sense,” but he added, “These reasons of good sense [for favoring
certain hypotheses] do not impose themselves with same implacable rigor that the
prescriptions of logic do” (Duhem 1954, 217-218). Holists may readily admit that
it is rational for scientists to fix certain hypotheses (as auxiliaries) while testing
others, and thus also rational (in the practical sense) for them to act as if the
evidence they obtain bears upon the specific hypotheses being tested. Holists can
thereby accommodate the type of hypothesis testing that Sober applauds. They
will simply deny that, independently of our holding the “auxiliaries” fixed, a
logical (or a priori) evidential relationship obtains between the hypotheses tested
and the evidence.

Let’s develop this point further. In practice the various branches of science
take large blocks of theory for granted. Molecular biology, for example, is de-
veloped within a framework that draws upon principles of more general theories,
such as chemistry, physics, and mathematics. We also find a division of labor in
the sciences: mathematicians normally do not meddle in physics nor physicists in
mathematics, and biologists and chemists are normally not competent to suggest
changes in mathematics or physics even when they might want to see it changed.
As a result, when something goes awry in a relatively Jocal science (say, biology), it
is not likely that practitioners of more global sciences (say, physics or mathe-
matics) will hear of it, much less be moved to seek a solution through modifying
their own more global theories. Nor is it likely that the specialists in a local theory
will tinker with global background theories to resolve local anomalies.

This is not just a matter of sociology; it is good sense, too. Practical rationality
counsels specialists to attempt to modify more global theories only as a last resort;
they probably do not and cannot know enough to tackle the task, and modifying a

* Field (1998, 13-14) makes this point.
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more global theory is likely to send reverberations into currently quiescent areas
of science. Quine has expressed the point by saying that in revising their theories,
scientists should minimize mutilation.

Specialization has also fostered local methodologies and standards of evi-
dence. These provisionally override more global and holistic perspectives and
declare data, obtained via local methods, to bear on this or that local hypothesis.
These will tell us, for example, that we have more reason to be confident of the
existence of electrons than of gluons or of the existence of prime numbers than of
inaccessible cardinals. Holists will urge, however, that local conceptions of evi-
dence, in particular those that lead us to take data as confirming specific hy-
potheses, are ultimately justified pragmatically via their ability to promote science
as a whole, and not via some a priori basis. Hence the divisions we find in the
practice and scope of the various sciences should not be taken as refuting holism
or as indicating hard-and-fast epistemic divisions between mathematics and the
so-called empirical sciences. Nor do they show that it is invariably irrational to
modify some global principle to fix a more local problem.

These reflections apply to our ordinary conception of mathematical evidence
as well. Empirical success no more confirms individual mathematical claims than it
does individual theoretical hypotheses. However, it does provide a pragmatic
justification for positing mathematical objects, truths about them, and principles
for applying mathematical laws to experience. It encourages mathematicians to de-
velop their own standards of evidence, so long as the result does not harm science
as a whole. Because mathematics is our most global science, we should expect that
many mathematical methods and principles would be justified by means of con-
siderations neutral between the special sciences, and thus often pertaining to
mathematics alone. In this way we can reconcile holism with the features of math-
ematical practice that Chihara, Parsons, and Sober have emphasized.

Considering the place of proof in mathematics will illustrate this. Early math-
ematicians probably took their experience with counting, bookkeeping, carpentry,
and surveying as evidence for the rules and principles of arithmetic and geometry
that they eventually took as unquestionably true. They began to put more emphasis
on deduction after they became aware of the difficulties in deciding certain
mathematical questions by appealing to concrete models—which, for example, are
notoriously unreliable in deciding geometric questions. By the time of the Greeks,
the goal of mathematics was to prove its results. Moreover, proof wins out from
the perspective of science as a whole. For requiring mathematicians to give proofs
increases the reliability of their theorems, and decreases their susceptibility to
experimental refutation.

