ELSEVIER

Available online at www.sciencedirect.com
ScienceDirect

Signal Processing 87 (2007) 2303-2312

SIGNAL

PROCESSING

www.elsevier.com/locate/sigpro

The matrix-restricted total least-squares problem

Amir Beck

Department of Industrial Engineering and Management, Technion—Israel Institute of Technology, Haifa 32000, Israel

Received 13 September 2006; accepted 8 November 2006
Available online 11 December 2006

Abstract

We present and study the matrix-restricted total least squares (MRTLS) devised to solve linear systems of the form
Ax ~ b where A and b are both subjected to noise and A has errors of the form DEC. D and C are known matrices and E is
unknown. We show that the MRTLS problem amounts to solving a problem of minimizing a sum of fractional quadratic
terms and a quadratic function and compare it to the related restricted TLS problem of Van Huffel and Zha [The restricted
total least squares problem: formulation, algorithm, and properties, SIAM J. Matrix Anal. Appl. 12(2) (1991) 292-309.].
Finally, we present an algorithm for solving the MRTLS, which is based on a reduction to a single-variable minimization
problem. This reduction is shown to have the ability of eliminating local optima points.

© 2006 Elsevier B.V. All rights reserved.

Keywords: Structured total least-squares; Restricted total least squares; Nonconvex optimization; Generalized trust region subproblem

1. Introduction

Consider an uncertain linear system:
A+Ex=b+w, (1.1)

in which A € R™",b e R" are known and Eec
R™" w € R are unknown. In the case when E and
w are not assumed to have any underlying structure,
the total least-squares (TLS) approach to this
problem [1-3] is to seek a perturbation matrix E
and a perturbation vector w that minimize |E|? +
lw]|? _subject to the consistency equation
(A+E)x=b+w. It is well known [1,3] that the
TLS problem can be reduced to the following
problem in the x variables:

|Ax — b|>

- 1.2
xR ||x]1% + 1 (2
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and that its solution can be expressed via the
singular value decomposition of the augmented
matrix (A, b). B

When the perturbation matrix E possesses some
linear structure, ie., Z(E)=0 for some linear
operator %, the corresponding problem can be
expressed as

min (EI? + W) : (A + E)x = b+ w, Z(E) = 0},
W, X

which is known as the structured total least-squares
(STLS) problem. In contrast to TLS problems for
which efficient solution procedures are known,
STLS problems often give rise to hard nonconvex
problems and current algorithms for solving these
type of problems are not guaranteed to find a global
solution but rather a local solution or even just a
stationary point [4-9].

There are several exceptions for this state of
affairs. If A (and therefore also E) has a block
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circulant structure, then the corresponding STLS
problem can be solved by decomposing the problem
into several smaller TLS problems using the discrete
Fourier transform [10]. Another tractable STLS
problem arises when some of the columns of A are
error free while the other are subjected to noise.
This problem is called the generalized TLS (GTLS)
problem or mixed LS—TLS problem and its solution
can be obtained by computing a QR factorization of
A and then solving a TLS problem of reduced
dimension [I1]. A more general problem is the
restricted TLS problem introduced in [12]. Here, it is
assumed that (E,w)=D;EC;, where D; € R"™*”
and C; € R are known matrices and E €
RP*! is unknown. As was mentioned in [12], by
choosing the matrices D and C; appropriately, the
restricted TLS problem can handle any weighted
least squares (LS), generalized LS, TLS, and GTLS
problems. The restricted TLS problem can be solved
using the restricted singular value decomposition
[13].

