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1. ,QWURGXFWLRQ
2Q1RYHPEHU'DYLG+LOEHUWGHOLYHUHGDWDONLQ*|WWLQJHQSUHVHQWLQJKLVQHZ
D[LRPDWLFGHULYDWLRQRIWKH´EDVLFHTXDWLRQVRISK\VLFVµ7KLVWDONLVRIWHQUHPHPEHUHG
EHFDXVHDOOHJHGO\+LOEHUWSUHVHQWHGLQWKHPILYHGD\VSULRUWR(LQVWHLQWKHFRUUHFWJHQ
HUDOO\FRYDULDQWHTXDWLRQVRIJUDYLWDWLRQWKDWOLHDWWKHKHDUWRIWKHJHQHUDOWKHRU\LIUHODWLY
LW\1
The published version of Hilbert’s talk opens with the following words:
7KHWUHPHQGRXVSUREOHPVIRUPXODWHGE\(LQVWHLQDVZHOODVWKHSHQHWUDWLQJPHWKRGVKHGHYLVHG
IRUVROYLQJWKHPDQGWKHIDUUHDFKLQJDQGRULJLQDOFRQFHSWLRQVE\PHDQVRIZKLFK0LHSURGXFHG
KLVHOHFWURG\QDPLFVKDYHRSHQHGQHZZD\VWRWKHUHVHDUFKRIWKHIRXQGDWLRQVRISK\VLFV +LOEHUW


Historians of science have devoted some efforts to examine the place of Hilbert’s article in the history of general relativity and its possible influences on Einstein’s work
(Earman & Glymour 1978; Mehra 1974; Pais 1982, Chpt. 14). Much less attention has
been paid to the place of this work in the context of Hilbert’s own career. In particular,
the specific role of Mie’s theory —the second component explicitly alluded to in the
passage quoted above— in consolidating Hilbert’s ideas, as well as the background to
Hilbert’s interest in this theory have hardly been discussed.
In a series of recent articles I have tried to clarify the centrality of Hilbert’s interest in
physics for his overall scientific view, and in particular his increasing interest, from
1912 on, in questions related to the structure of matter. In the present article I discuss
the contents of Mie’s electromagnetic theory of matter and how it came to occupy such
a central place in Hilbert’s work.

1. 7KLVUHFHLYHGYLHZKRZHYHUKDVUHFHQWO\EHHQSXWLQWRTXHVWLRQ6HH&RUU\
5HQQ 6WDFKHO
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2. *XVWDY0LH·V(OHFWURPDJQHWLF7KHRU\RI0DWWHU
Gustav Mie (1868-1957) studied in his native city of Rostock and then in Heidelberg,
where he doctorated in mathematics in 1892 and served as assistant at the mineralogical institute. He taught physics at the polytechnical institute in Karlsruhe (1892-1902),
and in 1897 he received his Habilitation from that institution. From 1905 he was professor of physics in Greifswald, from 1917 in Halle, and from 1924 and until his retirement in 1935, in Freiburg (Höhnl 1953, Mie 1948). Mie was a deeply religious man;
both his parents came from pastors’ families and he himself was strongly connected
with the evangelist church throughout his life. His early interest in religion led him to
consider the possibility of studying theology, before finally deciding himself for science. He had a good knowledge of German philosophy as well and especially of Kant.
Mie’s basic knowledge of theoretical physics was acquired autodidactically
while still in Heidelberg. Later on, in Karlsruhe, he had the opportunity to work with
the fine collection of experimental devices with which Heinrich Hertz had conducted,
several years before, his famous experiments on the propagation of electromagnetic
waves. It was the mathematical elegance of the Maxwell equations, however, rather
than the experiments connected with his theory that eventually attracted Mie’s attention above all. In 1908 he published a path-breaking article in which he computed in
strict electrodynamical terms processes of light scattering in spherical dielectrics, as
well as in absorbing particles (Mie 1908). His results helped explaining color phenomena in colloidal solutions, and also led to the discovery of the so-called “Mie effect”,
which found important applications in astronomical as well as in military contexts. In
1910 Mie published a textbook on electromagnetism that soon became a classic and
saw two additional editions in 1941 and 1948 (Mie 1910). Mie believed that this was
the first textbook in which Maxwell’s conclusions were arrived at in a completely
inductive way starting from the experimental, factual material. When the first edition
was published, Mie took special pride on having been able to “present the Maxwell
equations in a complete and exact fashion, expressing himself in plain words, and
without having to introduce any mathematical symbols.” Later, however, he considered this perspective to have been mistaken, and preferred to lay all his stress on the
mathematical aspects of the theory (Mie 1948, p. 739).
0LH VHQW WKH ILUVW LQVWDOOPHQW RI KLV HOHFWURPDJQHWLF WKHRU\ RI PDWWHU WR WKH
$QQDOHQGHU3K\VLNLQ-DQXDU\ 0LHD $WWKHFHQWHURI0LH·VWKHRU\
ZDV DQ DUWLFXODWH DWWHPSW WR VXSSRUW WKH PDLQ WHQHWV RI WKH VRFDOOHG ´HOHFWURPDJQHWLF
ZRUOG YLHZµ DQG PRUH VSHFLILFDOO\ WR GHYHORS WKH LGHD WKDW WKH HOHFWURQ FDQQRW EH
DVFULEHGSK\VLFDOH[LVWHQFHLQGHSHQGHQWO\RIWKHHWKHU2IFRXUVH0LHZDVQRWWKHILUVWWR
DGYDQFHVXFKDQDWWHPSW2 but his theory was certainly much more mathematically elab-
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orate than most of the earlier ones. Mie had hoped that in the framework of his theory,
the existence of the electron with finite self-energy could be derived from the field in
purely mathematical terms. What is usually perceived as material particles, he thought,
should appear as no more than singularities in the ether. Likewise, compact matter
should be conceived as the accumulation of “clusters of world-lines.” Mechanics and
electrodynamics would thus become the theory of the interaction of the field-lines
inside and outside the cluster.
According to Coulomb’s law, the field of a charged particle becomes infinite
when its radius reduces to zero. Mie’s equations generalized those of Maxwell’s theory
in such a way that the repulsive forces predicted inside the electron are compensated
by other forces, of purely electrical nature as well. Moreover, outside the electron the
deviation of Mie’s equations from Maxwell’s becomes undetectable.
Mie opened the presentation of his theory by pointing out that neither the standard laws of electrodynamics nor those of mechanics hold in the interior of the electron. The recent development of quantum theory and the discoveries associated with it
suggested the need to formulate some new equations to account for the phenomena
that take place inside the atom. Mie’s theory was intended as a preliminary contribution to reformulating the necessary, new theory of matter. Its immediate aim was to
explain in purely electromagnetic terms the existence of indivisible electrons. At the
same time, however, Mie sought to present the phenomenon of gravitation as a necessary consequence of his theory of matter; he intended to show that both the electric and
the gravitational actions were a direct manifestation of the forces that account for the
very existence of matter.
0LHEDVHGKLVWKHRU\RQWKUHHH[SOLFLWO\IRUPXODWHGEDVLFDVVXPSWLRQV7KHILUVW
RQHLVWKDWWKHHOHFWULFDQGWKHPDJQHWLFILHOGDUHSUHVHQWLQVLGHWKHHOHFWURQDVZHOO7KLV
PHDQVWKDWWKHHOHFWURQVDUHLQIDFWDQRUJDQLFSDUWRIWKHHWKHUUDWKHUWKDQIRUHLJQHOH
PHQWVDGGHGWRWKHHWKHUDVZDVFRPPRQEHOLHIDPRQJFHUWDLQSK\VLFLVWVDWWKHWLPH HJ
(LQVWHLQ 7KHHOHFWURQLVWKXVFRQFHLYHGDVDQRQVKDUSO\GHOLPLWHGKLJKO\GHQVH
QXFOHXVLQWKHHWKHUWKDWH[WHQGVFRQWLQXDOO\DQGLQILQLWHO\LQWRDQDWPRVSKHUHRIHOHFWULFDO
FKDUJH$QDWRPLVDFRQFHQWUDWLRQRIHOHFWURQVDQGWKHKLJKLQWHQVLW\RIWKHHOHFWULFILHOG
DURXQGLWLVZKDWVKRXOGXOWLPDWHO\H[SODLQWKHSKHQRPHQRQRIJUDYLWDWLRQ7KHVHFRQG
DVVXPSWLRQLVWKHXQLYHUVDOYDOLGLW\RIWKHSULQFLSOHRIUHODWLYLW\ LH/RUHQW]FRYDULDQFH 
7KHWKLUGRQHLVWKDWDOOSKHQRPHQDDIIHFWLQJWKHPDWHULDOZRUOGFDQEHIXOO\FKDUDFWHUL]HG

2.  )RU D GHVFULSWLRQ RI WKH HDUO\ GHYHORSPHQW RI WKH HOHFWURPDJQHWLF YLHZ RI
QDWXUHZLWKSDUWLFXODUUHIHUHQFHWRWKHZRUNVRI/RUHQW]:LOKHOP:LHQ3RLQFDUp
$EUDKDPDQG:DOWHU.DXIPDQQVHH50F&RUPPDFK
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XVLQJWKHSK\VLFDOPDJQLWXGHVFRPPRQO\DVVRFLDWHGZLWKWKHHWKHUWKHHOHFWULFILHOGGWKH
PDJQHWLFILHOGKWKHHOHFWULFFKDUJHGHQVLW\UDQGWKHFKDUJHFXUUHQWM3 While for Mie
the validity of the principle of relativity was beyond any doubt, he considered his third
assumption to be in need of further validation. Without stating it explicitly in the introductory section, Mie also assumed as obvious the validity of the energy conservation
principle.
An additional constitutive element of Mie’s theory is his adoption of the separation of physical magnitudes into “quantity magnitudes” and “intensity magnitudes”.
This separation, which essentially can be traced back at least to Maxwell (Wise 1979),
appears as a central theme in Mie’s conception of physics throughout his career, beginning with the first edition of his textbook on electricity and magnetism. “Quantity
magnitudes” may be measured by successive addition of certain given units of the
same kind: length, time duration, etc. Measuring “intensity magnitudes”, on the contrary, is not accomplished by establishing a unit of measurement. Rather, one needs to
establish a specific procedure according to which any given measurement of that magnitude can be attained. The foremost example of an intensity magnitude comes from
the basic concept of mechanics: force. In the theory of elasticity the tension is an intensity quantity and the deformation is a quantity magnitude; in the kinetic theory the corresponding pair would be pressure and volume (Höhnl 1968).
7KLVVHSDUDWLRQSURYLGHVDFHUWDLQFRKHUHQFHDQGV\PPHWU\WR0LH·VWUHDWPHQWRI
WKHHOHFWURPDJQHWLFWKHRU\RIPDWWHUEXWLWGRHVQRWUHDOO\DOWHUGLUHFWO\LWVDFWXDOSK\VLFDO
FRQWHQW7KHPDJQLWXGHVPHQWLRQHGLQWKHWKLUGEDVLFDVVXPSWLRQRIWKHWKHRU\KGUM
DUHIRXUTXDQWLW\PDJQLWXGHV$JDLQVWWKHP0LHLQWURGXFHGIRXULQWHQVLW\PDJQLWXGHVWKH
PDJQHWLFLQGXFWLRQEDQGWKHLQWHQVLW\RIWKHHOHFWULFILHOGHDQGWZRDGGLWLRQDORQHVM
DQGI0LHGLGQRWDVVLJQDQ\GLUHFWSK\VLFDOPHDQLQJWRWKHODWWHUWZRDQGKHVLPSO\VWDWHG
WKDWWKHIRXUYHFWRU ILM LVLQWKHVDPHUHODWLRQWR MLU DVWKHVL[YHFWRU ELH LVWR K
LG 7KHLQWURGXFWLRQRIWKHVHIRXULQWHQVLW\PDJQLWXGHVDOORZHG0LHWRSUHVHQWDQDOWHUQD
WLYH IRUPXODWLRQ RI WKH WKLUG DVVXPSWLRQ QDPHO\ WKDW DOO SK\VLFDO SKHQRPHQD FDQ EH
GHVFULEHGLQWHUPVRIWKHWHQYDOXHVLQYROYHGLQWKHIRXULQWHQVLW\PDJQLWXGHVEHMDQGI
Mie’s version of the Maxwell equations comprise the following expressions:
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3. 0LH·VQRWDWLRQLVVRPHZKDWGLIIHUHQWIURPWKLVRQHZKLFK,XVHIRUWKHVDNH
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In fact, Mie presented his theory in the language of four- and six-vectors, originally
introduced by Minkowski in his work on electrodynamics. This language had later
been elaborated into the standard one for relativity theory by Arnold Sommerfeld
(1910). In many respects, however, Mie’s notation and his usage of these concepts
resembled more directly that of Minkowski than that of Sommerfeld. In Mie’s formulation, for instance, a possible connection with a tensorial theory of gravitation such as
Einstein’s was not particularly perspicuous; it only became so, after Born reformulated
Mie's theory in 1913 with a more suggestive notation. (See section Born’s Formulation
of Mie’s Theory).
From the issues discussed in Mie’s theory of matter, two are especially relevant
for discussing Hilbert’s later work: the energy principle and gravitation. In Mie’s theory, the concept of energy is formulated in terms of a scalar function W, the energy
density, which, as a consequence of the Maxwell equations must satisfy the field equation