The development of non-Euclidean geometry and abstract algebra further
promoted the purely deductive methodology of the axiomatic method through
showing mathematicians how to make sense of structures that might not be
realized physically. It also promoted a shift from viewing mathematical sentences

T
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3. ONTOLOGICAL COMMITMENT:

3.1. Quine’s Criterion of Ontological Commitment
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knowledge an object and then learn things about .1t. For e.xa'mple, we rsttsile( o
tiger as it emerges from the brush, and later rea-hze that it is about to Z ;‘1 ) .
But this would be contrary to both more sophisticated commonsense an ldo ism.
For to see the tiger we must see it as a tiger, and to do that,.w‘e must ho fnariy
beliefs about it. For example, we probably will belie:.ve that 1t. is a large, eic?lmatz
object that looks like other objects we have ider‘ltlfied as tigers. Accf:c;r ;:é o
holism, recognizing the tiger is a matter of modifying our system o1 te i >
certain ways; thus our evidence for the existence. of the tiger ultxma.te y trace Lo
our evidence for a system of beliefs concerning it. What goes forAngers gfoes Zr
objects generally: our evidence for them depends u})on our evidence ftor ofor
beliefs countenancing them. For this reason it is esse‘ntlal th'fit we have a mfe;nls' °
determining which objects we commit ourselves to in hf)ldlng a system of beliefs.
Quine’s criterion of ontological commitment serves this purpose. ' )
Quine’s criterion applies directly to sentences efmd sets thereof (jchior}e;), aorl
only indirectly to beliefs. (The transition from beliefs to sentences is based up
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assuming we can determine people’s beliefs by seeing what sentences they are
prepared to affirm.) Then the roughest form of the criterion may be put quite
simply: a set of sentences is committed to those entities that must exist in order
for the members of the set to be true. But this happens when the sentences in
question affirm the existence of things through the use of quantifiers. Thus we
may put the criterion more precisely as Sentences are committed to those entities
over which their bound variables must range in order for them to be true. Here is
how Quine puts it in “On What There Is”:

... We can very easily involve ourselves in ontological commitments by
saying, for example, that there is something (bound variable) which red houses
and sunsets have in common; or that there is something which is a prime
number larger than a miilion. But this is essentially the only way we can involve
ourselves in ontological commitments: by our use of bound variables. (Quine
1948, 12)

... The variables of quantification, “something,” “nothing,” “everything,”
range over our whole ontology, whatever it may be; and we are convicted of a
particular ontological presupposition if, and only if; the alleged presuppositum
has to be reckoned among the entities over which our variables range in order to
render one of our affirmations true. (Quine 1948, 13)

Quine came to emphasize the triviality of what’s going on here.

The artificial notation “Ix” of existential quantification is explained merely as a
symbolic rendering of the words “there is something x such that.” So, whatever
more one may care to say about being or existence, what there are taken to be are
assuredly just what are taken to quality as values of “x” in quantifications. The
point is thus trivial and obvious. (Quine 1990, 26-27)

However, often it is far from clear as to what the ontological commitments of a set
of sentences are. This is especially true of day-to-day talk in ordinary language.

The common man’s ontology is vague and untidy in two ways. It takes in many
purported objects that are vaguely or inadequately defined. But also, what is
more significant, it is vague in its scope; we cannot even tell in general which of
those vague things to ascribe to a man’s ontology at all, which things to count
him as assuming,

-+ fenced ontology is just not implicit in ordinary language. The idea of a
boundary between being and nonbeing is a philosophical idea, an idea of tech-
nical science in a broad sense. . ..

We can draw explicit ontological lines when desired. We can regi-
ment our notation. ... Then it is that we can say the objects assumed are the
values of the variables. . . . Various turns of phrase in ordinary language that seem
to invoke novel sorts of objects may disappear under such regimentation. At
other points new ontic commitments may emerge. There is room for choice, and
one chooses with a view to simplicity in one’s overall system of the world.
(Quine, 1981a, 9—10)

—~
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To illustrate what Quine has in mind, consider this bit of hypothetical dialogue:
0

: I saw a possible car for you. . ] . .
;(1)2: I have m[;ny things occupying my time, but for your sake, T will ook at i

j . Mary, on the
John seems to be committed to possible cars (he says heh saw one) 1:/[ r:d o
i 1 1 t occupy it, a
d to her own time, things tha Jol
other hand, seems committe ‘ fhat o b and Jomn
sake. But what is a sake? Or a thing occupying a person's tume O.rda P o s e
for that matter? If we simply paraphrase the dialogue, we can avoid such q

and reduce its apparent ontological commitments.

