History of Algebra

The term algebra usually denotes various kinds of mathematical ideas and techniques,
more or less directly associated with formal manipulation of abstract symbols and/or with
finding the solutions of an equation. The notion that in mathematics there is such a sepa-
rate sub-discipline, as well as the very use of the term “agebra’ to denote it, are them-
selves the outcome of historical evolution of ideas. The ideasto be discussed in thisarticle
are sometimes put under the same heading due to historical circumstances no less than to
any “essential” mathematical reason.

Part I. Thelongway towardstheidea of “equation”

Simple and natural asthe notion of “equation” may appear now, it involves agreat amount
of mutually interacting, individual mathematical notions, each of which was the outcome
of along and intricate historical process. Not before the work of Viéte, in the late sixteenth
century, do we actually find afully consolidated idea of an equation in the sense of asin-
gle mathematical entity comprising two sides on which operations can be simultaneously
performed. By performing such operations the equation itself remains unchanged, but we
are led to discovering the value of the unknown quantities appearing in it.

Three main threads in the process |eading to this consolidation deserve specia attention
here:

(1) attemptsto deal with problems devoted to finding the values of one or more
unknown quantities. In Part |, the word “equation” is used in this context as a
short-hand to denote all such problems, even though the point to be stressed is pre-
cisely the absence of the full idea of an equation

(1) theevolution of the notion of number, gradually leading to an elaborate concep-
tion of arithmetic, general and flexible enough to bear the algebra on it, and the
concomitant increase in the willingness to accept the legitimate character of ever
broader domains of numbers (rational, irrational, negative, complex)

(1) the gradual refinement of a symbolic language that favored the devel opment of
generalized algorithmic processes for solving problems

Babylonian and Egyptian Mathematics

Egyptian mathematical texts known to us date from about 1650 B.C. They attest for the
ability to solve problems equivalent to alinear equation in one unknown. Later evidence,
from about 300 B.C. indicates the ability to solve problems equivalent to a system of two
equations in two unknown quantities, involving not only the quantity itself, but also its
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squares. Throughout this period there is no use of symbols; problems are stated and solved
verbally, like in the following, typical example:

Method of calculating a quantity,

multiplied by 1 1/2 added 4 it has cometo 10.

What isthe quantity that saysit?

Then you calculate the difference of this 10 to this 4. Then 6 resullts.

Then you divide 1 by 1 1/2. Then 2/3 result.

Then you caculate 2/3 of this 6. Then 4 resullts.

Behold, it is 4, the quantity that said it.

What has been found by you is correct.

Except for 2/3, for which a special symbol existed, the Egyptians expressed fractionary
guantitiesusing only “unit fractions’, i.e., fractions having 1 as nominator. For instance: %
would be written as a sum of one half and one quarter.

Babylonian mathematics dating from as early as 1800 B.C. has reached us by means of
cuneiform texts preserved in clay tablets. Babylonian arithmetic was based on awell-elab-
orated, positional sexagesimal system (base 60). Thereis, however, no consistent use of
zero. A great deal of Babylonian mathematics consists of tables. multiplication and recip-
rocal tables, squares, square and cube roots (though no cubes), exponentials and others.

Beside tables, there are problem texts involving the computation of an unknown number.
These texts explain a procedure to be followed in order to find the number. Thisisillus-
trated by a specific example, rather than by abstractly describing its successive steps. The
starting point could be relations involving specific numbers and the unknown, or its
square, or systems of such relations. The number sought could be the square root of a
given number, the weight of a stone, or the length of the side of atriangle. Many of the
questions are phrased in terms of “concrete” situations (e.g.: partitioning afield among
three pairs of brothers under certain constraints) yet their evidently artificial character
makes it clear that such problems were meant as didactical, rather than practical, exer-
cises.

Greek Mathematics: Proportion Theory, Elementary Arithmetic

A magjor milestone of Greek mathematics was the discovery by the Pythagoreans around
430 B.C. that certain ratios among pairs of magnitudes do not correspond to simple ratios
among whole numbers. This surprising fact, which run counter to the most basic meta-
physical beliefs of the Pythagoreans, became clear while investigating what appears to be
the most elementary ratio between geometrical magnitudes, namely, the ratio between the
side and the diagonal of a square (nowadays, we would say that if the sde’slengthis 1,
then the diagonal is V2, i.e.: anirrational number). The discovery of such “incommensura-
ble” quantities led to the creation of an innovative concept of proportion about the third
century B.C., probably by Eudoxus of Cnidos. Proportions became a main tool of mathe-
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matics in general, until well into the XVI1I century, allowing the comparison of ratios of
pairs of magnitudes of the same kind. A Greek proportion, however, isvery different from
amodern identity, and no concept of equation can be based on it. Thus, for instance, apro-
portion establishes that the ratio between two segments of line, say A, B, isthe same asthe
ratio between two areas R,S. The Greeks would state thisin as strictly verbal fashion.
Even shorthand expressions, such as the much later A:B :: R:S, do not appear in Greek
texts. The theory of proportions provided significant mathematical results, yet it could not
lead to deriving, from the existence of a given proportion, the kind of results derived in
modern day equations. Thus, from A:B :: R:S one could deduce that (in modern terms)
A+B:A-B :: R+S:R-S. One could not deduce in the same way, however, that A:R::B:S. In
fact, it does not even make sense to speak of aratio between aline A and an areaR, to
begin with. A main feature of Greek mathematics is that comparisons or simultaneous
mani pulations can only be made among magnitudes of the same kind. This fundamental
demand for homogeneity would be strictly preserved in all mathematics deriving form
Greek sources well until the work of Descartes.

Now, some of the geometrical constructions preformed by Greek mathematicians, and par-
ticularly those appearing in Euclid’s Elements, when suitably translated into modern, alge-
braic language, appear as instances of establishing algebraic identities, solving quadratic
equations, and related issues. Thus for instance, Proposition 11.11 of the Elements:

E G

H B
E
C K D

To cut agiven straight line so that the rectangle contained by the whole and one of the
segmentsis equal to the square on the remaining sgquare.
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In the diagram: Given square ABCD, divide AB at H, so that square AHGF equal s rectan-
gle HBDK. If one wants to introduce symbols, AB = a, AH = x, then the problem may be

translated into “find x such that x% = (a—x).a", orthe equivaent to amodern second-
degree equation.

However, not only symbols of thiskind are never to be found in Greek mathematical texts;
rather, the whole ideaimplied in such atrandation is alien to the spirit of such texts. In
fact, the most essential conceptions on which Greek mathematicsis based (and the case of
the theory of proportionsis only one of them) make it clear that in these works there is no
idea of an equation, or even of an unknown quantity that must be calculated by manipula
tion. Indeed, there is neither symbolic manipulation as such nor well-elaborated, general
arithmetical operations that would support the interpretation of such geometrical construc-
tionsasaseries of “agebraic” exercises cast in the language of geometry, of which the
Greeks would presumably have a better domain than of the algebraic one.

In the classical Greek conception of arithmetic, especially as know to us from Books V1-
X1 of Euclid’s Elements, a number is a collection of units, namely, only what we would
call nowadays a natural number. Negative numbers remain obviously out of this picture,
and zero cannot even start to be considered. In fact, even the status of “one” asanumber is
amatter of ambiguity in certain texts, sinceit is not really a*“collection” as stipulated by
Euclid's definition. Such a conception, coupled with the strongly geometrical orientation
of Greek mathematicswill have long-ranging consequences over the lengthy and involved
process that led to the development and full acceptance of more elaborate and flexible idea
of number, a fundamental factor in the subsequent development of algebra.

Diophantus

All the above factors taken together imply very clearly that most of the central ideas we
commonly associate with algebra are basically absent from Greek classical mathematical
thought, though, as we will see, the later eventually and painfully help giving raise to the
former. A somewhat different, and idiosyncratic orientation can be found in the work of a
later Greek, Diophantus of Alexandria (fl. @ 250 C.E.). Diophantus developed original
methods for solving problems that in retrospect may be seen as linear or quadratic (i.e.:
second-degree) equations or, even, equations on severa variables. In line with the basic
conception of Greek mathematics he considered only positive, rational solutions. A prob-
lem whose solutions are all negative was called by him “absurd”. Diophantus solved spe-
cific problems using ad-hoc methods convenient for the problem at hand; he did not
provide general methods suitable for some “standard” cases. In general, problems that he
solved might actually have more than one (and in some cases even infinite) solutions; yet,
he would always stop after finding the first solution. In problems involving quadratic
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equations he never suggested that such equations may have two solutions, nor he tried to
find the two solutionsin particular cases.

Diophantus was the first to introduce some kind of systematic symbolism in addressing
problems of this kind. This was more akind of short-hand writing than real symbols that
could actually be freely manipulated. A typical case would be:

N ABCSMB r|\ K'Ba'y

(meaning: 2x* — X3 — 3x2 + 4x + 2). Here M represents units,  the unknown, K its square,
etc. Since there are no negative coefficients, the terms corresponding to the unknown and
itsthird power, appear to the right of the special symt 4\ , et thereis nothing like the
idea of moving terms form one side of this symboal tc .... Jther. Thus, this does not func-
tion asthe ‘=" sign of amodern equation. Also, since all Greek letters were used to repre-
sent numbers, there was no such possibility as representing “abstract” coefficientsin an
equation. Thus, Diophantus’s use of symbols arises within aframework of rather limited
possibilities to begin with.