6EHLQJWKHHQHUJ\FXUUHQWYHFWRU7KHHQHUJ\FRQVHUYDWLRQSULQFLSOHGHPDQGVWKDWG:EH
DQ H[DFW GLIIHUHQWLDO DQG 0LH VKRZHG WKDW WKLV GHPDQG LV IXOILOOHG ZKHQHYHU : FDQ EH
H[SUHVVHGLQWHUPVRIWKHIRXUSDUDPHWHUV GK UDQGM 0RUHRYHU WKLVIXQFWLRQFDQEH
GHWHUPLQHGLQWHUPVRIDVHFRQGVFDODUIXQFWLRQ+RIWKHVDPHSDUDPHWHUVZKLFKPXVW
VDWLVI\WKHHTXDWLRQ
: +KEMI

0LHLQYHVWLJDWHGVHYHUDODVSHFWVRIKLVWKHRU\RIJUDYLWDWLRQVXFKDVWKHUHODWLRQV
EHWZHHQWKHHTXDWLRQVDQGWKHHQHUJ\SULQFLSOHWKHLQYDULDQWVWKDWDSSHDULQWKHWKHRU\
WKH SULQFLSOH RI DFWLRQ DQG UHDFWLRQ DQG WKH UHODWLRQ EHWZHHQ JUDYLWDWLRQDO DQG LQHUWLDO
PDVV $ FHQWUDO SRLQW LQ WKLV GLVFXVVLRQ
ZDV WKH VWDWXV RI WKH JUDYLWDWLRQDO SRWHQWLDO Z
wW
divS
wt
6LQFHWKHODWWHUDSSHDUVLQWKHWKHRU\DPRQJWKHEDVLFG\QDPLFYDULDEOHVLWIROORZVWKDW
WKH DEVROXWH YDOXH RI WKH SRWHQWLDO ³UDWKHU WKDQ RQO\ SRWHQWLDO GLIIHUHQFHV³ GLUHFWO\
LQIOXHQFHVSK\VLFDOSKHQRPHQD 6WLOOIRUUHJLRQVRI FRQVWDQW SRWHQWLDOWKHIRUP RIWKH
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HTXDWLRQVJXDUDQWHHWKDWLWVHIIHFWVFDQEHIXOO\WDNHQLQWRDFFRXQWE\VXLWDEOHUHVFDOLQJDOO
RWKHU G\QDPLF YDULDEOHV 7KXV WKH HIIHFW RI D FRQVWDQW JUDYLWDWLRQDO SRWHQWLDO FRXOG EH
PDGH WR EHFRPH LPSHUFHSWLEOH IRU DQ\ JLYHQ REVHUYHU 7KH SRVVLELOLW\ RI GRLQJ WKLV LV
ZKDW 0LH FDOOHG ´WKHSULQFLSOHRI WKH UHODWLYLW\ RI WKH JUDYLWDWLRQDO SRWHQWLDOµZKLFK KH
H[SOLFLWO\IRUPXODWHGDVIROORZV
,IWZRHPSW\VSDFHVGLIIHUIURPHDFKRWKHURQO\LQWKHIDFWWKDWLQWKHILUVWRQHWKHDYHUDJHYDOXH
Z RIWKHJUDYLWDWLRQDOSRWHQWLDOLVYHU\ODUJHZKLOHLQWKHVHFRQGRQHLWLV]HURWKHQWKLVGLIIHUHQFH
KDVQRLQIOXHQFHZKDWVRHYHURQWKHVL]HDQGIRUPRIWKHHOHFWURQVDQGRIWKHRWKHUPDWHULDOSDUWL
FOHVRQWKHLUFKDUJHRQWKHLUODZVRIRVFLOODWLRQDQGRQRWKHUPRWLRQODZVRQWKHVSHHGRIOLJKW
DQGLQJHQHUDORQDQ\SK\VLFDOUHODWLRQVDQGSURFHVVHV 0LHS 4

The validity of this principle summarized for Mie the differences between his and
other, contemporary theories of gravitation, especially those of Max Abraham and of
Einstein.
In concluding this section, Mie expressed the belief that his brief discussion
was enough to prove that the basic assumptions of the theory led to no contradiction
with experience, even in the case of gravitational phenomena. Preparing the way for a
possible empirical confirmation of the law of gravitation, said Mie, was one of the
main aims of his article, but he admitted that, at this stage, the results of his research
did not really help at that. Two results derived from his theory, which in principle
might be thought of as offering that possibility could not as a practical matter do so.
The first was the relation obtained in the theory between inertial and gravitational
mass. The two are identical, according to Mie, only if there are no motions inside the
particle, and in general they are in a relation that depends on the temperature and on
the atomic weight. The observable differences between the gravitational acceleration
of two bodies of different masses would be, according to this account, of the order
between 10-11 and 10-12 and therefore they would be of no help in constructing an
actual experiment. The second result concerned the existence of longitudinal waves in
the ether, also too small to be detectable by experiment (Mie 1913, p. 64). It is noteworthy that these remarks are strikingly similar in both contents and style to those formulated by Minkowski in 1907 to conclude his main paper on electrodynamics and
relativity (Minkowski 1911, p. 404).

4. 8QOHVVRWKHUZLVHVWDWHGDOOWUDQVODWLRQVIURP*HUPDQDUHPLQH
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The theory contained several difficulties that Mie was never able to work out
successfully, yet he never really abandoned his belief in its validity. The most serious
shortcoming of the theory is connected with the fact that it depends on an absolute
gravitational potential, and therefore the equations do not remain invariant when we
replace the potential w by a second potential w+const. Under these conditions, a material particle will not be able to exist in a constant external potential field. Moreover, in
retrospective it is also clear that Mie’s theory did not account for either red shift or
light bending, but these issues did not really become crucial until much later.5

0LHSXEOLVKHGKLVHOHFWURPDJQHWLFWKHRU\RIPDWWHUDWDFULWLFDOWLPHIURPWKHSRLQWRIYLHZRIWKHGHYHORSPHQW
RIDUHODWLYLVWLFWKHRU\RIJUDYLWDWLRQE\(LQVWHLQDQGE\RWKHUV,Q  (LQVWHLQSXEOLVKHGWRJHWKHUZLWK0DU
FHO*URVVPDQQWKHVRFDOOHG(QWZXUISDSHUFRQWDLQLQJWKHILUVWVHULRXVDUWLFXODWHHIIRUWWRIRUPXODWHD´JHQHUDO
L]HGWKHRU\RIUHODWLYLW\DQGDWKHRU\RIJUDYLWDWLRQµ(LQVWHLQDQG*URVVPDQQSURYHGLQWKHLUILUVWSXEOLFDWLRQ
WKDWWKHHTXDWLRQVRIJUDYLWDWLRQZHUHLQYDULDQWRQO\ZLWKUHVSHFWWROLQHDUWUDQVIRUPDWLRQ/DWHULQHDUO\  
WKH\DOVRSURYHGWKHLQYDULDQFHRIWKHHTXDWLRQVZLWKUHVSHFWWRQRQOLQHDUWUDQVIRUPDWLRQVRIDUHVWULFWHGNLQG
+RZHYHUDOUHDG\E\$XJXVW(LQVWHLQKDUERUHG VRPHGRXEWVFRQFHUQLQJKLV (QWZXUIWKHRU\DQG KHZDV
DPELYDOHQWDERXWLWVYDOLGLW\,QDOHWWHUWR/RUHQW]KHFRQIHVVHGWKDWKLVWKHRU\KDGRQO\RQH¶GDUNVSRW·LHWKDW
6
th
LWZDVQRWJHQHUDOO\FRYDULDQW On September 23, 1913, Einstein lectured at the 85 Congress of the German
Natural Scientists and Physicians in Vienna, and discussed the current state of his research on gravitation
(Einstein 1913). Several other physicists that attended the meeting were also working at the same time on
gravitation. Among them was Mie, and also Max Abraham and Gunnar Nordström were present. Einstein’s
7
paper gave rise to a heated discussion. Einstein had been recently collaborating with Nordström in developing some central ideas of the latter’s work. Abraham, on the other hand, had been involved in 1912 in a caustic debate with Einstein; Einstein had had a hard time finding the right arguments to defend himself against
Abraham’s attack on his early attempts to formulate a relativistic theory of gravitation. Still, Abraham was
8
one of the few physicists whose opinion concerning his own theory, Einstein really valued.