: i for you.
ohn: I saw a car that might do o .
Lne' I am very busy now, but I will look at it, since you want me to

We have done quite a bit to clean up John’s and Mary’s l?ntolog;iss!teljgwozvz
may take John to commit himself bto j\L/xIst thfhcar Ees }j:titaqulits:wl;usy’ ad e

ible one, whatever that might be. Mary, though s i ; need 1o
Foorier be seen as involved with sakes or Fhir}lgS occupying ?err t(l)n:iel;eﬂt)}llse 12 é:iitus
somewhat humorous illustration of Qu.me S proc.edure. 0 e
applications are scientific and philosophical theorle.s. By parap r‘sessgand n o
the canonical notation of extensional first-order logic, we try to as

ontological commitments.

... But the simplification and dariﬁca.tion ‘of .logxcal theor}_f tot v;lhlgicf;l ﬂﬁ:ﬁ;
notation contributes is not only algorithmic; it 1 aIS(? concepdud l e he
that we make in the variety of constituent COn'StI"\:lCtl(.)nS n;te be n bullding the
sentences of sciences is a simplification. Each ellmma.tlon of o slcu‘id onsuctions
or notions that we manage to achieve, by paraphrase into more ltlil o e imp,e]
clarification of the conceptual scheme of science. The same n;;) lsub-ect impel
scientists to seek ever simpler and clea.rer t}.leongs adequz};e tz a:ieon OJf e
their special sciences are motives for simplification an(.i < alrl < o e ol mar.
framework shared by all sciences. .. .bThz.qt\.Jest losfl :d51frrr;1inesqt, qcuest stown k

ical notation is not to be distingul i aq
tczrtgngrice:?zr;;:riling of the most general traits of reality. (Quine 1960, 161)

j ibuti m clari-
For Quine, one of the philosopher’s major contributions comesd froduce "
) i ics i to assess and re
i and mathematics in order
ing the language of science ) ane
f)yntological commitments of our theories of the world. Th(.)l..lgh Qf e e
may be trivial in itself, the applications one might make of it are fa

e’s criterion

3.2. The Canonical Language and
Benefits of Regimentation

AS (S ]lave seern, 1)6(()16 a )])lyl]lg (2\“”65 crite 10n, one must ])a]aphrase the

wy . f d SO 1

the()] to l)e abSeSSe(l mto car 1()[11Cal notatior Fa]t ()1 tlle reason tor doin 0 18
g




426 OXFORD HANDBOOK OF PHILOSOPHY OF MATH AND LOGIC

to eliminate spurious ontological commitments. For example, even the language
of working mathematics contains terms, such as, “1/0” or “(sin x)/x with x=0"
that appear to be referential, yet may fail to denote anything. Now we might
declare sentences containing such terms to be false just as we might declare pieces
of fiction false. But then what do we do with truths such as “There is no such
number as 1/0”? In the face of this, some philosophers have responded that every
name denotes something—even “the largest natural number.” But for Quine there
s a simpler and more economical solution: we avoid the offending expressions by
paraphrasing away names and functional terms altogether. This can be done quite
straightforwardly using Russell’s theory of descriptions. Quine employs it, or an
equivalent device, quite frequently, and in his canonical notation the only singular
terms are variables.

Quine sees logic as ending with first-order logic,” and his canonical notation
also bans other notable adjuncts to first-order logic, such as modal operators and
substitutional quantifiers. The modal operator “it is possible that” allows us to
formulate the claim “It is possible that there are numbers but there are (in fact)
no numbers”—a claim to which some nominalists subscribe. Such talk seems to
recognize a kind of existence intermediate between being and nonbeing. Quine
has never been able to make sense of this idea, and has made relatively little sense
of modal operators themselves. Despite this and Quine’s influence, modal
operators have made a comeback in recent technical philosophy of mathematics.’

Substitutional quantification is also popular with nominalists. Instead of
requiring the existence of F, its truth a substitutional “JxFx” counts as true if
and only if “Fx™ has a true substitution instance.” This will count “Jx(x is a flying
horse)” as true so long as we take “Pegasus is a flying horse” as true. Since some
philosophers demur at counting the latter as false, they can use substitutional
quantification to analyze talk of fictional entities. Fans of modal logic have also
used it to deal with problems arising in interpreting quantifications containing
modal operators. What is more significant for our purposes is that philosophers
of mathematics have proposed using it to gain the formal advantages of having
classes without having to pay the price of admitting them into one’s ontology.

® The acceptability of higher-order logic is a complex and technical issue. Evaluating
it and Quine’s arguments would take a chapter in itself. Fortunately, this volume contains
two chapters devoted to second- and higher-order logic (25 and 26).

% See chapters 1, 15, and 16.