In this paper we introduce and analyze the
matrix-restricted TLS (MRTLS) problem in which
the unknown matrix perturbation E has the form
E = DEC, where D € R™? E € R?*/,C € R”". The
STLS problem for this structure can therefore be
expressed as

(MRTLS): min ([E|” + W] : (A + DEC)x = b + w}.
W, X

(1.3)

This problem is of course related to the restricted
TLS problem, however, while it is assumed in the
restricted TLS problem that the augmented pertur-
bation matrix (E, w) has the “DEC” structure, in the
MRTLS problem only the perturbation matrix E is
of this structure. This allows us to model different
situations than those handled by the restricted TLS.
For example, the choice

1
D=(o " ) c=1, (1.4)
(m—mp)xmy

corresponds to the situation in which the first
rows of A are contaminated by noise, while the
remainder m — m; rows are not subjected to noise;
all the components of the right-hand side vector b
are assumed to be noisy. In other words, A and b
can be decomposed:

A b,
A={ ) v=1{y, ) (1.5)

with A} € R">", Ay € R™=™D*" b ¢ R™  and
b, € R"™1 so that the linear problem suitable for
the choice (1.4) is

Aix~b;, Axx=b,,

where A, b; and b, are subjected to noise and A; is
error free. This is evidently a mixture of LS and TLS
problems. It is different from the “mixed LS-TLS”
problem introduced in [11] in which part of the
columns of A are subjected to noise. This model will
be called the horizontal mixed LS—TLS problem.

We also note that for D=1, C=1,, the
MRTLS problem reduces to the standard TLS
problem and that by choosing D=1,,C =
(0,,1 iy P ), we recover the generalized TLS problem
in which the first n#; columns of A are error free
while the rest n — n; are noisy. Another scenario in
which the MRTLS structure is suitable is when the
components of the perturbation matrix E are
correlated and there exist nonsingular (square)
matrices D and C for which the components of
D 'EC™! are uncorrelated with equal variance.

The paper is organized as follows. In Section 2 we
derive a simplified form of the MRTLS problem
(1.3). We show that the MRTLS problem amounts
to solving a problem of minimizing a sum of
fractional quadratic terms and a single quadratic
term. We then compare the derived MRTLS
problem to the restricted TLS problem of [12],
which is a simpler problem consisting of minimizing
only a single fractional expression. Sufficient condi-
tions for the existence of the MRTLS solution are
derived in Section 3 in the case when DDT is a
projection; this case includes the horizontal LS-TLS
model. Finally, in Section 4.1 we describe an
algorithm for solving the MRTLS problem. The
procedure is based on a reduction of the multi-
variate problem into a one-dimensional optimiza-
tion problem. We prove and illustrate that the
process of passing to the one-dimensional problem
can eliminate local optima points but cannot add
any new ones. For the convenience of the reader, a
detailed MATLAB implementation of our code is
given.

Notation: For simplicity, instead of inf/sup we use
min/max; however, this does not mean that we
assume that the optimum is attained and/or finite.
Vectors are denoted by boldface lowercase letters,
e.g., y, and matrices are denoted by boldface
uppercase letters e.g., A. For any symmetric matrix
A and positive definite matrix B, we denote the
corresponding generalized minimum eigenvalue by
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Amin(A, B); the generalized minimum eigenvalue has
several equivalent formulations:
Amin(A, B) = max{1: A — /B > 0}

xTAx

= min o = Jmin(B~'7AB”'/2),

where we use the notation A >0 (A > 0) for a
positive semidefinite (positive definite) matrix A. We
follow the MATLAB convention and use ““;” for
adjoining scalars, vectors or matrices in a column.
The identity matrix of size m x m is denoted by I,
and 0y, stands for the zero matrix of size k x /. For
a linear space S, we denote by Zs the orthogonal
projection onto the space S.

2. The MRTLS problem

In order to analyze and solve the MRTLS
problem, we find in Section 2.1 a simplified form
of the MRTLS problem which is expressed only by
the x variables. We then compare in Section 2.2 the
structure of the derived form of the MRTLS
problem to the one of the restricted TLS problem.

2.1. A (more) explicit form of the MRTLS problem

The next lemma simplifies the problem by
eliminating the E and w variables. This is done
by minimizing first with respect to the variables E
and w.