A typical Diophantus problem would be the following: “To find two numbers such that
each, after receiving from the other a given number, will bear to the remainder a given
relation”.

X+a y+b

=T, —b:S
)

(Inmodernterms; Y~

Diophantus works aways with a single unknown quantity £. In order to solve this specific
problem he takes as given certain values that will allow him a smooth solution: a= 30, r
=2, b =50, s=3. Now the two numbers sought are £ + 30 and 2£ - 30, so that the first con-
dition is automatically fulfilled. The second conditionis £ + 80 = 3*( 2¢ - 80), and by
applying his solution techniques oneisled to & = 64. The two numbers are thus 98 and 94.
Some historians see a strong Babylonian influence on this approach, yet no direct evi-
dence exits to support such a claim.

India / China

Indian mathematicians such as Brahmagupta (S VI AD) and Bhaskara (S X1 AD) devel-
oped non-symbolic, yet very precise, procedures for solving equations of degree one and
two, and equations on more than one variable. However, the main contribution of Hindu
mathematics to algebra concerns the elaboration of the decimal, positional numeral sys-
tem, which closely accompanied the development of symbolic algebrain renaissance
Europe. By the ninth century the Hindus certainly had a full-fledged decimal, positional
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system, yet many of its central ideas had been transmitted well before that to China and
the Islam. Hindu arithmetic, moreover, developed consistent and correct sets of rules for
operating with positive and negative numbers, and zero was treated as a number like any
other, even in problematic contexts such asdivision. It would still take several hundreds of
years before European mathematics would be in apposition to fully integrate ideas of this
kind into the developing discipline of algebra.

Chinese mathematicians during the period parallel to the European middle ages devel oped
their own methods for solving quadratic equations by “radicals’ (i.e.: displaying the solu-
tions as expression involving the coefficients, the four basic algebraic operations, and
roots of them) and for classifying such solutions. They also attempted to solve higher
degree equations in this same direction, yet unsuccessfully. Thus, they were led to approx-
imation methods of high accuracy, such as developed by Yang Hui in the twelfth century
AD. The calculational advantages afforded by their expertise with the abacus may help
explain why Chinese mathematicians followed more intensively this approach rather than
make additional progress with radical methods.

| slamic Contributions

The Islamic tradition in mathematics can be taken to start around A.D. 825, when Muham-
mad ibn Musa al-Khwarizmi wrote his famous treatise al-Kitab al-mukhtasar fi hisab al-
jabr wa’l-mugabala. By the end of the ninth century asignificant mathematical corpushad
been already trandated into Arabic from the works of Euclid, Archimedes, Apollonius,
Diophantus, Ptolemy and others. Likewise, ancient traditions originating in Babylonian
and Hindu mathematics, as well as more recent contributions by Jewish sages, were also
availableto Islamic scholars. This unique background allowed the creation of awhole new
kind of mathematics, which implied much more than a mere amalgamation of ideas previ-
ously existing in all the traditions mentioned above. A systematic study of methods for
solving quadratic equations constitutes a central concern of Islamic mathematicians, and
hence their important contributions to the progress of algebraic thinking. A no less central
contribution is related to the Islamic reception and transmission of ideas related to the
Hindu system of numeration, to which they also added fundamental components lacking
so far, such as decimal fractions.

Al-Khwarizmi’s work embodies much of what is central to Islamic contributionsin this
field. He declared his book to be intended as one of practical value, yet this definition
hardly appliesto what one finds there. In the first part of his book Al-Khwarizmi pre-
sented the procedures for solving six types of equations: squares equal roots, squares equal
numbers, roots equal numbers, squares and roots equal numbers, squares and numbers

equal roots, and roots and numbers equal a square. (In modern notation: ax® = bx, ax? = c,
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bx = ¢, ax? + bx = ¢, ax? + ¢ = bx, and bx + ¢ = ax?, respectively.) Neither zero nor the neg-

ative numbers appear here as |legitimate coefficients or solutions to equations. Moreover,
we find nothing like symbolic representation or abstract symbol manipulation and, in fact
in the problems, even the quantities are written in words rather than in symbols. All proce-
dures are described verbally. Thisis nicely illustrated by the following, typical example:

What must be the square which, when increased by ten of its own roots, amounts to thirty-

nine? The solution isthis: You halve the number of roots, which in the present instance

yieldsfive. Thisyou multiply by itself; the product is twenty-five. Add thisto thirty-nine;

the sum is sixty-four. Now take the root of thiswhich iseight, and subtract form it half the

number of the roots which isfive; the remainder is three. Thisisthe root of the square
which you sought for.

In the second part, a-Khwarizmi uses propositions taken from book Il of Euclid's Ele-
ments in order to provide geometrical justification for his procedures. As remarked above,
in their original context those were purely geometrical texts. Here they are directly con-
nected, for thefirst time, to the question of solving quadratic equations. Thisisahalmark
of the Islamic approach to solving equations. systematize all cases and provide a geomet-
ric justification, based on Greek sources. Inthe XI century we also find it in Ommar
Khayyam's application of Greek knowledge on conic sections to questions involving
cubic variables.

The use of Greek-style, geometrical argumentsin this context also led to a gradual loosen-
ing of certain basic, traditional constraints. Thus, Islamic mathematics allowed, and
indeed encouraged at variance with the Greek tradition, the unrestricted combination of
commensurable and incommensurable magnitudes within the same framework, aswell as
the simultaneous manipulations of magnitudes of different dimensions as part of the solu-
tion of an individual problem. Thusin the work of Abu Kamil the solution of a quadratic
equation isa“number”, rather than a*line segment” or an “area’. Combined with the use
of the decimal system, this approach was fundamental in developing a more abstract and
general conception of number, which eventually became essential for the creation of a
full-fledged abstract idea of an equation.

Early Europe — L eonardo Pisano, Chuquet, Cossists

Greek and Idlamic mathematics were basically an “academic” enterprise, having little
interaction with day-to-day matters such as building, transportation or commerce. This
was to change, as part of important developments in the history of early modern Europe
with significant repercussions on the development of algebra aswell. Therise of the Ital-
ian cities and their expanding trade with the East provide a good example of this, with its
growing need for improved methods of bookkeeping, and its fortunate encounter with the
Hindu-Arabic numeration, and in particular the use of zero for positional notation in
records. In fact, Islamic works on algebra were translated into Latin since the twelfth cen-
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tury, and thus the decimal, positional system was increasingly adopted in places such as
Italy, where the important tradition of “abacists’ developed.

L eonardo Pisano, an early abacist, wrote his Liber Abbaci in 1202. It contained no specific
innovation, and it strictly followed the Ilamic tradition of formulating and solving prob-
lemsin purely rhetorical fashion. Yet was instrumental communicating these traditions to
the Latin world.

Only in the fourteenth century we find in the work of the abbacists first attempts to intro-
duce abbreviations for unknowns, another important milestone in the way towards full-
fledged manipulation of abstract symbols. Thus, for instance, ¢ for cossa (thing), ce for
censo (sguare) cu for cubo (cube), and R for Radice (root), and even combinations of these
for obtaining higher powers. The development of this trend eventually led to works such
as Nicolas Chuquet’s Triparty (1484), where, as part of a discussion on how to use the
Hindu-Arabic numerals, we find relatively complicate symbolic expressions such as

R214pR?180 (i.e 1/14++/180)

Chuquet also introduced a more flexible way of denoting powers of the unknown, i.e.: 122

(for 12 squares) and even 2" (toindicate —12x'2). Thisisin fact the first time that neg-
ative numbers are used in such an explicit way in European mathematics. Chuquet could
now write an equation as follows:

32 p.l2. egaulx a.9' (i.e3x*+12=9x)

Like in the Islamic tradition, coefficients are always positive, and thus thisis only one of
the various cases of possible equations involving squares of the unknown and the
unknown itself. Chuquet would say that thisis an “impossible equation”, since its solution
would involve the square root of —63. We thus find avery illustrative example of the diffi-
cultiesinvolved in reaching a more general and flexible conception of number: the same
mathematician would allow for the use of negative numbersin a certain context, and even
introduce a useful notation for dealing with them, yet at the same time he would com-
pletely avoid their use in adifferent, and still closely connected, context.

In the fifteenth century, the German speaking countries develop their own version of this
tradition: the Cossists. It isin the work of Michal Stiffel (1487-1567), Johannes Scheubel
(1494-1570), Christoff Rudolff (1499-1545), and others, that we find the first uses of spe-
cific symbolsfor the arithmetic operations, for equality, roots, etc. The subsequent process
of adopting such symbols as standard was, nevertheless, arather lengthy and involved
one.
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Third and Fourth degree— Cardano et al.