7 T have used an italicized “3” to distinguish it from the ordinary (or objectual)
existential quantifier. A substitutional “JxFx” can be true without F’s existing so long as
we count one of its substitution instances as true. (E.g., some philosophers count “Jx(x is
a flying horse)” as true by virtue of the supposed truth of “Pegasus is a flying horse.”) On
the other hand, the objectual “3xFx” can be true without having a true substitution
instance when the Fs are unnamed. Thus “Ix(x is an unnamed real number)” is true while
its substitutional counterpart is false.
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Although substitutional quantifiers form no part of Quine’s canomc?ﬂ r‘lota—
tion, he appears to think that, unlike modal operators, they are not intrinsically
unacceptable. However, nominalists should draw no comfort from this.

This does not mean that theories using substitutional quantification and no
objectual quantification can get on without objects. I hold rather th'at the ques—‘
tion of the ontological commitments of a theory does not properly arise except as
that theory is expressed in classical quantificational form, ot insofar as one has in
mind how to translate it into that form. I hold this for the simple reason th'at the
existential quantifier, in the objectual sense, is given precisely the ex1stent.xal
interpretation and no other: there are things which are thus and so. (Quine
1969¢, 107)

In Quine’s view, rewriting mathematics using substitutional quantiﬁer{s Yvou?d
amount to abandoning the quest for ontological economy rather thafl ac.hlevmg it.
Today realists in the philosophy of mathematics use Qume.’s cnienon 1argely
to argue for the existence of mathematical entities. “To do science,” they claim,
“we use variables ranging over mathematical entities and are, conseq\.lently., com-
mitted to their existence.” (More on this in the section 4 below.) Anti-realists, o‘n
the other hand, often appeal to Quine’s criterion to measure the success of th.elr
various attempts at ontological economy. “My system has no Varla.bles ranging
over mathematical entities,” they argue, “so, we need not be committed to their
existence.” Ironically, it’s unclear how successful these anti—reali§t attempt.s hive
been, because they employ languages that exceed Quine’s canonical notation.

3.3. Ontological Naturalism: Science Is the
Ultimate Arbiter of Existence

Quine often emphasizes that his criterion tells us only what a theory says exxst.& ¥t
does not tell us what does exist. That, you will recall, is the job of science; this is

Quine’s naturalism.

... naturalism: the recognition that it is within science itself, and not in some
prior philosophy, that reality is to be identified and described. (Quine 1981a, 21)

But Quine’s criterion still has a role to play, since by applying it.to the theories

that science affirms, we determine what, according to science, exists.
Philosophers are not entirely out of the picture, however. Thoug'h the.y cannot

transcend science, they can work within science and propose clarifications and

® See chapters 15 and 16 in this volume. Jody Azzouni pursues an atypical anil—reah;t
program through rejecting Quine’s criterion and arguing that to quan?lfy over” math-
ematical entities is not ipso facto to presuppose their existence (Azzouni, 1998).
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ontolggxcal reductions. It’s in this spirit that Quine regards his own proposals for
reducing mathematics to set theory. Here again is part of an earlier quote:

[he same motives that impel scientists to seck ever simpler and clearer theori
z{deq'uate to the subject matter of their special sciences are motives for sim lr'leS
fication and clarification of the broader framework shared by ali sciences pTlh
quest of a simplest, clearest overall pattern of canonical noiation is not.t‘ . 'b :
dls.tmguished from a quest of ultimate categories, a limning of the most e
traits of reality. (Quine 1960, 161) Fenerd