,Q 9LHQQD (LQVWHLQ GHFODUHG WKDW DPRQJ WKH WKHRULHV UHSUHVHQWHG LQ WKH PHHWLQJ KH
IDYRUHG WKDW RI 1RUGVWU|P PRVW EHFDXVH LW FRPSOLHG ZLWK VHYHUDO SK\VLFDO SULQFLSOHV
ZKLFKKLVRZQ(QWZXUIWKHRU\DOVRVDWLVILHGDQGDPRQJZKLFKZDVWKHSULQFLSOHRIHTXLYD
OHQFHRIWKHLQHUWLDODQGWKHJUDYLWDWLRQDOPDVVHV,QIDFW(LQVWHLQGLGQRWHYHQPHQWLRQ
0LH·VWKHRU\)ROORZLQJDTXHVWLRQRIWKHODWWHU(LQVWHLQH[SODLQHGWKDWXQOLNHWKHRWKHUV
5. )RUDQKLVWRULFDODFFRXQWRIOLJKWEHQGLQJDVDWHVWIRUUHODWLYLW\VHH(DUPDQ
*O\PRXU)RUDSDUDOOHODFFRXQWRIUHGVKLIWVHH(DUPDQ *O\PRXUD
6. 2Q$XJXVW6HH1RUWRQS IWQ 
7. 6HH3DLVSS7KHGLVFXVVLRQZDVSXEOLVKHGLQWKH3K\VLNDOLVFKH
=HLWVFKULIWDVDQDSSHQGL[WR(LQVWHLQ6HH0.OHLQHWDO HGV 'RF
8. 6HH&DWWDQL 'H0DUtD
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0LH·VWKHRU\GLGQRWVDWLVI\WKHSULQFLSOHRIHTXLYDOHQFHDQGWKHUHIRUHKHKDGQRWUHDOO\
VWXGLHGLWLQGHWDLO9 More privately, in a letter written to Erwin Finlay Freundlich that
same year, Einstein confided that Mie’s theory was “fantastic and has, in my opinion, a
vanishingly small inside chance” of being right.10
,Q'HFHPEHURI0LHZURWHDGHWDLOHGFULWLFLVPRI(LQVWHLQ·VWKHRU\WKDWZDVSXE
OLVKHGLQWKH3K\VLNDOLVFKH=HLWVFKULIWZKHUHDOVR(LQVWHLQ·VWDONDWWKH9LHQQDPHHWLQJKDG
DSSHDUHG$PRQJRWKHUWKLQJV0LHFODLPHGWKDWWKHUHOHYDQWSHUVSHFWLYHIURPZKLFKWR
FRQVLGHUWKHLQYDULDQFHRI(LQVWHLQ·VWKHRU\ZDVWKDWRIIHUHGE\WKHSULQFLSOHRIUHODWLYLW\
RIWKHJUDYLWDWLRQDOSRWHQWLDOUDWKHUWKDQWKDWRIDJHQHUDOL]HGSULQFLSOHRIWKHUHODWLYLW\RI
PRWLRQ0RUHRYHU0LHVWUHVVHGWKHGLIILFXOWLHVLPSOLHGE\DWHQVRULDOWKHRU\RYHUDVFDODU
RQHGLIILFXOWLHVKHFRQVLGHUHGQRWWREHMXVWLILHGE\DQ\HYLGHQWDGYDQWDJHVRIWKHIRUPHU
DSSURDFK 0LH  SS  11 Einstein replied to Mie’s criticism in the same
issue of the Zeitschrift (Einstein 1914), but his reply was essentially a further clarification of his own theory, rather than a direct criticism of Mie’s theory or a rebuttal of his
arguments.
It is worth noticing that Mie wrote his criticism of Einstein’s theory at a time
when he was working on a broader report on the current state of research on gravitation. This report had been commissioned for the Jahrbuch der Radioaktivität und Elektronik by the editor Johannes Stark. On December 10, 1913 Mie wrote to Stark
accepting with pleasure the invitation to write the report. However, on March of the
next year, Mie explained in a second letter to Stark that the article he had written for
the Physikalische Zeitschrift had consumed too much of his energies and he preferred
to be released from his earlier commitment. Mie also explained how he saw now the
relationship between his and Einstein’s theory of gravitation. In the letter he wrote:
<RXPD\KDYHSHUKDSVZRQGHUHGZK\,KDYHQ·WFRQWDFWHG\RXDJDLQFRQFHUQLQJWKHUHSRUWRQWKH
WKHRU\RIJUDYLWDWLRQ<RXKDYHPHDQZKLOHUHFHLYHGDUHSULQWRIP\DUWLFOHRQ(LQVWHLQ·VWKHRU\
WKDWFRVWPHDJUHDWGHDORIHIIRUW$V\RXSUREDEO\NQRZ(LQVWHLQKDVDQVZHUHGWKLVDUWLFOHZKLOH
FODLPLQJWKDW,KDYHQ·WXQGHUVWRRGKLVPDLQLGHDV+HLVULJKWWRWKHH[WHQWWKDW,KDYHQRWWRXFKHG
XSRQWKHPLQP\DUWLFOH,KDYHGRQHWKLVGHOLEHUDWHO\DQG,PXVWDGPLWWKDW,GRQ·WIXOO\XQGHU
VWDQG(LQVWHLQ·VSRLQWRIYLHZ,KDYHWKHIHHOLQJWKDWWKHZD\KHLVHPEDUNLQJXSRQLVYHU\DOOXULQJ
DQGLQWHUHVWLQJEXWQHYHUWKHOHVVDQLQFRUUHFWRQH0HDQZKLOH,WKLQNWKDWVRPHWLPHZLOOVWLOOKDYH
WRSDVVE\EHIRUHWKDWEHFRPHVFOHDU

9. .OHLQHWDO HGV S
10. 4XRWHGLQ3\HQVRQS6HHDOVR0.OHLQHWDO HGV 'RF
11. $VLPLODUFULWLFLVPDSSHDUVLQ0LHS
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,QDQ\FDVH,FRXOGZULWHDUHSRUWRQJUDYLWDWLRQRQO\IURPP\SRLQWRIYLHZZKLFKWREHJLQ
ZLWKLVFRPSOHWHO\GLIIHUHQWIURP(LQVWHLQ·V2EYLRXVO\,VKRXOGDOVRSUHVHQW(LQVWHLQ·VYLHZVEXW
XQGHUWKHSUHVHQWFLUFXPVWDQFHV,FRXOGQRWJLYHWKHPDFRUUHFWDSSUHFLDWLRQ,IWKDWKHOSV\RX,
FRXOGZULWHWKHUHSRUWRYHUWKHVXPPHUVHPHVWHU<HW,PXVWWHOO\RXWKLVRQHWKLQJWKDWWKHWKH
RU\RIJUDYLWDWLRQLVE\QRPHDQVWKHPDLQTXHVWLRQWKDW,DGGUHVVLQP\WKHRU\RIPDWWHUEXW
UDWKHUWKHUHDUHRWKHUSUREOHPVWKDWVHHPWREHPXFKPRUHLPSRUWDQWWKDQWKDW12

Mie added in his letter that he was planning to start in the winter writing a new book on
the basic ideas of his theory and its consequences. Instead of the requested report for
the Jahrbuch, Mie proposed to send a review of his forthcoming book. In his view this
would be more important than a general report on gravitation. Stark, from his side,
finally decided to ask Max Abraham to write the desired report, which the latter sent
for publication in December of 1914 (Abraham 1915).13
:KDWHYHUSURMHFWHGERRN0LHKDGLQPLQGZKHQZULWLQJKLVOHWWHUWR6WDUNKHGLG
QRWJHWWRSXEOLVKLWRYHUWKHIROORZLQJ\HDUV+LVFRPPHQWVRQDOHVVHULQWHUHVWLQJUDYLWD
WLRQWKDQRQRWKHULVVXHVPD\KDYHEHHQFDXVHGE\UHVHQWPHQWIROORZLQJWKH9LHQQDFRQ
IHUHQFH DQG LWV DIWHUPDWK $V DOUHDG\ PHQWLRQHG 0LH ZURWH YHU\ H[SOLFLWO\ LQ KLV HDUO\
DUWLFOHVWKDWDQH[SODQDWLRQRIJUDYLWDWLRQZRXOGEHDQLPSRUWDQWE\SURGXFWRIKLVWKHRU\
WKRXJKKHFHUWDLQO\GLGQRWSUHVHQWLWDVWKHPDLQWDVN%XW0LHFRQWLQXHGWROHFWXUHDQG
SXEOLVK RQ JUDYLWDWLRQ RYHU WKH \HDUV 0LH    DQG LQ IDFW WR UHODWH WR FHUWDLQ
DVSHFWVRI(LQVWHLQ·VZRUNLQDVRPHZKDWFULWLFDODWWLWXGH +HQWVFKHO ,QDOHWWHUZULW
WHQWR+LOEHUWRQ)HEUXDU\VKRUWO\DIWHUWKHSXEOLFDWLRQRIWKHODWWHU·VILUVWDUWLFOH
RQ UHODWLYLW\ 0LH VWLOO UHIHUUHG EDFN WR WKH GLVFXVVLRQV KHOG LQ WKH 9LHQQD PHHWLQJ +H
PDQLIHVWHG KLV JHQHUDO VNHSWLFLVP WRZDUGV WKH LGHD RI D ´JHQHUDO UHODWLYLW\µ EXW DW WKH
VDPHWLPHKHFRQIHVVHGWKDW+LOEHUW·VUHFHQWDUWLFOHKHOSHGKLPUHDOL]HWKDW(LQVWHLQKDG
EHHQYHU\FORVHWRWKHWUXWKIURPWKHEHJLQQLQJ6WLOO0LHGLGQRWEHOLHYHWKDW(LQVWHLQ

12.  7KHVH WZR OHWWHUV RI 0LH WR 6WDUN DQG DQ DGGLWLRQDO RQH GDWHG $XJXVW 
DUHSUHVHUYHGLQ6WDUN·V1DFKODVV6WDDWVELEOLRWKHN%HUOLQ
13.  $ OHWWHU IURP $EUDKDP WR 6WDUN GDWHG 2FWREHU   FRQILUPLQJ KLV
DJUHHPHQWWRZULWHWKHUHSRUWLVSUHVHUYHGLQ6WDUN·V1DFKODVV6WDDWVELEOLRWKHN%HU
OLQ3UHXLVFKH.XOWXUEHVLW]

Mie to Hilbert: p. 10
ZRXOGDWWDLQZKDWKHKDGDQQRXQFHGDVWKHDLPRIKLVUHVHDUFK14 In 1921 Mie published
a short monograph on Einstein’s theory, where he admitted that the current development of the theory was satisfactory from his point of view. Concerning the validity of
the postulate of invariance under arbitrary coordinate transformations, he wrote:
,WKLQNWKDWPDQ\RIP\>QRQPDWKHPDWLFDO@UHDGHUVZLOOEHDVWRQLVKHGWKDWLWPLJKWEHSRVVLEOHDW
DOOWRVDWLVI\WKDWSRVWXODWH,QIDFW,EHOLHYHWKDWPDQ\SURIHVVLRQDOVZLOOKDYHWRFRQFHGHWKDWDW
WKH WLPH ZKHQ (LQVWHLQ ZDV VWLOO ORRNLQJ IRU WKH FRUUHFW ZD\ WR DSSO\ LW WKH\ GRXEWHG WKDW KH
ZRXOGSRVVLEO\VXFFHHG7KHDXWKRURIWKLVHVVD\PXVWFRQIHVVWKDWKHKLPVHOIEHORQJHGWRWKHVH
VNHSWLFV,WWRRN(LQVWHLQPDQ\\HDUVXQWLOWKHSUREOHPKDGDWWDLQHGWKHFODULW\WKDWOHGWRLWVVROX
WLRQ)LQDOO\KRZHYHUKHIRXQGWKHZD\WRUHO\RQWKHJHRPHWULFDOUHVHDUFKRIVHYHUDOPDWKHPDWL
FLDQVDQGHVSHFLDOO\RIWKHJHQLDO5LHPDQQWKDWKDGZRUNHGRXWWKHPRVWJHQHUDOJHRPHWULHVRI
PDQ\GLPHQVLRQDOFRQWLQXD(LQVWHLQILOOHGXSWKHIRUPHUO\SXUHPDWKHPDWLFDOWKRXJKWVRIWKHVH
UHVHDUFKHUVZLWKSK\VLFDOFRQWHQWVDQGWKXVILQDOO\REWDLQHGKLVWKHRU\15

Mie’s theory of matter, then, and his attempt to explain gravitation in electromagnetic terms, had a rather convoluted and unfortunate development. Still, it succeeded in attracting the attention of Hilbert from very early on. In fact, the sequence of
events that led to Hilbert’s foundational, unified physical theory started with his interest in Mie’s theory as a viable theory of matter. It was only later that he sought to combine this theory with Einstein’s quest for general covariance, leading to put forward
what he considered to be “The Foundations of Physics” in general. The next section
describes Hilbert’s encounter with Mie’s theory.