Gerolamo Cardano (1501-1576) was a very famous Italian physician, avid gambler, and
prolific writer, with alifelong interest in mathematics. Hiswidely read Ars Magna (1545)
contains the most systematic and comprehensive account of XV Ith century knowledge on
solving third and fourth degree equations. Cardano’s presentation follows the Islamic tra-
dition of solving oneinstance of every possible case and then giving geometrical justifica-
tionsto all these procedures, based on propositions taken from Euclid’s Elements. Also,
like in the Islamic tradition, coefficients are always positive numbers and the presentation
isfully rhetorical with no real symbol manipulation as such. And yet, thereis an increased
use of symbols used as shorthand for stating the problems and describing the procedures
for solution. Thus, on the one hand we still find here the dominant Greek geometrical per-
spective: the root of an equation isaways aline segment, and the cube, for instance, isthe
cube built on such a segment. Yet, on the other hand, a cubic equation to be solved will be
now written as follows:

cub p: 6 reb aequalis 20
[i.e.: x3+6x = 20]
and the solution is presented as :

R.V:cu.R. 108 p: 10 m: R. V: cu. R. 108m: 10.

(meaning  x-3/y108 +10-3/¥108-10 )

Not viewing negative numbers as possi bl e coefficients of the equations prevented the
development of the notion of a general third-degree equation, and thus Cardano dealt with
all thirteen possible cases of third-degree equations and also with 20 different cases of
fourth-degree equations, following for the latter the procedures developed by his student
Ludovico Ferrari (1522-1569). On the other hand, he was willing to consider, in some
places, the possibility of negative (or “false”) solutions. This allowed him formulate some
general rules, such asthe claim that in equations with three real roots (including even neg-
ative ones) their sum equals the coefficient of the squares.

In spite of this basic acceptance of traditional views on numbers, the very outcome of Car-
dano’s work compelled him to add flexibility to them. Thus, for instance, in the following
problem: to divide 10 into two parts whose product is 40. The answer, obtained by well-
known methods, is 5 + V-15 and 5 - V-15. Cardano’s attitude towards this sol ution was one
of uneasiness, but he finally accepted it, declaring it to be “asrefined asit isuseless’. It
was only Rafael Bombelli (1526-1572) who undertook a more systematic treatment of
themin 1572.

Besides the specific contribution of Cardano and some of his contemporaries to systemat-
ically solving equations of third and fourth degree we find here significant, additional
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advances toward a broader acceptance and full legitimation of new kinds of numbers
beyond the rational positives.

Viéte
Itisinthework Francoise Viete (1540-1603) that we find the first consistent, coherent and
systematic conception of an algebraic equation in the modern sense of the word. Viéte was

a prominent lawyer with a keen interest in mathematics and highly developed crypto-
graphic skills that he put to use in the service of King Henri I11.

A main innovation of Viéte's book In artem analyticam isagoge (1591) is the use of well-
chosen symbols of one kind for the unknowns (vowels), and of another kind for the known
guantities (consonants). This allowed not only flexibility and generality in solving linear
and quadratic equations, but also the introduction of area key point absent from all its
predecessor’s work, namely, a clear analysis of the relationships between the forms of the
solutions and the values of the coefficients of the original equation. Viéte saw his contri-
bution as that of developing a“systematic way of thinking” leading to general solutions
rather than just a*“bag of tricks’ variously helping to solve specific problems.

By combining existing usage with his own innovations, Viéte was able to clearly formu-
late equations and to provide rules for transposing factors from one side to the other in
order to find the solutions. An example of such an equation would be:

A cubus + C plano in A aequatus D solido
(modern terms: x3 + cx = d)
And arule would state that:

Z plano+ A plano aeq GinAplano+BinZ plano
G B ' BinG

Notice that each of the termsinvolved hereis of “dimension” 1. On the |eft-hand side, we
have, e.g. the 2-dimensional magnitude Z plane “divided by” the 1-dimensional one G. On
the right-hand side, we have a sum of two 3-dimensional magnitudes divided by a product
of two 1-dimensional ones. Thus, Viéte did not break the important Greek tradition
whereby the terms equated must always be of the same “dimension”. Yet for thefirst time
it became possible, in the framework of an equation, to multiply or divide both sides by a
certain magnitude. The result is a new equation homogeneous in itself, yet not homoge-
neous with the original one.

Viéte showed how to transform given equations into others, already known (e.g., in mod-
ern notation,: x3+ax?=b?x ==> x2+ax=h?). Thus, he reduced the number of cases of cubic
eguations, from the 13 given by Cardano and Bombelli. Yet, since he used no negative or
zero coefficients, he did not yet generalize all the possible cases into asingle one.

Viéte applied his methods to solve, in ageneral, abstract-symbolic fashion, problems sim-
ilar to thosein the Diophantic tradition. However, very often he also rephrased hisanswers
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in plain words, asif to reassure his contemporaries, and perhaps even himself, of the valid-
ity of these new methods.

Numbers

If the work of Viete may be said to contain a clear, systematic, and coherent conception of
the notion of equation, that served as a broadly accepted starting point for later develop-
mentsin thisfield, no similar single point of reference can be mentioned regarding a gen-
eral conception of number.

Some significant milestones may neverthel ess be mentioned in this context, and promi-
nent among them is an influential booklet published in 1585 by the Flemish engineer
Simon Stevin (1548-1620). Le Disme was intended as a practical manual aimed at teach-
ing the essentials of operating with decimal fractions, but it also contained many concep-
tual innovations. Thisisthe first mathematical text where the all-important separation
between “number” and “magnitude’, going back all the way to the Greeks, was explicitly
and totally abolished. Likewise, Stevin declared that 1 isanumber just like any other, and
that the root of a number isanumber as well. Stevin also showed how one and the same
single idea of number, expressed as decimal fractions, could be equally used in such sepa-
rate context as land surveying, volume measurement, astronomical and financial computa-
tions. The very need for an explanation of thiskind helps us realize how far were Stevin's
contemporaries and predecessors from the abstract notion of numbers we are used to now-
adays, and that his booklet did much for consolidating and spreading.

And yet, by the end of the sixteenth century and throughout the seventeenth century there
were still lively debates among mathematicians about the legitimacy of using the various
kinds of numbers. For example, concerning the irrationals, some prominent mathemati-
cians (Pascal, Barrow, Newton) were willing to grant them legitimacy only as geometrical
magnitudes. The negative numbers were sometimes seen as even somewhat more prob-
lematic, and in many cases negative solutions of equations continued to be considered as
“absurd” or as“devoid of interest” among many. Finally, the complex numbers, even
though Bombelli had given precise rules for their arithmetic, were still ignored by many
mathematicians. Descartes, for one, rejected them totally.

Towards the eighteenth century all these discussions dwindled away and a new phasein
the development of the concept of number began, whereby the systematization and the
search for adequate foundations for the various systems was initiated.
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Part I1. The classical discipline of algebra

The classical discipline of algebra starts its actual development after the consolidation of
the idea of an equation in Viéte's work. This development, to be described in the present
section, comprises several related trends, among which the following deserve special
attention: (1) the quest for systematic solutions of higher order equations, including
approximation techniques; (2) the rise of polynomials and their study as new, autonomous
mathematical entities, and the development of atheory of polynomial forms; (3) the
increased adoption of the algebraic perspective in other mathematical disciplines (geome-
try, analysis, logic, etc.). At the same time, during this same period of time, new mathe-
matical objects gradually arose (groups, rings, fields, etc.), that eventually cameto replace
the study of polynomials as the main subject matter of algebra and became the new focus
of interest of the discipline (as will be described in Part [11).

Fermat and Descartes: Analytic geometry, theory of polynomials

The creation of what came to be known as analytic geometry is usually attributed to two
famous French thinkers: Pierre de Fermat (1601-1665) and René Descartes (1596-1650).
They used the algebraic techniques developed by Cardano and Viéte and applied them to
tackle classical geometrical problems that had remained unsolved since the time of the
Greeks. The new kind of organic connection between algebra and geometry thus estab-
lished meant a major breakthrough without which the subsequent development of mathe-
maticsin general, and in particular of geometry and the calculus, would be unthinkable. It
also had significant impact on agebraic thinking.

In his famous book La Géométrie (1637) Descartes established equivalences between
algebraic operations and geometrical constructions. In order to do so, he introduced a
“unit length”, serving asreference for al other lengths and all operations among them.
Thus, for instance, given a segment GH, one is asked to find its square root. Descartes
drawsthe straight line FH, where FG is taken to be “equal to unity”
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Bisect FH at K, draw the circle FIH about K, and draw the perpendicular IG on G. Elemen-
tary properties of the circle, as described e.g., in Euclid’s Elements, imply that the square
built on IG equals the quadrilateral built on FG, GH. Thus, in what might appear to be an
ordinary application of classical Greek techniques, Descartes has found the square root of
any given number, as represented by aline segment. However, the key step in the con-
struction has been the introduction of the “unit length” FG. This seemingly trivial move, or
anything similar to it, had never been part of Greek geometry and itslegacy and, of course,
it had enormous repercussions on what could now be done by applying algebraic reason-
ing to geometry. As part of his contributionsin this context, Descartes also introduced a
notation that allowed great flexibility in symbolic manipulation. For instance, he would
write

Jc.a® —b®+abb

to denote for the cubic root of this algebraic expression. This was adirect continuation
(with some improvement) of techniques and notations introduced by Viéte. Yet Descartes
also introduced a new idea with truly far-reaching consequences when he explicitly elimi-
nated the demand for homogeneity among the terms appearing in any equation (although,
for convenience he tried to stick to homogeneity wherever possible).