3-4. Introducing New Objects: Positing

Our focus so far has been on how we justify countenancing various object
Though or.le‘might cite alocal conception of evidence as an immediate justiﬁcejitiC .
for recognizing an object, ultimately one tacitly appeals to the success of a broadOn
system committed to the type of thing in question. For example, having digest der
proof of Cantor’s Theorem, we may feel fully justified in C(’)untenincign n
countable sets. But this is predicated on our prior acceptance of sets themsg lun~
and of whatever set theory might be needed for carrying out the proof in qu tion
and for i.nferring the existence of uncountable sets. With Quine, we mi fcxlt 'eStifm
tacqtl.nesi’ng in sets by citing their benefits to mathematics. \A’fe couligi iriutsulrfr):
us o . .
;S;i;f;r ;:st}l:eynfac;igmgng to the importance to science as a whole of having a flour-
. Now, what we have observed concerning sets applies to other types of
objects-—even ordinary physical bodies. You know there’s an owl out in the d li
because you heard it screech, and you know an owl’s screech. But here ouar )
alread.y pre§upposing owls and a rich body of beliefs about them, and all t}}llese Zf':
;?;,Z?:chgolgiei framework provided by your beliefs about birds, animals, and
‘On.ce we ha'v‘e in place a framework that countenances objects of a given kind
we are in a position to identify and authenticate objects of that kind, whether wcg
do so via observation, instrumentation, or theoretical deduction Bu’t how do
come to add new objects of various types to our ontology in the.ﬁrst lace? Ev:,;
whe.n, according to later theory, we have been observing a type of ob'eit wi.th our
unaided senses all along, we seem to have a serious problem. For prio)r to having a
framework countenancing the objects in question, we need not even be aware t}?at
we are observing any definite thing at all. For example, a layperson looking at the
sky on a .clear night may be aware of only the stars and the moon, while istron—
omers will be aware of galaxies, and much more. The differenc’e between the

9
See, for example, Quine (1981a, 13-16).
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Jayperson and astronomers is that the latter have hypothesized a much richer
ontology along with a rich theory of its members’ behavior and their observable
effects. To introduce an ontology in this way is to posit it. But while to posit some
things is similar to making up a story about them—at least it is initially—this
does not mean that astronomers have created the heavens.

... Considered relative to our surface irritations, which exhaust our clues to
external physical objects, the molecules and their extraordinary ilk are thus much
on a par with the most ordinary physical objects. The positing of these ex-
traordinary things is just a vivid analogue of the positing or acknowledging of
ordinary things: vivid in that the physicist audibly posits them for recognized
reasons, whereas the hypothesis of ordinary things is shrouded in prehistory. . ..
To call a posit a posit is not to patronize it.... Everything to which we
concede existence is a posit from the standpoint of a description of the theory-
building process, and simultaneously real from the standpoint of the theory

that is being built. (Quine 1960, 22)

Quine no more admits existence by fiat than he does truth by fiat.

This has very important consequences for Quine’s philosophy of mathe-
matics. Mathematics, at least on the realist reading of it that Quine favors, is about
objects that have no place in space or time, and no effects upon our sensory
apparatus. How, one wonders, could we have ever come to have any knowledge of
such things? Not through intuition or other a priori insight—at least not if Quine
is right. But there is nothing mysterious about our building theories that posit
mathematical objects, for theory construction itself requires no contact with the
things the theory purports to concern. And, if the theory forms a workable part of
our overall system, no matter what its subject may be, then the entities to which it
is committed (via Quine’s criterion) have as much title to existence as “‘ordinary

things” hypothesized “in prehistory.”

4. THE INDISPENSABILITY ARGUMENT
FOR MATHEMATICAL REALISM

Everyone grants that mathematics is very useful to the pursuit of science. It gives
science the wherewithal for representing empirical findings through statistical and
other numerical means and for explaining these findings using such concepts as
those of acceleration, state vector, random mating, allelic frequency, expected util-
ity, and welfare function. Moreover, mathematical laws permit scientists to deduce
nonmathematical conclusions from assumptions, such as Newton’s laws of mo-
tion, that are formulated in a mix of scientific and mathematical vocabulary. Elim-
inating mathematics would thus drastically alter the practice of working science.
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philosophers have questioned other aspects of the argument. Neither Penelope
Maddy nor Elliott Sober thinks that we can count on science to provide evidence
for the truth of mathematics. As we saw earlier, Sober claims that scientific testing
fails to confirm the mathematics used in science.

Maddy’s criticism is based upon observing that much of the mathematics
used in science occurs in theories, such as the ideal theory of gases, that scientists
openly acknowledge as false yet still employ. She argues that this raises the pos-
sibility that the confirmation coming from membership in scientific theories that
are accepted as true covers too little mathematics to be of comfort to mathe-
matical realists. In short, too much of mathematized science may fall outside the
scope of the H-N argument’s naturalism premise to support mathematical real-
ism (Maddy 1992, 281).