3. %RUQ·V)RUPXODWLRQRI0LH·V7KHRU\
0D[%RUQZDVWKHILUVWDPRQJWKH*|WWLQJHQVFLHQWLVWVWREHFRPHLQWHUHVWHGLQ0LH·VWKH
RU\ DQG WR GHGLFDWH DFWXDO HIIRUWV WR VWXG\ DQG GHYHORS LW ,Q IDFW LW ZDV RQO\ WKURXJK
%RUQ·VUHIRUPXODWLRQRIWKHWKHRU\DQGSHUKDSVWKURXJKKLVSHUVRQDOPHGLDWLRQWKDW+LO
EHUWJRWWRDGRSWLWDVRQHRIWKHFHQWUDOSLOODUVRIWKHXQLILHGIRXQGDWLRQRISK\VLFVWKDW
KHZDVDERXWWRGHYHORSRYHUWKHIROORZLQJ\HDUV0LH·VWKHRU\FRQQHFWHGQDWXUDOO\ZLWK
%RUQ·VLPPHGLDWHVFLHQWLILFFRQFHUQV%HWZHHQDQG%RUQKDGVWXGLHGLQ*|W
WLQJHQ7KHQLQKHUHWXUQHGWRWKDWFLW\WRZRUNZLWK0LQNRZVNLRQUHODWLYLW\DQGRQ
HOHFWURQ WKHRU\³WRSLFV RI FRPPRQ LQWHUHVW IRU WKH WZR DW WKH WLPH $ FHQWUDO LVVXH

14. 7KHOHWWHULVLQWKH+LOEHUW1DFKODVV168%*|WWLQJHQ&RG0V'DYLG+LOEHUW
$VLPLODUSRLQWLVGLVFXVVHGLQ0LHS
15. 0LHS

Mie to Hilbert: p. 11
DPRQJUHVHDUFKHUVLQYROYHGLQHDUO\UHVHDUFKLQHOHFWURQWKHRU\ZDVWKHTXHVWLRQZKHWKHU
WKHHOHFWURQZDVDULJLGRUDGHIRUPDEOHVSKHUH$EUDKDPVXEVFULEHGWRWKHIRUPHUYLHZ
ZKHUHDV /RUHQW] WR WKH ODWWHU %RUQ DGGUHVVHG WKH DSSDUHQW FRQWUDGLFWLRQ EHWZHHQ WKH
FODVVLFDOFRQFHSWRIULJLGLW\DQGWKHSULQFLSOHRIUHODWLYLW\DQGLQWURGXFHGWKHUHODWLYLVWLF
FRQFHSW RI ULJLG PRYHPHQW $GGUHVVLQJ DQ LVVXH WKDW GHSDUWHG IURP 0LQNRZVNL·V PDLQ
IRFXVRILQWHUHVW%RUQSXUVXHGLQKLVZRUNRIWKHTXHVWLRQRIWKHXOWLPDWHQDWXUHRI
PDWWHUDQGLQSDUWLFXODUTXHVWLRQVFRQFHUQLQJWKHSK\VLFDOSURSHUWLHVRIWKHHOHFWURQ16
The main issues addressed in Mie’s theory thus directly appealed to Born’s current
basic interests.17
7KH ILUVW QRWLFH ZH KDYH RI 0LH·V WKHRU\ EHLQJ GLVFXVVHG LQ *|WWLQJHQ LV LQ
'HFHPEHUZKHQ%RUQSUHVHQWHGLWDWWKHPHHWLQJRIWKH*|WWLQJHQ0DWKHPDWL
FDO6RFLHW\ *0* 18 By that time Hilbert was deeply immersed in his research on the
kinetic theory and on radiation theory (Corry 1998). On the face of it, then, the questions addressed by Mie in his article must have strongly attracted Hilbert’s attention.
What exactly was discussed there and what were the reactions to it, we don’t really
know. We do know, however, that the lecture notes of the courses Hilbert taught in the
winter semester of 1912-13 (“Molecular Theory of Matter”), or in the following
semester (“Electron Theory”) —in spite of their obvious, direct connection with the
issue— show no evidence of a sudden interest in Mie’s theory or in the point of view
developed in it (Corry 1999). Apparently, whatever Hilbert learnt from Mie’s theory in
this early occasion, it did not offer him any new element of direct interest. Possibly,
this was connected to the fact that Mie’s strong electromagnetic reductionism was contrary to Hilbert’s current views, that also favored reductionism, but from a mechanistic
perspective. Born, on the contrary, seems to have been immediately attracted by Mie’s
theory, since he continued to work on it by himself. On November 25, 1913, Born lectured again at the GMG on Mie’s theory.19 On December 16, he presented to the same
forum his own contribution to the theory, dealing with the form of the energy laws in it.
This time, he does seem to have caught Hilbert’s attention.
16.  )RU D GLVFXVVLRQ RI WKH FRQQHFWLRQV EHWZHHQ %RUQ DQG 0LQNRZVNL LQ WKLV
FRQWH[W&RUU\D
17. ,QIDFWWKHLUGRPDLQVRILQWHUHVWRYHUODSSHGDOVRLQODWHURSSRUWXQLWLHV6HH
%RUQ
18. 6HHWKHDQQRXQFHPHQWLQWKH-DKUHVEHULFKWGHU'09 -'09 9RO  
7KHUHLVQRGLUHFWHYLGHQFHRIWKHFRQWHQWVRI%RUQ·VOHFWXUHDWWKLVRSSRUWX
QLW\
19. 6HHWKHDQQRXQFHPHQWLQ-'099RO  

Mie to Hilbert: p. 12
Born’s lecture (1914), soon thereafter submitted by Hilbert for publication, was
intended as a clarification of the mathematical structure of Mie’s electrodynamics.
Born was perhaps the physicist whom Hilbert’s views on physics influenced most
strongly of all, at least in what concerns the way physical theories have to be formulated and analyzed. The kind of clarification he was aiming at was therefore very close
to Hilbert’s line of interest from the beginning. Born stressed above all the role of the
variational argument underlying Mie’s theory, as well as the similarity of the latter
with the classical, analytical approach to mechanics. In this way, Born’s presentation
connected Mie’s ideas directly to Hilbert’s general views on physics, and in particular
to the views he had put forward in his lectures on the axiomatic method (Corry 1997).
This presentation had thus a much more direct appeal to Hilbert than Mie’s own one.
As a matter of fact, Born’s talk was introduced to the GMG by Hilbert himself.
$VHFRQGLQQRYDWLYHDVSHFWRI%RUQ·VIRUPXODWLRQFRQFHUQVKLVJHQHUDODSSURDFK
DQGKLVXVHRIQRWDWLRQ%RUQ·VSRLQWRIYLHZZDVPRUHJHQHUDOWKDQ0LH·VDQGKLVSUHVHQ
WDWLRQZDVWHQVRULDOLQVSLULWDOWKRXJKKHGLGQRWH[SOLFLWO\XVHWKLVZRUG7KLVDSSURDFK
DOORZHG KLP WR FRQQHFW WKH VSHFLILF GLVFXVVLRQ XQGHUWDNHQ KHUH ZLWK D PXFK EURDGHU
SK\VLFDOIUDPHZRUNZKLFKLQFOXGHGDWUHDWPHQWRIHODVWLFLW\SDUDOOHOWRWKDWRIHOHFWURG\
QDPLFV5DWKHUWKDQVSHDNLQJRIWKHHOHFWURPDJQHWLFHWKHUDQGLWVSURSHUWLHVOLNH0LHKDG
GRQH%RUQUHIHUUHGWRDJHQHUDOIRXUGLPHQVLRQDOFRQWLQXXPRIWKHFRRUGLQDWHV[[
[[DQGWRWKHGHIRUPDWLRQVDIIHFWLQJLW7KHODWWHUDUHH[SUHVVHGLQWHUPVRIWKHSUR
MHFWLRQVXXXX RQDV\VWHPRIIRXURUWKRJRQDOD[HV RIWKHGLVSODFHPHQWV 9HUUFN
XQJHQ RIWKHSRLQWVRIWKHFRQWLQXXP7KHIRXUEDVLFHOHFWURPDJQHWLFPDJQLWXGHVUHIHUUHG
WRE\0LHGKUDQGMDSSHDULQ%RUQ·VDUWLFOHDVQRPRUHWKDQSDUWLFXODUIXQFWLRQVRIWKH
IRXUFRRUGLQDWHV%RUQ·VGLVFXVVLRQRIWKHHQHUJ\FRQVHUYDWLRQSULQFLSOHXVLQJWKLVIRUPX
ODWLRQSUHSDUHGWKHZD\DVZHZLOOVHHEHORZWR+LOEHUW·VFRQQHFWLRQEHWZHHQWKLVWKHRU\
DQG(LQVWHLQ·VJHQHUDOUHODWLYLW\,WLVQRWHZRUWK\WKDWSUHFLVHO\RQHZHHNEHIRUH%RUQ·VOHF
WXUHDWWKH*0*WKLVIRUXPKHDUGSHUKDSVIRUWKHILUVWWLPHDUHSRUWRQ(LQVWHLQDQG
*URVVPDQQ·V(QWZXUIWKHRU\20 The published version of Born’s lecture does not record
any mention of a direct relation between the latter and Mie’s theory, but Born’s tensorlike formulation suggests that such a connection may at least have been suggested by
the participants.