Descartes program was based on the idea that certain, well-known geometrical loci
(straight lines, circles and conic sections) can be characterized in terms of specific kinds of
equations involving magnitudes that are taken to represent line segments. This program,
however, did not

envision the no lessimportant, reciprocal idea, namely, that of finding the curve corre-
sponding to an arbitrarily given algebraic expression. Descartes was also aware that much
information about the properties of a curve (area, tangents, etc.) could be derived from its
eguation, yet he did not elaborate this direction in any detail.

On the other hand he was the first to discuss separately and systematically the algebraic
properties of polynomials equations. Thisincludes the correspondence between the degree
of an equation and the number of its roots, the factorization of a polynomial with known
roots into linear factors, the rule for counting the number of positive and negative roots of
an eguation, and the method for obtaining a new equation having its roots equal to those of
agiven equation, but increased or diminished by a given quantity.

Gauss: the fundamental theorem of algebra

Descartes work was a starting point for the definite transformation of polynomialsinto an
autonomous object of intrinsic mathematical interest. Algebra became identified, to a
large extent, with the theory of polynomials. A clear notion of a polynomial equation,
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together with existing techniques for solving some of them, allowed for a coherent and
systematic reformulation of many questions that mathematiciansin the past had dealt with
in amore haphazard fashion. High in the agenda remained the open question of finding
algebraic solutions of equations of degree higher than four. Closely related to thiswasthe
question of the kinds of numbers that should count as legitimate roots of equations. The
attempts to deal with these two important problems (see below) helped realize the central -
ity of another pressing question that needed to be elucidated, namely, the questions of the
number of solutions that a given polynomial equation has.

The answer to this question is afforded by the so-called Fundamental Theorem of Algebra
(FTA), which asserts that every polynomial in real coefficients can be expressed as the
product of linear and quadratic (real) factors, or, alternatively, that every polynomial equa-
tion of degree nin complex coefficients has n complex roots.

L eading mathematicians such as Leibniz, Euler, D’ Alembert, and Laplace, attempted
throughout the eighteenth century to provide proofs of statements variously equivalent to
FTA. Theflaws contained in their proofs were evidently related to remaining unclarities
still affecting the main concepts involved: polynomials and the status of the various num-
ber systems. Indeed, the process of criticism and revision that accompanied the successive
attemptsto formulate and prove some correct version of the FTA effectively contributed to
a deeper understanding of both the specific properties of polynomials as part of the then
emerging theory of continuous functions, and the general behavior of the system of com-
plex numbers. It isin this context, more than in any other one perhaps, that the need for a
full legitimation of the complex numbers became necessary, in order to allow for a coher-
ent basis that justified the existence of n rootsin the general case.

The first complete proof of the FTA isusually attributed to Carl Friedrich Gauss (1777-
1855) in his doctoral dissertation of 1799. Subsequently, Gauss himself provided three
additional proofs. Later on, additional proofs were given by others, such as the Swiss
bookkeeper Jean-Robert Argand (1768-1822) in 1814, and the German mathematician
father and son, Hellmuth Kneser (1898-1973) in 1940 and Martin Kneser in 1981.

A remarkable fact of al these proofsis that they are based on methods and ideas that are
usually considered as “analytical” or “topological”, and thus foreign to “algebra’ proper.
Mathematically, the theoremis“fundamenta” in that it establishes an essential property of
the most basic concept around which the discipline asawholeis built. In this very sense,
however, the theorem was also fundamental from the historical point of view, since it con-
tributed to the consolidation of the discipline, its main tools and its main concepts.

Worth of mention is also the fact that in the attempts to prove the theorem, both Argand
and Gauss were led to elaborate in detail their interpretations of the complex numbers as
oriented segments on the plane (see below).
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| mpasse with radical methods: L agrange, Ruffini, Gauss, Abel

A magjor breakthrough in the way to elucidating the question of algebraically solving
higher-degree equations was achieved by Lagrangein 1770. Rather than trying to directly
find a possible solution for an equation of degree five, Lagrange attempted to clarify first
why all attemptsto do so had failed so far. He investigated the known solutions of cubic
(i.e.: third-degree) and cuartic (i.e.: fourth-degree) equations and in particular, how certain
algebraic expressions connected with those solutions remain invariant when the coeffi-
cients of the equations are permuted with one another. Lagrange was certain that a deeper
analysis of thisinvariance would provide the key insight to understanding the essence of
existing methods of solution by radicals, in the hope of being then able to extend them
successfully to higher degrees.

Using the ideas developed by Lagrange, the Italian Paolo Ruffini (1765-1822) was the
first mathematician ever to assert the impossibility of an algebraic solution for the general
polynomial equation of degree greater than four. He adumbrated in his work the notion of
agroup of permutations (see below), and worked out some of its basic properties.
Ruffini’s proofs, however, contained several, significant gaps.

Parallel to this, and in a somewhat contrary direction, between 1796 and 1801, in the
framework of his seminal number-theoretical investigations, Gauss systematically dealt

with the so-called cyclotomic equations, xP-1 = 0 (p>2, prime), and developed new meth-
ods for solving these particular cases of higher-order polynomial equations.

The Norwegian mathematical star of the early nineteenth century, Niels Henrik Abel
(1802-1829), provided in 1824 the first clear and accepted proof of the impossibility of
solving by radicals equations of degree five or above. This did not bring the question to an
end, but rather opened an entirely new field of research, since, as Gauss's example
showed, some equations were indeed solvable. In 1828, Abel suggested two main points
for research in thisregard: (1) to find all equations of a given degree solvable by radicals;
(2) to decide if agiven equation can be solved by radicals. His early death in complete
poverty, two days before receiving an announcement at home that he had been appointed
professor in Berlin, prevented Abel of undertaking this program, as well as many other
research plans he had conceived, especially in analysis.

Galois'sideasand their gradual spread

Rather than establishing for specific equationsif they can or cannot be solved by radicals,
as Abel had suggested, Evariste Galois (1811-1832) pursued the somewhat more general
problem of defining necessary and sufficient conditions for the solvability of any given
equation. Galois' short, and exceptionally turbulent, life has been the subject of many
books and films, and countless myths have been weaved around it. There can be no doubt,
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at any rate, that hiswork was atruly major force leading to atotal reshaping of the disci-
pline of algebra, as well asto other significant advances in additional fields of mathemat-
ICS.

Prominent among these seminal ideas was the clear realization how to formulate precise
solvability conditionsin terms of the properties of agroup of permutations associated with
the polynomial in question. The following example may help clarify the ideasinvolved
here. A permutation of aset, say the set of threelettersa, b, and ¢, isany re-ordering of the
elements, and it is usually denoted as follows:

P=|b a
cb

This permutation takesato ¢, bto a, and cto b. In this case, there are six different waysto
establish such permutations. Now, it turns out that one can operate with such permutation,
and combine any two of them into a third one. Thus for instance:

ac aa ab
bal*bc|=|ba
cbhb chb cc

Herea goesfirst to ¢, and then from c to b, etc. This operation is associative: namely given
three permutations P, Q, R, one has. (P*Q)*R = P*(Q*R). Also, there is one permutation,
which is neutral with respect to the operation, namely the identity permutation

aa
l=|bb
cc

Finally, for each permutation there exists a second one that, when combined with the first,
yields the identity permutation.

The concept of abstract group, that was devel oped somewhat later (see below), consistes
of aset of abstract elements on which an operationsis defined and which satisfies the
three above mentioned conditions: associativity, existence of asingle neutral element, and
existence of an inverse element for each element in the set.

This abstract notion is not fully present in Galois's work. Like some of his predecessors
mentioned above, Galois focused on the group of permutations of the roots of the equa-
tion. His specific contribution was to define a well-elaborated “reduction” process over
this group, and to base the criteria of solvability on the outcome of such a process. The
ideawas to start with certain “rationally known” quantities for the equation (roughly:
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guantities that can be produced by combining the coefficients of the equation by means of
the four standard arithmetic operations, together with root extraction). Thisinitial setis
then enlarged by gradually adjoining combinations of roots obtained from auxiliary equa-
tions introduced to reduce the degree of the original equation (the kind of equations that
Cardano, for instance, had introduced for solving cubic and quartics). In the enlarged set
there are fewer expressions that remain invariant under permutation of the roots. Thus, the
associated group is gradually “reduced”, and, as already said, the possible outcomes of
such areduction process would determine the solvability conditions for the original equa-
tion. Galois' results, it must be stressed, refer to existence conditions; they do not provide
ways to calculate the radical expressions of the solutions in those cases where they exist.