It is not clear how Quine or Putnam would respond to this criticism, for it is
not even dlear that the H-N argument is theirs. But one can set aside Maddy’s
worry by moving to another version of the indispensability argument. For
whatever attitude scientists take toward their own theories, they cannot consis-
tently regard the mathematics they use as merely of instrumental value. Take
Newton’s account of the orbits of the planets as an example. He calculated the
shape of the orbit of a single planet, subject to no other gravitational forces,
traveling about a fixed star. He knew that no such planet exists, but he also
believed that there are mathematical facts concerning its orbit. In deducing the

shape of such orbits, he presumably took for granted the mathematical principles
he used. For the soundness of his deduction depended upon their truth. Fur-
thermore, in using his (mathematical) model to explain the orbits of actual
planets, he presumably took its mathematics to be true. For he explained the
orbits of planets in our solar system by saying that they approximate the behavior
of an isolated system consisting of a single planet orbiting a single star. For this
explanation to work, it must be true that the type of isolated system (Newtonian
model) has the mathematical properties Newton attributed to it. This illustrates
that even when applying mathematics to idealizations or theories they know are
wrong, scientists use it in a way that commits them to its truth and ontology.
Reflecting on this leads one to the Pragmatic Indispensability Argument,

which runs as follows:

1. In stating its laws and conducting its derivations, science assumes the
existence of many mathematical objects and the truth of much mathe-
matics.

2. These assumptions are indispensable to the pursuit of science;

moreover, many of the important conclusions drawn from and within

science could not be drawn without taking mathematical claims to be true.

So we are justified in drawing conclusions from and within science only

if we are justified in taking the mathematics used in science to be true.
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Notice that, unlike the earlier H-N Indispensability Argument, this one does
not presuppose that our best scientific theories are true or even tha)t they are well
supported. It applies wherever science presupposes the truth of some mathL
matics. Thus, as we noted earlier, it applies even to the mathematics contained "
.those. refuted scientific theories that scientists still use and to the mathematics mf
1d?allzed scientific models. Furthermore, the argument, at least as it stands coO
tains no claim that the evidence for science is also evidence for mathematic’s Vi/]_
can elxtend this argument to infer that we should acknowledge the truth of m.ath?
ema.tlcs.on pragmatic grounds. For given that we are justified in doing science, w
are justified in using (and thus assuming the truth of) the mathematics in scie;lcee
because we know of no other way of obtaining the explanato redicti |
technological fruits of science. '? o precictie and

Since much standard mathematics is used in science, the indispensability
arguments support realism about many parts of mathematics. Yet, as Quine was
aware, and Maddy and others have emphasized, indispensability ar)guments fail t
cover the more theoretical and speculative branches of mathematics Currentl0
s.cxenc‘e neither needs nor employs this mathematics, and it does not e;/en hel iy
simplifying and systematizing the mathematics that science does apply. Thus Ii)t s
not part of the Web of Belief, and not connected even indirectly to z);periencels

5. ONTOLOGY AND ONTOLOGICAL
RELATIVITY

Quine has frequently urged that we take the ontology of mathematics to be one of
classes or sets. Numbers, functions, vectors, groups, spaces, and so on are to be
reduced to them in the familiar ways.'” This is because we need to use classes for
many purposes, both mathematical and nonmathematical, and we obtain a
simpler ontology by having just classes rather than classes plus other mathe-

J

. lShOW(z 1mn drg dfl‘C g
]llatlcdl a”d abstract ()1) ects I [ele uime ue (8] ountenancin C]aSSeS
m W(”d a”d ObreCL

The versatility of classes in thus serving the purposes of widely varied sorts

of abstract objects is best seen in mathematics, but it spills over. ... Such is th
power of the notion of class to unify our abstract ontology. To ;ﬁ;;ender thi ¢
benefit and face the old abstract objects again in their primeval disorder wouldS be
a wrench, worth making if it were all. But we must remember that the utility

12 - . . ~ .
For further discussion of this argument see Resnik (1997), and for a thorough

dlSCussx()n of 1ndlspellsab11]ty arguments for Indtllelllathal leahsnl, see COI an (200t).
g
See Qul[le (1963)' " ( )
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of classes is not limited to explication of the various other sorts of abstract objects.
The power of the notion on other counts .. .keeps it in continual demand in

mathematics and elsewhere as a working notion in its own right. . .. Thus it is that
one resolves to keep classes and somehow excise the paradoxes. (Quine 1960, 267)

Here Quine was writing both as a philosopher and as a logician, and advocating
that we need no abstract objects in all of science but classes. This sounds like first
philosophy, but remember that, on Quine’s view, the work of clarifying and re-
ducing the ontological requirements of philosophy and mathematics is the same
type of work that scientists in other fields do when they clarify and simplify
theories in their home disciplines. The work of Frege, Russell, Quine, and others
in unifying the foundations of mathematics using class theory is as much a piece
of theoretical science as Von Neumann’s reformulation of quantum mechanics
using Hilbert spaces.