20. 6HHWKHDQQRXQFHPHQWLQWKH-'099RO  S8QIRUWXQDWHO\
DOVRWKHFRQWHQWVRIWKLVOHFWXUHDUHQRWGRFXPHQWHG

Mie to Hilbert: p. 13
We can only guess what effect the tensorial aspect of Born’s presentation may
have actually had in attracting Hilbert’s attention at this stage. What is clear is that its
opening sentences could not have failed to do so. Born stressed the importance of
Mie’s contribution by comparing it to ealier works in the theory of the electron that had
been based on Lorentz’s ideas: whereas for the latter it had always been necessary to
assume specific, physical hypotheses concerning the nature of matter itself, Mie had
attempted to derive the existence of electrons as knots in the ether based only on mathematical consideration applied to a modified version of the Maxwell equations. As
Born was well-aware, in his lectures on the axiomatization of physical theories Hilbert
had recurrently stressed the centrality of this methodological principle, namely, the
need to separate the analysis of the logico-mathematical structure of the theory from
any specific assumption on the ultimate nature of nature. Minkowski had also followed
this principle in his work on electrodynamics (Corry 1997a), and it had certainly influenced Born in his own work.
Born explained the central ideas of Mie’s theory by analogy with Lagrangian mechanics. The equations of motion of a mass system, he said, can be derived using the
Hamiltonian principle, by stipulating that the integral
t1

³ (T  U )dt

t2

has to attain a minimal value. Here T - U is the Lagrangian function, which is a function of the position q and of the velocity q
T U

of the system:

)( q , q )

The equations obtained from the variational principle are thus well-known:
d w) w)
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,QPHFKDQLFV%RUQH[SODLQHGRQHKDVWKHUHODWLYHO\VLPSOHFDVHRIDTXDVLHODVWLF
V\VWHPLQZKLFKWKHIXQFWLRQ)KDVWKHIRUP
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PRUHJHQHUDOFDVHLQZKLFK)LVWDNHQWREHDQ\DUELWUDU\IXQFWLRQVDWLVI\LQJWKHEDVLFGLIIHUHQWLDOHTXDWLRQ  
7KHUHODWLRQRI0LH·VWKHRU\WRFODVVLFDOHOHFWURG\QDPLFV%RUQVDZDVSDUDOOHOWRWKDWEHWZHHQWKHVHWZRSRVVLELO
LWLHVLQPHFKDQLFV

Mie to Hilbert: p. 14
0LH·VHTXDWLRQVSOD\WKHVDPHUROHIRUHOHFWURG\QDPLFVWKDQ/DJUDQJH·VVHFRQGRUGHUHTXDWLRQV
GRIRUWKHPHFKDQLFVRIV\VWHPVRISRLQWVWKH\SURYLGHDIRUPDOVFKHPHWKDWWKURXJKDVXLWDEOH
FKRLFHRIWKHIXQFWLRQ)FDQEHPDGHWRILWWKHVSHFLDOSURSHUWLHVRIWKHJLYHQV\VWHP9HU\PXFK
OLNHLQHDUOLHUWLPHVWKHDLPRIWKHPHFKDQLVWLFH[SODQDWLRQRIQDWXUHZDVSXUVXHGE\DVVXPLQJD
/DJUDQJLDQIXQFWLRQ)WKDWGHVFULEHVWKHLQWHUDFWLRQVDPRQJDWRPVDQGIURPZKLFKDOOSK\VLFDO
DQGFKHPLFDOSURSHUWLHVRIPDWWHUFRXOGEHGHULYHGVRKDV0LHVHWIRUZDUGWKHWDVNRIFKRRVLQJD
VSHFLILF´:RUOGIXQFWLRQµ)LQVXFKDZD\WKDWVWDUWLQJIURPWKDWIXQFWLRQDQGIURPWKHEDVLF
GLIIHUHQWLDO HTXDWLRQ LW VDWLVILHV QRW RQO\ WKH YHU\ H[LVWHQFH RI WKH HOHFWURQV DQG RI WKH DWRPV
PLJKWEHGHULYHGEXWDOVRWKHWRWDOLW\RIWKHLULQWHUDFWLRQVZLOOHPHUJH,ZRXOGOLNHWRFRQVLGHU
WKLVUHTXLUHPHQWRI 0LHDVHPERG\LQJWKH PDWKHPDWLFDOFRQWHQWV RIWKDWSURJUDPWKDW KDVVHW
GRZQDVWKHPDLQWDVNRISK\VLFVWKHHUHFWLRQRIDQ´HOHFWURPDJQHWLFZRUOGYLHZµ %RUQ
SS 

Born was alluding here to several issues that were highly appealing to Hilbert’s
sensibilities. First, the analogous conception of mechanics and electrodynamics in
terms of a variational derivation. At least since Hilbert lectured on the axiomatization
of physics 1905, Born had repeatedly heard him postulating the possibility and the
need to unify physical theories in these terms: the crucial step in any case would be the
choice of the suitable Lagrangian function (Corry 1997, 170-175). Like Minkowski
and like Hilbert, but unlike most other physicists, Born called this Lagrangian “Worldfunction.” Second, Born knew that Hilbert’s sympathy for the mechanical reductionism was subsidiary to the mathematical simplicity that should support it. If it turned
out that an electromagnetic reductionism would be simpler in mathematical terms than
the mechanistic one, then Hilbert would be inclined to follow the former rather than
the latter. Finally, and connected to the second, the last sentence of Born’s quotation
seems to allude to the famous concluding passage of Minkowski’s “Space and Time”:
7KHYDOLGLW\ZLWKRXWH[FHSWLRQRIWKHZRUOGSRVWXODWH,OLNHWRWKLQNLVWKHWUXHQXFOHXVRIDQ
HOHFWURPDJQHWLFLPDJHRIWKHZRUOGZKLFKGLVFRYHUHGE\/RUHQW]DQGIXUWKHUUHYHDOHGE\(LQ
VWHLQQRZOLHVRSHQLQWKHIXOOOLJKWRIGD\ 0LQNRZVNLS

21

Born suggested that a consistent pursuit of the line of thought adopted by Hilbert and
Minkowski —in which the mathematical and logical structure of the theory matters
above all and in which any commitment to specific physical underlying assumptions
should be avoided as much as possible— would naturally lead to pay close attention to
Mie’s theory.

21. )RUDUHLQWHUSUHWDWLRQRIWKHPHDQLQJRIWKLVSDVVDJHVHH&RUU\DS

Mie to Hilbert: p. 15
In the body of his treatment, and according to the tensor-like spirit of the presentation, Born introduced the notation
wuD
wx E

aDE


DQGGHPDQGHGWKDWDOOWKHSURSHUWLHVRIWKHFRQWLQXXPPLJKWEHGHGXFHGDORQHIURPWKH
SURMHFWLRQVRIWKHGLVSODFHPHQWVXD DQGWKHLUGHULYDWLYHVDDE,QWKLVZD\WKHYDULDWLRQDO
SULQFLSOHLVDSSOLHGWRDQLQWHJUDORIWKHIRUP
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If, in addition, one introduces the notation
w)
waDE

X DE ,
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then the variational principle leads to equilibrium equations that can be expressed as
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%RUQSURFHHGHGQRZWRGHULYHWKHHQHUJ\PRPHQWXPFRQVHUYDWLRQSULQFLSOHDVD
JHQHUDOL]DWLRQRIHQHUJ\FRQVHUYDWLRQLQPHFKDQLFVDQGXVLQJWKHIDFWWKDWKLV/DJUDQJLDQ
GLG QRW H[SOLFLWO\ GHSHQG RQ WLPH %RUQ VWDUWHG IURP WKH JHQHUDO DVVXPSWLRQ WKDW )
GHSHQGVRQWKHPDJQLWXGHVDDEH[FOXVLYHO\WKURXJKWKHGLIIHUHQFHV
aDE  a ED

wuD wuE

wx E wx D



These differences can be interpreted as the components of the infinitesimal rotation of
a volume element of the continuum in the four-dimensional world. Born showed that
in Mie’s theory, these components appear as the coordinates of the six-vector (M, -ie),
where M represents the magnetic induction and e the intensity of the electric field. The
values of the rotational components are obtained from the determinant
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Mie to Hilbert: p. 16
,I)LVLQGHSHQGHQWRIWKHIRXUFRRUGLQDWHV[[[[WKHQWKHHQHUJ\PRPHQ
WXPFRQVHUYDWLRQSULQFLSOHLVYDOLGLQWKHWKHRU\DQGLWFDQEHUHIRUPXODWHGDVIROORZV
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then the principle takes the form
'LY7 

7KLV JHQHUDO UHVXOW FDQ EH VSHFLDOL]HG WR WKH FDVH RI 0LH·V WKHRU\ JLYHQ WKDW LWV
/DJUDQJLDQ LV DVVXPHG WR EH LQGHSHQGHQW RI WKH IRXU FRRUGLQDWHV [L 7KLV DVVXPSWLRQ
%RUQVWDWHG S ´LVWKHWUXHPDWKHPDWLFDOUHDVRQIRUWKHYDOLGLW\RIWKHHQHUJ\
PRPHQWXPFRQVHUYDWLRQSULQFLSOHµLQWKHWKHRU\2QWKHRWKHUKDQG%RUQDOVRUHOLHGRQ
WKHGHSHQGHQFHRIWKH/DJUDQJLDQIXQFWLRQRQWKHDDEYLDWKHH[SUHVVLRQV  +HWKXV
GHILQHGDQHZuPDWUL[66 7ZZKHUH
Z DE

¦J aDJ X JE  uD X E .

%RUQVKRZHGQRZHDVLO\WKDW'LYZ IURPZKLFKKHREWDLQHGILQDOO\
'LY6 

As will be seen below, in Hilbert’s 1915 lecture on general relativity this matrix S is
alluded to as “Mie’s stress energy tensor”, and it plays a central role in the theory. In
defining it, Born was introducing a magnitude which is not dependent only on the
field’s strength yet satisfies the energy equation.
It must be stressed that in the body of Born’s article gravitation is barely mentioned,
thus suggesting his awareness to the problematic status of this phenomenon in the
framework of Mie’s theory. Born declared that the theory, in the variational formulation he was proposing here, was an extension of Lagrange’s “magnificent program”:

Mie to Hilbert: p. 17
the theory attempts to find the appropriate world-function from which all the electromagnetic properties of the electrons and the atoms might be derived. All properties,
that is, except gravitation, which, as Born explained in a footnote added at this point
(1914, pp. 31-32), was left outside the scope of the article.

,WLVOLNHO\WKDW%RUQKDGGLVFXVVHGWKHVHLGHDVZLWK+LOEHUWZD\EHIRUHWKHDFWXDO
OHFWXUHZDVGHOLYHUHGDWWKH*0*$VDPDWWHURIIDFWZHKDYHGLUHFWHYLGHQFHRI+LOEHUW·V
LQWHUHVWRQ0LH·VZRUNGDWLQJIURPEHIRUHWKDWOHFWXUH2Q2FWREHU0LHZURWHD
OHWWHUWR+LOEHUWH[SUHVVLQJKLVVDWLVIDFWLRQIRUWKHLQWHUHVWWKDWWKHODWWHUKDGPDQLIHVWHG
LQ DQ HDUOLHU OHWWHU ZKLFK KDV QRW EHHQ SUHVHUYHG  LQ KLV UHFHQW ZRUN22 Thus, it was
probably not necessary for Born, at this stage, to phrase his introduction with the specific task in mind of convincing Hilbert of the importance of Mie’s theory and of the
power of its concomitant electromagnetic world-view. But it seems clear that under the
formulation embodied in Born’s presentation and for the reasons alluded in his introduction, Hilbert himself could not have failed to recognize the direct allure of Mie’s
theory to his own current concerns. Still, some time was needed until Hilbert came to
adopt fully the view of physical reality presupposed by Mie’s theory. In his lectures on
electromagnetic oscillations, during the winter semester of 1913-14, we find clear indications that Hilbert had begun to think seriously about this theory, but until his talk of
November 1915 on the fundamental equations of physics he never mentioned Mie’s
theory explicitly either in his published work or in the manuscript of the lectures that
have been preserved.