Lemma 2.1. Let A € R™",bec R",D € R™? and
CcR*. Then (E,w,x)e R xR"xR" is an
optimal solution of (1.3) if and only if X is an optimal
solution of

mkn{(Ax —b)'(L, + (x"CTCx)DDT)"!(Ax — b)}.
Xe n

Q.1

Proof. Note that for a fixed x, problem (1.3) is a
linearly constrained convex problem and therefore
the KKT conditions in this case are necessary and
sufficient [14, Proposition 3.4.1], and we conclude
that (E, w) is an optimal solution of (1.3) if and only
if there exists A € R” such that

E+D"ax'CT =0, (2.2)
w—2A1=0, (2.3)
(A+DEC)x =b + A (2.4)

Substituting (2.2) and (2.3) into (2.4) we obtain:
Ax —b = (I, + x'CTCx)DD )2,

which yields

A=, +x'CT'Cx)DDT)"!(Ax — b). (2.5)
Therefore,
I + Iwli> E IEI” + 1P
D xTCTCx) DDA + A2
=M1, + (x"CTCx)DDT)A
= (Ax —b)'(1,, + x"CTCx)DDT) !
x(Ax — b),

so that problem (1.3) reduces to (2.1). O

In order to analyze our main problem (2.1), we
will occasionally use an even more explicit expres-
sion for its objective function. To do so, consider
the spectral decomposition of DD':

T = UTAU, (2.6)

where U e R™" is an orthogonal matrix, A =
diag(4;,22,...,4%,0,...,0),4,>0 and Kk =rank
(DD1). Such a decomposition exists by the symme-
try of DDT. Using the decomposition (2.6), problem
(2.1) becomes

min {(Ax — 5)"(@,, + x"CTCx)A) ' (Ax — b)},
Xe n
where A = UTA and b = U"b. The latter problem
can also be written as follows:
min{(Fx —g)' (I, + (x'C"Cx)A) ™' (Fx — g)
Xe
+IIPx — qll?). 2.7)

Here F € R P e R" " g c RF q € R"* and
A, € RF are defined by the following identities:

- F - g
A= , b= s
P q
Ay 0k (m—k)
A= . (2.8)
00n—iyxk  Oun—k)x(m—k)

Problem (2.7) can also be written as a problem of
minimizing a sum of fractional quadratic terms and
a single quadratic term:

(t7x — g’
xerr 1+ 4 1+ 2,xTCTCx

where fl,...,fk are the rows of Fand g, ...
the components of g.

+ IPx — q||2}, (2.9)

, ) are

Remark 2.1. A problem of a related structure to
(2.9) was addressed in [15] where the Tikhonov
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regularization of the TLS (TRTLS) was considered.
The TRTLS consists of minimizing a fractional
quadratic function and a pure quadratic term:

IAx — b||? 2
————+ [Lx|" ;.
IxI1* + 1

While (2.9) is a reminiscent of the TRTLS problem,
there are several major differences. First, problem
(2.9) consists of minimizing a sum of fractional terms
rather than a single fractional expression. Second, the
denominators in (2.9) are not strictly convex func-
tions since C is not necessarily of full row rank.
Finally, the quadratic term in (2.9) is not homo-
genous as the one in the TRTLS problem. All these
differences complicate the problem considerably.

(TRTLS): min{ (2.10)

2.2. Connection to the restricted TLS

As was mentioned in the Introduction, in the
restricted TLS problem [12], both the matrix
and right-hand side vector have the ‘‘restricted”
structure. Namely, the corresponding optimization
problem is

n;lin{nEu2 A+ DlEcl)( Xl ) = 0},

where D; € R™ and C; g\[R{lX("“) (and therefore E
is a p x ] matrix). Here, A denotes the augmented
matrix (A, b). For the sake of simplicity we assume
that D; has full row rank. This assumption can be
removed in the price of making a more subtle
analysis. We also assume that b¢ Z(A); otherwise
any solution to problem (2.11) will be of the form
(0,x9) where x( is an arbitrary solution to the
system Ax = b.