Galois work can be seen both as the culmination of amain line of development in the his-
tory of algebra -- solving equations -- and as the beginning of a second line -- the study of
abstract structures. Work on permutations, started by Lagrange and Ruffini, had received
further impetus with the contributions of the leading French mathematician Augustin
Louis Cauchy (1789-1857), beginning in 1815. In alater work of 1844, he systematized
much of this knowledge and introduced basic concepts such as order, conjugation and the
so-called cycle notation. For instance the permutation

b

D Q O T o

o o o o

was denoted by Cauchy as (ab)(cde), meaning that the permutation is obtained by one sub-
stitution (a by b) and one cycle (involving c,d,e).

Galois gave prominent place to concepts such as normal subgroups and irreducible equa-
tions. Theimpossibility of solving the general quintic by radicals followed from his gen-
eral arguments and from the fact that the specific group associated to it has no proper,
normal sub-groups.

A series of unusual and unfortunate events involving the most important French contem-
porary mathematicians prevented Galois' ideas form being published for along time. It
was not until 1846 that Joseph Liouville (1809-1882) edited and published for the first
time, in his prestigious Journal de Mathématiques Pures et Appliguées, the important
memoire where Galois had presented his main ideas and that the Paris Academy had
turned down in 1831. Liouville also lectured in Paris on the topic, to a reduced audience.
L eopold Kronecker (1823-1891) working in Berlin, applied some of these ideas to number
theory in 1853, and Richard Dedekind (1831-1916) lectured on Galois theory in 1856 at
Gatitngen. At this point, however, the impact of the theory was still minimal.

A magjor turning-point came with the works of the leading Paris mathematician Camille

Jordan (1838-1922) who published a series of papers and an influential book in 1870. Jor-
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dan elaborated atheory of groups of permutations, independently of any reference to
eguations, and the use of thistheory to the question of algebraic solvability appeared in his
book just as a particular application of the theory. A lengthy process eventually led from
here to the conception of Galoistheory as the study of the interconnections between exten-
sions of fields and the related Galois groups of equations, a conception that would prove
fundamental for developing a completely new approach to algebrain the 1920s. Major
contributions to the development of this point of view for Galois theory came variously
from later works by Dedekind, Enrico Betti (1823-1892), Henrich Weber (1842-1913),
and Emil Artin (1898-1962), among others.

Groupsin geometry and number theory (350)

Galoistheory arosein direct connection with the study of polynomials, and thusthe notion
of group developed from within the main-core of classical algebra. However, it did aso
find important, early applications in other mathematical disciplines throughout the nine-
teenth century, particularly geometry and number theory. This pervasiveness no doubt
contributed to the increased interest it awoke among mathematicians at large, and to the
general shift of disciplinary focus it eventually helped bring about in algebra.

Felix Klein (1849-1925) was still avery young professor when in hisinaugural lecture at
the University of Erlangen (1872) he suggested how group theoretical ideas might be

fruitfully put to use in the context of geometry. Since the beginning of the 19t century the
study of projective geometry had attained renewed impetus, and later on, non-Euclidean
geometries were introduced and increasingly investigated. This proliferation of geome-
tries raised pressing questions concerning both the interrel ations among them and their
relations with the empirical world.

Klein suggested that the many kinds of existing geometries could be classified and
ordered within a conceptual hierarchy: thus, for instance, projective geometry seemsto be
more fundamental, because projective properties are relevant also, e.g., in Euclidean
geometry. The main concepts of the latter, however, such as length or angle, have no sig-
nificance in the former. But then, this hierarchy may be expressed in terms of transforma-
tions that leave invariant such properties as are distinctly relevant to each of the
geometriesin question. These transformations, it turns out, are best understood when seen
asforming agroup. An example related with Euclidean geometry clearly illustrates the
basic idea behind this.

By rotating any figure on the plane, none of its Euclidean propertiesis affected. One can

easly define an operation on the set of al rotations of the plane: if rotation | rotates the

plane by an angle o, and rotation J by an angle B, then rotation I*J rotates it by an angle

o-+f. This operation is obviously associative. The neutral element is the rotation associ-

ated with angle 0°, and the inverse of the rotation associated with angle o is that associ-
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ated with angle —o.. Thus the group of rotations of the plane is a group of invariant
transformations for Euclidean geometry. The groups associated with other kinds of geom-
etries may be somewhat more involved, but the idea remains the same. Klein'sideawas
that the hierarchy of geometries might be reflected into a hierarchy of groups, whose prop-
erties might turn to be easier to study and to grasp.

In the 1880's and 1890's, Klein's friend, the Norwegian Sophus Lie (1842-1899) under-
took, together with some of his students at L eipzig, the enormous task of classifying all
possible groups of continuous groups of geometric transformations, atask that would
eventually evolve into the modern theory of Lie groupsand Lie algebras. At roughly the
same time, Jules Henri Poincaré (1854-1912) studied in France the groups of motions of
rigid bodies, awork that contributed more than the others mentioned here to spreading the
notion of group as a main tool in modern geometry.

The notion of group also started to appear prominently in number theory in the nineteenth
century, especially in the work of Gauss on modular arithmetic. In this context he proved
results that were later generally reformulated in the abstract theory of groups. Thus, for
instance (in modern terms), that in a cyclic group there always exists a subgroup of every
order dividing the order of the group. Gauss aso studied the group-theoretical properties
of transformations of quadratic forms, forms that play a major role in his number-theoreti-
cal investigations.

Arthur Cayley (1821-1895), one of the most prominent British mathematicians of his
time, wasthe first to explicitly realize, in 1854, that a group could be defined abstractly,
I.e.. without any reference to the nature of its elements and only by specifying the
properties of the operation defined on them. Generalizing on Galois' ideas, Cayley took a
set of meaningless symbols 1,a.,p, ... with an operation defined on them.

Cayley demanded only that the operation be closed with respect to the elements on which
it is defined, but he assumed implicitly that it is associative and that each element has an
inverse. He thus deduced correctly some basic properties of the group, such as for

instance, that if the group has n elements, then, for each element 6 one has 0"=1.
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In 1854, even the idea of group of permutations was rather new and thus Cayley’s work
had little impact. It would take until 1882, and several additional articles by Cayley him-
self, aswell as by Eugene Netto (1846-1919) and Georg Frobenius (1849-1917), before
Walther van Dyck (1856-1934) would publish in 1882 the full-fledged and most general
definition of an abstract group. Books like Heinrich Weber’s Lehrbuch de Algebra (1895)
and Theory of Groups (1897) by William Burnside (1852-1927) were instrumental in
bringing the theory to atruly broad audience of mathematicians.

Dedekind: Ideals and Fields

Some additional, new concepts that eventually became prominent in algebra have their
origin in nineteenth-century work on number theory. Important examples of this are fields
and idealsthat arosein the work of Dedekind in connection with the attemptsto generalize
the so-called theorem of unique prime factorization (TPF). The TPF asserts that every nat-
ural number can be written as a product of its prime factorsin a unigue way, except per-
hapsfor the order (e.g: 24 =2.2.2.3). This property of the natural numberswas well-known
to mathematicians, at least implicitly, since the times of Euclid.

The attempts to generalize this theorem arose as soon as nineteenth century mathemati-
cians started to explore new numerical domains, especially those associated with the wide-
spread acceptance of the complex numbers into mainstream mathematical discourse. Once
should not be surprised, then, to find the name of Gaussin this context. In his classical
investigations on arithmetic, and in particular the so-called problem of “higher reciproc-
ity”, Gauss was led to investigate the factorization properties of numbers of the type a+ib
(abintegers, i2= -1), sometimes called “ Gaussian integers’. In doing so, Gauss was hot
only using complex numbers in order to solve a problem directly relevant to higher arith-
metic of ordinary integer numbers, afact remarkable in itself, but he was also opening the
way to the detailed investigation of special sub-domains of the complex numbers.

In 1832 Gauss proved that the Gaussian integers satisfy a generalized version of the TPF,
where the “prime factors’ had to be especially defined in this domain. In the 1840s Ernst
Edward Kummer (1810-1893) started work on further generalizing these results to other,
even more general domains of complex numbers, such as those of numbers a+6b, where
0%=n (n afixed, positive or negative, integer number), or numbers a+pb, where p"=1, p =
1, n>2 (these are called domains of cyclotomic integers). Although Kummer did prove
interesting results, by introducing what he called “ideal factors’, it finally turned out that
the TPF is not generally valid in such general domains. The difficulty is easily seen in the
following example from the domain of numbers a+b V-5. Consider the factorization of 21:

21=3.7=(4+-5) * (4--5)
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It can be showed that neither of the numbers 3,7, 4 + -5 can be written as a product of
two different numbersin this same domain. Thus, in one sensethey are “prime”. However,
at the same time they violate a property of prime numbers known from the time of Euclid,
namely:

if aprime number p divides a product ab, then it either dividesaor b (P)

Here, for instance, 3 divides 21 which isthe product of =4 + -5 and 4 - -5, but does not
divide either of the factors.

Thissituation led to the introduction of a new concept: indecomposable numbers. In clas-
sical arithmetic any prime is also indecomposable, but in more general domains, such as
here, 3 isindecomposable, yet not prime in the sense of (P).

