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ABSTRACT

Fast DCT-based algorithms are presented
for signal convolution and translation that
are virtually free of boundary effects,
characteristic for corresponding DFT-
based fast algorithms. The properties of
DCT relevant to the subject are summa-
rized and compared to the corresponding
properties of DFT.

Index Terms— DCT, convolution,
translation

1. INTRODUCTION

DCT is a very important signal transform
useful in many applications. Most known
is the use of DCT for signal and image
compression. It was also shown ([1], [2])
that DCT can be used for boundary ef-
fects free signal resampling and convolu-
tion. In this paper we derive properties
of DCT relevant to this application and
suggest new efficient algorithms for sig-
nal translation and convolution that pro-
vide boundary effects free substitution for

commonly used corresponding FFT based
algorithms.

2. FAST DCT-BASED
ALGORITHMS FOR SIGNAL
CONVOLUTION AND
TRANSLATION

2.1. Definitions and known algorithms

Known DCT based algorithms for signal
boundary effects free translation and con-
volution involve Discrete Cosine (DCT)
and Discrete Cosine-Sine (DcST) Trans-
forms defined as follows:
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The cyclic convolution is defined in the
following way (k =0,..., N — 1):
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ar = ay * hy = E anh(k—n) mod N-
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The convolution property in the DCT
domain is more complex than its DFT
counterpart. It was investigated exten-
sively [3], [4], [S] and the convolution
algorithm was derived [1], [2]:

dr, = V2NIDCT {a{PTyre}

+ V2NIDcST {aP“Dyim} |
where a!”“") denotes the DCT spectrum
of the original signal a; and 7, denotes the
DFT spectrum of the zero-padded interpo-
lation kernel hy:

1, — DFT {h,<:>} ,

where
ON hy ifk=0,...,N—1,
F 0 ifk=N,...,2N—1.

Two important special cases of the
convolution algorithm are the DCT-based
translation algorithm [1], [2]:

ax—p = IDCT {aﬁDCT) Ccos <7T—]]\);n>}

+IDcST {aﬁDCT) sin <7r_pr>} ,
N
where p is a fractional shift factor, and the
DCT-based “zero-padding” scaling algo-
rithm [6], [7], [8], [91:

a") = V2NIDCT {ZP [aP°D]},

where L is an integer scaling factor and
ZP denotes the zero-padding operator (to
length LN).

The interpolation kernels of the trans-
lation algorithm:
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and of the scaling algorithm:
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are both sum of two shifted discrete sinc
functions sincd. These “double” kernels
have smaller side lobes compared to the
“single” sincd kernel involved in the DFT
interpolation (Fig. 1), which proved to be
perfect interpolation kernel for sampled
data [10].
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Fig. 1. Comparison of the sincd interpo-
lation kernels used for the translation in
the DCT domain. Top and central graphs:
“single” kernels. Bottom graph: “double”
kernel.

2.2. New algorithms

The DcST of the signal can be found as a
flipped DCT of a signal with odd samples
with inverted sign [11]:

[DcST {a}], = [DCT {(=1)*ar}],_, -

(The frequency index r runs from 1 to N
for DcST and from 0 to NV — 1 for DCT.)

The method described above can be
extended to computing of IDcST through
IDCT. The IDcST is obtained from the
IDCT of a flipped DCT of a signal with
odd samples with inverted sign:

[IDcST {a,}], = (=1)F IDCT {an_,}], -

(2.1)

On this base we can suggest a mod-
ified algorithm that involves two trans-
forms only (DCT and IDCT):

dr = V2NIDCT {a{Po")yre
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where 7, is the DFT spectrum of the 2/N-
periodic kernel h,(f). The flow chart of
the convolution DCT-based algorithm is
shown in the Fig. 2.

The known translation algorithm [2]
with complexity O(3N log N) consists
of three transforms (DCT, IDCT and
IDcST). Using the Eq. 2.1, we derive
a modified algorithm with complexity
O(2N log N) that consists of two trans-

forms only (DCT and IDCT):
ax—p = IDCT {aﬁDCT) cos W—Jz\jf
N —r)
1)k (DCT) . 7rp( ‘
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The IDCT is computed twice (for even
and odd k) for N/2 output samples each
time.

The flow chart of the DCT/IDCT-
based translation algorithm is shown in
the Fig. 3.

The shift and convolution properties
of the DCT transform are summarized
and compared to the corresponding prop-
erties of the DFT in the Table 1 along with
the DFT-based and DCT-based fast signal
convolution and translation algorithms.

3. CONCLUSIONS

Boundary effects free algorithms for fast
DCT-based convolution and translation
are presented. A list of relevant properties
of DCT and the corresponding properties
of DFT for reference and comparison is
provided. The similarity of the structure
of interpolation kernels for the translation
and scaling is demonstrated.
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Fig. 2. Flow chart of the convolution through IDCT algorithm.
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Fig. 3. Flow chart of the translation through IDCT algorithm.
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