Similar to Lemma 2.1, we now derive a simpler
optimization problem than (2.11) by eliminating the
E variables.

Lemma 2.2. Let A € R™",be R",D; € R’ and
C, € R*UD - Assume that Dy has Sfull row rank.
Then (E,x) € R x R" is an optimal solution of
(2.11) if and only if x is an optimal solution of

(2.11)

XTA'(D,DT) 'A%
min X=(x;—-1)p, 2.12
) BTG T b @1
where A = (A, b).
Proof. By denoting X = (x;—1), problem (2.11)

becomes

rrElin{||E||2 (A + DEC))X = 0}. (2.13)

We now proceed as in the proof of Lemma 2.1.
By fixing x, the problem becomes a linearly
constrained problem in the variables E and thus E
is an optimal solution of (2.13) if and only if there
exists A € R such that

E+DN&'C] =0,
AX +DEC;X = 0.

Substituting the first equation into the second
equation we obtain

AXx —D,DNAX"CTCix =0.

Since AX#0 (by the assumption that b¢ Z(A)), we
conclude that X'C{C;%#0 and, by using the
assumption that D; has full row rank, we obtain

A —(D,D1)'A%,

- iTCF{Clx
so that the optimal value of problem (2.13) is equal
to

<TRT T-1 3%

XA (D|D;) AX

E|> = ."D,DTV)ETCTC %) =
IE] ( 17 )( 1 l) )N(TC—IFCl)N(

>

and the result follows. [

Note that problem (2.12) is much simpler than the
MRTLS problem (2.9). Indeed, the restricted TLS
problem (2.12) has a form similar to the one of the
TLS problem (1.2), i.e., it consists of minimizing a
fractional quadratic function. Therefore, it is not
surprising that the solution of this problem—
similarly to the solution of the TLS problem—can
be computed by using some kind of a generalization
of the SVD [12]. In contrast, the MRTLS problem
amounts to minimizing a sum of fractional quad-
ratic functions and a quadratic term (2.9), which is a
much more complicated structure. It seems impos-
sible to solve this problem by simple means such as
SVD-type methods.

3. Existence of the MRTLS solution when DD" is a
projection

Problem (2.7) is bounded below by zero so that it
must have an infimum. However, the infimum is not
necessarily attained. An example with one fractional
term can be found in Section 3 of [15]. In this
section we derive a sufficient condition under which
the minimum is guaranteed to exist. We will restrict
the discussion to the case when DD is a projection,
i.e., a matrix whose eigenvalues are zero or one [16,
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Theorem 4.1]. In this case A; =1 and problem 2.7
reduces to

IFx— gl )
—— + |Px — . 3.1
(I ipx—al G.1)

We note that in the horizontal mixed LS-TLS
model, DD is a projection by the definition of D
(1.4). Therefore, the results of this section can be
applied to the horizontal mixed LS-TLS problem
which takes the form:

min
xeR”

A1 — by |?

4 Ax —by? R 3.2
xRN ||X||2+1 ﬂ_zq/__z”/ (3-2)
—

LS term
TLS term

where A, A;,b; and b, are defined by (1.5).

Theorem 3.1. Consider problem (3.1) with F e
R P e R o ¢ R and q € R™*. Assume
that Null(C) N Null(P) = {0}. Let N be a matrix
whose columns form an orthonormal basis for the null
space of P and let xXo be any solution to the system
Px = Z1mp)(q). Suppose that the following condition
is satisfied:

Amin(M1, M) < Zinin(NTFTEN,NTCTCN), (3.3)
where
NTFTFEN NTF(Fx) — g)
Y= ((Fxo—g)TFTN IFxo — g||? )
NTCcTeN  NTCTcx
M= 1 reton 14 xICTex,

Then the minimum of (3.1) is attained.