The question thus remained open of what are the actual domains of validity of the TPF and
how should its generalized version be properly formulated. This problem was undertaken
by Richard Dedekind in a series of works spanning over 30 years and starting in 1871.
Dedekind’s general methodological approach promoted the introduction of new concepts
around which entire theories could be built. Specific problems would then have to be
solved as instances of the results afforded by the general theory. Among the general con-
cepts he introduced for dealing with the problem of generalizing the TPF were fields and
ideals

A main question pursued by Dedekind was the precise identification of those subsets of
the system of complex numbers on which it makes sense to attempt generalized formula
tions of the TPF. Thefirst step towards answering this question was to define fields,
namely, any subset of the complex numbersthat is closed under the four basic arithmetical
operations (except division by zero). The largest of these fields is the whole system of the
complex numbers, whereas the smallest one isthat of the rational numbers. Aswas the
case with groups, the concept of field will eventually evolve into afully abstract one, in
which not the nature of terms is relevant, bur rather the properties of the operations
defined on them.

Now, in ordinary arithmetic the integers are a distinguished set inside the real numbers,
that satisfies, among others, the TPF. Using the concept of field and some other, derivative
ones, Dedekind could identify, within the relevant sub-fields of the complex numbers,
what isthe precise collection of numbersinto which the same theorem would be extended.
These are the algebraic integers of the field in question.

Finally, Dedekind introduced the ideals, which elaborated on the idea of “ideal number”
formerly defined by Kummer. A main methodological trait of Dedekind’s innovative
approach to algebra was to trand ate ordinary arithmetic properties into properties of sets
of numbers. In this case, he focused on the set | of multiples of any given integer, and
pointed out two of its main properties:

1. if nmaretwo numbersin |, then their differenceisalsoin |
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1. if nisanumber in | and ais any integer, then their product isalsoin |

As hedid in many other contexts, Dedekind took these properties and turned them into
definitions. Anideal in the domain of algebraic integers of any given field of complex
numbers, is any collection of such integers that satisfies properties (1) , (2) above. Thisis
the concept that allowed him to generalize the TPF in distinctly set-theoretical terms.

Infact, in ordinary arithmetic, the ideal generated by the product of two numbers equals
the intersection of the ideals generated by each of them. Thus for instance, the set of mul-
tiplesof 6 (i.e.: theideal generated by 6) isthe intersection of the ideal generated by 2 and
that generated by 3. His generalized versions of the TPF were phrased precisely in these
terms for general fields of complex numbers and their ideals. Dedekind distinguished
among different types of ideals and different types of decompositions, but the generaliza-
tions were all-including and precise. And more importantly: What was originally aresult
on numbers, their factors and their products, ended up being reformulated as aresult on
special domains, special sub-sets of numbers, and their intersections.

Dedekind's results were not only important for a deeper understanding of the important
guestion of unique prime factorization. They were also instrumental in helping bring about
a deep shift of focus that implied, in the long run, a major change in the most basic con-
ceptions about the scope and subject-matter of algebra. Dedekind not only introduced,
here and in some other places, the set-theoretical approach into algebraic research, but he
aso defined at the same time some of the important concepts that would later become the
hard-core of modern algebra: fields, modules, rings, lattices, etc. Moreover, Dedekind's
Ideal-theoretical approach was soon successfully applied to the question of factorization
of polynomials as well, thus connecting itself once again to the main focus of research of
the classical discipline of algebra.

Deter minants, Matrices, British Symbolic Algebra

In spite of the many novel ideas that arose in connection with algebra in the nineteenth
century, solving equations and studying properties of polynomial forms continued to be
the main focus of interest of the discipline. An important offshoot of the study of polyno-
mials was the devel opment of the theory of algebraic invariants, to which much effort was
dedicated by leading algebraists since the 1840s, especially in Germany (but which, for
lack of space will not be considered here). The study of systems of equations led to devel-
opingthenotionof adeterminantand, later on, tothetheory of matrices.

Given asystem of n linear equationsin n unknowns, adeterminant isthe result of acertain
combined multiplication and addition of the coefficients involved, that allows calculating
directly the values of the unknowns. Thus for instance, given the system
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ajx+biy=¢;
ax + by =c;

The determinant of the system is the number A =a;.b, - ayb,, and the values of the
unknowns are given by

X=(Cy.by -Coby)/ A y=(a1.co -axcy)/ A

Historians coincide in pointing out the contribution of the Japanese mathematician Seki
Kowa (1642-1708) as the earliest, systematic use of methods of this kind. In Europe,
credit is usualy given to Gottfried Wilhelm von Leibniz (1646-1716) at roughly the same
time, while Etienne Bézout (1730-1783) and Alexandre-Theophile Vandermonde (1735-
1796) appear as contributing to the continued development of related ideas during the
eighteenth century.

Cauchy published in 1815 the first truly systematic and comprehensive study of determi-
nants (including the very name). He introduced the notation (& ;) for the system of coeffi-
cients of the system and showed how to calculate the value of the determinant by
expanding any row or column with the adjoint of every element.

Closely related with determinants is the idea of a matrix, namely, any arrangement of
numbersin lines and columns. That such an arrangement can be taken as an autonomous
mathematical object, on which one can define a special arithmetic and operate as with
ordinary numbers, was first conceived by Cayley and his good friend James Joseph
Sylvester (1814-1897), in the 1850s. Determinantswere amain, direct source for thisidea,
but so were ideas contained in previous work on number theory by Gauss and by Ferdi-
nand Gotthold Eisenstein (1823-1852).

Given a system of linear equations:

E=ax + Py +yz+..
n=aoa'x +py +yz+..
C=a"x+ B y+y'z+..

T U o

Cayley represented it with amatrix asfollows:

a B vy
& nd, )= a,, ﬂ,, y,, (XY, 2..)
a’ By
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The solution can then be written as;

a p vy
gy

(X Y, 2, ..) = Z P, TE )

The matrix bearing the —1 exponent is called the “inverse” matrix, and, of course, the

whole difficulty of this approach laysin calculating it. Cayley showed how to do so using
its determinant. Once this matrix is calcul ated, then the arithmetic of matrices has allowed
to solve asystem of equations by a simple analogy with the case of alinear equations: b =

ax=>x=alb.

Cayley was soon joined by other mathematicians, such as William Rowan Hamilton,
Frobenius, and Jordan in developing the theory of matrices, which gradually became a
very useful tool in many mathematical domains, ranging from analysis, to geometry and to
the emerging discipline of linear algebra. But the importance of this notion for the devel-
opment of algebrais also connected with the fact that matrices continued to enlarge the
range of new notions that, taken together, would come to change the whole conception of
the discipline (see Part 111). Moreover, matrices embodied a new, mathematically signifi-
cant instance (though not the first known one) of a system with a well-elaborate arith-
metic, whose rules neverthel ess departed from the traditional ones, in the important sense
that multiplication would not necessarily be commutative.

In fact, early developments of matrix theory are naturally connected with a central trend
developed in English mathematics after 1830 by mathematicians such as George Peacock
(1791-1858) and Augustus de Morgan (1806-1871). In trying to overcome the last rem-
nants of the debates around the legitimacy of the uses of negative and imaginary numbers,
these mathematicians suggested that algebra be conceived as a purely formal, symbolic
language, irrespective of the nature of the objects whose laws of combination it stipulates.
Thisview alows, in principle, for new kinds of arithmetic, differing from ordinary onein
some respects, such asisthe case with matrices. The British tradition of symbolic algebra
was instrumental in bringing about an eventual shift in the focus of algebra, from trying to
understand the nature of its objects (numbers, polynomials, or whatever), to elaborating
the properties of operations of any kind. Still, in most respects Peacock and De Morgan
strove after gaining a deeper understanding of the objects of classical arithmetic and alge-
bra, rather than launching a new discipline, where the emerging notion, and the various
instances, of abstract algebraic structures would become the center of interest.

Another important offshoot of this school, which must be mentioned here, is the develop-
ment by De Morgan himself, and by George Boole (1815-1864) of an elaborate “algebra
of logic”. Thisinnovative work, together with its somewhat later parallel in Germany in
the work of Ernst Schroder (1841-1902), were instrumental in transforming the discipline
of logic from a purely metaphysical into a mathematical one. It a'so added to the growing
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understanding of how far can algebraic thinking be potentially taken, away form its nar-
row conception as a discipline dealing only with polynomial equations and forms, as well
as with operations only with numbers of various kinds.

Quater nions, Vectors, Hypercomplex Systems

Remaining doubts about the legitimacy of complex numbers were finally dispelled when
the geometrical interpretation became widespread among mathematicians. This interpreta-
tion, initially conceived by the Norwegian surveyor Caspar Wessel (1745-1818), and by
Argand, was made known to alarger audience of mathematicians mainly through its
explicit use by Gaussin his 1848 proof of the FTA. Under thisinterpretation, every com-
plex number appears as a directed segment on the plane, which is characterized by its
length and its angle of inclination with respect to the x-axis. The number i thus corre-
sponds to the segment of length 1 which is perpendicular to the x-axis. Once a proper

arithmetic is defined on these numbersit turns out that i2 = -1, as expected.