4. +LOEHUW·V&RPPXQLFDWLRQDQG0LH·V7KHRU\
$OWKRXJKZHGRQRWNQRZZLWKFHUWDLQW\ZKHQ+LOEHUWILQDOO\DGRSWHG0LH·VWKHRU\DVD
SRVVLEOHEDVLVIRUDXQLILHGIRXQGDWLRQRISK\VLFVLQJHQHUDOZHGRNQRZWKDW%RUQZDV
LQVWUXPHQWDOLQWKHSURFHVVOHDGLQJWRLW7KHVHFRQGSLOODURI+LOEHUW·VWKHRU\ZDVSUR
YLGHGE\(LQVWHLQ·VZRUNRQJHQHUDOUHODWLYLW\DERXWZKLFK+LOEHUWKDGDWOHDVWVRPHLGHD
E\WKHHQGRI(LQVWHLQZDVLQYLWHGWRGLVFXVVWKHFXUUHQWVWDWHRIKLVWKHRU\LQ*|W
WLQJHQ DQG KH YLVLWHG WKHUH EHWZHHQ -XQH  DQG -XO\   8QIRUWXQDWHO\ WKH H[DFW
FRQWHQWRIKLVOHFWXUHVLQ*|WWLQJHQLVXQNQRZQWRXV23 and yet it is clear that he consid-

22. 0LH·VOHWWHULVLQ+LOEHUW·V1DFKODVV168%*|WWLQJHQ&RG0V'DYLG+LOEHUW


Mie to Hilbert: p. 18
ered his visit to have been a complete success. He felt that his theory had been understood to the details and he was deeply impressed by Hilbert’s personality (Hermann
1968, p. 30). Hilbert, in turn, was likewise impressed by the younger Einstein (Pyenson 1985, p. 193).
Einstein’s trip to Göttingen came after more than two years of intense struggle with the
attempt to formulate a generalized theory of relativity. He had initially abandoned the
demand of general covariance as part of his theory, after coming to the conclusion that
generally covariant field equations would necessarily lack any physical interest,
because they would contradict the principle of causality. The ground for this conclusion was the so-called “hole argument”, which he introduced first in the Entwurf paper
of 1913, and later articulated most clearly in a summary of the latter, presented in
October 1914 to the Berlin Academy of Sciences (Einstein 1914). Quite certainly, Einstein’s lectures in Göttingen did not depart significantly from what he had presented in
this summary.
(LQVWHLQ·VTXHVWIRUDUHODWLYLVWLFWKHRU\RIJUDYLWDWLRQZDVHYHQWXDOO\FURZQHGZLWKVXFFHVV
RQO\DIWHUKHDEDQGRQHGFRPSOHWHO\WKH¶KROHDUJXPHQW·DQGDGRSWHGJHQHUDOFRYDULDQFH
DJDLQ DV D OHDGLQJ SULQFLSOH RI WKDW WKHRU\ (LQVWHLQ·V FRQILGHQFH RQ WKH YDOLGLW\ RI WKH
DUJXPHQWKRZHYHUGLGQRWEHJLQWRHURGHXQWLOPLG2FWREHU+HWKXVHPEDUNHGLQ
WKHHIIRUWWKDWOHGKLPWRSUHVHQWIRXUFRQVHFXWLYHSDSHUVDWWKHZHHNO\PHHWLQJVRIWKH
%HUOLQ$FDGHP\VWDUWLQJRQ1RYHPEHU7KHIRXUWKSDSHUSUHVHQWHGRQ1RYHPEHU
FRQWDLQHG KLV ILQDO YHUVLRQ RI WKH JHQHUDOO\ FRYDULDQW ILHOG HTXDWLRQV RI JUDYLWDWLRQ
1RUWRQ    2YHU WKLV FUXFLDO PRQWK RI 1RYHPEHU (LQVWHLQ DQG +LOEHUW
HQJDJHG LQ DQ LQWHQVLYH FRUUHVSRQGHQFH LQ ZKLFK WKH\ UHSRUWHG WR HDFK RWKHU LQ ´UHDO
WLPHµDERXWWKHLUFXUUHQWSURJUHVVLQGHYHORSLQJWKHLUUHVSHFWLYHUHVXOWV7KH\DOVRFRQ
WLQXHGWRFRUUHVSRQGZLWKHDFKRWKHUDIWHUSUHVHQWLQJWKHLUUHVSHFWLYHZRUNV$GHWDLOHG
DQDO\VLVRIWKHLQWHUFKDQJHRILGHDVEHWZHHQ(LQVWHLQDQG+LOEHUWDQGRIWKHLUSRVVLEOH
PXWXDOLQIOXHQFHLVRIFRXUVHDQHQRUPRXVO\LQWHUHVWLQJDQGLPSRUWDQWWRSLFDQGLWZLOO
EHDGGUHVVHGLQDVHTXHOWRWKHSUHVHQWDUWLFOH24 In the rest of this section I will be focusing on the connection between Mie’s and Hilbert’s theory.

23.  , KDYH PDGH VRPH HIIRUWV WR JDWKHU GRFXPHQWV UHODWHG WR WKLV YLVLW VR IDU
ZLWKRXWPXFKVXFFHVV:KDW,GLGILQGLQ+LOEHUW·V1DFKODVVLQ*|WWLQJHQQHYHU
WKHOHVVDUHWKHKDQGZULWWHQQRWHVWDNHQE\DQXQLGHQWLILHGSHUVRQDWKH ILUVWRI
(LQVWHLQ·VOHFWXUHV 6WDDWVXQG8QLYHUVLWlWV%LEOLRWKHN*|WWLQJHQ&RG0V'+LO
EHUW 7KHVHQRWHVKDYHQRZEHHQSXEOLVKHGLQ.R[HWDO HGV $SS%
SS
24. $SUHOLPLQDU\GLVFXVVLRQRIWKLVWRSLFDSSHDUVLQ&RUU\5HQQ 6WDFKHO

Mie to Hilbert: p. 19
+LOEHUW·VFRPPXQLFDWLRQDSSHDUHGLQSULQWRQ0DUFKLQWKHSURFHHGLQJVRI
*|WWLQJHQ $FDGHP\ RI 6FLHQFH XQGHU WKH WLWOH ´7KH )RXQGDWLRQV RI 3K\VLFVµ 7KLV
SULQWHGYHUVLRQKRZHYHUGLIIHUVVXEVWDQWLDOO\IURPZKDWKHDFWXDOO\SUHVHQWHGLQKLVWDON
DVZHOHDUQIURPDGRFXPHQW,GLVFRYHUHGRQO\UHFHQWO\LQ+LOEHUW·V1DFKODVVDQGZKLFK
VKHGV PXFKOLJKWXSRQWKLVHQWLUHVWRU\WKHSURRIJDOOH\VRIWKHFRPPXQLFDWLRQGDWHG
'HFHPEHU25 The most significant differences between the two versions are not
marked on the proofs themselves, and they were probably introduced somewhat later,
that is, after December 6. It is worth noticing, moreover, that Hilbert’s article was
republished again in 1924 in the Mathematische Annalen with some additional, interesting changes, and yet once again with additional editorial comments in 1932, in the
third volume of Hilbert’s collected works. Typically, Hilbert did never mention any of
the major changes he introduced between the various versions. In (1924, p. 1), for
instance, Hilbert explained that he was basically reprinting what had appeared in the
past in two parts, with only minor editorial changes. For lack of space the detailed
analysis of these interesting changes will also remain for a future opportunity.
Hilbert’s theory took from Einstein the account of the structure of spacetime in terms
of the metric tensor. Mie’s theory served as a basis for explaining the structure of matter in terms of the electromagnetic fields. To these two elements Hilbert applied powerful mathematical tools taken from the calculus of variations and from Riemannian
geometry.
7KHILUVWD[LRPRI+LOEHUW·VWKHRU\RIJUDYLWDWLRQ ZKLFKKHFDOOHG´$[LRP,0LH·VD[LRP
RIWKHZRUOGIXQFWLRQµ LVEDVHGRQDYDULDWLRQDODUJXPHQW7KHD[LRPLVIRUPXODWHGIRUD
VFDODU+DPLOWRQLDQIXQFWLRQ26 H(gPQ, gPQl, gPQlk, qs, qsl), whose parameters are the ten
gravitational potentials gPQ, together with their first and second derivatives
g PQl
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25. 1DFKODVV'DYLG+LOEHUW168%*|WWLQJHQ&RG0V
26.  $W WKLV SRLQW D WHUPLQRORJLFDO FODULILFDWLRQ PD\ EH LQ RUGHU ,Q SUHVHQWGD\
WHUPVWKLVIXQFWLRQZRXOGEHPRUHSURSHUO\FDOOHGD/DJUDQJLDQIXQFWLRQZKLOH
WKHWHUP´+DPLOWRQLDQµXVXDOO\UHIHUVWRIXQFWLRQVLQYROYLQJPRPHQWDDQGUHSUH
VHQWLQJWKHWRWDOHQHUJ\RIWKHV\VWHPFRQVLGHUHG6HHHJ/DQF]RV&KDSW
,;)RUWKHSXUSRVHVRIWKHSUHVHQWDUWLFOHDQGIRUWKHVDNHRIKLVWRULFDOSUHFLVLRQ
KRZHYHULWVHHPVPRUHFRQYHQLHQWWRDELGHE\WKHRULJLQDOWHUPLQRORJ\

Mie to Hilbert: p. 20
DQG WKH IRXU HOHFWURPDJQHWLF SRWHQWLDOV TV WRJHWKHU ZLWK WKHLU ILUVW GHULYDWLYHV TVO 7KH
JUDYLWDWLRQDOSRWHQWLDOV JPQDUHWKH FRPSRQHQWV RI DV\PPHWULF WHQVRU DQGOLNH LQ (LQ
VWHLQ·VWKHRU\WKH\FRQVWLWXWHWKHPHWULFWHQVRURIDIRXUGLPHQVLRQDOPDQLIROG7KHHOHF
WURPDJQHWLFSRWHQWLDOVEHKDYHOLNHYHFWRUVZLWKUHVSHFWWRWKHIRXUZRUOGSDUDPHWHUVZ O O
 7KH+DPLOWRQLDQLVXVHGWRGHULYHWKHEDVLFHTXDWLRQVRIWKHWKHRU\VWDUWLQJ
IURPWKHDVVXPSWLRQWKDWXQGHULQILQLWHVLPDOYDULDWLRQVRILWVSDUDPHWHUVWKHYDULDWLRQRI
WKHLQWHJUDO