Remark 3.1. Before proceeding with the proof of
the theorem, it is important to establish the positive
definiteness of the matrices NTCTCN and M, since
otherwise the generalized minimum eigenvalues in
(3.3) would not be well defined. The matrix
NTCTCN is positive definite by the assumption that
Null(C) N Null(P) = {0}. Moreover, for every w e
R",t € R such that (w;7)#0,,; (here r is the
dimension of the null space of P), we have

NTCTCx, w
1+x5CTCxo | \ 1

(w; 1) Ma(w; 1)"
NTCTCN

T
=(w,t
™9 xJC'CN

= wINTCTCNw + 2wINTCTCx,t
+x0CTCxoP + 7

= ||CNw + txo||* + 2. (3.4)
If t#0 then (3.4) is positive. On the other hand, if
t = 0 then w is nonzero and the expression ||[CNw +
Xo||> + 12 = wINTCTCNw is positive by the positive
definiteness property of NTCTCN. We thus con-
clude that M, is positive definite.

Proof of Theorem 3.1. Consider the decomposition
q= g’lm(P)(q) + ngu“(pT)(Q)-

Then by the orthogonality of Ziup)(q) and
g”NuH(PT)(q) we have

IPx — qlI” = IPX = Zim@) @1 + 121, @I

Let xy € R" be, as defined in the premise of the
theorem, an arbitrary solution of the consistent
system Px = Zip)(q). By making the change of
variables y = x — Xy and omitting the constant term
||9NUH(PT)(q)||2, problem (3.1) transforms to

IFy + Fxo — g|I®
L+ (y +%0) CTC(y + x0)

min{f(y) =

yeR?

+ IIPYIIZ}-
(3.5)

The problem is bounded below by zero and thus has an
infimum. In order to show the attainment of the
infimum (i.e., existence of a minimum), let us assume in
contradiction that the minimum is not attained. In that
case there must exist a sequence {y,} such that ||y, | —
oo and f(y,) — f™ where f™ is the infimum of problem
(3.5). The sequence {y,/|ly,|l} is comprised of unit-
norm vectors and therefore has a subsequence {y, k/ I
y,1k||} that converges to a unit-norm vector d € R".
Since U"(y,,k)} is a convergent sequence we have

Sn) .
Iy, 17
On the other hand, f(y) = f,(y) +f(y) where

(3.6)

_ IFy + Fx, — g|?
fl(Y) = T ~T >

1+ (y+x0) C C(y+ xp)
f(y) = IPy|I%.

Combining (3.6) with the nonnegativity of the functions
f1-/> we conclude that

! ‘(y”kz) -0, 3.7)
1Y,
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fan)
Iy 7

(3.8)

The second limit (3.8) together with Y, /||yn | —d
implies that |d|>=1 and |Pd|?= Y0 5o that
d € Null(P); a direct consequence of the latter inclusion
is that d = Nv where N is defined in the premise of the
theorem and v € R" is nonzero (r being the dimension
of the null space of P). Therefore,

fr= lim f(y,,)
= klingo S1(¥n)
. IEy,, +Fxo — gll’
oo 1+ (¥, +%0)' CTCAy,,, + X0)
. 1By, /11, 1l + (Fxo = 2)/ 11y, 111
k=00 1/ 1, 1P 4 (¥, + %0)/ 11, DT CTCW,, + X0)/ 1Y, 1)
_ d'F'Fd _ v'NTF'FNv
~d'cad T vINTCTCNy
> min(NTFTEN,NTCTCN).