A second, aternative interpretation that eventually became widely accepted was published
in 1837 by the Irish versatile mathematician and physicist Sir William Rowan Hamilton
(1805-1865), very much within the spirit of the British school of symbolic algebra. Hamil-
ton defined a complex number as a pair (o,3) of real numbers, and he also stated the laws
of arithmetic for such pairs. Multiplication, for instance, would be defined as follows:

(O('aB) (X,B) = ((XX - BB, BX + OLS)

Now theroot of —1 is defined as (0,1), and indeed the above rule implies that multiplying
this number by itself we obtain (-1,0). Thisformal interpretation obviates the need to give
any “essentialist” definition of what the complex number are.

Starting in 1830 Hamilton pursued intensely, and unsuccessfully, the task of extending this
scheme into triplets (a,b,c), in an attempt to develop a new mathematical tool that he
expected to be of great utility in physics. The difficulty lay in consistently defining a mul-
tiplication for such a system, which in hindsight is known to be impossible. Yet, in 1843
Hamilton realized that the generalization he was looking for had to be found in the system
of quadruplets (a,b,c,d). He wrote them, in analogy with the complex numbers, as. a + bi +
¢j + dk, and his new arithmetic was based on therules: i =j2 = k? =ijk=-1 andij = k, ji
= -k, jk=1i,k = -i, ki = j and ik = -j. Thiswas indeed the first example of a coherent, sig-
nificant mathematical system that preserved all the laws of ordinary arithmetic, except
commutativity.

In spite of Hamilton’sinitial hopes, quaternions did not actually become really useful in
physics. Nevertheless, hisideas did enormously influence the gradual introduction and use
of vectorsinto physics. Hamilton himself named the “real” part a of the quaternion scalar,
and the “imaginary” part bi + ¢j + dk vector, and defined what is nowadays known as sca-
lar and vectorial product. It was through the successive work of the British Peter Guthrie
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Tait (1831-1901), James Clerk Maxwell (1831-1879), and Oliver Heaviside (1839-1903),
and of Josiah Willard Gibbs (1839-1903) at Yale, that an autonomous theory of vectors
was first established while developing on Hamilton's initial ideas.

Quaternions, nevertheless, remained important inside mathematics, mainly as part of the
increased interest in all the new ideas that have been emerging throughout the century in
algebra, and that have been described above. Indeed, this was by no means the only
attempt at generalizing the now stabilized idea of complex numbers: starting in 1844 with
the work of Hermann Grassman (1809-1877), it is possible to mention along list of math-
ematicians whose works can be gathered under the common title of *hypercomplex sys-
tems’ of all kinds, that would eventually find applications in the new algebraic
developments of the beginnings of the twentieth century.

Weber’s Lerhbuch der Algebra

Heinrich Weber’s Lehrbuch der Algebra was published in three volumes and saw several
editions starting in 1895. Thiswasthe last classical textbook in the discipline in the nine-
teenth century, and to alarge extent it codified the achievements and the current viewsthat
dominated this branch of mathematics. It was still to influence the next few decades of
research. At the center of it was awell-elaborated, systematic conception of the various
systems of numbers, built as arigorous hierarchy at the basis of which lay the natural
numbers, and from which al other numerical systems, up until the complex numbers, are
progressively built. The subject-matter of the discipline was the study of polynomials,
polynomial equations, and polynomial forms, and all relevant results and methods derived
in the book directly depended upon the properties of the systems of numbers. Radical
methods for solving equations obviously received agreat deal of attention in this book, but
so did approximation methods, which in more modern algebraic texts are left out because
of their “analytical” character. Recently devel oped concepts such as groups and fields, and
of course aso the now all-important methods derived from Galois's works, were indeed
treated in Weber’s textbook, but only as useful tools to help dealing the main topic of
polynomial equations.

At the turn of the century, then, algebra reflected a very clear conceptual hierarchy: a sys-
tematically elaborated arithmetic lying at the basis, atheory of polynomial equations built
on top of it. The properties of the latter were directly derived form those of the former.
Finally, awell-developed set of conceptual tools, prominently groups, affording the means
to investigate this theory in the most comprehensive way.

To alarge extent this picture isavery fine culmination of the long process of devel opment
that started way back in history. Fortunately it did not bring this process to a conclusion,
but on the contrary, it served as a catalyzer for the new stage of development of algebra,
many of whose components were already well underway in the development described in
the foregoing sections.
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Part I11. Algebra asa discipline of structures

In 1930 atextbook of algebra was published which presented a totally new image of the
discipline, one that departed fundamentally from that embodied in Weber’s Lehrbuch.
Thiswas Moderne Algebra by the young Dutch mathematician Bartel Leendert van der
Waerden (1903-1996), who had since 1924 attended lectures by Emmy Noether (1882-
1935) in Gattingen and Emil Artin (1898-1962) in Hamburg. Thisimage of the discipline
turned the conceptual hierarchy of classical algebra upside-down. Groups, fields, rings
and other related concepts, appeared now at the main focus of interest, based on the
implicit realization that all these concepts are, in fact, instances of a more general, under-
lying idea: the idea of an algebraic structure. The main task of algebra became, under this
view, the elucidation of the properties of each of these structures, and of the relationships
among them. Similar questions were now asked about all these concepts, and similar con-
cepts and techniques were used, inasmuch as possible, to deal with those questions. The
classical main tasks of algebra became now ancillary. The system of real numbers, the sys-
tem of rational numbers, and the system of polynomials were studied as particular
instances of certain algebraic structures, and what algebra has to say about them depended
on what is known about the general structures they are instances of, rather than the other
way round.

Precursorsof the structural approach: Hilbert, Seinitz, Noether, Artin.

Van der Waerden’s book did not contain many new, individual results or concepts. The
innovation lay in the new unified picture it presented of the discipline of algebraasa
whole. Van der Waerden brought together, in a surprisingly illuminating manner, the
results of research in algebra over the three decades following the publication of Weber’s
book, and in doing so, he combined the contributions of several |eading German alge-
braists of the beginning of the century.

David Hilbert (1862-1943) was the most influential German mathematician of the turn of
the century, and a leading algebraist as that. His early work on algebraic invariants
reshaped this sub-discipline, through a legitimization of non-constructive proofs for the
existence of certain algebraic objects (afinite basis of a system of invariants, in this case).
Hiswork on the theory of algebraic number fieldsin the 1890s was decisive in establish-
ing the conceptual approach promoted by Dedekind, in opposition to the more algorithmi-
cally oriented one of Kronecker, asthe dominant onein the discipline for the next decades.
Hiswork on the foundations of geometry, starting on 1899, introduced a totally new
approach to the use of axiomatically defined concepts in mathematics at large. The undis-
puted leader of the vibrant world-class center of exact sciencesin Gottingen, hisinfluence
was enormoudly felt through the 68 doctoral dissertations he directed, as well as through
the tens of distinguished mathematicians that started their careers as students under his
spell. The structural view of algebrawas to alarge extent the product of some of Hilbert's
innovations, yet Hilbert himself basically remained a representative of the classical disci-
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pline of algebra. It islikely that the kind of algebrathat developed under the influence of
van der Waerden’'s book was of no direct appeal to Hilbert.

In 1910 Ernst Steinitz (1871-1928) published one of the most influential milestones lead-
ing to the structural image of algebrain aresearch piece on the abstract theory of fields.
Aswe have seen, the concept was known from the 1880s in the works of Dedekind. More-
over, in an article of 1893 Weber had provided complete, abstract definitions of both
groups and fields. Yet Steinitz was the first to undertake a fully abstract research of them.
Hiswork was highly structural in that he first established the simplest kinds of fields that
any field contains (the “prime field”), and classified them according to their “ characteris-
tic’. Then, he investigated how properties are passed from afield to any extension of it or
to any of its sub-fields. In thisway he was able to characterize all abstractly possible
fields. To agreat extent, van der Waerden’s image of algebramay be seen as having
extended to the whole discipline what Steinitz did for the more restricted domain of fields.

The greatest influence behind the consolidation of the structural image of algebrais no
doubt Emmy Noether, who became the most prominent figure in Géttingen in the 1920s.
Noether produced a thoroughgoing synthesis of ideas developed in earlier works of Dede-
kind, Hilbert, Steinitz, and others, and published a series of articles where the theory of
factorization of algebraic numbers and of polynomials were masterly and succinctly sub-
sumed under asingle theory of abstract rings. She also contributed important papers to the
theory of hypercomplex systems that followed a similar approach, thus definitely demon-
strating the potential gains one could expect from structural research in algebra.

The last significant influence on van der Waerden's structural image of algebrato be men-
tioned here isthat of Emil Artin, above all for his reformulation of Galois theory. Rather
than speaking of the Galois group of a polynomial equation with coefficientsin afield K,
he focused on the group of automorphisms of it splitting field over K. Galois theory can
now be seen as the study of the interrelations between the extensions of afield and the
possible sub-groups of the Galois group of the original field. In thistypically structural
reformulation of aclassical, nineteenth-century theory of algebra, the problem of solvabil-
ity of equations by radicals appears as a particular application of amuch general, and
abstract theory.