³H

gdZ

ZKHUHJ _JPQ_DQGGZ GZGZ GZGZ YDQLVKHVIRUDQ\RIWKHSRWHQWLDOV,QIDFW
LQVWHDGRIWKHFRYDULDQWPDJQLWXGHVJPQDQGWKHLUGHULYDWLYHV+LOEHUWXVHGFRQVLVWHQWO\WKH
FRQWUDYDULDQW WHQVRU JPQ DQG WKHLU GHULYDWLYHV WKURXJKRXW WKH DUJXPHQW27 The second
basic axiom of the theory (Axiom II: axiom of general invariance) postulates that H is
invariant under arbitrary transformations of the coordinates Z l.
At this stage, Hilbert added two interesting footnotes that explain the relation of the
two first axioms with Mie’s and with Einstein’s works respectively. First, he said, Mie
himself had not included the electromagnetic potentials and their derivatives in the
world-function, but rather this had been a contribution of Born. Thus, from this point
on, it is clear that Hilbert will be referring to Born’s version of the theory, rather than to
Mie’s original one. Still, what characterizes Mie’s theory, Hilbert explained, is the very
introduction of the world-function as part of the Hamiltonian. Second, Mie had postulated the demand of orthogonal, rather than general covariance. But whereas in Einstein’s work the Hamiltonian principle plays only a secondary role, Axiom II expresses
in the simplest way his demand for general covariance.
Besides the two basic axioms, the core of Hilbert’s derivation is based on a central mathematical result (Theorem I), which Hilbert initially described as the Leitmotiv
of the theory. According to this theorem the number of equations that can be obtained
from the variational integral is in fact smaller than the fourteen that one would expect
to attain on the face of it. More specifically, in the first printed version of the theory
Hilbert formulated the theorem as follows:
7KHRUHP , /HW - EH D VFDODU H[SUHVVLRQ RI Q PDJQLWXGHV DQG WKHLU GHULYDWLYHV WKDW LV LQYDULDQW
XQGHU DUELWUDU\ WUDQVIRUPDWLRQV RI WKH IRXU ZRUOGSDUDPHWHUV DQG OHW WKH /DJUDQJH YDULDWLRQDO
HTXDWLRQVFRUUHVSRQGLQJWRWKHQPDJQLWXGHVEHGHULYHGIURPWKHLQWHJUDO

27. ,QDFRXUVHWDXJKWDW*|WWLQJHQLQ+LOEHUWH[SOLFLWO\H[SODLQHGWKDW
WKLVLVGRQHIRUUHDVRQVRIFRQYHQLHQFH6HH+LOEHUW

Mie to Hilbert: p. 21

³

G J gdZ

0.

7KHQLQWKHV\VWHPRIQGLIIHUHQWLDOHTXDWLRQVRQQYDULDEOHVREWDLQHGLQWKLVZD\IRXURIWKHVH
HTXDWLRQVDUHDOZD\VDFRQVHTXHQFHRIWKHRWKHUQLQWKHVHQVHWKDWIRXUOLQHDUO\LQGHSHQGHQW
FRPELQDWLRQVRIWKHQGLIIHUHQWLDOHTXDWLRQVDQGWKHLUWRWDOGHULYDWLYHVDUHDOZD\VLGHQWLFDOO\VDWLV
ILHG +LOEHUW

The variational principle introduced above yields ten equations for the gravitational potentials and four for the electromagnetic ones:
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+LOEHUW GHQRWHG WKH OHIWKDQG VLGHV RI WKHVH HTXDWLRQV DV > g +@PQ DQG > g +@K DQG
FDOOHGWKHPWKHIXQGDPHQWDOHTXDWLRQVRIJUDYLWDWLRQDQGRIHOHFWURG\QDPLFVUHVSHFWLYHO\
7KHRUHP , ZDV REYLRXVO\ FRQFHLYHGZLWK WKH LQWHQWLRQRI EHLQJ DSSOLHGWR WKHVH HTXD
WLRQVWKXVOHDGLQJWRWKHFODLPWKDWIRXURIWKHPDUHLQIDFWFRQVHTXHQFHVRIWKHRWKHUWHQ
,QSDUWLFXODU+LOEHUWFRQFOXGHGWKHIRXUHTXDWLRQV> g +@K DUHDFRQVHTXHQFHRIWKH
WHQJUDYLWDWLRQDORQHV> g +@PQ 7KLVODWWHUFRQFOXVLRQDPRXQWHG+LOEHUWVXJJHVWHG
WRQRWKLQJOHVVWKDQDGHILQLWLYHH[SODQDWLRQRIWKHLQWLPDWHLQWHUFRQQHFWLRQEHWZHHQWKH
WZRNLQGRISK\VLFDOSKHQRPHQDLQYROYHG
%DVHGRQWKHDERYHWKHRUHPZHFDQDGYDQFHWKHIROORZLQJFODLPLQWKHDOUHDG\LQGLFDWHGVHQVHWKHHOHF
WURG\QDPLFSKHQRPHQDDUHDQHIIHFWRIJUDYLWDWLRQ%\UHFRJQL]LQJWKLV,GLVFHUQWKHVLPSOHDQGYHU\VXU
SULVLQJ VROXWLRQ RI WKH SUREOHP RI 5LHPDQQ ZKR ZDV WKH ILUVW WR VHDUFK IRU D WKHRUHWLFDO
FRQQHFWLRQEHWZHHQJUDYLWDWLRQDQGOLJKW +LOEHUW

28

28.  +LOEHUW ZDV SUHVXPDEO\ UHIHUULQJ KHUH WR D VKRUW SDSHU RQ JUDYLWDWLRQ DQG
OLJKWWDNHQIURP5LHPDQQ·V1DFKODVV 5LHPDQQ:HUNH $VLPLODUDVVHVV
PHQWDSSHDUVLQ+LOEHUW

Mie to Hilbert: p. 22
Hilbert did not prove this theorem as part of his exposition of the theory, but he
claimed that the necessary proof would appear in a different place. As it happened,
however, the mathematical conclusions Hilbert drew from the theorem were erroneous: in fact, the validity of the theorem would imply that four among the equations are
dependent on the other ten, but this in no way warrants that precisely the four electromagnetic ones are dependent on the gravitational ones, as Hilbert asserted here. As
will be seen below, this problem did not pass unnoticed among Hilbert’s colleagues
and it was mentioned as part of the criticism directed towards the theory.

The ambitious title of Hilbert’s paper reflects faithfully what he thought to be achieving with his theory: a formulation of the foundations of physics in general, rather than
just of a particular kind of physical phenomena. The derivation of the field equations
of gravitation appears in Hilbert’s theory as a kind of by-product embedded in a
broader argument with far-reaching intended consequences. It is evident from the text
that Hilbert conceived this broader argument to be the foremost example of that idea he
had consistently stressed in the past when speaking of the axiomatization of any individual physical discipline: the basic equations of the discipline should be deduced
from a general variational argument, to which one must add specific axioms meant to
capture the essence of the theory in question, so that the particular form of the necessary Hamiltonian function involved might be exactly determined. This time, Hilbert
thought to have accomplished for physics what he had done for geometry in 1899, or at
least so he declared consistently.
+LOEHUW·VWKHRU\LVEDVHGRQWZRD[LRPV7KHILUVWLVDYDULDWLRQDODUJXPHQWIRUPXODWHGIRU
DVFDODU+DPLOWRQLDQIXQFWLRQ+ JPQJPQOJPQONTVTVO ZKRVHSDUDPHWHUVDUHWKHWHQJUDY
LWDWLRQDOSRWHQWLDOVJPQWRJHWKHUZLWKWKHLUILUVWDQGVHFRQGGHULYDWLYHVJPQOJPQON DQGWKH
IRXUHOHFWURPDJQHWLFSRWHQWLDOVTVWRJHWKHUZLWKWKHLUILUVWGHULYDWLYHVTVO7KH+DPLOWRQLDQ
LV XVHG WR GHULYH WKH EDVLF HTXDWLRQV RI WKH WKHRU\ VWDUWLQJ IURP WKH DVVXPSWLRQ WKDW
XQGHULQILQLWHVLPDOYDULDWLRQVRILWVSDUDPHWHUVWKHYDULDWLRQRIWKHLQWHJUDO

³H

gdZ


ZKHUHJ _JPQ_DQGGZ GZ GZ GZ GZ  YDQLVKHVIRUDQ\RIWKHSRWHQWLDOV,QIDFWIRU
UHDVRQVRIFRQYHQLHQFHLQVWHDGRIWKHFRYDULDQWPDJQLWXGHVJPQDQGWKHLUGHULYDWLYHV+LO
EHUW XVHG FRQVLVWHQWO\ WKH FRQWUDYDULDQW WHQVRU JPQ DQG WKHLU GHULYDWLYHV WKURXJKRXW WKH
DUJXPHQW+LOEHUWFDOOHGWKLVD[LRP´0LH·VD[LRPRIWKHZRUOGIXQFWLRQµ

Mie to Hilbert: p. 23
7KHVHFRQGEDVLFD[LRPRIWKHWKHRU\ $[LRP,,D[LRPRIJHQHUDOLQYDULDQFH SRVWXODWHV
WKDW+LVLQYDULDQWXQGHUDUELWUDU\WUDQVIRUPDWLRQVRIWKHFRRUGLQDWHVZ O
According to Hilbert, Mie himself had not included the electromagnetic potentials and
their derivatives in the world-function, but rather this had been a contribution of Born.
What characterized Mie’s theory in his view, was the demand of orthogonal, rather
than general covariance. In Einstein’s work, on the other hand, the Hamiltonian principle plays only a secondary role, whereas Axiom II expresses in the simplest way his
demand for general covariance (Hilbert 1916, p. 396, ftn.).
Besides the two basic axioms, the core of Hilbert’s derivation is based on a central mathematical result (Theorem I), which Hilbert initially described as the Leitmotiv
of the theory. According to this theorem in the system of n differential equations on n
variables obtained from a variational integral such as ( 8), four of these equations are
always a consequence of the other n - 4, in the sense that four linearly independent
combinations of the n differential equations and their total derivatives are always identically satisfied (p. 397).
Integral ( 8) yields ten equations for the gravitational potentials and four for the
electromagnetic ones:
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+LOEHUW GHQRWHG WKH OHIWKDQG VLGHV RI WKHVH HTXDWLRQV DV > g +@PQ DQG > g +@K DQG
FDOOHGWKHPWKHIXQGDPHQWDOHTXDWLRQVRIJUDYLWDWLRQDQGRIHOHFWURG\QDPLFVUHVSHFWLYHO\
7KHRUHP , ZDV REYLRXVO\ FRQFHLYHGZLWK WKH LQWHQWLRQRI EHLQJ DSSOLHGWR WKHVH HTXD
WLRQVWKXVOHDGLQJWRWKHFODLPWKDWIRXURIWKHPDUHLQIDFWFRQVHTXHQFHVRIWKHRWKHUWHQ
7KHIRXUHTXDWLRQV> g +@K +LOEHUWFRQFOXGHGDUHDFRQVHTXHQFHRIWKHWHQJUDYLWD
WLRQDORQHV> g +@PQ RULQRWKHUZRUGV´HOHFWURG\QDPLFSKHQRPHQDDUHDQHIIHFWRIJUDYLWD
WLRQµ SS 