Now, combining the derived inequality
F* = min(NTFTFN, NTCTCN) with condition (3.3),
we obtain

S > Amin(M1, M). (3.9
On the other hand,
S* = min f(y)
yeR”
< min {f(y) : y € Null(P)}
yeR”"

: { IFNv + Fx, — g||? }
= min o~
veR" [ 1 + (Nv + x¢)  C"C(Nv + x¢)

= min {f(Nv)}

{ [FNv + 1Fx — tg||° }
= min T AT N .
veR" reR 2 + (Nv 4 x¢)' C' C(Nv + 1x¢)

(3.10)

We now claim that the value of problem (3.10) is equal
to the value of

, |IFNv + Fx, — rg|°
min T :
veR'reR [ 12 + (N + 1xg) C" C(Nv + £X)

(V; l) # Om—k-H }5

(3.11)

which, by the definition of generalized minimum
eigenvalues, is equal to Ayin(M;, M3). To show the
equality between the values of (3.10) and (3.11),
suppose on the contrary that the value of the
minimization problem (3.11) is strictly less than the
value of (3.10). Then in that case Ay,i,(M;, M>), which

is the optimal value of problem (3.11), is equal to

V#Or},

which is a contradiction to (3.3). Therefore, we have
shown that

fr<val(3.11) = Apin(My, Mp).

Jmin(NTETEN, NTCTCN)

{ FNv]|?
=N NOTCT N
veR" [ (Nv) C" C(Nv)

However, this contradicts inequality (3.9), and we
thus conclude that the solution of (3.1) is attained. [

Remark 3.2. Weak inequality is always satisfied in
(3.3): the matrix in the right-hand side of (3.3) is a
principal submatrix of the one in the left-hand side.
Hence, by the interlacing theorem of eigenvalues
[16, Theorem 7.8], weak inequality holds.

Remark 3.3. For the unstructured TLS problem
(D =1, C =1,), condition (3.3) reduces to the well-
known attainability condition for the TLS problem:
Omin(A) <0min(A), where A is the augmented matrix
(A,b).

4. Solving the MRTLS problem one-dimensional
solvers

In this section we present an algorithm for solving
the MRTLS problem. The algorithm is based on
converting the problem into a single-variable mini-
mization problem and then invoking a one-dimen-
sional solver. We show that the multivariate
problem has at least as many local optima points
as the one-dimensional problem and demonstrate
that local optima points tend to vanish in the
passage to the one-dimensional problem. The
section ends with the presentation of a detailed
MATLAB code for solving the MRTLS problem.
We assume in this section that the matrix A is of full
column rank.

4.1. Reduction to a single-variable optimization
problem

In order to solve problem (2.1), we use a similar
methodology to the one used in [15] and convert the
problem into a problem of minimizing a single-
variable function:

min %(x), 4.1
=0
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where %(a) is defined as

9(2) = min{(Ax — b)'(1,, + «DD")"!(Ax — b):
xXe n

x'CTCx = o). 4.2)

Calculating function values of 4 requires solving
a minimization problem with a quadratic objective
function and a quadratic equality constraint. This
problem is nonconvex due to the nonconvexity of its
equality constraint but nonetheless can be solved
efficiently; for details see Section 4.2. It can be
shown that the function % is in fact continuous on
[0,00]; the proof of this result, which relies on
sensitivity analysis for optimization problems, is
behind the scope of this paper and is thus omitted.
The function ¥ might have several local optima but
in practice we observed—through numerous ran-
dom problems—that it is almost always an unim-
odal function, namely a function with a single local
optimum (which is also the global optimum).

A theoretical justification for the latter empirical
observation is given in Theorem 4.1 that shows that
each local optimum of the one-dimensional problem
(4.1) corresponds to at least one local optimum of
the multivariate problem (2.1). Interestingly, the
reverse claim does not hold true in general. There-
fore, local optima points of the multivariate
problem (2.1) might vanish in the transition to the
one-dimensional problem (4.1).

Theorem 4.1. Suppose that o is a local optimum of
the single-variable problem (4.1) and let x be an
optimal solution of (4.2) with o = oy. Then x is a local
optimum solution of the MRTLS problem (2.1).