The structural approach at work

After the late 1930s it was clear that algebra, and in particular the structural approach
within it, had become a most dynamic domain of research, and its methods, results and
concepts were being actively pursued by mathematicians in Germnay, France, the USA,
Japan and others. It was also successfully applied to redefine several classical mathemati-
cal disciplines. Two important early examples of this are the thorough reformulation of
algebraic geometry in the hands of Van der Waerden, Weil, and Oscar Zariski (1899-
1986), using the concepts and the approach developed in ring theory by Emmy Noether

and their successors, and the work of Marshall Stone (1903-1989), who in the late 1930s
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defined Boolean agebras, bringing under a purely algebraic framework ideas stemming
from logic, topology and algebraitself.

Over the following decades several additional textbooks in algebra appeared following the
paradigm established by van der Waerden. Prominent among theseis A Survey of Modern
Algebra first published in 1941 by Saunders Mac Lane (1909 - ) and Garret Birkhoff
(1921-1996), a book that became fundamental to the next several generations of the thriv-
ing algebraic research community in the USA. Algebrawasincreasingly taught and inves-
tigated now from a structural perspective all around the world.

Neverthles, it isimportant to stress that not all algebraistsfelt, at least at the beginning,
that the new direction implied by Moderne Algebra was the correct one to follow. A much
more classically-oriented research with deeply significant resultsin group theory, theory
of group representations, Lie groups, etc. was still being carried out until well into the
1930s and much later. Worth of special attention in this respect are, among many others,
Georg Frobenius, and Issai Schur (1875-1941), who were the most outstanding representa-
tives of the Berlin mathematical school at the beginning of the century, and together with
them, one of Hilbert's most prominent students, Hermann Wey| (1895-1955).

Algebraic superstructures. Bourbaki; Category theory

The structural approach in mathematics did not remain circumscribed to algebra alone.
Very soon it became prominent in other mainstream mathematical disciplines aswell,
especially in the newly consolidated ones of topology and functional analysis. Some math-
ematicians were increasingly directing their effortsto elucidating in all these fields the
properties of certain abstract constructs: topological spaces, Hilbert spaces, lattices, etc.
Nevertheless, the notion of structure remained more a regulative, non-formal principle
than areal mathematical concept that can be itself investigated.

It was only natural that sooner or later the question would arise of how to define structures
in such away that the concept could be fruitfully investigated. If the structural research of
rings by Emmy Noether, for instance, brought new and important insights on our knowl-
edge of the particular instances of rings previously investigated under separate frame-
works (algebraic numbers, polynomials), it could perhaps be expected that a general meta-
theory of structures could do the same for the separate instances of, say, groups and | at-
tices, or of algebraic structures and topological structures.

Such attempts were indeed undertaken starting in the 1940s. The first one came from a
group of young French mathematicians working under the common pseudonym Nicolas
Bourbaki. The founders of the group included André Weil (1906-1998), Jean Dieudonné
(1906-1992), Henri Cartan (1904 - ) and others. The group published a collection of text-
books, Eléments de mathématique, that covered severa central mathematical disciplines.
Over the next few decades it became extremely influential throughout the world. The sub-
title of the collection, “The Elementary Structures of Analysis’, isindeed revealing about
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the centrality that the notion of structure plays in the general of image mathematics pro-
moted by Bourbaki. Yet, to the extent that Bourbaki’s mathematicsis structural, itisso in
ageneral, non-formal way. If van der Waerden extended to all of algebrathe structural
approach that Steinitz introduced in the theory of fields, so can Bourbaki’s Eléments be
said to have extended this further on, into atruly broad range of hard-core mathematical
disciplines.

Thisway of conceiving mathematics as a collection of structures at the center of which
stand the three most basic ones (algebraic, topologica and order-structures), and around
which all the rest can be built, had yet nothing to do with aformal, mathematical defini-
tion of what a mathematical structure may be. And yet, Bourbaki did define aformal con-
cept of structurein Book | of the collection. Interestingly, however, this concept turned out
to be quite cumbersome and it was put to no real mathematical use either in the other
books of the collection or in any other mathematical book or article thereafter.

The second attempt to formalize the notion of structure developed within the theory of cat-
egories and functors. The first paper on categories was published in the USA in 1942 by
Saunders Mac Lane and Samuel Eilenberg (1913 - 1998), in an attempt to characterize
another term then informally used in several mathematical contexts: “natural transforma-
tions’. The idea behind the categorical approach isthat the essential features of any partic-
ular mathematical domain (a* category”) can be identified not by looking at the elements
of an individual instance of that domain and how they behave, but rather, by looking at the
way different instances within a category interconnect with each other (i.e.: by looking at
the“morphisms’ within a category.). Thusfor instance, what characterizes the category of
groupsis not the fact that the elements of a group combine by means of a certain opera-
tion. Rather, the categorical approach asks about characteristic properties of group homo-
morphisms and in what sense they are similar to, or different from, those of, say,
homeomorphissms for topological spaces. Functors, on the other hand, allow understand-
ing interconnections across different kinds of categories: thus for instance, the discipline
of algebraic topology is based on the ability to associate to each topological space certain
groups that express topological propertiesin algebraic terms. In categorical termsthisis
described as functors that map each topol ogical space (each member of the category Top),
into awell-defined group (i.e.: amember of the category Grp).

Category theory did not become a universal language for all domains of mathematics but
it did allow reformulations of certain mathematical disciplines for which it became the
standard formulation, effectively contributing to their continued and systematic develop-
ment. The two most important examples of this are algebraic topology and homology the-
ory. In their categorical versions these disciplines were codified in two important books
written by Eilenberg in collaboration with two colleagues. Norman Steenrod (1910-1917)
for the first and Henri Cartan for the second. Category theory also led to new approaches
in the study of the foundations of mathematics, by means of the so-called Topos theory.
Some of these developments were further enhanced between 1956 and 1970 through the
intensive work of Alexandre Grothendieck (1928- ) and his collaborators at the IHES near
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Paris, using still more general concepts based on categories, such as sheaves, motives,
fibred categories and many others.

New challenges and new per spectives:

The enormous productivity of research in algebra over the second half of the twentieth
century can be easily appreciated by randomly browsing through any issue of the Mathe-
matical Reviews. It makes no sense to attempt to outline here the main lines of develop-
ment of this kind of research. Still two main issues deserve some comment.

The first concerns the trend towards abstraction and generalization that was so prominent
throughout the twenty century and was embodied in the structural approach. One should
not think that this trend was exclusive. Alternative approaches have been carried out con-
stantly, and, more importantly, the main focus of interest, of individual researchers aswell
as of groups of them, has moved back and forth from the general structuresto the classical
entities such as the real and rational numbers. This pendulum will most likely continue to
swing as research goes on.

The second point to be commented upon is the introduction of new kinds of proofs and
techniques that have attracted much interest but also sometimes reservations, and that are
not exclusive of algebra, but that appear in this disciplinein interesting ways. Threeillu-
minating examples can illustrate this.

The first example concerns arather classical problem: the classification of finite ssmple
groups. A simple group is a group with no proper normal sub-groups. They were known
from the time of Galois, since the reason why the general quintic is not solvable by radi-
calsisthat its Galois group issimple. A full characterization of simple groups, however,
remained an open question on which group theorists worked intensively ever since. After
aperiod of relative stagnation. amgjor breakthrough came in 1963 when two American
group theorists Walter Feit and John G. Thomson (1932 - ) proved an old conjecture by
Burnside, namely, that the order of non-commutative finite simple groups is always even.
Their proof waslong and involved but it reinforced the belief that afull classification of
finite simple groups might, after all, be possible. The completion of the task was
announced in 1983 by Daniel Gorenstein (1923-1992). This classification may indeed be
comprehensive, yet it is anything but clear-cut and systematic, since simple groups appear
in all kind of situations and under many guises. Thus, although there is full agreement
among the practitioners of the discipline that the classification has been completely
achieved, there seems to be no single individual that can fully boast to know all of its
details, and indeed, its full codification has turned into a collective, ongoing enterprise
(much facilitated by the use of Internet techniques). Thiskind of “very large’, collective
theorem is certainly a novel mathematical phenomenon.
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A second example concerns the complex and involved question of the use of computersin
proving and even formulating new theoremsin algebra. It is natural that this now incipient
trend will receive increased attention over the forthcoming years.

Yet athird example has to do with the introduction of probabilistic methods of proof in
algebra, and in particular for solving difficult, open problemsin group theory. Thistrend
initiated in a series of papers by Paul Erdds (1913-1996) and Paul Turdn (1910-1976),
both of whom introduced probabilistic methods into many other branches of discrete
mathematics as well. An example of an important theorem proved (by John Dixon in
1969) in this spirit states that the probability that two arbitrarily chosen elements of an
aternating group of degree n will generate the whole group tendsto 1 as n tends to infin-

ity.

Leo Corry, Tel-Aviv University
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