Mie to Hilbert: p. 24
Hilbert did not prove this theorem here, but he claimed that the necessary proof would
appear in a different place. As it happened, however, the mathematical conclusions
Hilbert drew from the theorem were erroneous: in fact, the validity of the theorem
would imply that four among the equations are dependent on the other ten, but this in
no way warrants that precisely the four electromagnetic ones are dependent on the
gravitational ones, as Hilbert asserted here. Theorem I was an early version of what
later came to be known as Noether’s theorem (Noether 1918), but Hilbert’s conclusions went way beyond what the theorem actually allows. Over the coming years, Hilbert’s theory gave rise to a vivid debate among the Göttingen mathematicians, and the
problematic status of his Theorem I and its implications came to be at the focus of that
debate (Rowe 1998).
The main point of connection between Mie’s and Hilbert’s theory comes to the
fore in the treatment of the concept of energy. This is also a point where we find truly
significant difference between the proofs and the printed version. In each case Hilbert
defined a certain magnitude that is a sum of formal expressions involving the Hamiltonian H with some additional differential relations among the various potentials, plus an
arbitrary contravariant vector pl. The expressions defined in both cases were quite different from each other, but in both cases Hilbert performed very complex mathematical
derivations that led to the conclusion that the magnitude in question has zero divergence, thus justifying their choice as representing energy in the theory.
$FRPSOHWHIRUPXODWLRQRIWKHWKHRU\UHTXLUHGDGGLWLRQDODVVXPSWLRQVQHFHVVDU\
IRU GHWHUPLQLQJ WKH VSHFLILF IRUP RI WKH ZRUOGIXQFWLRQ + +LOEHUW VWLSXODWHG WKDW WKH
+DPLOWRQLDQEHFRPSRVHGRIWZRSDUWV+ ./7KHILUVWWHUP.DFFRXQWVIRUWKH
JUDYLWDWLRQDOSDUWRIWKHZRUOGIXQFWLRQ/LNH(LQVWHLQ+LOEHUWPDGH.WRGHSHQGRQWKH
JUDYLWDWLRQDOSRWHQWLDOVDQGWKHLUILUVWDQGVHFRQGGHULYDWLYHVLQRUGHUWRSURGXFHDWKHRU\
DV FORVH DV SRVVLEOH WR 1HZWRQ·V . LV WKHQ LQ IDFW WKH 5LHPDQQ FXUYDWXUH VFDODU
K

¦ g PQ K PQ
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ZKHUH.ìíLVWKH5LFFLWHQVRU

7KHVHFRQGWHUP/LVDOVRDQLQYDULDQWDQGLWDFFRXQWVIRUWKHHOHFWURPDJQHWLFSDUW)RU
VLPSOLFLW\+LOEHUWDVVXPHGWKDWLWGHSHQGVRQTVTVODQGJPQEXWQRWRQWKHGHULYDWLYHVRI
WKH ODWWHU 8VLQJ DJDLQ D IRUPDO PDWKHPDWLFDO WKHRUHP 7KHRUHP ,,  ³D FRUUHFW UHVXOW
ZKLFKKHGLGQRWSURYHKHUH\HWFODLPHGWKDWSURYLQJLWZRXOGEHDQHDV\WDVN³+LOEHUW
VKRZHGWKDWXQGHUWKHDVVXPSWLRQVVWDWHGDERYH/PXVWVDWLVI\WKHIROORZLQJUHODWLRQ
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Mie to Hilbert: p. 25
He thus concluded that the derivatives of the electromagnetic potentials appear in the
equations only as part of the relation:
0NV TVNTNV

IURPZKLFKKHGHGXFHGWKDWDVDFRQVHTXHQFHRIWKHEDVLFDVVXPSWLRQVRIWKHWKHRU\/
GHSHQGVRQO\RQJPQTVDQGFXUOTV EXWQRWVLPSO\RQWKHGHULYDWLYHVRITVDVRULJLQDOO\
DVVXPHG +LOEHUWFODLPHGWKDWWKLVFRQFOXVLRQZDVDPRQJWKHPRVWVLJQLILFDQWUHVXOWVRI
KLVWKHRU\VLQFHDVKHVDLGLW´LVDQHFHVVDU\FRQGLWLRQIRUHVWDEOLVKLQJWKH0D[ZHOOHTXD
WLRQVµ DQG KHUH LW ZDV REWDLQHG DV D GLUHFW FRQVHTXHQFH RI WKH DVVXPSWLRQ RI JHQHUDO
FRYDULDQFHDORQH,WLVLQSDVVDJHVOLNHWKLVWKDW+LOEHUW·VUHOLDQFHRQ%RUQ·VYHUVLRQUDWKHU
WKDQRQ0LH·VRZQSUHVHQWDWLRQRIWKHWKHRU\EHFRPHVGLUHFWO\PDQLIHVW,QIDFWZHVDZ
DERYHWKDW%RUQKDGVWUHVVHGDVD PDLQFKDUDFWHULVWLFRI WKHWKHRU\ WKDW LWV/DJUDQJLDQ
GHSHQGVRQO\RQGLIIHUHQFHVRIWKHNLQG  ZKLFKDUHLQIDFWHTXLYDOHQWWRWKRVHDSSHDU
LQJLQ  


%DVHG RQ 7KHRUHP ,, +LOEHUW DOVR GHGXFHG WKH IRUP RI WKH HOHFWURPDJQHWLF

HQHUJ\LQWKHWKHRU\ZKLFKLQWKHSURRIV29 was
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+LOEHUWQRZFODLPHGWKDWLQWKHOLPLWLQJFDVH³JPQ  IRUPzQ JPP  LHZKHQQR
JUDYLWDWLRQDOILHOGLVSUHVHQW ³KLVH[SUHVVLRQIRUWKHVWUHVVHQHUJ\WHQVRUHTXDOVWKDWRI
0LH·VWKHRU\7KLVIDFWOHGKLPWRFRQFOXGHZLWKHYLGHQWVDWLVIDFWLRQWKDW
0LH·VHOHFWURPDJQHWLFHQHUJ\WHQVRULVQRQHEXWWKHJHQHUDOO\FRYDULDQWWHQVRUREWDLQHGE\GHULYD
WLRQRIWKHLQYDULDQW/ZLWKUHVSHFWWRWKHJUDYLWDWLRQDOSRWHQWLDOVJPQLQWKHOLPLW7KLVFLUFXP
VWDQFH ILUVW LQGLFDWHG PH WKH QHFHVVDU\ FORVH FRQQHFWLRQ EHWZHHQ (LQVWHLQ·V JHQHUDO WKHRU\ RI
UHODWLYLW\ DQG 0LH·V HOHFWURG\QDPLFV DQG DOVR FRQYLQFHG PH RI WKH FRUUHFWQHVV RI WKH WKHRU\
GHYHORSHGKHUH S

29. ,QWKHSULQWHGYHUVLRQWKHH[SUHVVLRQZDVVRPHZKDWGLIIHUHQW VHHRQSS
 RIFRXUVHEXW+LOEHUW·VDUJXPHQWFRQFHUQLQJLWZDVVLPLODU

Mie to Hilbert: p. 26
What Hilbert meant with these claims would be rather obscure, unless we recalled that
he was actually referring to Born’s rendering of Mie’s theory, rather than to the latter’s
own. In Born’s formulation, the stress energy tensor of Mie’s theory was given by
equation ( 5). When this is specialized to the flat case, its connection with ( 12) (or to
the corresponding equation that Hilbert wrote in the printed version) becomes apparent, although it still needs to be spelled out in detail.

5. &RQFOXGLQJ5HPDUNV
The foregoing sections can be summarized as follows: By the end of 1912, the question of the structure of matter had come to occupy a central place among Hilbert’s scientific concerns. Mie’s theory of matter, however, does not seem to have attracted his
attention until Born reformulated it in terms more akin to his scientific sensibilities.
Eventually, Hilbert became convinced that the theory showed good prospects for helping erect, based on it, a foundation for a unified theory that would account for all physical phenomena. Hilbert’s interest in Einstein’s theory came later. What startled
Hilbert from Einstein’s ideas, and directly motivated the consolidation of his own theory, was the possibility of embedding Mie’s theory into a space-time formalism, that
rendered evident a new, significant relation between gravitation and two important elements of the theory (the stress-energy tensor and the electromagnetic Lagrangian). At
the same time the metric tensor was ostensibly put to the service of the explanation of
the structure of matter, which was Hilbert’s main focus of interest over the preceding
years. Thus, inspired by Einstein’s introduction of the metric tensor as a basic idea in
the discussion of gravitation, Hilbert was led to consider Born’s version of Mie’s theory from a new perspective, under which new insights came to light that were not perspicuous in the flat case.
It is noticeable that neither in Born’s nor in Hilbert’s articles we find any direct
or implicit reference, to Mie’s gravitational theory. As already mentioned the latter
presented considerable difficulties that Mie himself never really came to terms with.
Born and Hilbert simply seem to have ignored this part of the theory in the framework
of their discussions. Mie’s gravitational theory was a scalar one and Born did not
attempt to find a way to embed it in his own tensor-like presentation of the electromagnetic theory. Moreover, Born was most certainly aware of the criticism directed
towards the theory in the Vienna meeting of 1913 or in its sequel, and he had no intention to counter this criticism when elaborating Mie’s electromagnetic theory of matter.

Mie to Hilbert: p. 27
Then, in Hilbert’s article, Mie is only mentioned with reference to the electromagnetic
part of the theory presented. Hilbert did not generalize Mie’s scalar gravitational theory into a tensorial, generally covariant version of it, but rather, he used Mie’s electrodynamic account of matter as a basis for his own unified field theory.
On the other hand, Hilbert’s idiosyncratic, and perhaps somewhat narrow, way
of approaching Einstein’s ideas precluded him from seeing the whole physical situation involved here. Hilbert did not discuss in any detail the main physical questions
that had perplexed Einstein over the preceding years, and had delayed for so long the
formulation of his generally-covariant equations. Moreover, in those places where Hilbert did elaborate on the physical implication of his theory, some of his claims are
quite problematic. For instance, after formulating the field equations and commenting
on the relation between Einstein’s and Mie’s theories, Hilbert returned to the interconnection —already suggested at the beginning of his argument— between the electromagnetic and the gravitational basic equations, and in particular concerning the linear
combinations between the four electromagnetic equations and their derivatives. These
linear combinations Hilbert deduced to be of the following form:
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This formula embodied, in Hilbert’s view, “the exact mathematical expression of the
claim formulated above in general terms, concerning the character of electrodynamics
as a phenomena derived from gravitation” (p. 406. Italics in the original). But in fact
this conclusion turned out to be quite problematic and in the future versions of the theory, Hilbert had to reconsider the significance of the relation between these two kinds
of physical phenomena.
The opening passage of the printed version of Hilbert’s communication (quoted
above on p. 1) explains the background to the theory by giving credit first to Einstein
and only then to Mie. It is remarkable that the proofs show the reverse order, as follows:
7KHIDUUHDFKLQJDQGRULJLQDOFRQFHSWLRQVE\PHDQVRIZKLFK0LHSURGXFHGKLVHOHFWURG\QDPLFV
DQG WKH WUHPHQGRXV SUREOHPV IRUPXODWHG E\ (LQVWHLQ DV ZHOO DV WKH SHQHWUDWLQJ PHWKRGV KH
GHYLVHGIRUVROYLQJWKHPKDYHRSHQHGQHZZD\VWRWKHUHVHDUFKRIWKHIRXQGDWLRQVRISK\VLFV

Mie to Hilbert: p. 28
In the events following the publication of his theory we find many reasons why Hilbert
chose to publish in the order he actually did. But in light of the historical context
described in the foregoing pages, it seems to me that the order chosen in the original
version (first Mie and only then Einstein) reflects more faithfully the way in which he
had actually arrived at his theory. The same can be said about the relative importance
that both components must be attributed as the actual motivations behind his efforts.
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