Proof. Since o is a local optimum solution of (4.1)
it follows that there exists an interval [ = (op —
3,0+ &) such that oy € I and %(0) < %(x) for every
o € INJ0,00). Now, as stated in the premise of the
theorem, let xy be an optimal solution of problem
(4.2) with o = op. We will show that x( is a local
optimum solution of (2.1). Indeed, let x € R" satisfy
Ix —Xo|<p  where  p=min{l,5/2n.(CTC)
(lIxoll + 1)}. Then by the mean value theorem, we
obtain that there exist 4 € [0, 1] such that

x'CTCx — XOTCTCXO

= 2(xp + A(x — X)) (CTC)(x — x0),

so that

IxTCTCx — XOTCTCX0|
<2 max(CTO) X0 + Ax — X0)[| - X — Xol|
< 2max(CTO)([IXoll + X = Xo[)) - X = xo|
<2max(CTOY([Ix0ll + 1) - p
<9.

Therefore, since x}CT'Cxg=ay, it follows that
x'CTCx € IN[0,00) and as a result

G(x"CTCx)=Y(ay).
Finally, denoting the objective function in (2.1) by
9(y) = (Ay = b)' (I, + (y'C'Cy)DDT) "' (Ay — b),

we obtain that
g(x) =% (x" CTCx)=%(x9) = %(xy C" Cx¢) = g(xo).

for every x satisfying ||x — x¢|| < p, proving the local
optimality of xg. [

The result of Theorem 4.1 implies that the
transition of the multivariate problem into a one-
dimensional problem can be viewed as process of
eliminating local optima points. We illustrate this
attractive property by an example.

Example. We consider the horizontal mixed
LS-TLS problem (3.2) with randomly chosen
AlLA € R**2 b,by e R>. A mesh and contour
plots of the objective function of (3.2) are plotted
in Fig. 1. The global optimum of this two-
dimensional function is attained at v=
(0.443,1.173) (marked by a triangle) and it has an
additional local optimum at w = (—0.214, —2.983)
(marked by a square). However, the corresponding
one-dimensional function ¥, plotted in Fig. 2, has
only one local optimum point' that is attained at
[Ivl?> = 1.572. Note that the function % does not
have a local solution at [|w|*> = 8.943 so that the
local optimum point w vanishes in the process of
passing to the one-dimensional problem.

4.2. Evaluating function values of 9

Calculating function values of ¢ amounts to
solving a minimization problem of the form

min (x™Bx — 2¢'x + d : x"Gx = A}, 4.3)

xeR

'Which is also the global optimum.
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Fig. 1. Mesh and contour plots of the function ||A;x —b; ||2/||x||2 + 14 [|[Aox — by |2

where B € R™” is a symmetric positive definite
matrix,” G is a positive semidefinite matrix, ¢ €
R",d and h is a positive number. This is a special
case of the generalized trust region subproblem
(GTRY) [17] which consists of minimizing a general
quadratic function (possible indefinite) subject to a
general quadratic constraint. Under some mild
condition, it is known that this class of problems
possesses necessary and sufficient optimality condi-
tions and that—as a result—the problem can be
efficiently solved [17]. In particular, by Theorem 3.2

’B is positive definite (and not only positive semidefinite) since
A is assumed to have full column rank.

of [17], x is an optimal solution of (4.3) if and only if
there exists 1 € R such that?

B - AG)x =c,
x'Gx = h,
B—-1G>0.

We will make a standard assumption that in fact
B — 1G > 0 at the optimal A. It follows directly from
the optimality conditions that the optimal solution
of (4.3) is given by x = (B— AG) 'c where 4 is a

3All the conditions of Theorem 3.2 of [17] are automatically

satisfied for problem (4.3).
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Fig. 2. A plot of the function %(x) = min{||A;x — b; ||2/(a + 1)+
[A2x — bl : [Ix])* = o).

solution to the scalar equation

1

P =h A< GB)

where
d(A) =c'(B—-1G)'GB - 1G) 'c.