Some philosophers and mathematicians have argued that mathematics has no
need for a reduced ontology. One might read such an argument into some of
Hilbert’s writings. On this reading, all that mathematicians need are clearly spec-
ified axioms for the branch of mathematics within which they are working. It is
enough that they be assured that some things satisfy those axioms. Otherwise the
nature of these things is of no concern.'* I am not aware of Quine’s responding
explicitly to such reasoning, but a response is implicit in the passage quoted
above. It would run as follows: Mathematics, even on Hilbert’s’ view of it, needs
some ontology in order to be assured that its axioms are not vacuous. There are
too few concrete physical objects to fill the bill. (Ditto for mental objects—if you
are so rash as to countenance them.) Thus mathematics requires abstract objects.
These are best provided through a unified ontology of classes.

Quine was aware of other proposals for ontological foundations for mathe-
matics. For example, some mathematicians have urged that category theory is a
much better vehicle for mathematics than set theory, and that it should take over
that role. In Set Theory and Its Logic (1963), Quine does mention that category
theory is useful for dealing with very large collections. But he does not defend sets
and classes against the attacks from advocates of category theory in that book, and
I am not aware of any place where he does.

As late as Theories and Things (1981c) Quine runs through his usual brief for an
ontology of physical objects and sets of physical objects. But then he takes the
argument a step further. In the name of simplicity we reduce physical objects to the
space—time regions they occupy, and these in turn to sets of space—time coordi-
nates relative to some fixed coordinate system. But space-time coordinates are
ordered quadruples of real numbers, and these in turn reduce in familiar ways to
sets built up from the empty set, leaving nothing but pure sets (Quine 1981a, 16-18).

4 Hilbert expressed views similar to this in discussing his axiomatic work with Frege.
See, for example, Resnik (1980).
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Quine’s discussion then turns from this reduced ontology to other ontological
candidates generated by reinterpreting our theory of the world while preserving

its observational consequences. Here “we ... merely change or seem to change
our objects without disturbing either the structure or the empirical support of a
scientific theory in the slightest” (Quine 1981a, 19). To do this, it suffices that we
be able to specify a one-one function—Quine calls it a “proxy function”—which
maps each object in the original ontology to an object in the new ontology. Then,
using a well-known technique from formal logic, we can reinterpret each predi-
cate of our theory so that it is true of something in the new ontology if and only if

it was true (as originally interpreted) of this things inverse under the proxy
function.

The apparent change is twofold and sweeping. The original objects have been
supplanted and the general terms reinterpreted. There has been a revision of
ontology on the one hand and of ideology, so to say, on the other; they go
together. Yet verbal behavior proceeds undisturbed, warranted by the same

observations as before and elicited by the same observations. Nothing really has
changed. (Quine 19813, 19)

Quine concludes from this that reference is inscrutable, that is, there is no
saying absolutely whether our words refer to this or that, but what they refer to
relative to a fixed interpretation. As we move from one ontology to another, our
words change their reference, too; yet we have arranged for the truth-values of our
sentences—the facts, so to speak—to stay the same. There is no fact of the matter
concerning the references of our words—at least in the sense that we can vary
their references at will while leaving the facts unvaried. Besides calling this the
inscrutability of reference, Quine refers to it as ontological relativity: there is no
fact as to what the ontology of a theory is absolutely, but only relative to a means
of interpreting it in a language we take at face value (Quine 1981a, 19-20; see also
Quine 19693, 50-54 and 1990, 30—-34).

Notice how nicely this fits with Quine’s holism. According to holism, it is
only relative to a local conception of evidence that we can say that a particular
experience verifies or falsifies a particular sentence of some theory. Otherwise,
experience bears upon the theory as a whole. Similarly, it is only relative to our
parochial ontology and interpretation of our language that we can say that a
particular word picks out a particular object of our experience. But doesn’t
something (e.g., our behavior or the causal relations between our words and the
world) fix the references of our words? No. Just as there are many ways to
reconcile a theory with a recalcitrant experience, so there many candidate refer-
ences for our words, and no way to single out one. After applying a proxy
function, “verbal behavior proceeds undisturbed, warranted by the same obser-

vations as before and elicited by the same observations. Nothing really has
changed” (Quine 19814, 19).
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