In order to solve the problem, it was suggested in
[18-20] to employ Newton’s method on the equiva-
lent problem of finding A<1/4m.x(G,B) satisfying
&~'2(2) = k2. 1t is well known [20] that in this
problem Newton’s method is guaranteed to have a
quadratic global convergence if the initial point is
chosen right to the optimal solution and left to the
upper bound 1/4yax(G, B). We will now describe in
detail the algorithm for solving (4.3). In our
calculation we use the following formula for the
derivative of ¢:

¢'(2) =2¢"B - 1G)"'GB - 1G)"'GB - 2G)lc.

Algorithm FUNVAL

Input: (B,c,d, G, ), where B € R™" is a positive
definite matrix, G € R"™" is a positive semidefinite
matrix, ¢ € R",d € R and /7>0.

Output: v- the optimal value of (4.3) (up to some
tolerance &;).

Step 1: Calculate p - the generalized maximum
eigenvalue of the matrix pair (G, B).

Step 2: Set 5, = % — ¢ and k = 0.

Step 3: Repeat the following steps until

[p(ni) — hl <&
Step 3.a Calculate a Cholesky factorization:

B-.G=L"L.

Step 3.b Set y = L' L~ T¢ and calculate
$(n) = y' Gy.

Step 3.c Set z = L~ 'Gy and calculate
¢'(n,) = 22" Gz.

Step 3.d Set

¢~ ) — '
¢ )d ()

Mer1 =i +

Step 4. Set v = y'By — 2¢Ty + d.

In our implementation the tolerance parameters
¢ and & take the values ¢ = 107>, = 107'°. The
Newton steps in the above algorithm converge to
the optimal A in very few iterations (usually not
more than 6).

4.3. MATLAB implementation

We now present a MATLAB implementation of
the function gfun that calculates function values
of 4.

function val = gfun (alpha,A,b,DDT,CTC) ;
solves:

min (Ax-b) T* (I+alpha*DDT) {-1}%
(Ax-b) s.t. x"T*CTC*x = alpha

o0 o°

o

% input

% alpha ............. real number
% A e m¥n matrix

% assumes to have full column rank
% b.... ... . .. m vector

% DDT o vviiieeee an m¥m matrix
% that stands for DD T

% CTC oo i i ieieee an n*¥n matrix
% that stands for C T#C

% output:

% val ...... ... ..., the optimal

% value of the problem

[m,n] =size(A);

Dinv = inv (eye (m) +alpha*DDT) ;

B =A’%Dinv*A;

c =A'"*%Dinv*b;

d =Db’*Dinv*b;

G =CTC;

G= (G+G’) /2;

B= (B+B’)/2;

opts.tol =1le-6;
opts.disp=0;
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epsilonl =1le-5;
epsilon2 =1e-10;

eta=1/eigs(G,B,1,’la’,opts)-epsilonl;
vy = zeros (length(B),1) ;

while (abs(y’*G#%y-alpha) >epsilon2)
R = chol (B-eta*G) ;
Yy =R\(R'\ c);
z =R"\G*y) ;
phi =y’ *G*y;
phid =2%z"'%z;
eta = eta+2% (phi—phiA (1.5)/
sgrt (alpha)) /phid;
end

val =y’ *Bky-2%kc’ky+d;

Now, in order to solve the MRTLS problem we
can use any one-dimensional solver. In the example
of Section 4.1 we used the MATLAB function
fminbnd that finds a local optimum of a one-
dimensional function over an interval. This MA-
TLAB function is based on golden section search
and parabolic interpolation and is guaranteed to
find the global optimum when the function is
unimodal. The MATLAB command is:

fminbnd (@ (alpha)gfun (alpha,Ab,D*D’,
C’*C),l,u,optimset ('Display’,’iter’))

where / and u are lower and upper bounds on the
value of xTCTCx at an optimal solution x.
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